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■  Tiers'  second  volume  is  dedicated  to  the  theory  of  radar 
measurements  and  questions  of  target  resolution. 

There  is  developed  a  general  theory  of  radar  measure¬ 
ments,  containing  an  analysis  of  tracking  and  nontracking 
measuring  systems  both  in  linear  approximation,  and  also 
taking  into  account  their  nonlinearity,  and  also  synthesis 
of  optimum  systems  of  measurement  of  separate  time-variable 
parameters  of  motion  of  targets  and  sets  of  them. 

On  the  basis  of  this  theory  there  is  conducted  analysis 
and  synthesis  of  range  finding  systems,  systems  of  measure¬ 
ment  of  velocity  and  goniometrical  systems.  There  are  inves¬ 
tigated  cases  of  reception  of  both  coherent,  and  also  inco¬ 
herent  signals. 

In  examining  questions  of  target  resolution  there  are 
investigated  possibilities  of  resolution  of  signals  reflected 
from  them,  and  there  are  found  receivers  optimum  from  this 
point  of  view,  and  also  optimum  systems  of  resolution  in 
regimes  of  detection  and  measurement  of  coordinates. 

In  the  course  of  development  of  theory  there  are  re¬ 
vealed  laws  governing  radar  measurements  and  resolution  of 
targets.  . 

(  'i 

The  b6pk  is  intended  for  scientists  and  engineers,  study¬ 
ing  questions  of  radar,  and  also  for  post  graduates  ar.d 
students  of  corresponding  specialities.  Many  questions  of  the 
developed  general  theory  are  also  of  interest  to  persons 
studying  theoretical  problems  in  all  regions  based  on  the 
theory  of  statistical  solutions,  in  particular,  in  the  area 
of  automatic  control. 
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CHAPTER  VI 

GENERAL  IAWS  GOVERNING  RADAR  MEASUREMENTS 
§  6.1.  Introduction 

In  the  preceding  chapters  we  considered  questions  of  radar  detection  of  targets 
With  this  chapter  we  start  a  presentation  of  questions  of  radar  measurements  to 
which  the  subsequent  chapters  (7-12),  too,  are  devoted.  Before  studying  concrete 
schemes  for  construction  of  radars  in  a  regime  of  measurement  of  coordinates  of 
targets,  dividing  them  by  the  form  of  measured  coordinates  (parameters  of  motion) 
of  targets,  we  shall  turn  in  this  chapter  to  certain  general  laws,  peculiar  to 
radar  measurements.  The  fact  is  that  it  is  possible  in  fairly  general  form  to 
theoretically  give  a  basis  for  methods  of  analysis  and  synthesis  of  the  most  diverse 
radar  meters.  With  certain,  not  too  limiting,  assumptions  it  is  also  possible  to 
obtain  basic  performance  characteristics  of  any  meters  and  general  functional 
circuits  of  their  optimum  construction.  Being  interested  in  general  laws  governing 
radar  measurements,  we  shall  consider  two  large  groups  of  questions,  namely: 
analysis  of  meters  whose  circuit  is  known,  and  synthesis  of  meters  ensuring  the 
best  possible  performance  characteristics  for  measurement. 

In  order  to  grasp  the  domain  of  applicability  of  subsequent  results,  it  Is 
necessary  first  of  all  to  deal  with  the  question  of  the  interrelation  between  tne 
regime  of  detection  studied  above  and  the  regime  of  measurement.  Ultimately,  any 
radar  is  intended  for  measurement  of  various  parameters  of  motion  of  targets.  There 
fore,  measurement  is  a  basic  operation  of  radar  and  should  start  from  the  very 
beginning  of  work  of  the  system. 

However,  under  conditions  when  the  very  fact  of  the  presence  of  a  signal 


reflected  from  target  still  has  not  been  fixed,  consistent  carrying  out  of  this 
principle  in  theory  leads  to  difficulties  both  methodological  and  mathematical. 
Therefore,  everywhere  in  radars  there  is  implicitly  assumed  the  presence  of  the 
devices  of  detection  and  lock-in,  which  were  analyzed  in  Chapters  5-5.  These 
devices  in  one  way  or  another  produce  the  initial  determination  of  parameters  with 
precision,  allowing  us  to  pass  to  precision  measurement  (tracking).  Prom  what 
follows  it  will  follow  that  in  the  case  of  application  of  tracking  meters  for  r.'nls 
transition  we  need  lock-in  for  all  coordinates  with  accuracy  of  the  width  of  dis¬ 
crimination  curves  of  the  meters,  comprising  the  radar  set. 

It  is  Important  to  indicate  that  in  reality  establishment  of  the  fact  of  the 
presence  of  the  target  for  finite  time  of  lock-in  is  possible  only  with  a  finite 
probability,  differing  from  unity.  Everywhere  below  we  shall  consider  that  if 
lock-in  occurred,  a  signal  from  the  target  indeed  exists,  and  all  qualities  of  the 
meters  will  be  calculated  on  this  assumption. 

We  shall  also  discuss  the  statistical  character  of  the  studied  problem.  Coordi¬ 
nates  of  objects,  measured  by  radars,  are  included  ("coded")  in  parameters  of  the 
signal  reflected  from  the  target  or  radiated  by  the  target.  Thus,  the  range  of  a 
target  is  usually  coded  in  the  time  delay  of  modulation;  velocity  in  the  Doppler 
frequency  shift;  angular  coordinates  in  modulation  introduced  by  the  receiving 
antenna.  In  Chapter  1  we  indicated  that  a  reflected  radar  signal  has  a  random 
character.  Various  interferences  of  radar  also  have  a  fluctuating  nature.  These 
circumstances  already  compfel  us  to  describe  the  process  of  measurement  of  coordinates 
in.  statistical  categories.  However,  in  the  proDlem  of  measurement  it  is  impossible 
to  do  without  one  more  aspect  of  the  problem  —  change  of  coordinates  in  time. 
Actually,  in  practical  conditions  interesting  us  the  located  object  is  always 
moving,  and  the  necessity  of  measurement  appears,  essentially,  when  we  do  not 
exactly  know  parameters  of  this  motion.  Here,  it  is  possible  to  suggest  two  methods 
of  description  of  the  varying  parameters: 

1)  variation  of  parameters  are  considered  statistically,  given  the  distribution 
of  probabilities  of  their  values  at  different  moments  of  time  or  more  limited 
statistical  evidence; 

2)  unknown  functions  describing  motion  are  considered  determined,  anu  the 
available  information  is  presented  in  the  form  of  a  series  of  mathematical 
conditions  (limitations).  Imposed,  for  instance,  on  the  derivatives  of  the 


functions  with  respect  to  time. 

Both  approaches  have  their  advantages  and  disadvantages.  A  disadvantage  of 
the  nonstatistlcal  approach  Is  the  necessity  to  judge  the  quality  of  measurement 
by  certain  of  the  worst  cases,  which,  possibly,  will  never  be  observed  in  practice. 

A  basic  deficiency  of  the  statistical  approach  is  the  so-called  "a  priori  difficulty" 
in  determining  statistical  properties  of  parameters.  The  fact  is  that  their 
variation  is  determined  sometimes  by  a  great  number  of  factors,  including 
psychological  (for  instance,  behavior  of  the  operator  or  pilot).  Determination  of 
statistical  properties,  implying  mass  trials,  is  difficult  even  in  idealized  con¬ 
ditions,  and  is  sometimes  simply  impossible  in  the  absence  in  the  past  of  similar 
systems  or  conditions  of  their  use.  However,  it  is  possible  to  give  a  series  of 
no  less  convincing  arguments  in  favor  of  the  statistical  approach: 

1)  there  exist  a  whole  series  of  applications  where  statistics  can  be  con¬ 
sidered  fully  given.  An  example  can  be  the  case  of  a  Doppler  meter  of  groundspeed 
of  an  aircraft,  where  stationary  variations  of  speed  during  a  large  number  of 
flights  can  be  statistically  studied  in  sufficient  detail; 

2)  satisfactory  results  in  the  sense  of  accuracy  of  measurement  are  given  by 
meters,  built,  only  with  qualitatively  correct  allowance  for  statistical  properties 
of  the  parameter,  inasmuch  as  namely  the  qualitative  aspect  determines  the  meter's 
functional  scheme.  Quantitatively  circuit  elements  can  be  regulated  in  the  process 
of  tuning  and  testing. 

For  meters  it  is  possible  to  consider  the  statistical  approach  more  con¬ 
sistent. 

Subsequently  we  will  use  both  methods  of  describing  variation  of  parameters, 
leaning  in  most  cases  toward  the  statistical.  Practically,  during  designing  of 
each  new  system  of  concrete  assignment  there  always  exists  a  considerable  amount 
of  Information  and  physical  considerations,  albeit  not  rigorous,  which  are  permis¬ 
sibly  interpreted  as  statistical  properties  of  the  measured  quantity. 

Thus,  the  problem  of  radar  measurement  of  coordinates  has  a  statistical  char¬ 
acter  both  due  to  the  random  character  of  the  mixture  of  the  input  signal  and  inter¬ 
ferences,  and  also  due  to  changes  of  measured  quantities,  unpredictable  in  general. 

In  the  course  of  the  following  presentation  it  is  frequently  necessary,  however, 
to  isolate  an  ensemble  of  parameters  from  the  ensemble  of  the  mixture  of  the  signal 
and  interferences.  The  latter,  in  turn,  are  sometimes  conveniently  divided  into 


subensembles . 

During  consideration  of  general  questions  of  analysis  and  synthesis  of  radar 
meters  in  this  chapter  there  is  adopted  the  following  order  of  presentation. 

First  of  all  in  §  6.2  there  is  conducted  analysis  of  the  most  wide-spread 
tracking  meters;  there  are  introduced  into  consideration  necessary  characteristics 
of  their  elements;  there  is  developed  a  method  of  investigation  of  the  accuracy  of 
measurements;  and  there  are  given  results  of  analysis  of  accuracy. 

In  §  6.3  there  are  investigated  these  same  meters  under  the  action  of  intense 
Interferences,  leading  to  breakoff  of  tracking.  In  practice  there  are  also  applied 
nontracking  meters;  questions  of  their  analysis  are  the  contents  of  §  6,4. 

Remaining  sections  of  the  chapter  are  devoted  to  questions  of  synthesis  of 
meters.  In  §  6.5  there  are  discussed  possible  criteria  and  methods  of  synthesis. 

There  are  presented  propositions  of  the  general  theory  of  statistical  solutions  and 
its  separate  branches  necessary  for  problems  of  measurements.  Further,  in  §  6.6, 
having  for  subsequent  considerations  very  great  importance,  there  are  expounded  3 

methods,  and  there  are  presented  general  results  of  statistical  synthesis  of  optimum  ; 

meters,  based  on  close  approximation  of  the  Introduced  probability  characteristics. 

The  next  two  sections  are  devoted  to  synthesis  of  separate  parts  of  an  optimum 
meter  —  discriminators  (§  6.7)  and  smoothing  circuits  (§  6.8),  with  different 

-J 

statistical  properties  of  Input  signals  and  measured  quantities.  The  physical  = 

nature  of  measured  parameters,  here,  i s  not  made  concrete;  these  questions  are 
saved  for  subsequent  chapters. 

In  §  6.9  there  is  given  a  certain  expansion  of  the  method  of  synthesis  in  the 
direction  of  parameters  with  Markov  variation.  In  the  same  place  there  Is  given 
a  series  of  results  of  synthesis  for  a  limited  knowledge  of  the  statistics.  The  ; 

conclusion  (§  6.10)  gives  a  brief  survey  of  methods  and  results  and  contains  the 
formulation  of  a  series  of  new  problems. 

§  6.2.  General  Analysis  of  Tracking  Meters 

At  present  there  exists  a  large  number  of  various  forms  of  radar  measuring 
devices.  High  accuracy  of  measurement  is  usually  attained  by  automatic-tracking 
meters,  built  on  the  principle  of  a  servo  system.  Meters  of  this  type  will  be 
studied  in  the  present  section. 
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6,2.1.  Basic  Features  of  Circuit  Construction  and  Components 
of  Errors  of  Measurement 

In  the  general  form  tracking  meters  can  he  represented  by  the  schematic  of 
Fig.  6.1.  On  it  there  are  marked  two  basic  elements  —  element  for  separation  of 

the  signal  of  mismatch  between 
current  and  measured  values  of  a 
parameter,  usually  called  a  dis¬ 
criminator,  and  amplify ing- 
smoothing  circuits  together  with 

Fig.  6.i.  General  schematic  of  a  tracking 

meter:  1)  discriminator;  2)  smoothing  circuits  drive  units.  Sometimes  in  the 
and  drive  unit. 

circuit  there  is  also  provided 

insertion  through  an  adder  of  a  certain  additional  voltage  X  (t),  intended  for 
compensation  of  clearly  known  components  of  the  measured  quantity.  This  can  be 
carried  out  by  timers,  transducers  of  coordinates  of  the  actual  meter,  by  output 
data  of  roug’-  means  of  preliminary  measurement,  and  so  forth.  Numerous  examples  of 
range  finders  goniometers  and  speedometers,  which  can  be  reduced  to  the  scheme  of 
Fig.  6.1,  are  available  in  the  literature,  and  also  will  be  considered  below  in 
Chapters  7-11.  Here  we  shall  only  indicate  that  the  division  of  the  whole  circuit 
into  two  basic  elements,  to  the  second  of  which  there  belongs  all  the  basic  Inertia, 
in  the  vast  majority  of  cases  can  be  carried  out,  at  least  in  principle. 

From  the  given  description  of  the  circuit  of  a  meter  it  may  be  concluded  that 
such  types  of  automatic  systems  have  very  wide  use  in  different  areas  of  technology. 
Diverse  control  systems  for  industrial  and  military  purposes,  power  systems,  and 
so  forth,  include  closed  control  circuits,  separate  elements  of  which  are  con¬ 
nected  by  communication  circuits.  During  transmission  of  information  in  communi¬ 
cation  circuits  there  is  produced  its  encoding  and  decoding  in  conditions  of  noises. 
If  to  Investigation  of  ouch  systems  we  bring  the  apparatus  of  the  classical  theory 
of  automatic  control,  the  devices  for  transmission  of  information  usually  are  con¬ 
sidered  crudely  simplified  in  the  form  of  inertialess  (sometimes  linear)  elements 
with  addlt.ively  imposed  noises.  For  radar,  however,  as  for  many  other  contemporary 
areas,  consideration  of  devices  for  processing  data  carried  by  a  high-frequency 
signal  (in  this  case,  of  discriminators)  turns  out  to  be  absolutely  obligatory. 

Here,  this  is  no  less  important  than  to  analyze  smoothing  and  drive  circuits.  In 
this  is  the  peculiarity  of  the  subseqeunt  analysis. 

Tracked  parameters  in  radar  meters  are  angular  coordinates,  distance  and  speed. 


concretely  coded  tn  time  and  in  frequency  shifts  and  other  parameters  of  signal 
modulation.  Input  and  output  signals  of  a  discriminator  most  frequently  have  an 
electrical  nature,  i,e.,  are  certain  voltages.  Therefore,  it  is  reasonable  to 
introduce  a  binary  system  of  designations,  which  will  also  be  convenient  in  the 
theory  of  optimization  of  systems.  Let  us  assume  that  y(t;  X(t))  and  z(t;  e(t')  — 
input  and  output  voltages  of  the  discriminator;  X(t)  and  X(t)  are  the  input  and 
output  values  of  the  tracked  parameter,  and  e(t)  =  X(t)  -  £(t)  —  current  mismatch 
(error).  By  y(t;  X(t))  we  understand  the  whole  mixture  of  useful  signal  and  inter¬ 
ferences  at  the  meter  input;  an  analogous  mixture,  obtained  after  processing  in 
the  discriminator,  is  implied  by  z(t;  e(t)). 

In  general  to  the  discriminator  input  there  proceed  several  input  mixtures 
y.(t;  X(t)).(i  a  1,  2,  ...),  which,  naturally,  changes  neither  the  further  methods 
of  analysis  nor  its  results. 

It  is  important  to  indicate  that  between  y. (t;  X(t))  (i  =  1,  2,  ...)  and 
z(t;  e(t)),  on  the' one  hand,  and  their  parameters  X(t)  and  e(t),  on  the  other,  there 
does  not  exist  a  one-to-one  correspondence.  Thus  z(t;  e(t))  is  proportional  to  e(t) 
only  on  the  average  (over  the  ensemble  of  input  signals),  .and  in  a  narrow  range  of 
values  of  e  statistical  properties  of  fluctuations  in  z(t;  e(t))  to  a  great  degree 
depend  on  the  Intensity  and  form  of  the  input  interference  included  in  mixtures 
y^(t;  X( t ) ) .  The  output  value,  l.e,,  result  of  measurement  can  be  characterized  by 
function  X(t). 

The  rest  of  this  paragraph  will  be  devoted  to  a  basic  characteristic  of  the 
described  meters  —  accuracy  of  measurement.  In  this  connection  one  should  separate 
different  components  of  measurement  error. 

In  the  first  place  fluctuating  error  is  important.  It  appears  due  to  internal 
noises  of  the  system  (noises  of  transmitters,  receivers,  antennas),  external  in¬ 
terferences  of  varied  origin,  most  frequently  aaditively  joined  with  the  useful 
Input  signal  (but  not  with  the  measured  quantity),  and  also  due  to  fluctuations 
of  the  reflected  radar  signal.  Furthermore,  the  measured  variable  can  be  coded  in 
the  signal  in  sum  with  a  certain  spurious  component.  We  have  in  mind,  for  instance, 
the  phenomenon  of  random  shifts  of  the  center  of  reflection  of  an  extended  radar 
target  in  angular  coordinates  and  distance,  distortion  of  the  beam  and  dispersed 
propagation  of  radio  waves  in  the  atmosphere,  etc.  Inasmuch  as  the  goal  is  measure¬ 
ment  of  a  certain  undistorted  value  of  a  coordinate,  these  factors  Introduce 
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additional  error,  which  can  have  both  a  fluctuating,  and  also  a  constant  component. 

The  second  component  of  meter  error  is  dynamic  error  due  to  changes  of  the 
measured  magnitude  itself,  both  random  end  those  which  are  regular,  but  not  com¬ 
pensated  Inside  the  meter. 

We  also  distinguish  systematic  error.  This  is  the  usually  somewhat  uncompen¬ 
sated  constant  component  of  error,  explained  by  the  selected  method  of  processing 
the  signal. 

In  high-performance  meters  it  is  necessary  to  consider  increase  of  fluctuating 
and  systematic  errors  due  to  so-called  instrument  (equipment)  errors,  appearing 
due  to  oscillations  of  feed  voltages,  mechanical  vibrations,  fluctuations  of  tempera¬ 
ture,  gaps,  dry  friction,  errors  of  quantisation  in  digital  variants  of  smoothing 
circuits,  and  so  forth. 

Henceforth,  for  simplicity  we  assume  that  there  are  no  errors  due  to  spurious 
components  of  the  measured  variable  nor  instrument  errors  where  the  forms  of  errors 
must  be  accounted  for  separately. 

During  the  study  of  fluctuating  and  dynamic  errors  it  turns  out  that  an 
essential  role  in  their  calculation  is  played  by  the  relationship  between  the  rate 
of  change  of  the  measured  parameter  on  the  one  hand,  and  on  the  other,  the  rate  of 
change  of  random  variables  jn  the  mixture  of  the  signal  with  interferences  (we  call 
them  for  brevity  fluctuations),  which  in  principle  there  is  no  need  to  measure. 

In  the  most  general  case  there  certainly  must  exist  rapid  fluctuations  due  to  , 
internal  noise  of  the  receiver.  Furthermore,  there  may  exist  random  variables,  the 
rate  of  change  of  which  is  commensurate  with  that  for  the  measured  parameter.  In¬ 
asmuch  as  the  approach  during  analysis  and  the  method  of  calculation  of  error  of 
measurement  somewhat  differ  for  various  combinations  of  these  variables,  below  we 
distinguish  three  separate  cases: 

a)  case  of  rapid  fluctuations  alone; 

b)  case  of  a  set  of  rapid  and  very  slow  fluctuations ; 

c)  general  case. 

6.2.2,  Characteristics  of  a  Discriminator  in  the  Case 
of  Rapid  Fluctuations 

Here,  it  is  useful  to  introduce  a  single  statistical  ensemble  of  fluctuations, 
in  general  determined  by  fluctuations  of  varied  physical  nature  (see  Chapter  1). 

Width  of'  the  spectrum  of  fluctuation  in  z(t;  e(t))  is  assumed  larger  than  the 
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effective  transmission  band  of  the  whole  closed  system  of  the  meter,  and  all  pro¬ 
cesses  In  the  discriminator  are  considerably  faster  than  in  the  meter  as  a  whole.* 
Therefore,  function  z(t,  e)  can  be  considered  to  consist  of  two  parts  —  a.  mean 
value  and  certain  noise.  For  a  continuous  input  signal  the  mean  value  is  equal  to 

a(t,  =  «),  (6.2.1) 

and  noise  has  correlation  function 

•.  0 =[*('.  •)-*</,  «)]  [*</  +  *.  •)-*(/  +  v)|.  (6.2.2) 


Due  to  inertia  of  subsequent  circuits  this  noise  can  be  considered  white.  Its 
spectral  density  one.  should  consider  equal  to  the  spectral  density  of  output 
fluctuations  of  the  discriminator  at  low  frequencies,  introducing  here  the  character¬ 
istic 


S(e,  <)==$<•; OUo=  J  •• 


(6.2.3) 


Averaging  In  (6.2.1)  and  (6.2.2),  designated  by  the  vinculum,  is  produced  over 
the  complete  ensemble  of  fluctuations  at  the  input,  and  magnitude  e  here  is  consid¬ 
ered  fixed,  which  corresponds  physically  to  slowness  of  its  change.  Possible  de¬ 
pendence  of  a(e,  t),  S(e,  t)  on  time  is  explained  by  the  fact  that  statistical 
properties  of  input  fluctuations  may  depend  on  time,  but  slowly  and  by  known  law. 

For  a  pulse  periodic  signal  it  is  possible  to  characterize  z(t,  e)  by  the  same 
functions  a( b,  t),  S(e,  t),  if  we  include  in  (6.2,1)  and  (6.2.2)  additional  averaging 
in  time  (for  period  of  modulation  Tr) : 


i 

«(•,/)=£  | 

I  OD 

S(9,t)=!~  ^  dt,  £  »,  /,). 

'  t-T,  -« 


(6.2.J») 

(6.2.3) 


If  we  now  compose  from  characteristics  a(e,  t),  S(e,  t)  a  certain  statistical 
equivalent  of  function  z(t,  e),  this  equivalent,  obviously,  will  have  form 

*,(/.*)  =  fl i )  +  < (/).  (6.2.6) 

where  C(t;  —  white  noise  of  unit  spectral  density. 

Actually,  z  (t,,  e)  has  identical  properties  at  low  frequencies  with  z(t,  e). 


*If  smoothing  circuits  change  in  time,  then  the  idea  of  an  effective  band  is 
not  applicable,  but  it  nevertheless  is  possible  to  speak  about  a  certain  effective 
constant  reaction  time. 
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and  this  suffices  for  further  analysis . 

We  introduce  now  for  a(e,  t)  the  name  discrimination  characteristic  and  for 
S(e,  t),  fluctuation  characteristic  of  the  discriminator.  They  are  found  by  means 
of  analysis  of  passage  of  the  signal  and  different  interferences  through  the 
discriminator  for  fixed  mismatch  e.  This  is  a  separate  problem,  sometimes  very 
bultcy  (see  Chapters  7-H)*  Let  us  indicate  that  in  nonstatistical  consideration 
the  discrimination  characteristic  is  simply  the  dependence  of  output  voltage  of 
the  discriminator  on  mismatch  at  a  nominal  level  of  input  signal,  and  the  fluctuation 
characteristic  is  not  introduced  in  general. 

If  the  signal  has  a  pulse  character,  and  fluctuating  disturbances  formed  at  the 
discriminator  output  in  different  periods  are  not  correlated,  it  is  sometimes  more 
convenient  to  present  the  output  of  the  discriminator  in  the  k-th  period  in  a  form 
which  is  a  discrete  analog  of  (6.2,6): 

z*  (•)  =  <**(•)  (6.2.7) 

where  £  —  a  discrete  random  process  with  uncorrelated  values  and  unit  variance; 

it 

a^ ( a )  —  mean  value  of  z^; 

o^(e)  —  variance  of  the  fluctuating  component  in  the  k-th  period  (dependence 

of  functions  a^e)  and  c^(e)  on  k,  as  also  of  functions  a(e,  t),  S(e,  t) 
on  time  t,  again  is  considered  slow  and  regular). 

Let  us  stress,  however,  that  writing  (6.2.7)  on  the  assumption  of  smallness  of 
the  period  of  repetition  T  as  compared  to  the  time  of  change  of  the  measured 
quantity  not  only  does  not  lead  to  greater  rigor  of  consideration  as  compared  to 
(6.2.6),  but  is  also  valid  in  the  more  frequent  case  of  absence  of  correlation 
between  disturbances  in  separate  periods.  As  it  is  easy  to  check,  formal  transition 
from  (6.2,7)  to  (6,2,6)  should  be  carried  out  by  replacement  of  current  subscript 
by  current  time  t,  of  process  with  uncorrelated  values  by  white  noise  £(t)  of 
unit  spectral  density  and  of  magnitude  o^:(e)  by  S(e,  t^)  *  CTk(e)Tr# 

Thus,  the  notation  (6,2.6)  in  the  considered  conditions  is  sufficiently  general, 
and  it  remains  to  consider  in  more  detailed  form  the  form  of  characteristics  of  the 
discriminator,  assuming,  for  simplicity,  that  they  do  not  depend  on  time. 

With  satisfaction  of  conditions  of  symmetry  of  the  circuit  and  of  character¬ 
istics  of  the  mixture  y(t;  A(t))  the  discrimination  cnaracteristic  is  an  odd,  and 
the  fluctuation  characteristic  is  an  even  function  of  e.  The  discrimination 
characteristic  (Fig.  6,2)  for  small  e  has  a  linear  section.  We  usually  seek 
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increases  of  the  extent  and 


Pl.g.  6.2.  Typical  family  of  discrimination 
curves:  i)  case  of  small  interferences;  2) 
case  of  large  interferences. 


slope  of  this  section;  however, 
this  does  not  lead  in  all  cases 
to  lowering  of  errors  of  measure¬ 
ment.  For  large  e  the  discrimi¬ 
nation  characteristic  has  dips 
corresponding  to  emergence  of 
the  parameter  beyond  the  limits 
of  the  region  in  which  the  dis¬ 
criminator  is  selective. 


Analysis  of  concrete  circuits  shows  that  intense  interferences  lead  to  decrease  of 
the  scale  of  the  discrimination  curve  along  the  axis  of  ordinates  and  to  amplifi¬ 
cation  of  dips.  This  is  explained  by  the  normalizing  action  of  certain,  generally 
speaking,  nonlinear  elements  (system  of  automatic  gain  control  (AQC),  clippers,  peak 
detectors,  and  so  forth,  see  Chapter  2). 

The  fluctuation  characteristic  (Fig.  6.3)  to  a  still  greater  extent  depends  on 
tne  form  and  level  of  input  interferences.  Output  fluctuations  of  a  discriminator 

consist  of  several  components. 

^  They  appear  as  a  result  of 

y'-'v  \  interaction  among  spectral  com- 

■  /  \\  Jf  ponents  of  interference,  beats 

■ — - .  1wii»  i  of  interference  with  the  signal, 

— . . . ■■■■■  ■  y— —  and,  in  the  case  of  the  presence 

•  /  *  * 

of  signal  fluctuations,  results 
of  interaction  of  signal  com- 

Fig.  6.?.  Typical  family  of  fluctuation  ponents.*  Intensity  of  the 

characteristics:  1)  case  of  small  interferences;  .  , 

2)  case  of  large  interferences.  last  two  components  depends  on 

e,  increasing  where  the  control 


signal,  i.e.,  the  modulus  of  the  discrimination  characteristic  is  great.  Intensity 
of  beats  of  interference  components  among  themselves  also  depends  on  e,  but  only 


•Strictly  speaking,  division  of  output  fluctuations  into  the  three  shown 
components  can  be  performed  only  when  using  in  the  discriminator  circuit,  as  elements 
of  nonlinear  processing,  square-law  peak  detectors  and  ideal  multipliers.  Quali¬ 
tatively  the  picture  also  remains,  however,  true  in  other  cases,  at  least  for 
large  signals, 
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due  to  the  normalising  action  of  the  discriminator,  overwhelming  noises  for  strong 
signals  and  small  e.  We  have  in  mind,  for  instance,  decrease  of  gain  of  the  re¬ 
ceiver,  and  consequently  also  of  the  output  level  of  noises  due  to  action  of  an 
AGC  system  with  sufficiently  accurate  tuning  on  a  powerful  signal.  As  a  result  the 
fluctuation  characteristic  frequently  has  the  form  of  a  double-humped  curve  with 
a  uip  near  e  »  0,  has  rises  near  extremes  of  the  discrimination  characteristic  and 
has  a  certain  constant  level  for  very  great  mismatch  e  (Fig.  6.3).  Here,  S(e)  as 
e  -»  ±00  is  determined  only  by  internal  noises  cf  the  receiver  and  interferences. 

With  growth  of  interferences  net  carrying  information  about  the  measured  variable, 
function  S(e)  gradually  is  smoothed,  until  it  becomes  independent  of  e  and  of  the 
signal-to-interference  ratio  at  the  discriminator  input. 

The  described  dependences  in  subsequent  chapters  will  be  illustrated  by  a 
series  of  examples.  They  take  place  under  the  above-indicated  conditions  of 
symmetry.  In  other  cases  the  form  of  the  characteristics  of  the  discriminator  may 
vary  somewhat.  In  particular,  shift  of  both  characteristics  along  the  axis  e  with¬ 
out  change  of  the  shape  of  the  curves  is  possible,  so  that  the  new  center  of 
symmetry  will  be  point  A  jt  0.  Then  we  speak  of  systematic  error,  introduced  by  the 
discriminator.  In  general,  shift  Is  accompanied  by  distortion  of  the  shape  of 
the  curves,  so  that  they  no  longer  have  the  shown  simple  form.  This  occurs,  for 
instance,  with  the  presence  along  with  the  useful  signal  of  an  interfering  Bignal 
close  in  structure. 

Presentation  of  discriminator  output  in  form  (6.2.6)  should  be  used  under 
conditions  when  mismatch  e  can  take  large  values,  i.e,,  during  the  study  ol 
questions  of  lock-in  and  bre&koff  (§6.3).  At  a  sufficiently  low  level  of  inter¬ 
ferences  random  process  e(t)  with  high  probability  takes  small  values,  and  approxi¬ 
mation  of  characteristics  of  the  discriminator  by  very  simple  functions  near  point 
e  *  0  is  sufficient! 

*(•)  =  *.  +  **•, 


where 


#.  =  «( 0),  =  (k  — 0,  1,  2),. 

Ratio  A  =■  ao/Kfl  is  the  systematic  error  of  the  discriminator.  When  conditions 
of  symmetry  are  satisfied,  quantities  aQ  and  turn  into  zero  and  (6.2.8)  takes  the 
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form 


«(*)  =  **•,  S(,)  =  s^sy. 


(6.2.9) 


Coefficient  K  is  called  the  amplification  or  gain  factor  of  the  discriminator. 
Quantity  SQ  ..characterizes  the  fluctuating  component,  not  depending  on  mismatch  a, 
and  Sg  —  the  component,  proportional  to  e.  For  explanation  we  indicate  that 
(6.2,9)  corresponds  to  the  following  presentation  of  discriminator  output  voltage: 

*•  (/;  •)  =  Krt  (t)  +  K*  ( 1  + 1  (/)) «.  . 


In  this  case  random  process  Vs ( e ) £ ( t )  is  replaced  by  two  uncorrelated  processes 
K^ri(t')  and  K^e£(t)  with  the  same  total  intensity.  Here  tj ( t )  —  white  noise  with 


dimensionality  of  the  measured  parameter  and  with  spectral  density  proportional 


to  SQ: 


(6.2.11) 


henceforth  called  the  equivalent  spectral  density,  and  £(t)  —  a  parametric  input 
in  the  form  of  white  noise  with  spectral  density,  proportional  to  Sg: 

=  Sj/ ,  (6.2.12) 

henceforth  called  parametric. 

Thus,  under  the  formulated  ocnditions  of  symmetry  output  of  the  discriminator 
can  be  characterized  by  only  three  quantities  :  Kfl,  and  .  Their  dependence 
on  the  character  of  the  input  signal  (sigials)  y(t;  X)  and  the  method  of  construction 
of  the  discriminator  in  concrete  examples  will  be  clarified  in  subsequent  chapters. 
Here,  we  indicate  that  the  gain  factor  drops  with  growth  of  interfences  which 
are  not  contained  in  the  coded  form  of  the  tracked  parameter,  simultaneously  with 
the  above-indicated  decrease  of  the  scale  of  curve  a(e).  Quantity  SQ1_  also  depends 
on  the  level  of  interferences:  for  weak  interferences  it  is  close  to  zero,  and 
with  growth  of  interferences  it  grows  without  limit.  Quantity  snap  characterizes 
the  coefficient  of  parameteric  pulsations  of  control  voltage,  caused  usually  by 
amplitude  fadings  of  the  signal.  In  goniometric  and  range  finding  system  Sn&p  is 
considerably  lowered  when  there  are  present  amplitude -demodulators  (AGC, 
clippers,  etc).  The  dependence  of  Snap  on  the  level  of  input  interferences  is 
determined  by  the  concrete  nature  of  \(t)  and  the  circuit  of  the  discriminator. 

It  is  easy  to  prove  that  the  introduced  magnitudes  and  Gn&p  arc  two 
coefficients  of  the  expansion  with  respect  to  a  of  function  =  3(e)/Kb,  which 

is  sometimes  convenient  to  use  instead  of  S(e),  called  the  equivalent  fluctuation 
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characteristic.  This  term  Indicates  that  S^e)  characterises  noises,  recalculated 
in  equivalent  values  of  the  tracked  variable. 

Relationship  (6.2.10)  is  conveniently  interpreted  by  the  circuit  of  Fig.  6.4, 
which  can  be  used  during  simulation  of  a  complicated  system,  where  a  given 


as 


Fig.  6.4.  Equivalent  circuit  of  a 
discriminators  —  inertialess 

amplifier  with  gain  factor  K  . 


discriminator  is  applied.  Note  that 
characterizes  that  component  of  fluctua¬ 
tions,  which  in  the  given  equivalent 
circuit  parametrically  governs  amplification 
of  the  radio  channel. 

Thus,  even  in  the  case  of  linear 
smoothing  circuits  with  constant  parameters 


the  radar  tracking  meter  turns  out  to  possess  variable  gain  in  the  loop,  i.e.,  one 
variable  parameter.  In  this  connection  the  fluctuating  component,  proportional 
to  mismatching,  we  call  parametric.  One  should  not,  of  course,  confuse  this  com¬ 
ponent  with  random  changes  of  the  tracked  parameter  X(t). 

It  is  necessary,  however,  to  stipulate  that  in  a  number  of  combinations  of 
parameters  of  the  circuit  and  the  input  slgnal-to-noise  ratio  it  turns  out  that 
S2  <  0,  i.e,,  the  level  of  noises  upon  the  appearance  of  mismatch  even  decreases 
somewhat.  Examples  of  this  especially  nonlinear  effect  will  be  given  in  subsequent 
chapters.  When  Sg  <  0  presentation  (6.2.10)  is  already  impermissible,  and  the 
linear  model  of  Fig.  6.4  loses  meaning.  The  problem  can  be  studied  only  by  a 
mathematical  apparatus,  adapted  to  nonlinear  problems. 


6.2.5.  Accuracy  cf  Measurement  in  the  Absence 
of  Parametric  Fluctuations 

On  the  basis  of  the  introduced  discriminator  characteristics  we  shall  calculate 
the  error  of  measurement.  Let  us  assume  that  parametric  fluctuations  are  negliglblr  . 
We  shall  study  that  Important  and  sufficiently  general  case,  when  smoothing  circuits 
are  linear,  but  not  necessarily  with  constant  parameters,  so  that  their  input  and 
output  are  connected  by  relationship 

*<0 «!*<*.  +  (6.2.15) 

where  h(t,  t)  —  pulse  response  of  smoothing  circuits; 

X  (t)  —  quantity  introduced  into  the  meter  (Fig.  6.1),  not  necessarily 

accurately  coinciding  with  the  a  priori  mean  value  of  parameter  X(t), 
which  is  considered  a  random  process. 

Substituting  in  (6.2,15)  according  to  (6,2.10)  quantity 
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*»— Vw+*«m 

A 

and  considering  that  X  ■  X  -  e,  we  have  equation 


I  ■ 


(6.2.14) 


We  introduce  the  pulse  response  g(t,  t)  of  the  closed  system,  considering  X(t) 
the  output  quantity.  Function  g(t,  t)  is  determined  by  integral  equation 

i 

iV>*)+K*$h(t,s)g(st%)ds=zKth(t,z).  (6.2.15) 

Additionally  we  Introduce  pulse  response  v(t,  t),  considering  mismatch  e(t)  uhe 
output  quantity.  Function  v(t,  t)  satisfies  equation 


°(/»  *)+**  J *(t.  s)a(s,  x)ds=t(t  —  x). 


(6.2.16) 


By  direct  substitution  of  expression  (6.2.13)  in  (6.2.14),  using  (6.2.15)  and 
(6.2.16),  it  is  simple  to  prove  that  the  solution  of  equation  (6.2.14)  has  the  form 


•  (t) = -  j  g  (t .  <#)  ds  -f 1  o  (f.  s)  [X  (s)  -  X  (*)]  ds  + 

(*)]*=•*,  (0+  '*Wl  (0+  (0, 


(6.2.17) 


where  function  X^t'J  is  added  and  subtracted. 

According  to  (6.2,17)  current  error  is  determined  by  the  Joint  action  of 
interference  rj ( -t ) ,  passed  through  the  filter  with  pulse  response  g(t,  s),  of 
random  changes  of  parameter  X(s)  -  X(  s ) ,  and  of  uncorrected  regular  changes  of 
parameter  X'(s')  -  X  B  (s),  passed  through  the  filter  with  pulse  response  v(t,  s). 

The  first  component 

*)n{s)d3 

u 

is  naturally  called  fluctuation  error;  to  terms  eflHH  ^(t),  e  h  £(t)  we  give  the 
designation  of  dynamic  errors.  Let  us  note,  however,  that  in  the  statistical 
approach  to  measured  quantities  introduction  of  the  last  term  is  somewhat  conditional, 
inasmuch  as  e£HH  ^(t)  has  a  random  character  to  the  same  extent  as  e^^t). 

Considering  that  the  measured  parameter  is  a  random  process,  and  that  fluctua¬ 
tions  are  rapid,  by  (6.2.17)  it  is  possible  to  easily  calculate  the  mean  square 
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overall  measuring  errors 


•L.  <0 =  V) =  $.«  1 1  (t.  S)  ds + 

•  * '  t 

+ J  J  0  (t>  *»i) v  (i,  *»)  RX(SV  st)  dstdst  -f 
+[  (J o (t, ,) A (5 ) ds  ]*=  <£, (/) -f  (O  +  ^W.  ’ 


(6.2.18) 


Here  we  use  the  property  of  6-correlation  of  interference,  and  there  is  introduced 
correlation  function  RjJt^,  t£)  of  the  random  part  of  the  measured  parameter  and  we 
denote  A(t)  -  !)t(t)  -  X  B  (t), 

According  to  (6.2.18)  for  an  arbitrary  pulse  response  of  smoothing  circuits 

p 

the  variance  of  fluctuation  error  cri^t)  is  proportional  to  the  equivalent  spectral 
density  (6.2.11), 

Further  simplifications  of  expressions  for  separate  components  of  expression 
(6.2.18)  are  possible  upon  concretization  of  the  form  of  smoothing  circuits  and 
of  the  character  of  change  of  X(t). 

a)  Assume  etationariness  of  the  random  part  of  parameter  R^t^,  tg)  - 
”  *x(*l  “  *2^  *  ful1  correction  of  its  regular  part  (A(t)  =•  0)  and  constancy  of  param¬ 
eters  of  smoothing  circuits.  Fourier  transforms  from  functions  g(t,  t)  »  g(t  -  t) 
and  v(t,  t)  -  v(t  -  t)  with  respect  to  (6.2.15)  and  (6.2.16)  in  this  caBe  are  easily 
expressed  in  terms  of  the  amplification  factor  of  the  discriminator  and  the  frequency 
response  of  the  smoothing  circuits 


in  the  form 


Finally  Instead  of  (6.2.18)  we  can  cbtain 


(6.2.19) 


—  2S«.Af*+  l  J  |  |+K^ #•)!•’  (6.2.20) 

+*>  -*• 

where  f  i?k(t)e  %dx  —  spectral  density  of  the  random  part  of  parameter  X(t); 


Af  ^  —  effective  transmission  band  of  a  closed-cycle  meter: 


(6.2.21) 
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It  would  be  more  systematic  to  determine  the  effective  band  by  normalized 
relationship 


*****  2*  J  10(0)1*  "•* 


(6.2.22) 
-  1, 


However,  inasmuch  as  due  to  the  large  gain  in  the  loop,  usually  being  G(0) 
there  is  no  difference  between  (6.2.21)  and  (6.2.22), 

As  follows  from  (6.2.20),  variances  of  fluctuation  and  dynamic  errors  in  the 
considered  case  do  not  depend  on  time,  where  the  first  is  expressed  by  the  simple 
and  widely  known  formula 

»4>  (6.2.23) 


b)  Let  us  consider  an  example,  when  smoothing  circuits  are  constant,  and  the 
random  part  of  the  parameter  is  expressed  by  a  polynomial  in  time  t  with  random 
factors 


*>0) 


(6.2.24) 


Fluctuation  error  is  expressed  as  before  by  formula  (6.2.23),  and  the 
mean  square  dynamic  error  according  to  (6.2.18)  has  the  form: 

V  AWOMO.  (6.2.23) 

i.T=o 


where 


i  ,  *+to 

J  V(P)y+T*PidP, 

•  *—ho 


(6.2.26) 


and  V(p )  is  given  by  formula  (6.2.19). 

With  increase  of  the  time  of  measurement,  (6.2.26)  passes  to 

Jim  .,(/)  =  Hm  (6.2.27) 

I -too  p+0  r 

It  follows  from  this  that  a  regime  with  a  strictly  finite  magnitude  of  variance 
of  stationary  dynamic  error  exists  only  in  the  presence  in  the  numerator  of  V(p)  of 
a  factor  p  to  a  power,  not  smaller  than  the  power  of  polynomial  (6.2.24),  depicting 
behavior  of  the  parameter.  The  numerator  of  V(d),  according  to  (6.2,19),  is 
determined  in  turn  by  the  denominator  of  the  transfer  function  H(p)  of  the  smoothing 
circuits.  The  latter,  in  the  presence  of  factor  pn,  are  called  astatic  functions 
of  the  n-th  order.  Astaticiam  is  attained  by  circuits,  close  in  properties  to 
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ideal  integrators.  ThUB,  a  smoothing  circuit  in  the  form  of  a  single  integrator 
ensures  astaticism  of  the  first  order: 


P 

P+  KwKn,  * 


(6.2.28) 


and  with  a  double  integrator  with  correction  we  have  astaticism  of  the  second 
order: 

'  t*  / JC«(1  +  P*)  i:/_\  P * 

n\p)~  p  >  v  /*+K.K*(l+p*V  (6.2.29) 


In  general  form  the  mean  square  dynamic  error  in  steady-state  regime  finally  has 
the  form 


(6.2.50) 


Let  us  consider  in  more  detail  a  series  of  simple  examples, 
i.  The  smoothing  circuit  has  the  form  of  an  ideal  integrator  (6.2.28).  The 
effective  transmission  band  of  a  closed-loop  meter  here  is  equal  to 


A/,*  =  /C,lW4.  (6.2.51) 

For  the  case  of  a  stationary  parameter  with  spectral  density  Sx(cu)  -  2a^T/[l  + 

o  o 

+  (cut)  ],  where  —  variance,  we  have  mean  square  dynamic  error 


1  +  1/77C.K, 


(6.2.52) 


For  a  parameter  In  the  form  of  polynomial  (6.2,24)  establishment  of  error 


is  observed  only  at  m  =  0  and  1.  When  m  »  0  error  a 

_1  _ 


flHH 


0,  and  when  m 


(6.2.5?) 


Error  in  position  (i.e,,  due  to  the  constant  term  of  the  random  variable)  Is 
equal  to  zero,  and  error  in  acceleration  or  with  respect  to  a  higher  derivative  (in 
the  case  of  the  presence  in  the  law  of  change  of  parameter  of  corresponding  terms) 
grows  without  limit. 

2.  The  smoothing  circuit  has  the  form  of  an  RC-circuit: 


The  effective  band  and  dynamic  error  for  a  stationary  parameter  with  the  above- 
mentioned  spectral  density  have  the  form: 


(6.2.54) 
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If  we  turn  to  the  case  of  a  parameter  in  the  form  of  a  polynomial,  then  It  is 
easy  to  prove  that  establishment  of  error  occurs  only  for  constant  parameter,  anci 
its  variance  ia  equal  to  M<y/(1  +  KqK^)  .  However,  in  the  case  of  a  large  gain 
factor  and  large  time  constant  of  the  smoothing  circuit,  for  /  0  we  have  in  a 
sufficiently  extended  Interval  of  time 


.**«(*&/ 


(6.2.35) 


l.e.,  the  closed-loop  system  has  approximately  the  same  properties  as  in  the  case 
of  an  Ideal  integrator  with  gain  factor  kq/T. 

All  that  has  been  presented  shows  that  in  the  absence  of  parametric  fluctuations 
analysis  of  accuracy  of  meters  is  sufficiently  simple  and  leads  to  results,  widely 
known  from  classical  automatic  control  theory. 

6.2.4.  Accuracy  of  Measurement  in  the  Presence 
of  Parametric  Fluctuations 

In  the  presence  of  parametric  fluctuations  it  is  possible  to  replace  expres¬ 


sion  (6.2,14)  by  equation 


•<<)+**  f  Hi,  *)[l+t(*)l«(s)rfs=-- 


*=*<<)  —  MO— JC*  f  h(l,s)n(s)ds. 


(6.2.36) 


Again  introducing  pulse  responses  g(t,  t)  and  v(t,  t),  according  to  (6.2,15) 
and  (6.2,16),  vre  can  obtain 

•  (<) = —  |  g (<,  f)  n  (t)  ds  v  (t,  t)  \i (*)  -  a*  («) j  ds — 


-fiV. 

*» 


*)  t ■»  *  (*)  ds. 


(6.2.37) 


Formula  (6,2.37)  still  is  not  the  solution  of  equation  (6.2.36),  inasmuch  as 
quantity  e(t)  enters  into  both  parts  of  (6,2.37).  Results  convenient  for  use  can  be 
derived  from  (6.2.37),  using  smallness  of  variance  of  4(t),  usually  observed  in 
practice.  The  measure  of  this  smallness  will  be  shown  below.  According  to  the 
method  of  successive  approximations  we  shall  seek  a  solution  of  (6,2.37)  in  the  form 
of  the  series 


*<0=*.(0  +  *.<0-W0+..-. 

where  eQ(t)  has  the  zero,  e1(t)  the  first,  eg(t)  the  second,  etc.,  order  of  small - 
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Then,  for  the  zero  approximation  eQ(t)  we  again  have  solution  (6.2.17),  The 
first  correction  is  equal  to 


«,  (0  =  j  j  g(t,  s) « (s)  8  (s>  *>  1 M  ds  d*  — 

~  J  *<M>  6  Ml*  AUH,  <*>+  *  Ann,  (5)1*. 


(6.2.58) 


Analogously  the  second  correction  will  be  expressed  in  the  form 


t,  (0  =  -  j  ds  jd&jdxg  (t,  s)  I  (s)  g  (8,  b)  t  (»)  8  (*,  t)  ■%  (*)+ 
uuu 

+  d*g(t,  s)\(s)g(s,  t)  6  (x)  [«  rhu,  (t)"|"**nHt  Ml* 


(6.2.59) 


The  mean  square  of  e(t)  during  series  expansion  is  equal  to 

«L,  (0—7w + 2  mo  mo + pmomo  +7(oi 

where  averaging  is  conducted  both  for  the  ensemble  of  signals,  and  also  for  the 
ensemble  of  parameters.  Averaging  with  the  help  of  (6.2.17),  (6.2.58)  and  (6.2.59), 
we  obtain, in  orders 

+  j  (  ®  (0  *,)  O  (t,  st)  Rx  (s„  st)  dstdst  +  [  Jy  (f ,  s)  A  (s)  ds  ]‘« 
t  ft  u 


-*i.<0+«UW+£*W. 


(6 .2. A0) 


2.  eQ(t)e1(t)  -  0  due  to  noncorrelation  and  zero  mean  values  of  functions  £(t), 
r|(t)  and  X(t)  -  X  ( t ) , 

M0M0=  Snap  'in, 

(0  *Ul,  (t,)l  dt,rfT,-|-5nap5tK*  (/,  x,)g(ttl  MX 

Xg(^xi)g(x:x,)dttdxt. 

(6.2.41) 

The  value  in  (6.2.41)  of  pulse  response  of  the  closed-loop  system  with  coinciding 
arguments  g(t,  t)  one  should  consider  equal  to  zero,  inasmuch  as  even  in  approxi¬ 
mation  of  pulse  response  of  smoothing  circuits  by  functions  breaking  at  these 
points  (inertial  link  of  the  1st  order,  link  of  the  2nd  order  with  correction,  and 
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so  forth)  it  is  impossible  not  to  allow  for  the  fact  that  the  discriminator  has 
inertia  (delay),  not  smaller  than  the  interval  of  correlation  of  that  fluctuating 
voltage  at  its  output,  which  we  consider  white  noise.  Consequently,  there  do  not 
exist  fluctuating  components  instantly  returning  through  the  feedback  circuit  and 
emphasizing  fluctuations  in  the  discriminator. 

Considering  this  circumstance,  we  have  eQ(t) eg(t )  »>  0. 

4. 

•*  (0  —  f  j*(/. 

Considering  (6.2.40)  and  (6.2.42)  with  an  accuracy  of  term?  of  the 
order  of  smallness  we  have  total  error  of  measurement: 

•L(0-i^(0+S«pJ  *■('.*>(<..,  M+C.  ('»*+ 

■+"  s.»,s«*»  J  g’  (t, g*  (t,, .,)  i/.jri.,, 

where  ^BHX  (t)  -  variance  of  output  error  for  a  meter  when  we  disregard 
fluctuations,  expressed  by  formula  (6.2.40). 

Simpler  relationships  can  be  obtained  in  the  case  of  a  stationary  parameter 
and  constant  smoothing  circuits  for  A  *  0: 

0L*  =  0Lr.(l-f  °Lp)‘  (6.2.44) 

2 

Here,  there  is  Introduced  an6p  «=  2SnapAf^^  —  variance  of  parametric  fluctuations, 
smoothed  in  the  loop. 

After  analogous  calculations  to  terms  of  the  fourth  order  of  smallness  we 


(6.2.42) 

second 


(6.2.45) 

parametric 


have 


(6.2.45) 


According  to  (6,2.45)  total  output  error  due  to  parametric  fluctuations  is  increase 

2  4 

by  a  factor  of  1  +  0_,._  +  cj  i.e,,  the  additional  component  of  error  is  greater, 

nap  nap 

the  greater  the  error  of  measurement  in  the  absence  of  parametric  fluctuations. 

This  circumstance  corresponds  to  description  of  the  circuit  of  Fig.  6.4,  where 
parametric  fluctuations  characterize  changes  of  gain  of  the  discriminator,  having 
no  influence  only  when  s  =  0. 

Quantity  anap  in  the  stationary  case  cam  be  expressed  in  terms  of  variance 

i p 

a |  and  width  of  the  spectrum  Af^  of  function  £(t),  assumed  above  to  be  white  noise, 
in  the  form 


=25, 


(6 , 2,46 ) 
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From  (6.2.46)  it  follows  that  parametric  fluctuations  can  be  ignored  when  the 
effective  band  of  a  tracking  meter  is  considerably  narrower  than  the  width  of  the 
spectrum  of  these  fluctuations,  and  their  variance  is  much  less  than  unity.  Only 
in  this  case, instead  of  (6,2,43)  and  (6.2.45),  it  is  possible  to  use  simpler  formulas 
(6.2.18)  and  (6.2.20),  and  properties  of  the  discriminator  are  determined  only  by 
quantities  and  S3KB. 

We  shall  indicate  here  that  the  obtained  formulas,  containing  coefficient  Snap, 

O 

are  not  applicable  if  Snap  <  0,  and  also  upon  reaching  onep  of  large  values,  when 
approximation,  based  on  use  of  only  the  first  terms  of  the  series  expansion  and 
leading  to  formulas  (6.2,44),  (6.2.45),  does  not  give  a  correct  answer.  In  these 
cases  the  tracking  meter  should  be  considered  a  nonlinear  system.  Such  a  consid¬ 
eration  will  be  given  in  §  6.3. 

6.2.5.  Case  of  a  Set  of  Rapid  and  Very  Slow  Fluctuations 
Besides  rapid  fluctuations  in  the  input  signal  there  may  exist  disturbances, 
varying  considerably  more  slowly  than  the  measured  parameter.  We  consider,  for 
instance,  very  slow  fadings  of  the  signal,  in  which  its  amplitude,  and  phase  for 
very  considerable  time  Intervals  can  be  considered  constant,  or  stable  Interfering 
reflection.  In  these  cases  it  is  useful  to  write  the  input  signal  in  the  form 
y(t,  X(t),  v(t)),  where  X(t)  —  tracked  variable,  and  v(t)  —  random,  slowly  varying 
parameter  (or  parameters)  of  the  signal,  which,  in  principle,  there  is  no  necessity 
to  measure.  We  naturally  introduce  here  the  same  characteristics  of  a  discriminator 
as  for  the  case  of  rapid  fluctuations,  but  we  consider  them  to  additionally  depend 
on  v(t).  The  equivalent  of  output  voltage  rf  the  discriminator  Is  presented  in  the 
form 

*•  (/)  =  «  (*,  v)  +  YS  («,  V)  c  (0,  (6.2.47; 

where  a(e,  v),  S(e,  v),  as  before,  are  the  discrimination  and  fluctuation  character¬ 
istics. 

Relative  white  noise  C(t)  here  is  formed  only  by  rapid  fluctuations,  as  dis- 
tingui&ueu  from  (6.2.6),  For  a  low  level  of  noises  instead  of  (6,2,47)  is 
sufficient  to  use  relationship 

z.  (0  =  it*  (V)  .  +  f/3^V)  5(0.  (6.2.48) 

The  basic  performance  characteristic  of  tracking  —  mean  square  error  ~ 
is  found  just  as  in  Paragraph  6.2.3.  In  particular,  in  the  absence  of  rapid 
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parametric  fluctuations  in  the  stationary  case  we  have  a  formula,  analogous  to 

(6.2.20): 

•L,,(v)=2Sm(v)AfM^v)-f  -  j  | ,  (v)  h  |»> 

where 


•  5 •«.(v)  =  S.(v)/^(v); 


l+AC*  (»)«(/«) 


d®. 


According  to  (6.2.49),  on  v  there  depend  both  dynamic  error  (through  the  gain 
factor  in  the  loop),  and  also  fluctuation  error  (through  equivalent  spectral  density 
^KJv)  and  effective  band  width  Af  0(j,(v)). 

In  formula  (6,2.49)  we  average  the  ensembles  of  rapid  fluctuations  and  of 
parameter  X(t).  It  is  possible  to  use  this  formula  when  we  are  interested  in  the 
process  of  measurement  at  time  intervals,  in  which  random  parameter  v(t)  does  net 

p 

noticeably  change.  In  another  case  it  is  useful  to  average  oBHX  with  respect  to  v: 


t  <v)  +  2SjK.  (v)  A/.*  (v).  (6.2.30) 

As  a  simple  example  we  shall  consider  the  case  when  slow  fluctuations  are 
expressed  only  in  stationary  amplitude  modulation  of  the  amplification  factor  of  the 
discriminator,  and  SQ  does  not  change  in  time.  In  other  words,  there  occur  slow 
parametric  fluctuations. 

Introducing  amplification  factor  averaged  with  respect  to  v, 


where  £(t)  —  slowly  varying  stationary  random  function,  we  have  fluctuation  error 


„»  i  I  7  Km  (1  11 


(Im) 


dmxz 


(6.2.31) 


||  <5  (im)  -  C*  (/•)  1 4-  (/.)  $‘  j*  d.  = 

. _ 

*=^»K»  (  J  -j- ). 


Here  there  a, re  introduced  the  averaged  equivalent  spectral  density  S', 

*2 


3KB 


the  frequency  response  of  the  closed  loop 

g(/.)=  _£"<<»> 
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I  {  i 
i 


and  effective 


bandwidth  A =  1  j|G  (/»)  |*  dm. 


In  relationship  (6.2.51)  we  perform  expansion  with  respect  to  at  J  there  is 
2  — V 

given  the  designation  <Jnap  ■  §  «  1  for  variance  of  the  parametric  input,  and  by 

k  we  denote  the  numerical  coefficient 


k  = 


f  _  • 

J  1 0  (<« )  |»  [  1 0  (f«)|*  -  20*  (tm)\  dm 


J  1 0  (*•)  I 


(6.2.52) 


dm ' 


As  we  proved,  the  presence  of  very  slow  fluctuations  does  not  lead  to  noticeable 
change  of  our  approach  to  analysis  of  meters;  it  is  only  necessary  to  consider  that 
S2KB  differs  for  rapid  and  slow  fadings  of  the  signal. 

6.2.6.  General  Case 

The  most  general  case  one  should  consider  that  in  which,  besides  rapid  inter¬ 
ferences  in  the  signal,  there  exist  random  variables  with  a  rate  of  change,  eom- 
parible  with  Paragraph  6.2.5,  so  that 

*•  (0 = a  («,  V  (0)  +  /$(«.  v(0)  c  (/).  (6.2.5?) 

However,  v(t)  varies  in  characteristics  of  relationship  (6.2.5?)  too  fast,  so 
that  it  is  possible  not  to  take  this  into  account  during  determination  of  pulse 
response  of  the  closed  loop  and  of  measurement  error.  Instead  of  (6,2.14),  in  this 
case  we  have  equation 

^)(1  - 

~  jj  ft  (*,  *)  c  (*)  d% 

where  TT^,  STq  —  the  amplification  factor  and  tne  spectral  density  averaged  for  vj 

s(t)  =  S(v(t))/S’0  —  normalized  random  functions,  characterizing  change  of  amplifica¬ 
tion  factor  and  spectral  density  in  accordance  with  change  of  v(t);  and  £(t),  as 
before,  is  white  noise  of  unit  specti'al  density. 

If  we  look  for  fluctuation  error  in  the  form 


assuming  for  simplicity  that  A(t)  -  0*  for  pulse  response  of  a  closed  loop,  g(t,  t), 
randomly  depending  on  the  input  signal  through  v(t),  we  can  obtain  equation 

S  (*.  «)+**]  * <f,  •)  (t  +  5 («)] g(*t  x)  ds  =  fCK  h  (t,  (6.2.34) 

similar  to  (6.2.15),  where  h(t,  t)  -  pulse  response  of  the  smoothing  circuits. 

If  we  solve  this  equation  for  g(t,  t),  fluctuation  error  will  be  expressed 
superficially  by  the  known  formula 

•$,(*  (0) = 3*  ^  (6,2.55) 

and  for  a  steady-state  regime  for  stationary  s(t)  and  4(t),  after  averaging  with 
respect  to  v,  we  have 

^(V)  =  S.M  j 5) di.  (6.2.56) 

However,  in  common  form  (6.2.54)  can  not  be  solved,  and  it  is  necessary  to 
limit  oneself  to  consideration  of  the  case  of  a  small  coefficient  of  modulation  of 
the  gain  factor  of  the  discriminator  (l2(t)  «  c^ap  «  1)  and  constant  smoothing 
circuits.  Seeking  our  solution  in  the  form 

i  (<.'•)=£.  (*  —  ■«)»/  «(')  +  Si  (/-~*,«)KT(x)-}- 

+  «•<<  — (6.2.57) 

where  gQ  has  the  zero,  the  first,  and  the  second  order  of  sroallnesB,  for  the 

zero  approximation  we  obtain  equation 

__  i 

S*  (t) ;-f K*  j  h  (t  —  x)  gt  (x)  dx^K^h  (t), 

whence 

XnfflM 


*.«•=  s  J 


fTdm. 


Further,  for  the  first  approximation  we  have  equation 


» 

fi(*.  ^)-\-KAjh(t~x)  gt  (x,  %)dx*B 

t 

—  x)\(x  +  %)g%(x)dx. 


which  gives  as  a  re3ult 

«)=-  J*.  (*-*-•*) 

Analogously  for  the  second  approximation  we  obtain 

*•(<  —  ’*,  **)  = 

M 

V)SMHx+y)l1y  +  %). 
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Finally,  the  solution  of  (6.2.5^)  has  the  form 


Bit.  *)= 


“  V *  (■*)  jff.  (t  ~  *)  —  j  g*  (i—x—Jc)  g,  (x)  e  (x  -f  *)  dx + 
+  j  dx  jdV  8*  (t—*—x)  gt  (x—g) g%  (y)S (*-H)  \  &-h  J . 


(6.2.58) 


From  this,  by  (6.2.56),  limiting  ourselves  to  terms  of  the  second  order  of 
smallness  and  considering  that  TTH"  =  0,  for  variance  of  the  mean  fluctuation  error 


we  have 


.;,=s...  ![**(»)+ 


-fjjtf. (s  —  x) gt(x) gt (s  —y)g, (y) M (x,  y)  dxdy  -f 
+  2  jdxjdyg9(s)gt(s-x)g,(x  —  y)g,(y)  M  (x,  y)j<fc, 


where  we  considered  that  s(t')  =*  1,  and 


(6.2.59) 


M(x,  0)==*(.')S(* +*)«(<+*).  (6.2.60) 

As  can  be  seen  from  (6.2.59)>  only  the  first,  the  basic  component  of  variance 
of  mean  fluctuation  error  can  be  rewritten  in  familiar  form  2^KBAfi  where  in  the 

definition  of  Af  there  enters  average  amplification  factor,  other  components  have 
more  complicated  form  and  are  expressed  through  the  pulse  response  of  the  zero 
approximation  g^(t)  and  the  estimator  M(x,  y)  of  random  functions  s(t)  and  £(t). 

In  the  particular  case  when  the  modulation  of  spectral  density  and  of  the  gain  factor 
of  the  discriminator  due  to  slow  interferences  do  not  depend  on  one  another  additional 
components  in  are  expressed  through  spectral  density  S^ap  (co)  of  parametric 
influence  £(t),  inasmuch  as  then  ?l(x,  y)  »  £(x)£(y) .  This  leads  to  relationship 

/  .  +00  +00 


(. _  +00+00 

-f  (2^r  J  ^  ^tt(®,)  X 

—00  -00 

X I O  <*••)  1‘  II S  (®.  —  *|)  j*H-2G  (U),)0  (m.  ~®,)J  datdm9  j 


(6.2.61) 


In  the  two  extreme  cases  of  very  rapid  and  very  slow  parametric  fluctuations 


from  (6.2,61)  we  have 


—  2S»K*A/t^  [1  -(-  25nipA/B(jl, 

a»«p  (•)-*eom| 


(6.2,62) 


(6.P.O) 


Uma;.=2S,K,A/.*[l+fto’.pl, 

where  k  —  numerical  coefficient,  given  in  (6.2,52).  Formula  (6.2.62)  is  already 
known  from  Paragraph  6,2.4,  which  is  obvious  upon  comparison  of  is  with  (6,2.44). 

In  its  derivation  we  again  used  the  fact  that  g(0)  =  0.  Formula  (6.2,65)  coincides 
with  formula  (6.2.51),  derived  earlier  in  Paragraph  6.2.5. 

This  investigation  shows  in  what  sense  one  should  understand  in  every  case  the 
equivalent  spectral  density,  how  characteristics  of  the  discriminator  are  introduced, 
and  how  by  them  we  calculate  errors  of  measurement.  The  given  relationships  eit 
valid  for  tracking  meters  of  any  parameter  of  modulation  of  a  radar  signal  and  can 
serve,  thereby,  as  a  basis  for  analysis  of  accuracy  of  tracking  radar  meters. 

§6.5.  Questions  of  Breakof'f  of  Tracking 
we  analyzed  tracking  meters  for  the  influence  on  them  of  small  noises  and 
interferences,  when  errors  of  measurement  are  small,  and  the  linear  approximation 
introduced  in  the  preceding  section  is  valid  for  characterization  of  the  discrimi¬ 
nator.  However,  for  large  noises  and  interferences,  error  of  measurement  becomes 
comparable  with  the  width  of  the  linear  section  of  the  discrimination  characteristic 
or  even  exceeds  it.  This,  first,  leads  to  insufficiency  of  linear  approximation 
during  calculation  of  accuracy  both  due  tv-  nonlinearity  of  the  discrimination, 
so  also  due  to  the  complicated  form  of  the  fluctuation  characteristics.  Secondly, 
here  probability  of  breakoff  of  tracking  sharply  increases,  where  mismatch  exceeds 
the  width  of  the  discrimination  curve,  and  the  useful  signal,  in  general,  ceases  to 
act  on  the  discriminator. 

Investigation  of  nonlinear  phenomena  in  tracking  meters,  occurring  with  intense 
interferences,  is  the  subject  of  the  present  paragraph.  It  turns  out  that  a 
suitable  mathematical  device  for  analysis  in  this  case  are  diffusion  and  related 
differential  equations,  obtained  during  the  study  of  Markovian  random  processes. 
Therefore,  to  facilitate  understanding  of  the  conducted  analysis  we  give  in 
Paragraph  6,5.1  certain  information  from  the  theory  of  Markovian  processes  and 
differential  equations,  describing  their  statistical  properties. 

6.5,1,  Markovian  Random  Processes  and  Related  Differential  Equations 
The  device  of  Markovian  processes  has  a  wide  range  of  applications  and  recently 
has  been  widely  used  in  theoretical  radio  engineering  [20],  being  the  best  means 
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of  investigation  of  properties  of  nonl  cvv:  l^nents  of  radio  channels,  fluctuations 
in  vacuum-tube  oscillators,  and  so  forth.  w.  call  Markovian  a  random  process  y(t), 
for  which  conditional  probability  density  p(yn|yn_j_j  .  •.»  y^)  satisfies  relationship 

(yt—yfo)),  (6.3.1) 

i .  s- . ,  depends  functionally  only  on  the  value  of  the  process  at  one  preceding  moment 
of  cime.  Conditional  probability  density  p(yn|yn_j_)  -  w(ynlyn-l^  we  ca-1-1  Protl“ 
ability  density  of  transition  from  state  yn_^  at  time  tn_^  to  state  yn  at  time  t  . 
It  is  of  basic  value  in  the  theory  of  Markovian  processes,  since  by  it  we  express  n- 
dimensional  probability  densities: 

«— I 

Pniy, i..  • ,yn-i)-  PAy» > fl  W(yt \yi.t),  (6.3.2) 

1*1 

where  P^(x)  —  one-dimensional  distribution. 

In  the  general  theory  it  is  proved  [20]  that  for  sufficiently  broad  conditions 
function  W(y|yQ)  obeys  two  partial  differential  equations  (Fokker-Planck-Kolmogorov 
equations).  If  differentiation  is  performed  with  respect  to  finite  values  of  y,  t, 
the  equation  is  called  direct  and  is  recorded  in  the  form 


t}W}, 


(6.3.3) 


if  however,  W  is  differentiated  with  respect  to  initial  values  of  yQ,  tQ,  the 
equation  is  called  reverse  and  has  the  form 


8V  .  .  . . dw 

at,  —A(y»  V37' 


B(y„U)  8*W 
2  Ip’ 


(6.3.4) 


Functions  A(y,  t)  and  B(y,  t)  we  call  coefficients  of  drift  and  diffusion, 
respectively. 

The  method  of  finding  these  coefficients  follows  from  another  theoretical 
proposition  of  [20].  Let  us  assume  that  function  y(t)  obeys  ordinary  differential 
equation 

&*=/(?.  t)  +  g(y,  (6,3.5) 


where  f(y,  t),  g(y,  t)  —  functions  of  a  broad  class; 

4(t)  —  fluctuating  influence  with  a  wide  spectrum,  which  it  is 
i  possible  to  approximate  by  white  noise  with  unit  spectral 

density  [the  correlation  function  is  equal  to 
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Then  y(t)  is  a  Markovian  process,  the  probability  density  of  transition  of 
which  obeys  equations  (6.3.3)  and  (6.3.4)  with  coefficients 

A{y,  t ).  B(y,  t)=g*(y,  t).  (6.3.6) 

Deeper  mathematical  consideration  shows  the  presence  in  the  coefficient  of  drift  of 
an  additional  component  ^  g(y,  t)  ^ ^  [20],  However,  proceeding  from  the 

physical  meaning  of  the  processes  occurring  in  meters,  which  we  will  be  interested 
in  below,  this  component  should  not  be  considered.  The  explanation  of  this  was 
the  circumstance,  already  noted  in  §  6.2,  that  the  discriminate r  has  inertia  or 
delay,  not  smaller  than  the  interval  of  correlation  of  that  fluctuating  voltage  at 
its  output,  which  is  approximated  by  white  noise.  As  a  result  there  does  not  occur 
an  instantaneous  return  in  the  feedback  circuit  of  fluctuating  disturbances,  which 
could  correlate  with  fluctuations  in  the  discriminator  and  thereby  change  the 
coefficient  of  drift. 

It  remains  to  explain  how  to  pass  to  a  differential  equation  of  oype  (6.3.5) 
from  the  equation  obtained  during  the  analysis  of  certain  meters,  of  form 

(V>  t),  '  (6.3.7) 

where  the  time  of  correlation  of  the  random  component  in  £( y,  t)  Is  small  as 
compared  to  the  effective  time  constant  of  the  system.  As  shown  [20],  for  this  one 
should  take  as  f(y,  t)  and  g(y,  t)  funct.1  me 


fiy,  /).  : 

e(y .  t)= 


r 


(6.3.8) 


Equation  (6.3*5)  corresponds  to  transmission  of  white  noise  through  an  inertia 
link  of  the  first  order,  nonlinear  and  with  variable  gain.  Subsequently  we  will 
prove  that  namely  (6.3.5)  and  related  equations  can  be  used  for  investigation  of 
nonli.iear  phenomena  in  tracking  meters  of  very  simple  form, 

If  the  dynamic  system,  under  the  influence  of  fluctuations,  has  a  more  compli¬ 
cated  form,  it  is  not  possible  to  describe  it  by  the  Markovian  process  of  the  1st 
order,  which  was  considered  above.  Here  It  is  convenient  to  use  the  idea  of  a 
Markovian  process  of  the  n-th  order,  Let  ue  introduce  vector  random  process 
(y1(t),  yn(t)}  =  y(t),  components  of  which  are  scalar  random  processes  y^(t). 

Let  us  assume  that  y(t)  obeys  system  of  equations 
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=&<y,  0. 


where  C(y,  t)  —  vector  function. 

Then,  if  times  of  correlation  of  random  components  in  C(y»  t)  are  small  as 
compared  to  the  time  scale  of  the  system  as  a  whole,  the  probability  density  of 
transition  W(y,  t|y0,  tQ)  of  process  y(t)  from  value  yQ  at  time  t,Q  to  y  at  time  t 
obeys  equation 


where 


My, 

Bu( y,  0= 


+o»_ 


JlMy,  0-c<( y,  oilMy, 


(6.3.! 


As  components  y^(t)  we  can  with  equal  success  take  different  interconnected 
random  processes,  a  random  process  and  its  derivatives  to  the  (n-l)-th  order 
inclusively,  or  the  value  of  one  and  the  same  random  process  y(t)  at  different 
moments  of  time 

y»  (9=*  v(*  +  •»,).  y,  (0 —y(t  + 1,), . . .  jjn  (/)  ~y{t  -f  **), 

where  t^,  Tn  —  constants. 

If  we  determine  y^(t)  by  the  last  method,  the  probability  density  of  transit!,  o 

W (y,  t  1 )— - 

■■*<*»•  1+x* . V"  t-j-yjy*,,  •••  .y***  -f- *«») 

can  be  found  by  solution  of  equation  (6.3.9).  This  means  that  the  conditional 
probability  density  of  values  of  the  process  at  a  certain  n  moments  of  time  (and, 
consequently,  of  any  one  value  of  y(t)  at  one  moment  t)  depends  functionally  on 
values  of  the  process  in  n  preceding  moments  of  time.  Such  process  is  called  an 
n-th  order  Markovian.  Nonlinear  phenomena  in  tracking  meters,  described  by  n-th 
order  equations,  lead  to  the  necessity  of  investigating  these  processes  and, 
correspondingly,  to  solution  of  equations  of  form  (6.3.9).  Considering,  however, 
that  such  equations  for  n  >  1  usually  cannot  be  solved,  let  us  turn  to  a  mere 
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detaLled  study  of  one-dimensional  equations. 

Solution  of  (6.3.5)  reveals  the  evolution  in  time  of  the  probability  density 
of  transition,  which  for  an  initial  condition  in  the  form  of  a  6-function  simply 
repeats  one-dimensional  probability  density. 

In  certain  conditions  [20]  (primarily  for  independence  of  A(y)  and  B(y)  from 
time)  there  is  finally  established  stationary  distribution,  which  it  is  possible  to 
express  through  coefficients  A(y)  and  B(y),  equating  dW/dt  in  (6.3.3)  to  zero: 

r.,.,fe)=g£Texpj2jA<gi),  (6.3.10) 

where  0  —  normalizing  constant,  and  integral  is  taken  a.s  indefinite. 

No  less  frequent,  however,  are  cases  when  a  stationary  distribution 
does  not  exist  or  we  are  interested  in  the  actual .process  of  becoming  stationary. 

Then,  it  is  necessary  to  solve  the  complete  equation  (6.3.3),  which  is  generally 
a  very  complicated  mathematics.],  problem.  Here,  it  is  usually  necessary  to  be 

I 

given  so-called  boundary  conditions. 

If,  after  the  first  time  y(t)  exceeds  a  certain  magnitude  y^  further  realization 
of  y(t)  does  not, interest  us,  by  analogy  with  the  process  of  diffusion,  xe  talk 
about  the  presence  at  point  of  an  "absorbing  screen."  With  the  help  of  mathe¬ 
matical  condition 

1 V(yt,  /)==  0  (6.3.11) 

realizations  of  y(t),  even  once  touching  the  screen  before  moment  t,  are  automati¬ 
cally  ejected  from  consideration  after  this  moment  of  time. 

If,  after  arriving  at  point  y^,  any  realization  of  y(t)  immediately  turns 
back,  we  talk  of  the  presencs  of  a  "reflecting  screen."  The  mathematical  condition 
of  reflection  is  equality 

(6.3.12) 

Solving  equation  (6.3.3 )  under  these  conditions,  we  can  find  how  W(y,  t) 
changes  in  time.  Howevi _ ,  we  are  not  always  interested  in  the  complete  structure  of 
probability  density.  Sometimes  it  is  convenient  to  limit  ourselves  to  cruder  charac¬ 
teristics,  as  which  we  can  consider  in  the  first  place  variance  of  fluctuation  error, 
during  calculation  of  which,  in  distinction  from  the  case  of  §  6.2,  we  must  allow 
for  nonlinear  factors.  In  principle  it  is  not  difficult,  for  instance,  to  determine 
the  variance  of  stationary  distribution  (6.3.10),  if  it  exists, 

:  ) 
/ 
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We  may  be  Interested  also  in  probability  characteristics  of  another  type, 
for  instance  average  time  of  stay  of  a  realization  of  y(t)  in  a  given  region  on  the 
condition  of  a  certain  concrete  Initial  value  yQ  »  y(tQ).  For  average  time  of 
stay  of  T(yQ)  as  a  function  of  the  initial  condition  from  equation  (6.3.4)  we  can 
obtain  differential  equation 


T%+My.)  £+1*-°. 

for  which  on  boundaries  of  the  region  we  have  conditions 


(6.3.13) 


T(y,)=0,  7(*,)=0.  (6.3.14) 

The  physical  meaning  of  these  conditions  is  that  a  realization  located  next 
to  the  "absorbing"  screen  due  to  the  purely  random  character  of  disturbing  factors 
will  immediately  intersect  it,  and  this  is  equivalent  to  a  zero  average  time  of 
stay. 

6.3.2.  Formulation  of  the  Problem  About  Breakoff  of  Tracking 
Above  we  already  indicated  that  interference  of  high  intensity  makes  linear 
approximation  for  the  discrimination  characteristic  invalid.  Mismatch  frequently 
goes  into  the  nonlinear  region  and  can  attain  such  magnitudes,  at  which  the  useful 
signal  no  longer  affects  the  discriminator.  Here,  there  occurs  breakoff  of  track¬ 
ing.  The  shown  nonlinearity  of  the  discriminator  characteristic  is  not  3ome 
imperfection,  inherent  in  certain  concrete  circuits.  Further,  we  shall  show  that 
characteristics  of  optimum  discriminators  have  similar  form.  This  circumstance 
increases  the  importance  of  Investigations  of  nonlinear  regimes  of  meters  and,  in 
particular,  questions  of  breakoff  of  tracking. 

With  a  nonlinear  characteristic  of  the  discriminator  the  process  representing 
the  result  of  measurement  in  a  number  of  conditions  has  variance  growing  in  time. 
The  fact  is  that  the  probability  of  departure  from  the  linear  section  is  always 
different  from  zero,  so  that  during  prolonged  measurement  short  duration  failure 
certainly  sets  in.  Here,  the  meter  practically  becomes  an  open  storage  uni:,  of 
noises,  and  mismatch  e(t)  experiences  random  changes,  in  no  way  connected  with  the 
parameter  of  the  useful  signal,  The  circumstance  that  in  a  certain  time  interval 
realization  of  e(t)  can  be  similar  to  realization  of  the  process  in  a  linear  system 
does  not  change  the  essence  of  the  matter,  since  we  are  interested  in  the  whole  set 
of  realizations,  including  those,  in  which  nonlinear  properties  of  the  system  have 


already  appeared.  Since  with  passage  of  time  the  probability  of  failure  increases, 
it  is  clear  that  variance  of  process  e(t)  increases.  It  is  however,  not  the  only 
possible  crude  characteristic.  It  is  possible  to  apply  other  forms  of  probability 
characteristics,  where  their  reasonable  selection  depends  on  the  type  ana  method 
of  use  of  the  meter. 

Before  considering  such  characteristics  in  reference  to  the  phenomenon  of 
breakoff  of  tracking,  we  will  make  the  following  remarks.  From  what  has  been 
presented  it  follows  that  with  observance  of  certain  conditions  nonlinear  phenomena 
in  meters,  including  the  phenomenon  of  breakoff  of  tracking,  can  be  studied  by 
solution  of  diffusion  equations  (and  equations  connected  with  them).  As  a  result 
there  are  found  various  estimators  of  failure.  Use  of  diffusion  equations  is  based 
in  this  case  on  the  practical  inertialess  nature  of  the  discriminator  as  compared 
to  the  smoothing  circuits,  since  only  upon  observance  of  this  condition  and  during 
application  of  smoothing  circuits  of  the  first  order  for  mismatch  is  there  obtained 
an  equation  of  farm  (6.3.5),  where  £(t)  is  white  noise. 

In  the  case  of  a  J.ow  level  of  noises  or  interferences  the  formulated  condition 
is  not  satisfied  sufficiently  well  in  all  cases.  However*  with  growth  of  inter¬ 
ference,  not  depending  on  the  measured  parameter  (internal  noises,  interferences, 
etc.),  the  scale  of  the  discrimination  characteristics  a (r.)  greatly  decreases,  and 
the  transmission  factor  of  the  discriminator  ^ '  droPs«  Here,  the  inertia 

of  the  closed  loop  grows,  Such  a  depet  fence  on  examples  will  be  explained  in  sub¬ 
sequent  chapters.  From  the  point  of  view  of  questions  of  failure  most  interesting, 
namely,  is  a  high  level  of  interferences.  Thus,  conditions  of  applicability  of 
diffusion  equations  are  obviously  satisfied  where,  in  view  of  nonlinearity  of  the 
problem,  it  is  most  expedient  to  use  this  mathematical  device. 

Let  us  turn  to  estimators,  which  are  best  found  from  solution  of  diffusion 
equations  for  problems  of  failure.  Let  us  assume,  first  of  ail  that  the  meter  is 
'he  only  means  of  signal  selection  and  tracking,  there  a.re  no  automatic  means  to 
shift  to  search  upon  disruption  of  tracking,  and  the  final  effect  of  work  of  the 
radar  depends  on  the  presence  of  tracking  at  every  given  moment  of  time.  Then,  if 
there  are  no  limitations  on  output  values  of  the  measured  variable,  naturally  as 
the  characteristic  of  failure  we  take  the  probability  density  of  mismatch,  which, 
as  a  function  of  time,  should  be  found  from  the  solution  of  the  diffusion  equation 
without  boundary  conditions. 
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More  frequently,  however,  in  smoothing  and  control  circuits  there  exist 
limiters  of  various  types.  Here,  the  phenomenon  of  breakoff  of  tracking  leads  to 
the  following.  In  the  process  of  tracking  at  a  certain  moment  of  time  under  the 
influence  of  some  large  fluctuating  overshoot  mismatch  becomes  larger  than  the 
widen  of  the  discrimination  curve  and  tracking  is  disrupted.  Then,  for  a  certain 
random  interval  of  time  mismatch  randomly  varies  under  the  influence  of  interference 
alone.  Here,  however,  it  remains  finite  due  to  the  limitation,  and  therefore, 
under  the  influence  of  fluctuating  overshoots  of  reverse  sign  it  sooner  or  later 
decreases  to  a  magnitude  in  which  tracking  again  is  renewed.  This  process  is 
repeated  again,  and  upon  the  expiration  of  a  certain  time  establishments  of  it  can 
be  considered  stationary.  'Therefore,  if  moments  of  measurement  of  the  tracked 
variable  are  sufficiently  removed  from  the  beginning  of  tracking  (observation  time 
is  great),  and  if  we  are  interested  in  accuracy  of  measurement  with  breakoff  of 
tracking,  then  as  the  characteristic  we  should  take  variance  of  measurement  as  t  -* 

-*  co.  It  can  be  found  proceeding  from  stationary  distribution  (6.3.10)  with  ideali¬ 
zation  of  the  phenomenon  of  limitation  in  the  form  of  a  "reflecting' screen" 

[boundary  conditions  are  taken  in  form  (6.3.12)].  As  shown  below,  with  growth  of 
Intensity  of  Interference  this  stationary  variance  grows,  and  there  'occurs  a 
threshold  effect,  corresponding  to  sharp  increase  of  errors  due  to  short  duration 
failures  when  interference  exceeds  a  certain  critical  level. 

If  the  time  of  observation  of  the  output  quantity  of  the  meter  is  small,  the 
described  approach  to  investigation  of  breakoff  phenomena  is  unacceptable. 

Here  characteristics  of  the  first  failure  after  beginning  of  tracking  take  on  special 
interest,  especle-lly  if  we  consider  that  short  duration  failure  of  a  meter  of  one 
parameter  of  a  signal  usually  also  leads  to  vanishing  of  the  signal  in  meters  of 
its  other  parameters.  In  order  to  characterize  the  first  short  duration  failure, 
we  take  the  following  definition.  By  short  duration  failure  at  time  t  we  under- 

A 

stand  exceeding  by  the  magnitude  of  mismatch  e(t)  =  X(t)  -  X(t)  between  the  true 
and  measured  values  of  the  parameter  of  certain  fixed  levels  (-A,  +A)  under  ■ ne 
condition  that  at  the  initial  moment  mismatch  was  sufficiently  small  [within 
limits  ( -A,  +A)]  and  up  to  moment  t  was  always  in  this  interval.  With  smoothing 
circuits  of  the  first  order  this  leads  to  a  boundary  value  problem  for  W(t,  e) 
in  the  form  (6.3.3),  where  on  the  boundaries  we  are  given  conditions  of  absorbing 
screens. 
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Screens  are  considered  located  on  boundaries  of  the  discriminator  range, 
immediately  behind  "slopes"  of  the  discrimination  characteristic  (Fig.  6.3).  These 

boundaries  are  determined  by 
the  bandwidth  of  filters  ii.  t 
frequency  discriminators,  dur-tion 
of  gate  pulses  in  time  discrimina¬ 
tors,  the  width  of  the  radiation 
pattern  in  angular  discriminators, 
etc  .  It,  is  necessary  to  note 
that  in  selection  of  coord  inart s 
of  screens  there  exists  a  certain 
arbitrariness.  No  matter  how  we 
choose  these  coordinates,  reali¬ 
zations  of  mismatch  are  probable, 
which  after  intersecting  the 
screen  almost  immediately  intersect  it  in  the  opposite  direction,  and  there  will 
be  essentially  no  failure.  It  is  clear  that  such  phenomena  are  not  considered 
during  application  of  the  above  definition  of  failure.  Therefore,  the  described 
approach  to  analysis  of  failure  phenomena  leads  only  to  approximate  solutions, 
allowing  us,  however,  to  find  certain  laws  governing  performance. 

By  direct  solution  of  diffusion  equation  (6.J.3)  with  boundary  conditions 
(6,3.11)  we  can  find  the  probability  density  of  mismatch  by  which  it  is  easy  to 
calculate  the  probability  of  absence  of  failure  up  to  moment  t.  It  is  more  expedient, 
however,  to  use  a  simplified  characteristic  of  failure  —  average  time  to  failure 
T  cg  •  This  parameter  is  the  solution  of  equation  (6.3.13),  ensuing  from  the 
diffusion  equation.  Average  time  to  failure  decreases  with  growth  of  intensify  of 
interference.  Just  as  for  variance  of  stationary  distribution,  here  there  exists 
a  threshold  effect,  expressed  in  the  fact  that  with  decrease  of  Intensity  of  inter¬ 
ference  and  related  variance  of  error  of  a  linearized  system  for  certain  values  of 
these  magnitudes  there  starts  a  sharp  growth  of  average  time  to  failure.  This  gives 
us  the  possibility  of  finding  the  cutoff  value  of  intensities  of  interferences,  at 
Which  there  occur;;  short  duration  failure  (in  the  above-indicated  sense). 

Direct  solutions  of  diffusion  equations  for  the  problems  interesting  us  in 
conditions  of  a  high  level  of  interferences  are  given  in  [21,  22,  23,  2;4  ] , 


Fig.  6.5.  Discrimination  characteristic  and 
it.s  approximations:  1)  true  relationship,-  2) 
sinusoidal  approximation;  3)  linear  approxi- 

ma t i on . 
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Considering,  however,  the  expediency  of  application  for  analysis  of  failure  of 
criteria  of  stationary  variance  and  average  time  to  failure,  we  shall  give  a  solution 
of  two  other  problems,  noted  above.  Here,  we  shall  consider  general  laws;  appli¬ 
cations  of  the  obtained  solutions  will  be  given  in  subsequent  chapters  devoted  to 
investigation  of  meters  of  concrete  parameters  of  radar  signals. 

6.3.3.  Stationary  Distribution  with  Limitations 
Let  us  consider  a  tracking  meter  of  the  type  in  Pig.  6.1.  Output  voltage  of  the 
discriminator  in  the  case  of  the  presence  of  rapid  fluctuations  alone,  according 
to  §  6.2,  can  be  recorded  in  the  form 

z(t,  «)  =  a(«)4-^(7)S(/),  (6.3.15) 

where  a(e),  S(s)  —  discrimination  and  fluctuation  characteristics,  respectively; 

£(t)  —  white  noise  of  unit  spectral  density. 

Analysis  of  phenomena  interesting  us  can  ultimately  be  reduced  to  the  case  of 
smoothing  circuits  in  the  form  of  a  single  integrator,  where 

(6.3.16) 

A 

Considering  that  X  -  X  =  e,  from  relationships  (6. 3. 15)  and  (6. 3. 16)  we  find  the 
differential  equation,  describing  the  meter  as  a  whole: 

=i  -  /C,«  (.)  -  A,  KS(T)  £  (t),  (6.3.17) 

where  =  dX/dt  —  rate  of  change  of  the  measured  variable. 

We  assume  that  X  *  const  and  introduce  equivalent  discrimination  0^(6)  and 
fluctuation  ci.aracterlstics  according  to  equalities 

**•!(»(•)  —  (•)  =  -4p.  (6.3,1-) 

Tnen  (6,3,17)  is  rewritten  in  the  form 

—  <*•*■(*)]  —  KbKj,/  5»kB  (*)!(/),  (6.3.15) 

where  £y  =  X/Kj,Kfl  —  magnitude  of  dynamic  error  in  a  linearized  system  (see  §  6.2). 

According  co  results  of  Paragi aph  6 .3.1  the  corresponding  diffusion  equation 
will  be  recorded  in  the  form 

" — --<w*»tn+ 

.  <*.*„)*  d' 

H - 2"~" "3? » *•*•  '*  **  *’  (6.3.20) 
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Consequently,  the  coefficient  of  drift  in  tracking  meters  is  determined  by  the 


discrimination,  arid  the  coefficient  c'r  '  'fusion,  by  the  fluctuation  character¬ 


istics. 


The  stationary  solution,  if  it  exists,  is  determined  by  relationship  (6.J.I. ). 


In  the  presence  of  limitations  at  point .  lg  it  should  be  normalized  i 


m  this 


range,  so  that 


_  . .  c,  r  2  (*«.«.(•)— *v  i 

^ -•  y|(|  (t)  exp  KaK*  j  (.)  rf*J 


(/,<«</,). 


5 = c-  j  sirs exp  [  -07  J  Ttrtr  *]  *• 

CI~I  [~  *] d%' 


(6  .  I  •  21 ) 


Being  limited  to  the  case  of  a  constant  fluctuation  characteristic  (Sg^e)  = 
=  ^*3)1  which  is  a  good  approximation  during  large  noises,  instead  of  (6. 5. 21), 


we  have 


^•mW— £*exP  |  ^  t^BK»  (*)  ®y] 

•*  — C,^** exP  J  [fl8K.(*)—  d «, 

tr, 

j— —  •„]  dej  dz, 


(6.5.22) 


where 


0*  =5  25«ka^/»^  — 5#k» 

—  variance  of  fluctuating  error  of  measurement  in  a  linearized  system. 

Further  concretization  of  the  solution  requires  assignment  of  an  approximation 
for  ^^(e).  Let  us  assume  that 

<*•■»  (•)  =  ■“  = /,  l,  =  l,  *y  ~  0, 

where  as  bef, rt  A  —  half-width  of  the  selected  range. 

Then* 


*  These  results  were  obtained  by  I .  P.  Ze.l’nlktv. 


j  ,  »|,[«(l+co,.f)] 

21  n  —  l+  e*f,  (u)  I '  [  < 


2d  it  —  t  +  e«/,(u) 
0 


wh*n  A<l«l</, 


(6.3.23) 


where  n~ 


dimensionless  quantity,  proportional 


to  the  square  of  the  ratio  of  the  width  of  the  selected  range  to  mean  square  error* 

in  a  linearized  system. 

2 

For  variance  aHJ1  of  error,  considering  the  phenomenon  of  breakoff  and  restora¬ 
tion,  we  obtain  from  (6.3.23)  the  general  expression 


J..=r-  f +*../.  <-)  {y  -  0  + 


(6.3.24) 


In  particular,  for  very  large  noises,  when  u  <  i  and  the  probability  of  break- 


off  is  great, 


V  «  1  "*  1  +  c,l/» (a)  [ 1  ~  ^ i\  [uj] 

V  A  J  T  n  —  I  4-  e**/,  (a) 


(6.3.25) 


According  to  (6.3.25)  when  u  «  1,  g3  „  JL.  ,  i.e,,  variance  corresponds  to 

**  3 

uniform  distribution  of  e  in  segment  (-1,  l). 

In  the  reverse  case,  when  u  >  1  (probability  of  breakoff  is  small), 

/(mV  T«*  DKSSc— +1^ 

I  — T —  |  M  ■'  —  —  .^s."  11  '  (6 ,3.  <rh 

\  ;  i  +  y5«i(rt  —  !)«-*• 

When  u  »  1,  from  (6,3.26)  it  follows  that 

i.e,,  breakoff  practically  does  not  occur,  end  the  linear  approximation  in  analysis 
is  fully  sufficient.  Ratio  0  jj  /A,  at  which  there  occurs  increase  of  the  probabil¬ 
ity  of  breakoff,  can  be  easily  determined  by  the  graph  of  Fig,  6,6,  where  there  is 
plotted  ratio  d^/A  as  a  function  of  0  ^  /A,  The  phenomenon  of  breakoff  occurs 
approximately  at  0  n  /A  »  0.08  to  0,12,  Here  oHJ]/A  starts  to  increase  sharply 
and  1b  rapidly  stabilized  around  level,  determined  by  the  limitation.  Inasmuch  as 


^3sas*«BK3sir,esrnwa 


1  -  k.4j..^iiiiijnLi<Uilli;.wiLlu» 3 Jn-1! i.  life  jwl'liii 


Fig.  6.6,  Dependence  of  variance  of 
stationary  distribution  on  variance 
in  linear  approximation. 


ratio  a  /A,  at  which  the  probability 

of  breakoff  sharply  increases,  depends 
little  on  n,  it  is  possible  to  state  that 


breakoff  is  a  threshold  phenomena 


o  part¬ 


ing  when  o  /A  exceeds  a  certain  cutoff 
value,  when  fluctuation  error  comprises 
about  0.1  the  naif-width  of  the  r.tlc.c ■  eu 


range. 

Since  with  such  a  stationary  distri¬ 
bution  and  ratios  a  ^  /A,  somewhat  be  2  ov: 
cutoff,  there  is  implied  a  very  large 
observation  time,  estimation  of  this 
cutoff  value  by  the  above  method  will  be 
somewhat  understated,  which  we  shall 
prove  in  the  following  paragraph.  A 
factor,  acting  in  the  opposite  direction, 
ia  the  presence  of  dynamic  error,  which 
we  ignored  in  the  considered  example. 
Increased  probability  of  breakoff  here  is 
explained  by  reduction  of  the  distance 
t,  >  the  edge  of  the  discrimination  character¬ 
istic,  where  restoring  action  of  the 
discriminator  ceases. 


6.J.4,  Average  Time  to 
Breakoff 

Let  us  consider  now  the  nenstutio.  uy 
phenomenon  of  breakoff,  defined  as 
emergence  of  the  magnitude  of  mismatch 


beyond  the  limits  of  a  certain  segment  (-A,  A),  where  A  —  half-width  of  the  range 
of  selection  (see  Fig.  6.5).  According  +  o  .''ar&graphs  6,5,3.  and  6.5,5  average  time 
to  breakoff  is  determined  by  equation 

-- -V-  s,..(.)  l  ~^+ 1  =o. 


.  i*ef  thiu&l  iac  ;  uJISj sM«sli&=afcid!  6-  njg-AafiHihY  rilinihr i £**4!.  jUaMii»jlr»:iii'ii,i.fg> 


convenient,  however,  only  for  comparatively  large  values  of  0  /A. 

Graphic  presentation  of  Af  as  a  function  of  0  ^  /A  in  logarithmic 

and  linear  scales  is  given  in  Fig.  6.7.  The  linear  scale  helps  us  to  understand 
the  threshold  effect  of  failure,  in  this  case  expressed  in  the  fact  that  average 
time  to  failure  sharply  decreases  (from  a  quantity  of  the  order  of  1000  to  a 
quantity  of  order  of  units),  when  0  ^  /A  >0,1,  The  logarithmic  scale  permits  us 
to  definitize  the  concrete  value  of  ,  However,  for  small  a  n  /A  formula 
(6,5,28)  gives  a  somewhat  lowered  value  of  T  cg  •  More  exact  calculation,  conducted 
by  B,  L.  Karelov,  showed  that  the  threshold  value  of  a  j,  /A  is  approximately  0.2. 

In  other  wordB,  threshold  values,  determined  in  terms  of  average  time  to  breakoff 
and  in  terms  of  stationary  variance,  differ  (approximately  by  a  factor  of  2). 

This  is  understandable,  since  with  stationary  variance  there  is  implied  a  very 
large  observation  time,  during  which  breakoff  certainly  occurs.  Average  time  to 
breakoff  is  determined  by  realizations  of  mismatch,  for  which  breakoff  occurs  for 
the  first  tifne. 

Due  to  the  approximate  nature  of  analysis  such  a  difference  between  results  of 


two  calculations  should  be  considered  immaterial,  and,  therefore,  it  is  possible 
to  use  either  of  them  during  practical  analysis.  If  smoothing  circuits  have  a 
more  complicated  form,  then,  in  general,  critical  ratio  a  /A  changes,  but  the 
obtained  results  can  serve  for  approximate  calculations  even  in  these  cases. 


Pig.  6.7*  Dependence  of  average  time  to 
failure  on  variance  in  linear  approximation. 

From  analysis  of  tracking  meters  of  concrete  forms  on  the  assumption  of  their 
linearity  we  can  find  a  for  different  forms  of  interferences.  The  value  of  the 
critical  magnitude  of  ratio  ff  n  /.I  gives,  thereby,  a  possibility  of  finding  i.h  ; 
intensity  of  interferences,  leading  to  failure  of  these  meters. 


§  6.4.  General  Analysis  of  Nontracking  Meters 

Besides  the  meters  considered  above,  built  on  the  principle  of  a  servo  system, 
in  practice  they  also  use  nontracking  measuring  circuits.  An  example  is  a  range 
finder  with  frequency  modulation,  in  which  the  received  signal  is  mixed  directly 
with  the  radiated  signal,  and  the  measure  of  range  is  the  number  of  zeroes  of  the 
resulting  voltage  [1].  Then  there  are  Doppler  speed  meters  built  on  the  same  prin¬ 
ciple  of  counting  zeroes  [2],  angular  data  meters  using  two  (or  several)  motionless 
radiation  patterns  of  antennas  for  direct  reading  of  the  angle,  multifilter  systems 
and  systems  of  gated  amplifiers  for  measurement  of  range  and  speed,  and  so  forth. 

For  all  such  circuits  it  is  possible  to  establish  certain  general  properties  of  the 
method  of  measurement  and  to  derive  rules  for  determining  accuracy. 

6.4.1.  Basic  Features  of  Circuit  Construction 
and  Components  of  Measurement  Errors 

In  general  the  considered  meters,  as  also  tracking  meters,  are  divided  into  two 
parts  (Fig.  6.8)  —  an  inertialess  unit  for  producing  a  signal,  on  the  average  pro¬ 
portional  to  the  measured  quantity  (conditionally  we  call  it  the  estimator  unit), 
and  open  smoothing  circuits.  In  practice  it  is  rarely  possible  to  immediately  obtain 

voltage  which  is  on  the  average  pro¬ 


portional  to  the  measured  parameter 
\(t).  Thus,  determination  of  angle 
by  signals  from  two  antennas  with 


Fig.  6.8.  General  schematic  of  a  nontrack-  fixed  Patterns  gives  a  nonlinear, 

ing  meter:  1  -  the  main  part  of  the  esti-  ,  ,  n  interval  even  a  mono- 

mator  unit;  2  -  inertialess  converter;  3  -  d  1  targe  interval  e\en  a  mono 

smoothing  circuits.  tonic,  dependence  of  the  mean  value  of 

output  voltage  of  the  coordinate;  the  average  of  zeroes  in  an  FM  range  finder  with 
time  lags,  comparable  to  the  period  of  frequency  modulation,  is  not  proportional  ' 
the  range,  etc.  Therefore,  processing  of  signals  in  the  discriminator  can  often  be 
divided  into  two  stages. 

In  the  first  stage  (unit  1  in  Fig.  6.8)  there  will  be  formed  a  low-f recnency 
voltage  with  a  mean  value,  which  is  related  to  X  by  a  monotonic  (not  necessarily 
linear)  dependence  in  necessary  limits  of  valves  of  the  parameter: 


M*.  l)  =  a(2,  +  *), 

where  a(x,  t)  —  mean  value,  for  which  0 > 


(6.4.1) 


£(t)  —  fluctuating  disturbance. 

The  second  stage  (unit  2  in  Fig.  6.8)  may  consist  of  a  certain  inertialess  non¬ 


linear  operation. 


*,</,  X)=B{21  (it  1)1 


(  •  ••■  ' 


which  has  as  its  purpose  obtaining  of  a  magnitude,  on  the  average  as  close  as  possible 
to  X.  Smoothing  circuits  3  in  nontracking  meters  are  usually  linear  and  play,  in 
principle,  the  same  role  as  in  tracking  meters,  but  are  constructed  by  an  open- ■ ocp 
circuit  so  that  their  inertia  directly  determines  the  interval  of  smoothing. 

In  nontracking  meters  there  are  observed  in  general  the.  same  components  of  errors 
of  measurement  as  in  tracking  meters:  fluctuating,  dynamic,  systematic. 

In  view  of  the  absence  of  a  closed  loop  systematic  errors  in  the  considered  cir¬ 
cuits,  appearing  both  due  to  insufficiently  correct  selection  of  nonlinear  operator 
B  (  )  in  (6,4.2),  and  also  due  to  incorrect  selection  of  gain  in  any  element  of  the 
meter,  are  not  compensated  during  work  of  the  meter.  Appearance  of  such  errors  are 
an  essential  practical  deficiency  of  the  considered  circuits.  The  dependence  of 
these  errors  on  selection  of  operator  B  (  }  will  be  studied  below. 

For  nontracking  meters  it  would  have  been  possible  to  investigate  the  same  set 
of  questions  appearing  during  investigation  of  accuracy  as  in  tracking  circuits. 

We  will  discuss  below  only  the  case  when  all  fluctuating  disturbances  at  the  input 
are  rapid  as  compared  to  the  time  of  smoothing  the  meter. 

6,4.2.  Errors  Measurement  During  Rapid  Fluctuations 
In  the  shown  conditions  for  z^(t,  X)  notation,  analogous  to  (6.2.6),  is  valid: 


*)=a(A,  0+^5  (1.  W)> 


(6.4.3) 


where  a ( a ,  t)  —  mean  value; 

.?(>.,  t)  —  spectral  density  at  low  frequencies; 

..  (t)  —  white  noise  of  unit  spectral  density. 

Functions  a(X,  t)  and  S(X,  t)  are  obtained  by  averaging  the  whole  ensemble  of 
input  fluctuations  for  a  fixed  value  of  X.  The  obvious  time-dependence  of  these 
functions  is  determined  by  regular  changes  of  properties  of  the  ensemble  of  fluctua¬ 
tions.  Subsequently  we  shall  consider  a(X,  t)  and  S(X,  t)  not  time-dependent.  Then 
we  can  write  relationship  (6.4.2),  taking  into  account  (6.4.3),  in  the  form 


M'.  *)-=* (5-‘(W)  +  la (i)~ B- 1  (kl)\ -  - /5(I)  C (0}. 


(6.4.4) 


A 

where  B  (  )  —  nonlinear  Inertialess  operator,  the  inverse  of  B  (  ); 
k  —  proportionality  factor. 

Such  coefficients  are  frequently  encountered  in  the  theory  and  practice  of  meters, 
inasmuch  as  measured  quantities  have  the  physical  nature  of  distance,  speed,  angles, 
and  the  carriers  of  these  quantities  in  circuits  are  voltages.  After  expansion  of 
function  B  (  }  in  (6.4.4)  at  point  B  (kX)j  with  preservation  cf  only  two  members  of 
the  expansion,  we  have 


(/.  A)  =  B {B - *  («)}  +  &{B -»(**)} (a (kl))  + 

•  •  i  |  vsjk) 

~~  '  6b-'  (k\)  r dB-'(k\) 

d(k\)  d(*k) 


I  I  r-MM 
"t"  dB-'(k\) 
dm 
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where  we  use  the  formula  for  the  derivative  of  an  Inverse  function.  If  we  translate 
2g(t,  X)  into  equivalent  values  of  the  measured  variable,  we  obtain 


StV, »)  »  |  a(M—  B~'m  ■  /•>(*■)  c/m 

m  <  .dB-'m  + .  dB-*m  1  ’ 

*  dm  *  tm 


(6.4.5') 


The  first  twrm  in  (6,4.5')  is  the  true  value  of  the  measured  variable,  the  second 
is  systematic  error  of  a  nontracking  discriminator,  and  the  third  is  fluctuating  dis¬ 
turbance  with  intensity  which  depends  on  the  current  value  of  X.  We  note  that  r.ero 
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systematic  error  can  be  obtained  only  for  a(X)  =  B  (kX),  i.e.,  when  operator  B-  (  ) 
with  an  accuracy  of  a  constant  factor  will  convert  a(X)  into  the  true  value  of  the 
parameter.  Then,  instead  of  (6.4.5')  we  have 


(6.4.6) 


However,  such  a  relationship  is  difficult  to  achieve,  inasmuch  as  the  function  a(x) 
in  general  is  nonlinear  and  depends  on  the  signal-to-noise  ratio,  and  compensation 
of  one  nonlinearity  by  another  is  technically  difficult  to  perform.  Furthermore, 
as  already  indicated,  error  in  the  gain  factor  is  in  no  way  compensated  in  the  circuit 
(if  we  do  not  take  spscial  measures,  for  instance,  introduction  of  a  periodically 


fed  control  signal).  Characteristics  of  the  estimator  .unit  are  considered  by  us. 

In  view  of  linearity  and  openness  of  smoothing  circuits  further  calculation 
of  separate  components  of  errors  can  be  conducted  independently.  If,  for  instance, 
we  are  to  determine  fluctuation  error  in  the  circuit  where  there  exists  relationship 
(6.4.6),  then  for  smoothing  circuits  with  constant  parameters,  the  frequency  response 
of  which*  is  equal  to  G(ia)  [pulse  response  g(t)],  it  is  easy  to  obtqin 

(*)  “  20*  (0)  <SlB,  (A)  Afu^, 


where  Af ^  —  effective  band,  which  is  determined  by  relationship 


Otf 

i  ^ _ i  i* 
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and 
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—  equivalent  spectral  density  of  noises,  depending  on  1. 

From  (6.4.8)  it  follows  that  Sg^X)  sharply  increases  in  flat  sections  of  the 
"discrimination  characteristic"  a(\),  where  l^-j  -*■  0.  This  phenomenon  is  explained 
by  the  fact  that  a  small  fluctuating  disturbance  is  received  here  as  a  considerable 
deviation  of  the  measured  variable. 

If  the  method  of  processing  in  the  estimator  unit  in  the  first  stage  is  already 
selected  and  dependence  a(\)  has  been  found,  then  no  circuit  manipulations  can  sub¬ 
sequently  increase  accuracy  in  flat  sections  of  a(X),  nor  can  we  obtain  uniqueness 
of  measurement  for  those  values  of  a(x)  where  monotonic  dependence  of  this  function 
on  X  is  disturbed.  Inasmuch  as  in  tracking  circuits  accuracy  usually  does  not  deperu. 
on  the  absolute  value  of  the  measured  variable,  this  circumstance  can  be  considered  one 
more  deficiency  of  nontracking  circuits. 

In  spite  of  the  superficial  simplicity  of  relationship  (6.4.7)>  we  indicate  that 

O 

o(j)J1(X)  is  conditional  variance,  calculated,  strictly  speaking,  under  the  condition 
that  the  true  value  of  the  parameter  is  constant  and  equal  to  X.  In  the  case  of  a 
variable  X,  comparable  in  rate  of  change  to  the  inertia  of  smoothing  circuits, 


*We  have  in  mind  a  circuit  whose  input  is  a  fictitious  point,  where  U_„(t)  = 

-  *2(t,  X)A-  BX 


-44- 


«??.?»ans53r.  mm&ssmxsfpngu 


'immmvcs, 


relationship  (6,4.7)  should  be  reexamined. 

Other  components  of  measurement  of  error  —  dynamic  and  systematic  (the  first 
may  also  be  caused  by  incorrect  input  of  the  mean  value  X(t)  ),  which  in  distinction 
from  errors  considered  in  §  6,?  were  omitted  here,  are  calculated  analogously  to 
how  this  was  done  earlier  in  §  5.£. 

§  6,5,  Selection  of  the  Method  of  Synthesis  of  Radar  Meters.  Theory 
o£  Solutions  In  Problems  of  Measurement 

•Before  passing  directly  to  synthesis  of  radar  meters,  it  is  necessary  in  brief 
to  discuss  different  possible  approaches  to  this  problem.  Below  we  discuss  a  series 
of  nonstatistical  and  statistical  methods  for  the  purpose  of  finding  such  method  of 
synthesis  which  would  not  simply  correspond  in  meaning  to  the  problem,  but  would  be 
the  most  theoretically  consistent.  The  desire  to  be  freed  to  the  greatest  extent 
from  preconceived  ideas  of  construction  of  meters  and  to  obtain  their  complete  circuit 
analytically  is  natural.  Such  a  preconceived  idea,  for  instance,  is  the  principle 
of  feedback:.  If  it  Indeed  permits  us  to  obtain  highest  performance  in  a  number  of 
conditions,  then  this  should  follow  from  theory,  and  not  be  postulated  a  priori. 

6.. 5.1.  Different  Nonstatistical  and  Statistical  Criteria  for  Synthesis 

One  of  the  most  elementary  nonstatistical  criteria  is  simplicity  of  the  circuit 
solution  of  one  or  another  radio  device,  its  cost,  power  consumption,  and  so  forth. 

A  related  statistical  criterion  is  reliability,  determined  by  the  probability  of  mal¬ 
function  of  the  meter  in  a  certain  assigned  time.  It  is  natural  that  such  criteria 
always  have  to  be  considered  in  the  creation  of  meters;  however,  by  themselves,  at 
the  present  stage  of  development  of  theory  they  cannot  come  near  the  problem  of 
initial  selection  of  the  circuit  of  a  device.  Moreover,  the  tendency  of  contemporary 
technical  development  consists  in  constant  increase  of  complexity  of  devices  for 
execution  of  ever  more  complicated  problems,  sometimes  sacrificing  reallability, 
costs,  power  consumption,  and  so  forth.  Thus,  these  very  simple  criteria  evidently 
are  not  satisfactory,  in  any  case  in  the  first  stage  of  synthesis. 

It  is  absolutely  clear  that  the  criterion  of  synthesis  should  be  intimately 
connected  with  the  basic  quality  of  the  aeier  —  accuracy  of  measurement.  At.  first 
glance  the  matter  is  facilitated  by  the  fact  that  there  exists  a  large  adjacent 
branch  of  science  —  the  theory  of  cunuo.1.  Here  there  has  been  obtained  a  mass  of 
results  using  different,  mostly  nonstatistical  criteria  (stability,  invariance 
with  respect  to  different  disturbances,  minimization  of  time  of  flow  of  the  transient, 
and  so  forth)  and  various  methods  of  mathematical  solution  (classical  calculus  of 
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variations,  method  of  the  Pontryagin  principle  of  a  maximum,  linear,  nonlinear  ana 
dynamic  programming,  the  theory  of  games,  and  so  forth;  see,  for  instance,  [3, '‘4, 

65]). 

Insufficiency  of  the  mentioned  criteria  and  methods  in  reference  to  synthesis 
of  radar  meters  becomes  evident,  if  we  recall  (see  §  6.1)  the  circumstances  that, 
work  of  radar  devices  always  occurs  in  the  presence  of  random  interferences,  and 
selection  of  the  class  of  possible  laws  of  change  of  the  measured  variable  a  non-  ■ 
statistical  variables  statistically.  Moreover,  in  general,  it  is  impossible  tw 
prove  that  a  meter,  possessing  very  high  qualities  with  respect,  for  instance,  to. 
stability  invariance  and  speed  of  flow  of  transients,  simultaneously  in  good  curiot 
measurement  of  the  randomly  varying  parameter  of  mixture  of  the  signal  with  noise. 

Deficiencies  of  the  above  mentioned  approaches,  consisting  in  their  nonstntis- 
tical  nature,  force  us  to  turn  to  statistical  criteria  and  methods. 

First  we  shall  discuss  a  mixed  criterion  widely  used  in  the  literature  —  the 
criterion  of  a  minimum  of  fluctuating  and  zero  dynamic  error  for  a  limited  set-up 
time.  According  to  this  criterion  we  seek  a  minimum  mean  square  random  (fluctuating) 
error  and  zero  (in  steady-state  regime)  error  from  a  definite  change  of  measured 
variable.  In  application  to  meters  here  we  consider  the  circuit  of  discriminator 
given,  and  we  consider  the  object  of  synthesis  the  smoothing  circuit.  A  deficiency 
of  the  criterion  is  the  inconsistency  in  its  approach  to  the  measured  variables,  of 
which  we  already  spoke  above.  Its  result  is  ;hat  the  meter,  optimum  according  to 
this  criterion,  sometimes  does  not  ensure  minimum  total  mean  square  error. 

A  strictly  statistical  criterion  can  come  from  information  theory.  Thus,  in 
[4,  3]  it  is  shown  that  systems,  ensuring  minimum  mean  risk,  simultaneously  ensure 
a  minimum  of  uncertainty  of  the  reproduced  signal.  In  [6]  for  servo  systems  of 
certain  assigned  structure  there  are  introduced  information  theory  concepts,  in  vnlwi 
accuracy  is  compared  with  a  number  of  possible  states  of  the  system,  and  high  speed 
operation  is  compared  with  the  speed  of  transmission  of  information  and  carrying  ca¬ 
pacity.  However,  final  relationsnips  between  accuracy  of  measurement  and  informational 
properties  of  complex  input  signals  and  methods  of  their  processing,  which  would  be 
useful  for  the  problem  of  measurement.,  have  yet  to  be  fixed,  so  that  to  apply  infor¬ 
mation  theory  criteria  is  difficult. 

Very  commonly  used  in  radio  practice  and  thr  practice  of  servo  systems  are 


considerations  about  the  signal-to?- interference  ratio  at  different  points  of  elec¬ 
tronic  devices.  The  larger  this  ratio,  the  better,  it  is  considered,  the  device 
works.  .This  opinion,  in  general,  is  incorrect,  and  in  meters  this  criterion  is  also 
difficult  to  use  because  it  Is  unclear  at  what  point  of  the  circuit  one  should  measure 
the  signal-to-noise  ratio.  If,  for  instunce,  we  consider  the  discriminator  output, 
•rhen,  as  is  shown  in  §  6.2,  It  can  be  completely  characterized  by  the  equivalent 
spectral  density  of  noises.  Although  the  latter  depends  monotonically  on  the  signal- 
to  Interference  ratio  at  the  circuit  input,  introduced  specially  for  the  given  forms 
of  signal  and  interference,  it  cannot  be  expressed  in  terms  of  this  ratio  alone. 

In  a  systematic  statistica!  approach  to  random  inputs  and  measured  quantities 
most  natural  is  the  criterion  of  a  minimum  of  some  averaged  monotonic  function  of 
total  error  of  measurement.  Averaging  is  conducted  for  the  ensemble  of  noises  and 
parameters.  Such  an  approach  in  one  or  another  form  long  ago  was  applied  for  find¬ 
ing  a  certain  part  of  the  circuit  of  a  meter. 

In  the  first  place  here  one  should  note  that  the  extreme  case,  when  the  whole 
circuit  of  the  meter  (discriminator,  smoothing  circuits  and  the  method  of  theii 
closing)  are  considered  given,  with  the  exception  of  a  small  number  of  circuit  param¬ 
eters  (gain  factors,  time  constants,  and  so  forth),  which  can  be  selected  in  the 
process  of  development  to  increase  accuracy.  This  very  simple  method,  however,  gives 
a  small  degree  of  confidence  that  we  have  obtained  a  system,  close  to  optimum,  in¬ 
asmuch  as  during  selection  of  the  general  Idea  of  the  construction  it  is  necessary 
to  lean  only  on  preceding  experience  of  construction  and  invitation.  It  is  possible 
only  to  construct  guesses  whether  a  small  change  of  the  circuit  will  yield  signifi- 
canlty  better  results. 

Further  it  is  possible  to  indicate  an  approach,  in  which  the  general  construction 
of  the  meter  is  considered  the  same  as  that  described  in  Paragraph  6.P.1,  the  die..'  '  m- 
inator  circuit  Is  considered  given,  and  only  smoothing  circuits  are  optimized.  Addi¬ 
tionally  (sometimes  implicitly)  it  is  assumed  that  the  discriminator  has  linear  prop¬ 
erties  relative  to  the  tracked  quantity.  During  synthesis  of  smoothing  clm-iits  by 
the  criterion  of  minimum  tot3l  error  there  can  be  applied  various  statistical  criteria. 
The  greatest  achievement  of  the  statistical  trend  from  works  published  until  recently 
is  the  theory  of  filtrati  .  [7],  put  forth  in  the  works  of  Kolmogorov  and  Wiener. 

In  this  theory  it  was  assumed  that  from  statistical  evidence  we  know  only  correlation 
function  of  the  tracked  quantity  and  interferences,  and  smoothing  circuits  were  sought 


In  the  class  of  linear  filters.  These  methods  are  very  customary  for  specialists 
in  the  theory  of  automatic  control;  however,  they,  in  general,  pass  over  the  pi^ulem 
of  construction  of  a  radio  discriminator.  Meanwhile,  it  is  possible  to  assume  that, 
with  respect  to  total  error,  optimization  of  the  discriminator  is  no  less  irrioorvuit 
than  optimization  of  smoothing  filters. 

Everything  suggests  that  the  best  device  of  statistical  synthesis  is  that  which 
minimizes  total  error  of  measurement  with  the  least  number  of  Initial  assumptions 
about  the  structure  of  the  synthesized  device,  desirably,  without  singling  out  n 
priori  the  discriminator  and  smoothing  circuits.  As  the  object  of  optimum  analysi,- 
here  one  should  consider  the  existing  mixture  of  the  signal,  depending  on  the  measu.- 
quantity,  with  interferences.  We  know  a  priori  statistical  evidence  on  the  mixture 
and  measured  quantity,  and  from  considerations  connected  with  the  use  of  results  of 
measurement  we  select  the  performance  criterion.  With  such  a  combination  of  con¬ 
ditions  we  should  be  interested  in  the  branch  of  mathematics  which  studies  the 
method  of  obtaining  statistical  inferences  from  an  available  sampling  (realization) 
c-f  a  random  process  and  a  priori  Information,  Such  a  branch  is  the  theory  of 
-tatistical  solutions  —  a  branch  of  mathematical  statistics.  One  should  now  turn 
to  the  theory  of  solutions, 

6,5.2.  Application  of  the  Theory  of  Solutions  to  Problems  of  Measurements 

In  Chapter  3  we  gave  a  summary  of  ti  e  general  propositions  of  the  theory  of 
solutions.  Here  we  will  repeat  certain  propositions,  having  a  direct  relationship 
to  problems  of  measurement,  Let  us  remember  that  the  object  of  optimum  processing 
(finding  a  solution)  is  the  mixture  of  signals  with  noises  y(t,  X)  at  the  input, 
statistical  evidence  about  which  is  given  by  the  likelihood  function 

where  y  —  the  whole  set  of  observed  values  of  the  mixture. 

A  —  the  set  of  measured  variables 

When  there  is  observed  one  mixture  y(t)  at  moments  t^,  tg,...,  tR,  by  y  one 
should  understand  the  column  vector 

(y, . y- 

If  here,  for  instance,  y(t)  obeys  normal  dist ribution,  the  likelihood  function 
is  recorded  in  the  form  of  relationship  (1.3*?)»  which  is  generalized  for  the  case 
of  many  input  mixtures: 


mn 

P( y|X)=(2*r  2  ldetRl-,/Jexp  (y— a)+W  (y— a)|  *= 

mn 

‘  =(2«f  2  Jdel  1| Ri}  Hr1'1  X 

X  exp  }  -1  V  <*%„  (%  -  ‘“ad  (‘"Vi  -%)]  . 

i  n/ti p=i  ) 

(6.5.1) 

Here  there  is  introduced  matrix  notation;  sign  -f-  signifies  transposition; 

y={(,W2).  y»  •  •  •, <m% . ‘V.1*.  yn , ....  <m>y„} 

is  a  block,  column  vector  of  sampled  values  with  n  elements  in  the  form  of  simple 
columns  {^y,  ,  ...  =  y^>  composed  of  values  of  all  m  mixtures  at  the  i-th 

moment  of  time;  &  —  analogous  column  vector  of  mean  values;  R  =  llR^jll  —  complex 


correlation  matrix  with  matrix-elements  R, 


=  liaP- 


'R.  ,||,  consisting  of  values  of  the 


function  of  cross-correlation  of  the  a  and  p  mixtures  at  moments  t^  and  tj, 
respective iy;  W  =  R  —  matrix,  the  reciprocal  of  R. 

In  addition  to  all  this  matrices  a,  R  and  W  may  depend  on  parameters  X  of  input 


mixtures . 


For  continuous  realizations  of  y(t) ,  as  noted  above,  it  is  convenient  to  pass 
to  functionals  of  probability  density  P(y(t)|X).  Sometimes  it  is  more  convenient 
to  pass  to  a  functional  limit  already  at  the  end  of  analysis,  during  interpretation 
of  the  obtained  operations. 

A 

On  the  basis  of  the  observed  realization  a  radar  set  selects  solution  X(y)  from 
the  possible  set  of  solutions.  In  problems  of  measurement  the  space  of  solutions 
("estimates")  in  structure  is  like  the  space  of  possible  values  of  measured  variables 

A 

which  will  become  evident  somewhat  latter.  Inasmuch  as  My)  does  not  depend 
functionally  on  X  [although  statistically  it  does  depend  on  X  through  y(t,  X)),  tin 
statistical  nature  of  the  observed  mixture  (mixtures)  leads  to  the  possibility  of 


random  errors. 

For  estimating  the  significance  ("value”)  of  allowed  errors  of  solution  there 

A 

is  Introduced  loss  function  I(X,  X),  depending  on  parameters  of  the  signal  included 
in  the  mixture  and  on  the  taken  estimates.  The  more  the  accepted  solution  correspond 

A 

to  the  truth,  the  less  the  value  of  I(X,  X),  Performance,  of  a  device  is  determined 
by  the  average  (for  all  realizations  of  y)  value  of  the  loss  function 


r(k,  £)=$/(i,  X)P(y|X)dy, 


(6.5,2) 
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called  the  function  ol'  conditional  risk,  inasmuch  as  this  function  is  determine  ; 
on  the  condition  of  an  assigned  value  of  X.  As  follows  from  §6.1,  measured 
parameters  of  a  signal  also  can  reasonably  be  considered  random  variables,  and  w. • 
can  assign  them  a  prior  distribution  PQ(X) .  Then  there  is  also  Introduced  the 
function  of  mean  risk 

R(P»  L)P,(X) <&=--= 

=  X)P(y\l.)P%(i.)dydi.,  (6.5.5) 

which  is  the  averaging  of  conditional  risk  for  a  priori  distribution  of  parameter.-. 
The  optimum  operation  of  estimation  we  find  from  the  condition  of  a  minimum  menu 
or  conditional  risk  for  an  arbitrarily  selected  loss  function.  Rauio  Interpretation 
of  operations  of  optimum  estimation  reveals  the  structures  of  an  optimum  radar  meter. 
If  a  priori  distribution  Fg(X)  is  given,  and  the  optimum  meter  is  found  by 

minimization  of  mean  risk  min  R(PQ,  X),  the  estimate  is  called  a  Bayes  estimate, 

X 

In  e-noUicr  case  it  is  necessary  to  seek  the  so-called  minimax  estimate.  It  minimizes 
(by  all  rules  of  estimation)  the  maximum  value  of  conditional  risk  for  all  possible 
value  f  the  parameter.  Cases  when  th-ve  a*'e  assigned  no  limitations  on  the  value 
of  the  parameter  are  very  rare,  and  usually  one  should  seek  the  minimax  estimate 
with  certain  limitations,  statistical  and  nonstatistical . 

Basically  we  shall  use  the  Bayes  methods  of  synthesis;  however  in  §  o.'j  certain 
attention  will  also  be  paid  to  minimax  rm.  '-.hods. 

Properties  of  the  theory  of  statistical  solutions  are  such  that  in  it  it  is 
possible  to  introduce  certain  a  priori  assumptions  about  the  structure  of  the 
synthesized  device,  starting  synthesis  from  a  certain  point  of  the  circuit,  However, 
it  is  possible  also  not  to  introduce  any  assumptions,  considering  as  the  input 
value  tin-  output  signal  of  the  antenna  unit  or  even  the  electromagnetic  field  in 
its  aperture  [52],  Obviously,  the  last  cases  are  the  most  interesting  and  to  tne 
largest  extent  characterize  the  merit  of  the  theory  of  solutions.  Chronologically, 
fiowev'  earlier  there  were  offered  such  solutions  of  the  problem  of  measurement, 
where  a  series  of  elements  of  the  circuit  of  a  meter  were  assumed  assigned,  and  the 
theory  of  solutions  was  applied  for  partial  synthesis. 

Thus,  in  the  1956' s  there  was  developed  a  method  of  synthesis  of  optimum  meters 
on  the  basis  of  a  branch  of  the  theory  of  statistical  solutions  —  the  theory  of 
estimation  [10,  11],  It  was  assumed  that  the  measured  parameter  of  motion  of  the 
target,  coded  in  the  input  signal,  is  constant  for  a  certain  time  of  observation. 
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Proceeding  from  complete  statistical  evidence  on  the  mixture  of  the  signal  with 
interferences  there  was  found  an  optimum  circuit  for  determining  the  unknown 
parameter  for  this  time.  Such  a  method  is  completely  applicable,  for  instance, 
for  direction  finders  which  determine  angular  position  for  a  small  interval  of  time. 

If,  however,  we  turn  to  the  general  case  of  measurement  of  variable  coordinates, 
the  theory  of  estimation,  assuming  invariability  of  parameters  in  time,  strictly 
., peaking,  cannot  be  applied.  This  does  not  exclude,  however,  certain  compromise 
solutions  of  the  problem,  consisting  in  assigning  a  general  idea  of  the  construction 
of  the  meter  in  that  form  which  is  known  in  practice,  considering  smoothing  circuits 
linear.  Here,  it  is  postulated  that  the  discriminator  3hould  give  an  estimate  of 
current  ml  ;match  between  the  true  and  measured  values  of  the  tracked  parameter  for 
time  intervals  during  which  these  mismatches  almost  do  not  change.  In  such  an 
approach  it  was  possible  to  use  the  ideas  and  methods  of  the  theory  of  estimation 
for  synthesis  of  discriminators  in  meters  of  the  class  interesting  us. 

V/ith  respect  to  partial  synthesis  of  smoothing  circuits  on  the  assumption  of 
linearity  of  the  discriminator  with  respect  to  the  measured  quantity  there  is  applied 
the  theory  of  optimum  filtration,  but  v/ith  a  new  conceptual  basis,  It  seems  that 
with  an  additive  mixture  of  the  measured  quantity  and  interference,  with  Gaussian 
distributions  of  each  of  them,  Wiener  filters  are  absolutely  optimum,  l.e,,  there 
does  not  exist  a  class  of  operators  executing  this  task  more  successfully,  Unfor¬ 
tunately,  the  formulated  conditions  are  so  limiting  that  in  practice  in  pure  form 
they  are  almost  never  encountered.  Therefore,  it  is  clear  that  the  theory  of 
filtration  should  somehow  be  adapted  to  nonlinear  problems. 

Consequently,  all  presented  methods  of  partial  synthesis,  even  that  conducted 
on  the  basis  of  the  theory  of  solutions,  left  doubt  about  the  correctness  of 
selection  of  the  general  idea  of  construction  of  meters.  We  desire  complete 
synthesis,  emanating  only  from  statistical  evidence  about  signals  and  parameters. 

On  the  assumptions  of  Markovian  and  Gaussian  parameters  this  problem  was  solved  in 
[1 6,  18,  25,  60],  To  these  results  we  shall  pass  somewhat  later. 

Here  we  shall  make  a  number  of  remarks,  simultaneously  showing  the  promising 
nature  of  the  devices  of  the  theory  of  solutions  and  its  limitations,  which,  surely, 
will  be  surmounted  with  further  development  of  the  theory, 

An  essential  limitation  of  the  theory  of  solutions  is  tne  necessity  for  the- 
presence  of  a  sizeable  quantity  of  statistical  evidence  about  the  signal  and  the 
parameter.  This  circumstance  led  certain  authors  to  the  pessimistic  conclusion  that 
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the  i  hoory  of  onlunions  simply  shiftc  uncertainty  during  syntheri"  from  :li  •  • 

;;i,ru'’i 'ire  to  statistical  properties  of  input  cignnls.  However,  in  defence  of  t.ne 
theory  of  solution",  it  is  possible  to  repeat  all  the  arguments  of  ,.i  concr-iM 
the  statistical  nature  of  measurements.  In  practice  we  always  have  sovtt-  r i.nl.  1 t  j  ; 
•'v i denes?  or  nhyslcnl  consideration;,  about  th'-m.  Fox  further  fi mi n.y  ‘ 

tjx  ■jposi  t  ions  of  the:  theory  of  solutions  it  is  urgent  v:  investigate  from  .cl.  5 
t.ne  nr  It  in  a  lit;/  of  synthesized  circuits  v/i  th  respect  to  statistics  establi.onso  in 
i.Jici.i  and  to  find  classes  of  optimum  operations  ensuring  for  a  given  cla:-  or 
.'•♦'•I,  t  pt  in  qualities  which  are  lower  than  optimum  by  not.  in^re  than  v.  rivet:  :n.a;.‘  .i  ■ 
Interesting,  also,  are  questions  of  optimization  for  limited  statistical  eviunn 

V/ith  the  question  of  apriorism  in  sf  a  fistic a  !  evidence  tiioJc  arc  a  1.  •  •  •on:..-' 
” In of  interferences  on  the  meter  input.  In  a  number  of  cases.,  .especial.!;, 
organized  liitr'vfere.nco;-;  arc  i.sasibXe,  if  1  •  impose. j.ble  to  uecide  hot orehand  wlini. 
will  to  tho-  i-./'i  :t  s.tati  s.ticol  characteristics  of  input  signals.  Therefore,  .i 1  is 
i"  a  \r.  t.;,  consider  construction  of  an  optimum  meter,  primarily  of  its  s.!  ,  •  rim¬ 

in'-,  tor,  from  t ,■■■;.•  directions. 

1)  Simpler  is.  ifynthe.cii  of  an  op mutes  for  those  Interferences  which  are 
!  resent.  a lv/a.y (  for  instance,  interna  i.  /.  l.e.  )  win,  high  probability  ( for 
Instance,  chaotic  reflections) ,  and  wh--.se-  influence  can  be  d*-.; rens<!,il  by  rntiona  L 
selection  of'  the  form  of  the  signal  ana  construction  of  the  circuit.  H<-i"  ,  if  1. 
pns  11,  le  to  -ortsider  the  stab  lotion  1  <•>, i  cence  on  the  mixture  of  the  signal,  v/i '  h 
.1  in  oj'ffj  renc's".  •inplet.ely  assigned,  r.  .  -iderl  og,  po.-s  inly  ,  r.over',1  pa  rw.<-i  nrv  of 
it.1  ••rferencc  unknown, 

>•)  3  nine  what  more  complicated  is.  protection  from  interferences  v.'h.lclt  tt.ay 
a:  i  '-as  only  wl-.h  Low  probability  or  with  a  probability  which  It  is.  impossible  *  •< 
a  1  Ijv  .  Among  i  ritorierori.xn.  of  this  kind  we  include  those,  p  so  fee  t.i  c  from  v 
assign'd  ''is. r.a.' (.eristics  of  radar  rys.tem  cannot  even  .«■  is  sured  by  via. 
i.i-  Ur-cs  of  a.oii.  true i.j  on  of  tho  receiver,  hut,  in  principle,  su-di  prof"  xtlm.  irviT- 
fr.e  -ss  cat,  i,e  four!  i  lit  the  course  ol  changing  other  parameter  •  of  •  i  ■.  s.v .  t  •  -m  of 
pro  hip  ni  th--  signal  •  (for  instance,  rrcnrenl  cons,  t  ru"  L 1  ■  t  <•'  devi'-es. 
s,e-a,,t,,|nry  processing  i.n  the  presence  of  active  Interference) .  It.  is  futile  to 
synthesize  nn  optimum  receiver  (meter)  on  the  assumption  of  tlr-  presence  of  till 
such  it  if  e  rfe  rerv  ats. ,  Diis  would  remove  us.  irom  the  •  •pliiuum  for  fir  case  of  •aivi 
j"  the  s.i  (Tti.'i  1  with  Interferences  of  the  first,  group,  not,  to  talk  of  iv d  ra  ,roina  ry 
increase  of  receiver  complexity.  Therel'or»,  most  expedient  is  -ynUie;  is  of 
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automatic  devices  for  indication  of  interferences  of  the  second  group  for  the 
purpose  of  sharp  variation  of  parameters  of  the  system  of  processing  of  signals  on 
an  instruction  from  the  automatic  device. 

A  modified  variant  should  also  be  synthesized,  based  as  far  an  possible  on 
statistical  evidence  about  the  given  form  of  interferences.  In  this  direction 
t.;  have  not  been  obtained  many  results,  if  we  are  considering  complicated  forms 
■;  ■  interferences. 

Variation  of  parameters  of  a  receiver  in  the  course  of  work.,  in  principle,  is 
already  self-tuning  of  the  meter  circuit  in  accordance  with  the  character  of  the 
received  signal.  At  present,  problems  of  analysis  and  synthesis  of  automatic  systems 
v/  1th  self-tuning  (true,  of  somewhat  different  type)  are  the  subject  of  the  widest 
attention  [3].  However,  in  our  applications,  inasmuch  a3  we  are  interested  in  the 
pi'  blem  of  measurement  with  full  assignment  of  statistical  evidence,  optimum  circuits 
are  obtained  without  a  priori  reliance  on  ideas  of  self-tuning. 

Sometimes  circuits  of  optimum  meters,  contain  self-tuning  elements,  and  in 
other  cases  they  are  absent;  however,  the  method  of  synthesis  always  guarantees 
absolute  optimality  of  a  circuit  if  we  keep  initial  data  constant.  If  in  the  distri¬ 
bution  of  probabilities  of  a  mixture  we  start  to  consider  unknown  some  additional 
parameter,  and  assign  it  it;  own  distribution  of  probabilities,  the  principle  o'" 
synthesis  and  quality  of  work  of  the  circuit  will  not  be  changed  whether  we  treat 
measurement  of  the  additional  parameter  as  self-tuning  or  not.  Thus,  a  priori 
introduction  of  ideas  of  self-tuning  will  most  likely  be  useful  when  we  have 
incomplete  knowledge  of  when  there  is  a  change  of  statistical  properties  of  the 
mixture  of  the  signal,  interferences  and  the  parameter. 

There  is  also  possible  a  game-theory  approach  to  meters.  At  present  the  tin'orv 
of  solutions  sometimes  is  included  in  the  theory  of  statistical  games,  consider I n. 
that  particular  case  when  the  "game"  is  conducted  against  an  "unintelligent  ant-w  - 
n.i.st,"  whose  behavior  in  a  statistical  sense  is  known  beforelvml.  If,  however,  * 
enemy  is  intelligent  and  tries  to  change  the  form  of  interference  to  bring  on  maximum 
error  of  measurement,  and  there  is  the  possibility  of  changing  character!'.  1 1.:::  of 
the  meter  for  constant  preservation  of  its  optimality,  there  is  observed  a  non¬ 
degenerate  game-theory  situation,  which  is  very  interesting  for  practical  applies!  lor,. 
Unfortunately,  only  l.h--  first  steps  have  been  made  in  this  direction, 

Everything  salt)  speaks  to  the  fact  that,  the  devices  of  the  theory  of  solutions 
are  completely  timely  and  at  present  are  a  powerful  means  of  solution  of  the  problem 
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of  synthesis  of  radar  meters. 

6.5.?.  Theory  of  Statistical  Estimates 
We  shall  now  discuss  in  greater  detail  the  theory  of  statistical  estimates  o: 
parameters  of  distributions  [8].  This  is  what  we  call  the  branch  of  mathematic a; 
statistics  in  which  the  probability  density  of  a  sampling  (functional  of  the  i-  r ■ . .  1 1 
of  distribution  of  realizations)  depends  on  one  or  several  constant,  but  unknown 
parameters.  These  parameters  must  be  estimated  from  sampled  values  of  tne  input 
variable . 

The  most  well-developed  and  convenient  methods  of  finding  estimates  arc  tu>. 
method  of  maximum  a  posteriori  probability  and  the  maximum  livelihood  method.  Ttu 
first  method  consists  in  differentiation  with  respect  to  parameter  >.  (we  shall  now 
consider  it  unique)  of  the  product  of  the  a  priori  distribution  of  parameter  ?..(.■) 
and  likelihood  function  P(y|X).  With  an  accuracy  of  a  factor,  not  depending  on  \, 
this  product  is  the  a  posteriori,  i.e.,  the  knowledge-!' rom-experience  probability 


■d' A  ^  of  the  parameter,  which  follows  from  the  known  formula  of  Bayes 


r(»|y)spw=^‘ff;((^=lP.WP(yh). 


(6.5.4) 


when*  k  is  a  factor,  not  depending  on  \. 


The  result  of  differentiation  is  equated  to  zero,  and  we  seek  the  root  of  the 


obtained  equation  which  explicitly  depends  on  y: 

wtiien  is  taken  as  the  very  best  estimate  . 


(-.5.5) 


According  to  the  maximum  likelihood  method  we  differentiate  the  probability 


function,  which  gives  the  so-called  likelihood  equation 

'  P(y|l)=0. 


(6.5.0) 


X to  root  in  called  the  maximum  likelihood  estimate.  Although  the  theory  of 
estimation  was  developed  before  the  general  theory  of  solutions,  with  the  appearance 
01"  tii-  latter  it  w;i possible  to  interpret  the  theory  of  estimation  freii.  mor-.  g.  no  ml 
pi'op'i'.  itions.  Hero,  we  consider  that  the  space  of  solutions  is  a  segment  of  a 
straight  line,  on  which  there  are  plotted  possible  "estimates"  of  paramo tt  r  " 

As  the  Loss  1  unctions  we  usually  consider: 
the  simple  loss  function 


7(4,  A)  =  C-*<*  —  A)  (C  =  const), 


('-.5.7  ) 


I 


the  quadratic  loss  function 


j(X,  i)  =  (x-i)', 


(6.5.8) 


a  loss  function  with  saturation 

/(A,  A)  =  1  —  exp { —  a (2  —  A)*} 

oi  function 


J(X,  A)  =  [ A  —  A |. 

If  we  select  simple  loss  function  (6.5.7) ,  mean  risk  (6.5.3)  is  equal  to 

J?(P„  A)  =  C-Jp(y[A)P#(A)rfy.  (6.5.9) 

For  its  minimization,  equivalent  to  maximization  of  the  integral  in  the  right 

A 

part  of  (6.5.9) >  it  is  necessary  that  for  any  fixed  y  there  be  found  a  solution  X, 
corresponding  to  a  maximum  of  the  integrand.  In  other  words,  the  optimum  estimate 
corresponds  to  a  maximum  of  the  a  posteriori  probability,  i.e.,  is  a  root  of 
equation  (6.5.5).  Hence,  it  is  clear  in  what  sense  the  estimate  of  maximum  a 
posteriori  probability  is  optimum.  It  is  easy  to  prove  that  such  an  estimate 
additionally  maximizes  the  probability  of  a  correct  solution.  We  also  note  that 
with  a  wide  a  priori  distribution,  the  estimate  of  maximum  a  posteriori  probability 
passes  to  the  estimate  of  maximum  likelihood. 

We  now  take  quadratic  loss  function  (6.5.8).  Here,  mean  risk  (6.5.3)  will 
take  the  form 

*</>.,  A)=  SJ(A-A)’P(y|*)/>.(A)dAdy.  (6.5. 10) 


It  has  a  physical  meaning  of  error  of  measurement  of  X,  averaged  over  y  and  a.  in 

/N 

order  to  minimise  K(Pq,  X),  it  is  necessary  and  sufficient  for  any  y  to  minimize  by 
selection  of  X  the  integral  over  X  in  (6. 5. 10).  Differentiating  this  integral  with 

A 

respect  to  X  and  equating  the  result  to  zero,  we  have,  an  equation  for  finding  the 
estimate 

J  (A  —  A)  P(y  1 2)  P#(2)  dX==0.  ( 6.5.11 ) 

Formal  solution  of  (6.5.11)  is  the  conditional  mathematical  expectation  A'  A 
for  the  given  y,  i.e.,  the  mean  value  of  the  a  posteriori  distribution: 


i(y)=  *(y)= 


i*P(y|MP.(X)<ft  s  f  \p  (A)  <n. 


(6.5.12) 


In  distinction  from  the  operator  of  estimation  of  maximum  a  posteriori  prob¬ 
ability  the  structure  of  the  operator  of  the  optimum  estimate  lor  a  quadratic,  loss 


function  depends  or.  the  form  of  the  whole  function  of  the  a.  posteriori  probability. 

If  one  assigns  a  loss  function  of  any  form  differing  from  the  considered  one 
in  general  there  will  be  obtained,  other  operators.  And  although  the  criterion  of 
minimum  mean  square  error,  ensuing  from  application  of  a  quadratic  loss  function, 
is  tie  most  customary,  the  variety  of  optimum  solutions  causes  certain  dissf.t,  i  s  - 
f action.  We  would  like  to  obtain  a  solution  wnicti  would  be  optimum  for  a  sufficient  j  ,v 
broad  class  of'  cases.  It  turns  out  that  for  certain  limiting  assumptions  the  tn-.-ory 
of  Hayes  estimates  permits  such  a  solution. 

To  explain  this  circumstance  we  first  indicate  that  estimates  for  cinu  i.e  aril 
quadratic  loss  functions  coincide  where  the  a  posteriori  distribution  of  probabilities 
is  a  function  which  is  symmetric  with  respect  to  a  certain  point.  This  is  olc-or 
from  the  expressions  obtained.  In  the  theory  of'  estimation  strict  mathematical 
proof  of  this  fact  is  connected  with  the  property  of  efficiency  of  estimates,  by  which 
we  mean  reaching  the  lower  bound  of  variance  of  an  estimate  relative  to  the  true 
value.  It  appears  [8]  that  in  a  certain  class  of  cases  estimates  of  maximum  s 
posteriori  probability  are  efficient.  Especially  frequently  there  is  noted 
asymptotic  efficiency,  i.e.,  efficiency  for  a  time  of  observation,  considerably 
greater  than  the  interval  of  correlation  of  ttie  slowest  random  variables  of  the 
mixture  y(t).  Proof  of  efficiency  thereby  simultaneously  establishes  the  fact  that 
two  classes  of  estimates  are  identical. 

We  shall  prove  that  with  symmetry  of  a  posteriori  distribution  any  symmetric 
loss  function  leads  to  the  same  optima:  estimate.  Let  u..  assume  that  the  a 
posteriori  probability  has  the  form 

wnt! re  P(x)  is  a  function,  symmetric  with  respect  to  zero,  and  the  loss  fuj etion  is 
also  sy  .metric  ,  so  that 

I(X  —  i)=I(i-X), 

dk  dk 

ji'i'i..!;  .oh  as  at  the  point  of  the  optimum  estimate  the  derivative  of  u-iii  risk  with 
respect  to  the  estimate  is  equal  to  aero,  at  this  point  this  equation  should  be 
satisfied : 

j=e  f  p(i)  dx=o. 

J  di  r.-.L:' ; 

We  express  F(')  in  the  loft  part  of  this  relationship  through  f(a  -  a  )  arid  si  t. 
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X  =  XQ.  Then,  changing  the  sign  of  the  argument  of  integration,  it  is  easy  to  prove 
that  J  =  -J ,  from  which  it  follows  that  J  =  0.  This  proves  our  statement.* 

The  value  of  XQ,  determining  the  point  of  symmetry  of  a  posteriori  probability, 
and  equal  to  any  estimate  using  a  symmetric  loss  function,  is,  obviously,  already 
the  familiar  conditional  mathematical  expectation  (6.5.12).  Thereby,  conditional 
ma tneuiatical  expectation  in  a  wide  range  coincides  with  the  maximum  value  of  a 
posteriori  probability  and  can  serve  as  a  universal  optimum  estimate.  Thus,  the 
method  of  a  maximum  a  posteriori  probability,  and  for  a  wide  a  priori  distribution* 
the  method  of  maximum  probability,  too,  under  conditions  very  little  limited  give  a 
single  3ayes  estimate  of  the  measured  parameter. 

Further  it  is  useful  to  note  one  mathematical  law,  proved  in  the  theory  of 
estimation.  The  fact  is  that  with  a  large  time  of  observation  and  with  a  com¬ 
paratively  low  level  of  input  interferences  the  logarithm  of  the  likelihood  function 
(as  a  function  of  the  parameter)  is  close  in  form  to  a  parabolic  curve,  located 
near  the  true  value  of  the  parameter: 

» 

+TR>to/>(ylJ->— T^-  (6.5.13) 

where  X  M  —  true  value  of  the  parameter  of  the  mixture  y(t) . 

From  sampling  to  sampling  the  vertex  of  this  parabola  shifts  along  both  axes, 
and  also  changes  in  width.  Naturally  this  parabola  can  be  expanded  at  any  point, 
close  to  points  of  the  true  and  maxlmum-probab.le  value,  limited  in  all  to  three  term 
of  the  expansion.  In  any  case  we  arrive  at  a  curve,  coinciding  with  (6.5.13).- 

If  we  now  pass  from  the  logarithm  to  the  actual  likelihood  function,  the  given 


dependences  will  be  expressed  in  the  fact  that  the  likelihood  function  will  be 
approximated  by  a  Gaussian  curve,  located  somewhere  near  the  point  of  the  true  value 
X  Vi  ,  pulsating  and  shifting  from  sampling  to  sampling.  Here,  as  it  is  easy  to 


show  [8],  the  width  of  the  curve,  characterized  by  the  coefficient  of  sharpness  of 

a2 

the  parabola  (6.5.13)  -  — *•  In  P(y|X),  on  the  average  remains  equal  to  the  mean 


square  scattering  of  the  position  of  rts  maximum  value  from  the  true  X  M  ,  and 


♦In  such  a  proof  it  is  necessary  to  use  the  assumption  of  an  infinite  domain  of 
determination  of  the  function  of  the  a  priori  distribution  and  the  loss  function, 
although  in  practical  applications  this  condition  is  usually  not  satisfied.  However 
in  the  same  applications  interesting  only  are  cases  when  the  width  of  the  a 
posteriori  probability  distribution  is  considerably  less  than  that  of  the  a  priori. 
Here,  finiteness  of  boundaries  of  the  domain  of  determination  of  the  a  priori 
distribution  Is  not  important. 


2 

both  mean  values  art:  connected  with  variance  of  efficient  estimate  accoruxi.^ 

to  the  formula 

°*  =  “  ( W ,n  P  (y  I  * =  (  [^  ln  P  (y  1  ( 0 .  i> .  I  4 ) 

Such  laws  occur  for  P(yjk)  near  the  true  value  of  the  parameter.  Iicsi.uv  t;.< 
main  peak  of  the  probability  function  there  are  alto  nar-'sitlc  peaks .  occurring 
both  due  to  nonideal  properties  of  the  signal,  and  also  due  to  noise  disturbance:;. 

In  the:  theory  of  estimation,  where  the  parameter  is  strictly  :o:. -lam  ,  j  i.  i.;  j  -.-.  ih. 
to  show  that  the  relative  magnitude  of  parasitic  peaks  with  iric  r?  t.icv  of  tn<  i  im-  „ 
observation  (the  size  of  the  sampling)  gradually  decreases.  We  shall  discuss  tin- 
influence  of  parasitic  peaks  in  somewhat  greeter  detail  in  §  6.G. 

it  is  useful  to  explain  properties  of  joint  estimates  of  several  parameters. 

The  likelihood  function  is  determined  in  this  case  in  the  space  of  aLi  measured 
quantities  {X^,  ....  X  )  =  X.  Expansion  (■'  .5.13)  is  replaced  by 

i 

In  P(y  U)  *  In  P(y  j  X„)  +  ^  In  P(y  I  -  *«<)  + 

fS I 

i 

-j — j-  In  P  (y  j  X.n)(A.i  in,)  (^j 

i./?i 

The  matrix,  composed  i'rom  mean  values  of  second  derivatives, 

A  ~  II  ln  P(y  I  ^fl 

ctvu'cc te rizes  "sharpness"  of  the  multi-dimensional  peak  and  sometimes  is  called  a 
ini,  He  her  information  matrix.  Its  value  in  tne.t  reciprocal  matrix  2  =  A  '  consists 
of  mean  second  moments  of  minimum  errors  of  measurement  of  the  parameter  attained 
it.  hi.'  case  of  the  existence  of  jointly  efficient  estimates.  If  coding  of  separate 
uat  Minet'  ro  in  the  signal  y(t)  are  independent,  then  S  —  diagonal  mat  rix  with  'V n' 

p 

•••  “0(j  equal  to  variances  of  minimum  attainable  errors  of  measurement  of  s.-parau 
par am*  ters.  In  this  case  the  meaning  of  a  minimum  does  not  require  further 
exi.':':'  ations.  If,  however,  forms  of  coding,  and  consequently  also  of  error'  of 
measurement,  are  interrelated,  it  is  necessary  to  Introduce  into  consideration  a 
multi-dimensional,  ellipsoid,  second  central  moments  of  which  are  determined  by  the 
matrix  of  second  moments  of  errors  of  measurement.  Then  the  introduced,  ellipsoid 
of  scattering  for  any  method  of  estimation  of  parameters  will  wholly  contain  in  it¬ 
self  the  ellipsoid  with  second  moments,  del  ■  4 nod  by  matrix  Z,  which  explains  the 
meaning  of  the  minimum  of  matrix  *  >r  interre'  ,ed  coding  of  separate  parameters. 
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Radar  applications  of  the  theory  of  estimation  consist,  primarily,  of  the 
following.  In  the  course  of  reflection  of  the  sounding  radar  signal  from  a  target 
parameters  of  the  probability  density  of  the  mixture  of  the  ref lee -ed  signal  and 
interferences  at  the  receiver  input  turn  out  to  depend  on  the  coordinates  and 
velocity  of  the  target.  Measuring  (estimating)  the  modulation  delay  of  the  signal, 
it.-.  a  rage  frequency  or  direction  of  arrival,  it  would  be  possible,  thereby,  to 
.’ermine  necessary  target  position  data.  If  during  a  certain  interval  of  time 
these  coordinates  can  be  considered  constant,  there  appears  the  classical  problem 
of  the  theory  of'  estimation:  for  a  given  realization  of  the  mixture  of  signal  ana 
interferences,  observed  in  a  given  interval  of'  time,  determine  with  minimum  errors 
unknoim  parameters  of  the  signal  in  this  mixture. 

First  results  in  the  synthesis  of  optimum  radar  meters  were  obtained,  namely, 
on  the  basis  of  the  theory  of  estimation  [10,  11],  Intervals  of  observation  were 
selected  in  such  a  way  that  during  them  target  position  data  indeed  remained 
com: i ant.  Under  conditions  when  most  widely  used  were  pulse  radars,  the  structure 
of  the  pulse  signal,  i.e.,  the  division  of  it  into  periods  of  pulse  trains  (or 
pulse  packs) ,  gave  the  possibility  of  conveniently  dividing  the  whole  interval  of 
observation  into  time  intervals,  satisfying  the  shown  requirement  of  theory.  Not 
being  interested,  in  questions  of  unification  of  data  of  separate  periods,  they 
Investigated  potential  properties  of  measurement  in  each  of  them. 

It.  is  possible  to  indicate  the  following  methods  of  synthesis  of  devices  for 
processing  signals,  obtained  in  the  literature  on  the  basis  of  the  theory  of 
estimation.  In  [10,  11]  and  In  a  considerable  number  of  later  works  they  explicitly 
or  implicitly  assume  that  there  is  the  possibility  of  consecutive  or  parallel, 
finding  of  values  of  the  likelihood  function  in  the  whole  a  priori  domain  of  tm 
mens  .rod  parameter,  as  a  result  of  which  there  can  be  found  a  point  of  maximum  vn  '•  ■ 
whicu  is  the  estimate.  It  requires  no  explanation  that,  in  general,  obtaining,  of 
the  whole  "scan"  of  the  likelihood  function  is  technically  complicated,  with  the 
exception  of  a  narameter  in  the  form  of  time  delay  of  modulation. 

In  [12,  15]  there  is  offered  another,  simpler  method  of  finding  the  ma.  '  am 
likelihood  estimate,  based  on  the  assumption  that  we  know  the  value  of  parameter 

,  removed  from  the  true  value  of  the  parameter  of  the  input  mixture  a  distance  le:x 
than  the  width  of  the  basic  peak  of  the  likelihood  function.  We  snail  explain  trio 
idea  of'  this  method.  We  take  the  expansion  of  the  logarithm  of  a  likelihood  functior 
of  type  (6.5.15)  at  point  X^  and,  differentiating  it  with  respect  to  X,  equate  it 


-59- 


*-u  zero.  ria.ii,  t  cans  forming  the  likelihood  equation 

4  In  P  (y  |l.)  +  ^-  In  P(y  1 1,K1  - 1.) = 0 

A 

we  give  an  explicit  expression  for  the  estimate  of  maximum  likelihood  >: 

aia  />(y  I X,) 

i  , 

•  *  d»tn/>(y|X,)  ‘ 

ax* 


Thus,  to  find  X  we  need  to  schematically  realize  the  first  and  second  derivative 
of  the  logarithm  of  the  function  at  point  X^,  assumed  to  be  close  to  the  true  vn Ur¬ 
ol’  \ . 


v  If  one  were  to  try  to  extend  methods  of  synthesis  based  on  the  theory  of 
estimation  to  the  case  of  a  variable  parameter,  then  this  can  be  done  only  by  means 
oi  easing  known  rigor.  Thus,  we  assume  that  the  circuit  of  the  meter  is  already 
given  in  the  form  of  a  tracking  system  of  the  type  which  was  studied  in  §  6.2.  With 
respect  to  the  discriminator  we  postulate  that  it  should  constantly  issue  with 
maximum  accuracy  an  estimate  of  mismatch  between  the  true  value  of  a  parameter  arid 
that  value  X  r  ,  which  as  a.  result  of  measurement  proceeds  to  the  discriminator 
from  the  smoothing  circuits.  As  follows  from  (6.6.14'),  the  optimum  estimate  of 
difference  X  -  X  p  •  =  s  is  ■ 


dlnP(y|Xp) 

»  ax 

"  a*ln/»(y|Xp)  • 


Under  conditions  when  in  a  subinterval  there  is  realized  sufficient  accumu¬ 
lation,  tills  approximate  relationship  is  satisfied: 

^rlnP(y|i)^-^rlnP(y|i), 

,i. .e.,  the  second  derivative  may  be  replaced  by  a  quantity  which  does  not  depend  .-;u 
yfi, ).  '-rid  the  optimum  estimate  of  mismatch  is  simply  proportional  to  the  fi  rst 
!->ri v  tiv<*  of  the  Logarithm  of  the  likelihood  function,  taken  at  point  a.  =  A  , 

however,  such  methods  of  synthesis  of  tracking  meters  are  inconsistent  inasmuch 
■u;  the  hew  assumptions  introduced  are  beyond  the  frames  of  the  theory  of  estimation. 
At  the  same  timo  we  know  that  measuring  systems  are  always  synthesized  from 
•auditions  of  compromise  between  fluctuating  and  dynamic  errors,  where  the  appearance 

of  t h"  latter  Is  '■xplained  namely  by  changeability  of  the  parameter  in  time.  It 

'  \ 

would  be  desirable  to  find  the  optimum  measuring  system  immediately  no  a  whole, 
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proceeding  from  the  requirement  of  a  minimum  of  resultant  (smoothed)  errors.  Such 
a  possibility,  in  principle,  is  given  by  filtration  theory. 

}  Before  presenting  principles  of  filtration  theory  we  shall  discuss  one  more 

application  of  the  theory  of  estimation  to  the  problem  of  optimization  of  radar  or 
other  meters.  We  have  in  mind  determination  of  parameters  of  orbits  of  objects. 

In  ballistic  curves  [14],  It  is  known  that  the  path  of  motion  of  the  center 
gravity  of  an  arbitrary  body  in  space  with  determined  external  forces  is 
determined  by  six  constants  parameters  pi,  for  which,  in  particular,  we  can  consider 
coordinates  of  the  object  and  the  components  of  velocity  at  a  certain  moment  of 
time.  j.1  to  outputs  of  discriminators  of  meters  we  add  values  of  coordinates  of 
their  tuning  with  coefficients,  equal  to  the  gain  factors  of  discriminators,  then, 
according  to  results  of  §  6.2,  disregarding  parametric  fluctuations,  we  have 

JC  (0 = (/)  +  (0.  (6.5.  lo) 

i.e..  additive  mixtures  of  measured  coordinates  X(t)  (angles,  distances)  with  nois;-.;. 
If  one  were  tu  consider  that  coordinates  X(t)  depend  in  turn  on  constant  paramo torn 
n,  then  for  any  time  of  observation  we  arrive  at  a  problem  of  the  classical  theory 
of  estimation.  After  determining  parameters  of  the  orbit  it  is  possible  to  calculate 
arbitrary  functions  of  these  parameters,  for  instance,  the  measured  coordinates 
themselves.  It  is  implicitly  assumed  that  the  best  estimates  of  parameters  of  tht 
orbit  lead  to  the  best  measurements  of  coordinates  of  the  body.  This  is  indeed 
no  if  errors  of  separate  measurements  are  small. 


6.5,4.  Theory  of  Optimum  Linear  Filtration 

Filtration  is  continuous  reproduction  ( "measurement , "  "finding  of  an  estimat-.  " 
of  a  certain  variable  which  is  a  parameter  of  an  observed  random  process. 

The  theory  of  optimum  filtration  already  has  a  known  history  and  has  been  giv 
a.  foundation  by  the  fundamental,  works  of  Kolmogorov  and  Wiener  on  filtration  [7]. 
Initially  this  theory  was  not  connected  at  all  with  the  theory  of  solutions  ana  w-..; 
based  on  the  following  postulates: 

i }  parameter  A(t)  and  interference  n(t)  are  additively  mixed  staticnor 
random  processes  having  different  correlation  functions.  Realization  of  mixturt 
y(tl  =  X(t)  +  n(t)  is  assigned  on  an  interval,  starting  from  an  infinitely  removeu 


should  turn  into  zero  for  negative  t; 

4)  the  criterion  of  optimality  is  minimum  mean  square  error  of  reproduction 
of  the  parameter  or  of  any  linear  functional  of  the  parameter  —  a  derivative,  an 
integral,  a  certain  expected  value  of  the  parameter,  and  so  forth. 

Upon  fulfillment  of  these  requirements  one  can  be  certain  that  pulse  rorronse 
h(t)  of  an  optimum  Wiener  filter  for  direct  reproduction  of  the  actual  parameter 
satisfies  the  following  integral  equation  (the  Wiener-Hoof  equation): 

7  Rn(i-x)k<x)dx=R.(t), 


where  R^t)  =  t\(t)  +  n( 


+  t)  +  n(t  +  t) ]  —  autocorrelation  function  of 

mixture  y(t): 


• ,  ‘  R  . (t)  ,=  [x(t)  +  nit)  JX.(t  +  t)  —  cross-correlation  function  to 

K.  .  „  .„  the  mixture  and  the  parameter. 

If  we  immediately  try  to  apply  to  (6.5.17)  the  Fourier  transform,  we  easily 

find  the  frequency  response  of  an  optimum  filter,  but  it  will  belong  to  the  class 

of  filters  unrealizable  in  real  time.  By  the  latter  we  mean  filters  whose  pulse 

response  is  equal  to  zero  for  negative  time  arguments.  Tf  we  are  talking  about 

filtration  with  direct  delivery  of  the  result,  this  circumstance  is  equivalent  to  th> 

appearance  of  a 'response  before  application  of  a  disturbance  and  contradicts  the 

causality  principle.  To  find  physically  realizable  filters  mathematicians  have  hud 

to  apply  much  more  refined  methods  of  the  theory  of  functions  of  a  complex  variable. 

As  a  result,  the  solution  of  equation  (6.5.17)  has  the  form  [7] 

»<'•>= 

”*»*((•)  I'  '"dt  I  *(-!«>  e'“du< 

0  —oo 

who  re 

s,»=4f y,)e"'> 


who  re 


(6.5.191 


is  a  special  expansion  (factoring)  of  complex  variable  o>  into  factors  with  zeroes, 
and  poles,  correspondingly,  in  the  upper  and  lower  half-planes.  Such  an  expansion 
is  always  feasible,  for  instance,  when  S  (o>)  is  a  rational- fraction  function  of  j> 

J  %J  ' 

with  real  coefficients.  (In  practice,  approximation  of  spectral  densities  by  such 


functions  is  always  possible).  The  operation  [  ]+  in  (6.5.18)  signifies  taking  that 

‘1-  •  •  •  '  '  •  .  -  '  ’  ’  ’  '' 

component  of  the  expression  in  the  brackets,  which  has  poles  in  the  upper  half-plane 

i  of  complex  variable  os.  Analytically,  this  operation  can  also  be  expressed  in  the  ^ 

form  of  two  integrals. 

:ClXtra.t;i0ii^;i^fcli.e0ry ;^it.;  ,was ^.  possible  to  weaken 
postulates  1  and  4.  Thus,  they  considered  certain  forms  of  a  nonstationary  param¬ 
eter,  a  finite  interval  of  realization  and  other  criteria  of  optimality. 

In  particular,  it  was  found  that  the  pulse  response  of  a  Wiener  filter  in  more 

general  cases  is  determined  by  integral  equation 

l 

£*•»(*»  *)*(*.  «)d*  =  KfX(f,  *).  (6.5.20) 

where  Ryy(t,  t),  Ry^(t,  t)  have  their  former  meaning,  but  due  to  nc-nstationariness 
of  the  input  mixture  they  depend  on  two  variables. 

It  is  Important  to  emphasize  that  the  class  of  operators  in  which  we  sought 
the  best  remained  in  all  cases  given. 

In  spite  of  the  indicated  limitations,  filtration  theory  has  great  methodological 
value,  and  in  a  whole  series  of  practical  cases  gives  an  explicit  analytical  expres¬ 
sion  for  pulse  responses  of  different  filters  [7].  For  spectral  densities  in  the 
form  of  rational-fraction  functions  of  ao  these  filters  belong  to  systems  with 
constant  parameters  and  are  executed  in  the  form  of  a  set  of  RC-  and  LRC-circuits 
and  linear  inertialess  amplifiers. 

After  application  of  the  theory  of  solutions  it  was  shown  that  for  an  additive 

mixture  of  Gaussian  measured  quantities  and  interferences  with  Gaussian  distributions 

Wiener  filters  are  absolutely  optimum,  i.e.,  there  does  not  exist  a  class  of 

operators  executing  this  task  more  successfully  [5]. 

We  note  two  other  important  results.  From  [61]  it  follows  that  for  tin  additive 

mixture  of  processes  with  non-Gausslan  distributions  optimum  filter-extrapolators 

give  only  a  small  improvement  as  compared  to  the  Wiener  ones,  correctly  calculated 

for  the  correlation  function  of  the  non-Gaussian  components.  Further,  in  [62]  it 

is  shown  that  for  an  additive  mixture  of  Gaussian  interference  with  a  signal,  for 

which  we  know  only  the  correlation  function,  the  Wiener  filter  is  optimum  in  the 

minimax  sense,  i.e.,  ensures  the  least  mean  square  error  for  the  worst  forms  of 

signals  with  an  assigned  correlation  function.  Thereby,  Wiener  filters  for  additive 

mixtures  possess  optimum  properties  of  a  very  general  nature.  Filters,  close  in 

» 

their  properties  to  Wiener  ones,  will  also  appear  in  the  problem  of  nonlinear 


filtration  of  especially  nonadditive  mixtures,  for  which  in  §  6.8  we  contine  their 
consideration. 

Certain  authors  also  proceed  along  the  same  path  of  finding  an  operator  from 
a  given  class  in  solving  problems  of  nonlinear  filtration  [15].  However,  inasmuch 
as  each  has  the  right  to  select  arbitrary  classes  of  nonlinear  operators,  this  path 
leaves  us  unsatisfied:  it  is  always  possible  to  hypothesize  the  presence  of  a 
still  better  solution. 

f 

6.5.5.  Filtration  of  a  Markovian  Parameter  by  the  Method 
of  a  Posteriori  Probability 

Above  we  proved  that  in  equations  for  optimum  operators  there  enters  the  a 
posteriori  probability  of  a  parameter  (parameters)  for  a  given  realization  of  the 
signal  (signals).  In  other  words,  forming  of  the  a  posteriori  probability  is  a 
sufficient  primary  operation  of  an  optimum  system,  after  which  it  only  remains  to 
take  the  solution,  best  from  the  point  of  view  of  some  criterion.  A  receiver, 
forming  the  a  posteriori  probability  for  a  constant  parameter,  is  known  in  the 
literature  as  a  Woodword-Davls  receiver.  The  Bayes  formula  may,  however,  also  be 
recorded  for  a  parameter  varying  in  time.  Considering  that  the  observation  is 
conducted  at  discrete  moments  t^,  t 2>  ...»  tR,  it  has  formula 

*  •  •»  n  (^j.  •  *  •»  •  •  •»  !fn  I  i»)i  (6. 5. 21) 

where  X ^  =.  X(ti)  (i  =  1,  n)j 

P_,  P„  —  multi-dimensional  a  priori  and  a  posteriori  distribu- 
n  n  tionsj 

P(y1,  ...,  yn|X^,  ...,  X  )  -multi-dimensional  probability  function; 

Cn  —  normalizing  quantity,  not  depending  on  X^. 

Investigation  of  the  operator  of  a  posteriori  probability  (6.5.21)  without 
eoncretization  of  the  character  of  change  of  the  parameter  in  time  is  difficult. 
broad  class  of  random  processes,  embracing  the  mass  of  cases  interesting  for 
application,  is  the  class  of  Markovian  processes  (see  §  6.5).  The  problem  of 
forming  the  a  posteriori  probability  for  Markovian  varying  parameters,  arbitrarily 
coded  in  the  input  signal  y(t),  was  studied  by  R.  L.  Stratonovich  in  [16-18]. 
Although  the  method  of  R.  I,.  Stratonovich  essentially  does  not  belong  to  the  theory 
of  solutions,  it  is  important  for  the  theory  of  measurements.  We  will  present  it, 
without  holding  to  the  ground  work  of  the  account  in  [16]. 

We  assume  that  moments  of  observation  of  the  input  mixture  y(t)  are  separate 
so  that  all  random  variables,  on  which  we  perform  averaging  when  finding  the 
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likelihood  function,  at  various  moments  are  not  connected,  so  that  P(y^,  . .., 
y  |Xl,  Xn)  is  broken  up  into  the  product 

i  « 

P(j/i>  |  ^ii  •  •  •»  ^«)=n  PiUi\  ^i)»  (6,5.22) 

1*1 

Using  (6,3.2)  and  (6.5.22),  we  record  (6,5.21)  fo  two  adjacent  moments  of 


\  ation: 


P.{\ . an)=cnp,(*1)/>(yl|AI)  n  ip  (*<!*<-, 

*  <= 2 

=  Cn+1  Pt (*,) P(yt  I  *,)  n  W (h \h.,)PiHi\ *<), 


whence 


P *+l(^»*  •  •  *»  ^n  +  i)'= 

=  ln)W(K+i\ *»)/><0n  +  ,|a»+,). 


(6.5.25) 


wnc-.-j’e  C 


n+1  "  'n+1 1  n‘ 


I,et  us  now  turn  to  final  a  posteriori  probabilities,  characterizing  the  a 
posteriori  distribution  of  the  parameter  in  the  last  step  with  observations  in  the 
preceding  ones,  This  it.  carried  out  by  integration  of  over  all  arguments  X^,  except 
the  Inst  one  Then  from  (6,5.25)  we  have 

A.+.  <1„+1)  *  (f  +  ,  P„  +  t(!, „+l  I  K  +  t)\Pn(Km*n  +  l  |  Xn)dXn.  (6.5.24) 

The  physical  interpretation  of  relationship  (6,5.24),  subsequently  important, 
is  sufficiently  clear  from  Fig.  6.9.  For  forming  the  a  posteriori  distribution  in 
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Fig.  6. 9.  Filter  of  a  posteriori  prob¬ 
ability:  1  —  unit  for  formation  of  the 

likelihood  function;  2  —  unit  for  delay 
,nd  processing  of  a  posteriori  prob- 
a’D.1 1  It.y . 


one  step  it  is  necessary  to  transform 
the  a  posteriori  distribution  of  the 
preceding  moment  by  a  transition  func i  ~.r. , 
which  permits  us  to  consider  the  cxpcc  . 
character  of  change  of  the  parameter  li 
the  step,  and  to  multiply  the  result  of 
the  transformation  by  the  Value  .  Un¬ 
likelihood  function  of  the  next  mear.ui'f  - 


n.pht,  characterizing  the  newly  .  rri/ing,  information  about  the  parameter. 

Formula  (t,5.24i  wa.s  derived  above  on  the  assumption  of  discrete  observe.*' inn 
However ,  it  has  a  wider  domain  of  applicability.  11  Uie  useful  component  in  y(t. ) 
has  a  p  ilse  structure,  wh<  rc:  all  random  ..  lputn  (noises,  j  .iter  L'cri  nee ,  f luei.ua I  in:. 


65- 


of  reflecting  surface)  are  independent,  from,  pulse,  to  pulse,  then  after  passage 
to  the  limit  of  continuous  observation  for  the  likelihood  function  this  relationship 


is  valid: 

(oi  ...  n  i  it). 

1=1  •  (60.25) 


analogous  to  (6.5.22).  In  (6.5.25)  as  elements  there  enter  likelihood  functions 
for  all  i-th  cycles  of  observation,  depending  on  the  value  of  parameter  X,, ,  which 
remains  constant  within  the  limits  of  the  i-th  pulse.  In  other  words,  if  »;e  are 
not  Interested  in  evolution  of  the  a  posteriori  distribution  in  intervals  between 
pulses,  relationship  (6.5.24)  remains  applicable,  where  quantization  of  the  parameter 

1  *  H  ■  ■  \ 

is  dictated  by  the  character  of  the  input  signal  y(t) J* and  observation  of  the 
realization  of  the  latter  is  considered  continuous. 

If*  however,  the  signal  has  arbitrary  structure',  and  we  are  interested  in  the 
form  of  the  a  posteriori  distribution  continuously,  it  is  necessary  to  seek  some 
new  methods  of  mathematical  description  of  the  a  posteriori  probability,  eliminating 
the  discrete  nature  of  relationship  (6.5.24). 

With  passage  to  the  limit  of  continuity  the  analog  of  relationship  (6.5.22) 


1g  function 


whe  re 


l(y(s),  x(s) ,  x)  —  certain  functional  of  y(s)  and  X(s)  for  sC^o'  T)  lsomc" 

times  this  is  simply  function  y(x),  X(t),  which  w-'  shall 
prove  below  with  examples). 


Then  relationship  (6.5.24)  will  pass  to 


p<v/+»>= 

=c(,.  4>p,..<sf(0|ijJeG».  or(i,  ,+a|*  t)df. 

(6. 5. -7! 

He  re  t +4 

/>«(y(')|i)  =  «P  I(s),  x)dx 

1 

—  likelihooc  function  in  Interval  (t,  t  +  £) ,  in  which  we  consider  the' parameter  to 
vary  so  little  that  it  is  practically  possible  to  identify  x(t)  with  its  value  at 
the  end  of  the  interval. 

Vie  shall  ue  interested  in  parameters  ih  the  form  of  diffusion  processes  with 
density  of  the  probability  of  transition  satisfying  the  Fokker-Planck  equation 


(see  §  6.3) : 

+T^lj8<a>,Fl=Q<’r<i‘  /l*«’  (6.5.28) 

where  Q(  )  —  linear  differential  operators 

v.e  consider  that  W(X,  1 1 XQ ,  tQ)  satisfies  the  condition  of  continuity 

lim  W  (-r,  t  J  jc#,  t,)  =  l(x  —  xt)t 

■  t-+u 

from  (6.5.28)  it  follows  that  for  small  A 

\pfr,  0- 

or  »  «*  •  '  . 

t)W(X,  <  -}-  A 1 1*,  t)d?**P(X,  t)  +  Q{P(X ,  0}A-  (6.5.29) 

We  now  turn  out  attention  to  the  fact  that  for  small  A  there  is  satisfied 

i 4* 

PM(lK0U)«l*f  *[-£-  f*Gr«.  »(«),»)*].  (6.3.50) 

7 

where  the  quantity  contained  j"  ’■  ackets  is  a  finite  quantity  as  A  — ►  0  and  from 
considerations  of  statistical  *  -alence  can  be  identified  with  the  integrand. 

We  also  consider  that  C(t,  A)  for  mall  value?  of  A  is  close  to  1,  so  that  il¬ 
ls  possible  to  consider 

C(/,  A)»*l  vA,  (C. 5. 51} 

where  v  is  still  to  be  determined.  Expanding  P(x,  t  +  A)  in  a  series  with  respect 
to  A,  substituting  in  (6.5.27)  relationships  (6.5. 28) -(6 .5. 3I)  and  being  limited 
everywhere  to  first  powers  of  A,  we  have  equation 

^P(X,  t)‘=Q{P{X,  0)  +  l'(M)-vjmO-  (5.5.52 

If  we  integrate  both  parts  of  (6,5.32)  over  X  and  consider  decrease  of  P  as  |x|  — *  tu. 
it  turns  out  that 

V = J  l  (X,  t)  p  (X,  t )  dx  -  /  (ITT), 

from  which  we  finally  have  the  differential  equation  for  a  posteriori  probability, 

~Sf  P(K  0  =  0}  {  [/  ( X .  l)-T{XJ)\  P{Xt  i).  (6 .5.33) 

Thus,  with  continuous  observation  the  evolution  of  a  posteriori  probability  in 
given  by  a  differential  .quation  of  the  Fokker-Pla.nck  type,  the  right  side-  of  which 
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contains  inf:;i.r  c  perator  C',,  c har a c  te  r is in g  the  transition  function .  anil  s  .-or'.ju.- ent 
which  <!•  pends  oil  tlj»  Input  realization.  The  first  term  leads  to  "spreading"  of 
P(  •  ,  t)  due  to  re, <xu Lar  and  random  changes  or  the  parameter!  the  second,  .•oi.-.vr  -  !;,  . 
le ads  to  "narrowing"  of  peak  of  P(  .\,  f)  clue  to  newly  arrived  inl'ormatir  >• .  Th 
mo  war-  of  information  is  the  proportional  dif  fe  r.  '.'jo  between  trie  current  ••  ■ 

of  the  Logarithm  of  the  likelihood  function  and  tin  •. r.1  vs-:  of  the  same  functl..**, 
av'-rage d  over  the  a  posteriori  distribution,  which  .is  formed  by  data  arriving 
ear  Her . 

In  ?'■.>  we  already  said  that  to  solve  an  equation  of  diffusin',  ty;  •.  is  :.l' 
cv>  :  in  the  absence  of  randomly  varying  coefficients  in  the  right  part,  in  tn< 

»_'iv<  ,i  ••o;;e  the  second  term  contains  random  components  of  the  fy [;'■  o;  wiiit-  ixJ  w  , 
hu>  fur  forming  the  a  posteriori  probability  it  is  sufficient  to  find  a  to-chiiic •<  1 
conv'  iiient  method  of  its  simulation.  Such  a  problem  is  solved,  for  instff.n'M  ,  i.r 
i  ;  '  ],  l-c.re  we  shell  avr  10  simulation  of  ginertl  solutions  and  their  invertiryif  i  cri, 

■  ■  dlf'V-r>  otial  equations  for  . tain  baric  characteristics  of  tbs.  h 

posteriori  distribution. 

hit  us  consider  the  case  of  a  smal  l  u  posteriori  inaccuracy,  when  T?{>  ,  l'  in 
■j  narrow  (as  compared  to  the  a  priori  distribution :  ,  isolated  peak  on  tnt-  axis  of 
va  lu*  s  of  the  parameter,  In  ’’lev/  of  th.  imposition  of  a  great  number  of  random 
!•■  -tor.;  It  is  reasonable  to  assume  that  P(/.,  t)  with  sufficient  accuracy  in  u-s'-rlo. 
by  ■!  i csiai,  curve*: 


P(^  *)  = 


F5m<T  e’lp  f 


I* -MOP  l 

2«»(0  /’ 


i.  r  •  (t  —  t  iif:  current  vertex  of  the  a  posteriori  distribution,  which  w;  some  t  Lin- 
■nti  take  as  the  optimum  es  vimutn  ul'  >.(!;; 

,  t ;  —  tir  V'.'i'  Lance  of  the  a  posteriori  distribution. 

.lui.riit  til.  1 1  ,,  i/o.  -j .  pl)  in  (•/.?, 3^) ,  i  xpanding  r(-.),  -'md  (.  (  •  ,  t'  n  ••  ••  .-xiit 

nd  -  (.(*•  (  inr  "ocffici'-nls  for  id'-rilicai  f./.-'i  v5  ..  -  we  ■  q  ntioi. 

4i  MO  =  A  (i, ( t  j)  -f-  V  ( X ,  (/),  t)  **  K: ,,  ■ 
i9*  <0 = 2s*  (t)  A'  (1.  (/))  +  fl  (,l.  (/))  +- 

-|  V(0HMa  0- 


• '.'lien  hi’  not  sufficiently  coir/ in  -inij  proofs  .  f  m-  -:r : -i • !  1«" *>  1, 1  I  i  ty  f  t.i  i: 
uppr  .•xi.">uti.,n  l'or  Iri i  koviaii  pnraim  ter  in  lib-lb],  /,  v.  l 1  ■  ri-  r.  of  i'nn:;i  >•  rati- 
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In  the  derivation  of  (6.5.55)  we  allowed  for  a  small  a  posteriori  scattering, 
in  which  coefficients  A(X)  and  B(X)  vary  little,  so  that,  e.g.,  o2b"(X)  «  B(X), 
.j2A"(X)  «  A( X) . 

If  A^(t)  is  considered  the  optimum  estimate,  joint  solution  of'  equations 
(6.5.35)  is  a  problem  of  optimum  filtration  for  a  small  a  posteriori  inaccuracy. 

Tit  ...cion,  naturally,  can  be  produced  by  a  certain  dynamic  system,  simulating 
equations.  However,  detailed  study  of  these  equations  in  [16],  where  they 
werv  first  obtained,  was  not  given.  The  analysis  of  measurement  of  varying  frequency 
given  jr,  [17,  18]  does  not  exhaust  the  problem,  inasmuch  as  relationships  ( C . 6 • 35 } 
in  fact  are  not  used  there.  Therefore,  we  delay  schematic  interpretation  of  these 
results  to  §  6.9  and  give  it  after  presenting  basic  results  of  the  theory  of 
optimum  meters  of  Gaussian  parameters.  In  the  same  place  we  will  study  recurrence 
relationships  for  curves  of'  an  a  posteriori  distribution,  which  for  a  pulse  inco¬ 
herent  signal  or  a  discrete  observation  can  be  derived  directly  from  (6.5.2;0. 

u.p.o.  Limitations  of  Theory.  General  Theory  of  Bayes  Filtration 
Wc  shall  give  results  flowing  from  consideration  and  comparison  of  different 
branches  of  statistical  theory  in  reference  to  the  uroblem  of  meter  synthesis.  Ttm 
basic  deficiency  of  the  theory  of  estimation  is  the  requirement  of  constancy  or  the 
measured  variable  during  the  time  of  observation.  The  theory  of  linear  filtration 
requires  additivity  of  the  measured  variable  and  interferences,  which,  in  practic.  , 
is  usually  not  satisfied.  The  method  of  forming  the  a  posteriori  probability  of 
Markovian  processes,  generally  speaking,  lacks  these  deficiencies,  but  it  was 
developed  independently  of  the  theory  of  solutions,  so  that  l’or  its  use  in  design!' .... 
fi  motor  one  needs  certain  cor. ■•rctization  of  the  results  of  this  theory.  At  the 
saint  time  the  theory  of  solutions  in  principle  permits  formulating  a  genc-r--. ,  filtra¬ 
tion  problem,  i.e.,  the  problem  of  finding  an  optimum  resolving  filter,  under 
•■’ono i Lions  in  no  way  limiting  in  engineering  practice.  h  general  theory  of  I'li.fr.- 
tion  is  best  constructed  on  the  basis  of  the  Bay -a  approach. 

Again  we  consider  random  process  y(t)  a  mixture  of  usol'uL  components  an  i 
vuiom  kinds  of  intf  rfo  ren^'.". ,  depending  on  the  measur'd  function  Ai't1!.  ii 

lai ■  1  graph  6.5.5,  parameter  X(t)  is  a  random  function  of  times.  Let  y(t)  and  >.(t) 
take  at  moments  t^  <  tp  ...  t.|(  from  interval  (tQ,  t)  values  {y^,  ...,  yn  I  -  y, 

(X^,  ,  \  1  *  X,  respectively.  Problem  of  Bayer  filtration  consist.;  of  construction 

[FOOniOTE  C OM 1 T  FROM  PRECEDING  PAGE] 

Justifying  this  approximation  for  a  Gaussian  parameter  wl  11  b*.  given  in  * 
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of  a  vector  function  from  samples  \(y)  v'hich  is  estimate  X,  in  pome  measure  statis¬ 
tically  close  to  the  true  realization  of  the  parameter  \(t). 

The  vector  analog  of  the  simple  loss  function  is 

/(X,  x) = c  —  s (x  —  i.) = c — n » — *,)■ 

i 

As  it  is  easy  to  prove  analogously  to  Paragraph  6.5.4,  the  optimum  estimate  Ut.-rc 
corresponds  to  a  vector,  turning  into  maximum  a  posteriori  distribution  (u.b.cl'. 

The  system  of  equations  of  maximum  a  posteriori  probability  will  be  record  ..d 

g^lnP(llt  ....  *„)  —  0  (/  =  l,  .36) 

In  that  same  case,  when  the  estimate  can  use  only  the  preceding  data,  the 
solution  is  sought  in  the  form 

. yj)  (/  =  i,  2, ...). 

The  a  posteriori  probability  density  tak.es  the  form 

. yj)  = 

f  • « «  f  P(X4,  •  •  *i  |  yt,  • . .,  y j)  rfl,  - . .  dlj_t  = 

C  *  *  •••«  *j)  •••*  ... 

</— 1> 

and  system  of  equations  ( 6 .  b .  36 )  is  rep'av. i  by 

£  In  ?&)«<>.  (  -.3.37) 

The  analog  of  the  scalar  quadratic  loss  function  leading  to  minimum  mu an  square 
error  of  measurement  for  any  interval  of  measurement  i.~  in  the  vector  care  the 
quadratic  formula 

/(».,  t)—(jL--i)+B(x-i)*5;«w(a<-a4)(ai-£i),  .  ;H) 

where  B  —  certain  symmetric  non-singular  matrix. 

Here,  mean  risk  is  equal  to 

R(P't)  =  S  J  (X  -  £)+  B  (X  -  X)  P  (y  1 X)  P .  (X)  di.dy 

and  is  a  linear  combination  of  two  momenta  of  errors  of  measurement,  allowed  at  all 
moments  of  observation.  Thereby ,  wo  minimi  to  tin  ellipsoid  ol'  scattering  of  ••  1 1 
joint  estimates,  which  the  most  general  requirement  ori  it. 
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In  the  particular  case  when  matrix  B  Is  diagonal,  mean  risk  is  simply  the 
weighted  sum  of  variances  of  errors  at  separate  moments  of  time.  Variation  of 

A 

mean  risk,  on  the  estimate  vector  X  gives  a  system  of  equations,  analogous  to  (6.5.11), 
outside  of  dependence  on  the  concrete  form  of  matrix  B: 

J  (k -i)  P(y\k)  Pt(k)  dk  =  0.  (6.5.39) 

Again  the  formal  solution  of  (6.5.39)  is  the  conditional  reatnematical  expecta¬ 
tion  of  vector 

(6.5. 40) 

In  expanded  form  one  should  understand  expressions  (6.5.39)  and  (6.5.40)  as 


fXP(y|Ji.)P,(X)rfX 

'  f  p  (y  I  *)P.  <*>«*. 


!•••  (  (^j  ^j)  P  (Dv  •  •  •>  ff»  I  ^11  •  *  •»  ^n)  X 

*'<«)■ 

XP,(i, .  . dx n=0, 

f"1  f  XjP  (iii>  •  •  •»  y»  I  ^»»  •  •  «<  M  P t  •  •  •  <  ^»)  dX  1, ....  dk 

j[  J _ 

1  7  f  n/_  _  I  t  \  \  n  1  v  ' 


•**  j  P  (fli  •  "1  Vn  I  ^1»  <  <  ••  Xi)  P •  (X|,  .  .  X„)  dX (ft, 

<"l  J 


(/=!,  2 . *) 


and  use  n  relationships  jointly. 


(6.5.41) 


When  the  operator  of  estimation  uses  only  preceding  data,  there  is  taken  trie 
set  of  last  relationships  from  (6.5.41): 


J  •  J  (^j  ■  ^i)  •••>  Ifi  I  •  *  -i  ^j)  x 

X />.(*,.  ....  lj)dl, . dlj= 0, 

f..'f  ^jP(|Ti»  -  •  •*  Iff  I  ^1*  * .  *,  ^j)  P#(X|. . .  .*  Xj)  (An.  • ..  dXt 

X  __  JU ) _ _ 

^  (■••f  p  (jfl.  •  .  •*  i/ix, . MP.tx, . k))dxt,...,dx; 

0) 


(6.3.42, 


Here  the  estimate  for  X  is  found  once,  when  t  =  t.;  more  precise  definition  of  thin 

J  J 

estimate  after  finding  the  new  segment  of  realization  of  y(t)  is  not  produced. 
Therefore  the  solution  of  (6.5.41)  does  not  coincide  with  the  solution  of  (  ,  .42), 
with  the  exception  of  the  last  moment  of  observation,  for  which  cor responding 
equations  from  (6.5.41)  and  (6.5.42)  coin.  Lde. 

For  the  mul tiaimenriona  1  can-  all  l  ir. basic  tenets  which  wore  considered 
in  detail  in  the  theory  of  estimation  (Paragraph  6.5.3)  remain  basically  in  force- . 

In  particular,  there  remains  in  force  that,  proposition  that  with  a  pooteriori 
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distribution  of  form 

P(fc)=F(X-X.), 

where  F(x)  —  arbitrary  function,  symmetric  relative  to  zero,  and  for  ;<■  symmetric 

✓  v  A 

loss  function  (l(X  -  X  =  I(X  -  X))  there  exists  a  certain  unique  solution  of  the 
problem  of  Bayes  filtration,  coinciding  witn  tne  operator  of  conditional  mat:--  it  Leal 
expectation  (6.5.40).  Proof  of  this  repeats  that  for  the  scalar  case. 

Besides  the  property  that  the  operator  of  mathematical  expectation  (6.5.40) 
minimizes  on  the  average  a  large  class  of  loss  funcMonn,  it  also  always  reduces  to 
zero  the  value  of  errors  of  measurement,  averaged  in  the  ensemble  01  the  measured 
parameter  \(t)  and  signal  y(t).  This  property  is  expressed  by  equality 

&,.=<*>*•  <G*^> 
where  brackets  denote  averaging.  Relationship  (6.5-43)  is  easy  to  obtain  by 
multiplying  both  parts  of  (6.5,40)  by  the  joint  probability  density  P(y|X)PQ(X)  of 
y  and  X  and  integrating  over  y  and  X.  The  property  of  unbiasedness  is  especially 
useful  in  view  of  the  presence  of  interfering  signals  structurally  similar  to  the 
useful  one.  Complete  absence  of  bias  error  in  an  optimum  measuring  system  in  these 
conditions  is  far  from  obvious. 

All  the  given  results  emphasize  the  universal  character  of  conditional 
mathematical  expectation.  The  condition  of  symmetry  of  the  a  posteriori  probability, 
formulated  above,  is  satisfied  in  practice  by  a  narrow  level  of  signals,  and  the 
requirement  of  symmetry  of  the  loss  function  1;  not  a  substantial  limitation  at  all. 
In  these  conditions  the  theory  of  optimum  filtration  is  freed  from  subjective 
element?  connected  with  arbitrariness  in  selection  of  the  loss  function. 

Considering  the  very  attractive  properties  of  the  operator  of  conditional 
mathematical  expectation,  one  would  think  it  remains  only  to  decipher  the 
mathematical  opera*  L011  in  (6,5.40)  ana  translate  it.  into  radio  engineering  l:u..  . 

However,  rigorous  integration  can  be  performed  only  in  the  additive  case,  when 

K0-*(0+M<), 

where  X(t),  ;:(t)  —  random  processes  with  norms  1  distribution.  Here,  we  arrive  at 
the  known  Wiener  filter.  In  other  cases  to  rigorously  and  sufficiently  simply 
decode  the  operation  of  conditional  mathematical  expectation  is  impossible.  Inasmuch 
as  it  appears  certain  that  the  method  of  construe  Mon  of  optimum  meters  should  be 
based  on  the  above-presented  theory,  the  problem  of  technical  creation  uf  an  optimum 
circuit  has  still  greater  Importance  than  discovery  of  general  ooerut.nrs • 
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§6.6.  Methods  of  Synthesis  of  Optimum  Meters  with  Gaussian 
Statistics  of  the  Parameter.  Potential 
Accuracy  of  Measurement 


6.6.1.  Properties  of  the  Likelihood  Function 
and  Its  Approximation 

•V.'  ':he  time  being  we  shall  assume  that  the  measured  parameter  X  is  constant, 
ine:.  in  the  case  of  Gaussian  noises,  as  was  shown  in  [4,  12],  the  likelihood 
function  of  one  parameter  monotonically  depends  on  the  sum  of  the  autocorrelation 
function  of  the  useful  component  of  the  mixture  y(t)  and  a.  certain  random  function, 
where  both  functions  have  as  their  argument  the  measured  parameter.  For  illustration 
we  shall  consider  the  likelihood  function  of  time  delay  of  a  regular  signal  u(t), 
received  against  a  background  of  white  noise  with  speo.tral  density  NQ.  The  likelihood 
function  here  has  the  form 

r 

0  • 

where  y(t)  —  the  observed  realization; 
i  -  time  delay; 

C  —  constant,  not  depending  on  y  and  t. 

After  substitution  in  (6.6.1)  of  the  form  of  realization 

y  (*)  =  «(/ -*.)  +  «(/). 

where  %q  —  true  (unknown)  value  of  delay,  it  is  possible  to  separate  members, 
explicitly  depending  on  t: 


P<y(*)|*)  =  C,exp 


(4 


(/  —  *)«(/  — 


T 


The  first  component  under  the  sign  of  the  exponential  function  is  the  autocorrelation 
function  with  respect  to  parameter  i,  depending  on  difference  t  -  the  second  is 
the  noise  disturbance,  realizations  of  white,  are  "signal-like"  and  stationary  with 
respect  to  i  [4],  Analogous  dependences  occur,  too,  in  more  complicated  cases  [12], 
With  Gaussian  input  noises  the  autocorrelation  function  turns  out  to  be  in  the 
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exponent  of  the  exponential  function.  Tne  exponential  function  emphasize.  s  vn  ■_ c 
of  the  peak  of  the  autocorrelation  function,  and  makes  the  slopes  steeper.  Thl:-  eni.-, 
to  an  approximately  Gaussian  curve  of  the  likelihood  function  in  conditions  of  a 
smooth  top  of  the  autocorrelation  function,  luvr  level  of  its  side  peaks,  r.f  vhi 
spoke  in  Chapter  1,  and  low  level  of  inter f«r race;:  (fir.  6,-i.O). 

With  increase  of  time  of  observation  the  mean  value  of  the  exponent  of  the 
exponential  function  increases.  As  a  result  peak  P(y|X)  narrows,  and  seat.:  t- i-  1  i . 01 

its  position  re  1  a*  1  '.'■■■  '■  ■  ‘  i.e 
true  value  dec  rear,/:  ?  . 

This  is  explained  t.v  th- 
fact,  that  l  (y|.'}  chare  •fri- 
izes  a  result  averaged  for 
all  observations,  in  wnici. 
random  disturbances  to  a 
certain  extent  compensate 
one  another. 

If  we  turn  now  to  Un¬ 
case  of  a  parameter  vary ii.{. 
in  time  by  arbit  raj^  ■  i  ■ 
general  we  can  only  ray  a 
little  about  the  form  of  '.Iv 
likelihood  function. 

In  general,  this  function  will  be  mull  l-dimensional,  and  with  transition  to 
continuous  observation  it  will  be  a  functional,  and  should  be  considered  in  the 
spa 'fi  ol'  values  of  a  parameter,  occurring  at  separate  moments  of  oi  r.ci  vation.  'r 
produced  measurements,  forming  for  a  constant  parameter  a  narrowed  peak,  v.  i ■  .• 

varying  parameter  give  results  depending  both  on  the  concretely  occur  sin-  -,a  of 
the:  fluctuating  disturbance,  and  a.lno  on  the  law  of  change  of  the  :  e  -  ler . 

Sometimes  j  i.  is  possible,  indeed,  by  selection  of  new  parame;  •:  i  which  is  a 
function  (functional)  of  the  old  parameter  (for  instance,  speed,  amplitude  of  the 
Fourier-harmonic,  etc),  to  arrive  at  the  case  of  a  constant  parameter.  However, 

3Ueii  eases  are  more  the  exception  and  cannot  ^e-rvf  as  a  oar. is  for  anal./ri:'. 

Meanwhile,  on  certain  assumptions,  made  below,  the  form  of  the  livelihood 
function  found  for  a  constant  measured  parameter  porml  t ur.  to  qualitatively 
determine  the  form  of  this  function  for  a  varying  i  ammeter  -'•(<)  and  or.  tl.ir.  tail. 


A 


parameter  and  its  approximation:  X  —  vaiue  or 

optimum  estimate;  x  —  maximum  likelihood  value ; 
x  ,  —  true  value  of  parameter;  1)  true 

dependence;  2)  Gaussian  approximation. 
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to  find  a  satisfactory  form  of  its  approximate  presentation. 

In  practice  usually  most  Interesting  are  the  cases  of  sufficiently  high-quality 
work  of  meters,  when  noises  are  not  too  great  (but,  ultimately,  are  also  not  too 
small,  otherwise  the  problem  of  optimization  loses  its  importance).  Under  this 
corn:  .I.,:  i  errors  of  measurement  will  be  small  and  the  a  posteriori  distribution  will 
:t  narrow  as  compared  to  the  a  priori. 

Frequently,  the  rate  of  change  of  the  measured  parameter  is  very  slow  as 
compared  to  the  rate  of  change  of  all  other  random  variables  in  the  observed  mixture, 
which  ;•  re  not  subject  to  measurement  and  for  which  we  realize  averaging  when  finding 
the  explicit  form  of  likelihood  function  (henceforth  we  will  call  them  immaterial 
parameters) . 

We  choose  time  intervals  considerably  larger  than  the  interval  of  statistical 
coupling  of  the  slowest  of  the  immaterial  parameters  of  the  input  signal  y(t),  but 
considerably  smaller  than  the  interval  of  change  of  \(t) .  Upon  fulfillment  of  the 
shown  conditions  the  logarithm  of  the  likelihood  function,  as  a  function  of'  the  value 
of  the  parameter  frozen  on  these  segments,  near  the  main  peak  can  be  approximated  by 
its  own  quadratic  expansion  for  any  point,  knowingly  close  to  the  value  of  the 
measured  variable.  In  distinction  from  the  case  of  a  corstant  parameter  the  peak 
of  the  likelihood  function  at  every  subinterval  has  a  finite  width,  randomly 
depending  on  y(t)  and  the  coded  function  \(t).  The  form  of  the  likelihood  function 
in  the  subintervals  Is  illustrated  in  Fig.  6.11.  The  multi-dimensional  likelihood 
function  in  the  whole  Interval  of:  observation  here  is  approximated  by  the  product 
or  likelihood  functions  obtained  in  separate  subintervals  due  to  the  statistical 
independence  of  fluctuations  of  the  immaterial  parameters.  Considering  everything 
we  have  said  and  still  holding  to  cases  of  discrete  samplings,  we  can  write  the 
basic  multi-dimensional  approximation  of  P(y|  X)  in  the  form 

P(y|k)~expjlnP(y  |X.)  + 

H 

1=1 I 

+ j  £  afe  I"  r  (y 1 1.)  d.  - 1.,)  <t  --  >«) ) .  <  s .  o .  ?) 

1,1=1 
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where  X^(t)  —  an  arbitrary  function,  considered  at  moments  of  observation  t j , 
t  ana  assumed  close  to  the  true  value  of  the  varying  parameter. 


F 1  ;i .  6.11.  Like.  1  th.'ob  '  •.  of  a  variable 

parameter  in  the  p  iAne  or  the  i:ioa..i  red  parameter 
and  time. 

An  approximation  of  type  (0.6. f)  in  used  in  Mn  theory  of  estimation  ,  see 
formula  (6,|>.  lj>)  j  for  fin'll;!,--  operations  ,f  foriiiation  of  an  estimate  and  proof  of 
asympto  ic  efficiency  of  maximum  liKelihno.1  eetimat es.  Here,  there  io  proven  • 
asymptotic  convergence  of  the  quadratic  expansion  of  in  P(y  |  A.)  to  its  tru<  v  ;  . 

Kxtens  for,  of  such  an  expansion  to  Urn  case  of  a  varlaile  paramet  e  - .  in  I'enht  1 

should  be  firmly  r rounded.  However,  at  present  a  r.uff  i-'ient  •  j  rail.  ;  a  i  ot'.v  <11 

solution  of  tlii.:  problem  does  not  exist.  Therefore,  w<-  will  p  vctpoi.e  proof  of  the 
applied  presentation  of  the  likelihood  I  nn  -1  i>.i  uni  i  i.  invert]  pate  the  a-  •urii»-.y  ' 

the  obtained  optimum  circuits.  .  .  this  invi-stij  h  ‘  1  on  we  shall  si  sow  that  accuracy  •: 

meters  synthesized  by  the  shown  expansion  of  the  i  i  V. ■  •  i  iii-.od  function  pra«'t :  •.•<  ■  i., 
coincides  with  the  maximum  possible  ( put  eif  i  aJ )  sc^ura.-./,  which  proves  trie  vniiuji./ 
of  this  expansion. 


Subsequently  we  will  need  two  concrete  expansions  of  type  (6.6.2).  The  first 

A 

is  conducted  at  the  point  of  the  optimum  estimate  of  parameter  X^  =  X  (the  meaning 
of  optimality  will  he  explained  below) .  Designating 

la/><y|l)=iW,  -gtgj-*, 

...a  introducing  matrix  notation  with  column-vectors  z  =  (z^,  . X  =  (X1,  . .., 

/S  A  A 

Xn)  and  X  =  (X^,  ...»  Xn)  and  square  matrix  A  =  ||  ||,  we  have  instead  of  (6.6.2) 

P(y|l)=P(y|l)exp{*+(lt--i)-7(X-ij+A(X~M}. 


The  second  expansion  is  conducted  at  the  point  XQ  =  X  of  the  maximum  value  of 
P(jr|X)  and  has  the  form 


p{  y  I  >•) = p(y  I  £)exP  ±  (j.  -i)+ X(x -1)1  (6.6.*) 

v 

The  point,  of  the  current  position  of  maximum  likelihood  X(t)  in  f eneral  does  not 

A 

coincide  with  the  point  of  the  optimum  estimate  X(t) .  Actually,  according  to  §  6.6 
the  latter  is  the  exact  maximum  of  the  a  posteriori  probability,  calculated  on  the 

V  « 

basis  of  the  whole  interval  of  observation,  so  that  X(t)  and  X(t)  are  correlated  no 
the  result  of  instantaneous  measurement  and  as  the  smoothed  output  quantity. 

The  term  with  the  first  derivative  in  (6,6,4)  is  rejected  as  equal  to  zero, 
arid  matrix  A  is  determined  through  derivatives  at  point  X: 


*£<l> 
-3 w 


(b.C.p) 


Relationships  (6.6.3)  and  (6,6.4)  will  be  used  below  during  the  synthesis  of 
basic  circuits  of  optimum  meters.  For  clarity  in  Fig.  6.10  we  give  a  one-dimension' 
illustration  of  these  expansions. 

Let  us  assume  that  we  nevertheless  wanted  to  more  closely  account  for  the 
structure  of  the  likelihood  function.  It  is  expressed  with  side  peaks,  determined 
as  side  peaks  of  the  autocorrelation  function  of  the  signal  (see  Chapter  I),  and 
also  purely  noise  overshoots,  which  by  force  of  properties  of  the  likelihood 
function  are  "signal-similar"  in  structure,  Inasmuch  as  the  exponential  function 
always  stresses  maxima  and  suppresses  minima  of  the  function  which  is  Its  argument, 
for  these  peaks  it  is  possible  to  offer  a  Gaussian  approximation,  fide  peaks  of  the 
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autocorrelation  j  unction  of  a  signal  are  rigidly  Joined  in  position  with  the  ba.: ic 
peak,  and  for  them  it  is  possible  to  offer  two  local  approximations,  ana  log' -or  e 
(b.6.3)  and  (6,6,4): 

P(y  |  X)  P  (y  1 1  +  A(l})  exp  (X  -  X  ~A(i))  - 

]  a  t  | 

2  (X  *  X  A{j)  (X  X  A(i ))|  i  (  l  » 0 .  *■  -  > 

P( y  I X)  ^  P(y  I  Xp>)  exp {-- J  (X-  X(O) *■  A(h (X -  X(.>)  j •  l-r 


Here  A/,,  —  known  displacement  of  the  u.iitile  of  foe  1- 
'  ‘  basic  peak; 

✓» 

X  —  as  before,  the  estimate.-  v  o;  X; 

X^ ,  ^  —  measured  position  of  i-th  maximum; 

d 

*(/)==  -gx-InPiylX  +  Aii)). 


i  l  .‘H;  If  . 


aria  mat  si s  ^  consist  of  va  i-a-c  or  second  derivatives  of  —  In  p(y|X  , 

for  relationships  (6.6,6)  and  (6.6.?),  respectively  at  points  X  +  A^,  and  X^  ^  . 
i  i  ope  riles  of  quantities  z(\y  ^(i)J  *•(  i  "xr  ‘  '  Investigated  for  ever,/  euu  :r*-u- 
*’ o < nil  of  p(y|  X)  absolutely  the  same  as  proper',  Los  of  quantities  z,  A,  X  from  (C.L.. 
and  ( 0 , 6 . 't) , 

If,  however,  we  turn  to  analysis  of  •  l-k-  noise  peaks,  then  for  then.,  ot-viou  :j. 
only  approximation  (6,6,7)  is  sultat,'-  .  ■■id  [  ■  i-pt  rt.'.es  of  functions  i'(y|X^  ;. )  and 
Ar  .  j  will  be  di !  fere.it  here,  Exp  re. -.si  j\,  (G.(,.o)  is  inapplicable,  since  the  jor-iti 
of  noise  peaks  is  not  connected  with  In  i  rue  value  of 

Approximations  (o.o.G)  and  (0,o,7)  wiil  be  used  below  for  deeper1  study  of  *  hr‘ 
s‘  i-’J.ct are  of  oi  l. inum  tii'-ters, 

O.G.P.  Optimum  Trucking  he  ter  for  Gaussian  StatisU.es 
of  the  Measured  Paramo  ■.<  ■■  r 


how ,  when  *  it"  re  ha  a  been  prepared  a  i.iatheinatica  t.  description  of  iik<-]  Iho  ,■ 
l'uiic  lor.,  it  Is  r  i  “''e  scary  to  give  the  '.'on''  rote  i’orn,  of  the  muj.'  i-u,  ".enslona  i 
distribution  ol'  probabilities  of  the  moa.r i red  parame1  er. 

Below  right-  up  to  §  6,9  wo  will  be  in;.*,  rested  in  Gauss  plan  distr  tout  ion ,  which 
beslrler,  mathematical  convenience,  is  explained  by  a  number  of  other  factors, 

First,  in  a  considerable  number  of  important  applications  the  random  '-huracte 
of  change  of  ).( t.)  in  determined  only  by  the  randomness  of  values  of  certain  Iri.'Un 
uundltlons,  The  latter  do  not  depend  on  the  will  of  man  aid  when  there  is  a  great 
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number  of  disturbing  factors  they  can  be  considered  normally  distributed,  which 
leads  to  a  normal  (or  close  to  it)  distribution  of  X(t). 

Second,  change  in  time  of  the  actual  parameter  \(t)  frequently  occurs  under  the 
action  of  a  large  number  of  independent  random  disturbances,  which  also  leads  to  a 
no distribution  of  probabilities.  Finally,  the  statistics  of  the  parameter  may 
■  incompletely  known,  and  may  be  given  only  by  a  correlation  function.  As  we  shall 
prove  in  §  6.9,  with  such  limited  knowledge  the  assumption  of  normal  distribution 
ensures  the  best  results  as  compared  to  any  possible  distributions  with  a  given 
correlation  function. 

Thus,  let  us  assume  that  the  a  priori  distribution  has  the  following  form: 

P(X)  =  (2it)“fl/s  [det  RT,/2«p  {— ~  if V  (H  -  *)) ,  (6.6.8) 

Where  R  =  ||  R(t.  ,  t.)  ||  —  correlation  matrix  of  random  component  X(t); 

1  J 

V  =  R  —  its  inverse  matrix  (in  interval  (t^,  tn)]j 
A  •-  IT,,  ...,  Tn)  —  column-vector  of  mean  value. 

Let  us  turn  to  relationship  (6. 5. *12)  for  a  physically  realisable  operator  of 
filtration. 

The  first  method  of  finding  an  optimum  meter  is  direct  integration.  Substituting 
(6.6.5)  and  (6.6.8)  in  (6. 5 .^2)  and  designating 

X  =  t— I,  «  =  (6.6.9) 

under  the  sign  of  the  integral  performing  transformation  of  variable.,  (X  -*■  e)  and 
rejecting  factors  not  depending  on  e,  we  have  equation 

J...J«llexp  Jz+*-~*+A*~ 

<•+ + 1)}  </*,..  d,„  =  0. 

After  grouping  terms,  using  symmetry  of  matrix  ▼,  we  obtain  from  this 

j  «*exp  |(z  -  VXfe  —  j  »+  ( A  -'r  V)  ej  dt  = 

(dl  =  d*t ...  </*„),  (6.6,10) 

where  there  Is  designated 

b  =  M  —  Z  —  Vx-  (6.6.11) 
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Int  roducing  matrio  C  =  I!  ||  «  [A  +  V]  ‘  ,  the  inverse  ot'  matrix  A  +  V  j.h 
(t(),  t  ) ,  instead  cl  (6.6.1u),  according  to  [8]  we  have  equation 

AMp{-tb*cbj=o. 

biff erentiat ion  in  (6.6.12)  and  substitution  ot.  "he-  value  oh  b  from  ( 
then  gives 


>■.  >1 


VfefXil  =■  o. 

tZ  1  1  i-l  J 


From  tils,  adding  and  subtracting  from  V,  .  an  --.l  enie:h  of  ••  u  r‘  A.  'onr.  Luerinr  f.n.a' 

K 1. 


(A  -t-  V]C  ~  I,  where  I  —  unit  matrix,  * 


..pan 

n 


ii'~  V LU (V  Of 


X 


f  i  i  .fi.1  ! 


— VCnk  \-ik  ^  Aki  (li~  A,-)l  -f  A. 

*=t  ‘  j-i  J 


(06.:;  j>) 

Another  method  of  finding  of  an  optimum  meter  is  based  on  dv  rect  study  of  the 
•  xi  j  o.!  for  the  a  posteriori  pro'Dai.  ii.'.',  of  .•(!.) .  This  method  in  thi .•  cane  i:, 
even  more  convenient,  although  in  general  it  is  not  always  applicable.  After1 
multiplication  of  the  a  priori  distribution  (6,6.8)  by  approximation  of  the  likel.ilvv 
function  (6.6.5)  we  bring  the  logarithm  of  the  formed  function  to  form 


In  P  (X)  -  cQ  _  i  ( J,  -  KV  c - 1  (X  -  U 


(■;•••  ■■'jo 


-1 


where  scalar  C^,  vector  Xq  and  matrix  C  do  not  depend  on  the  current  argument  of 
A.  Determining  coefficients  for  dif  !’•  ■  cm  powers  of  A,  it  is  easy  to  prove  \  ha* 


C-  =  (A  +  V), 
X.=C[z+A(3C-Jt)]  +  ^, 


A  — 


r) 

( G .  6 .  iu ) 


where  C  ■■  matrix,  the  inverse  of  C”L. 

At  Liu-  same  t  !n.t.-  from  the  very  form  of  expression  (6.6.14)  it  follows  l  !•••<  k 
har.  .the  sense  of  that  point  of  symmetry  (in  multi-dimensional  space)  of  the  a. 

•  riori  d  i  ft  ribi  1  ion  which  we  mentioned  in  §  6,6.  Naturally,  it  .u.uulu  a  1 
corrr-:  pond  to  tue  optimum  ►•fhjmai.fi  XQ  =  X.  Then  from  relationship  (6,6.16) ,  con¬ 
sidered  at  the  iri.;t  moment  of  obse  rvation  i  ,  tlv  re  again  enuu'-r,  -xpre:>i.;.loi.  '  •  ,• 
determining  the  op’  imum  meter. 


■  Xillti.i.o  A  wti/  t,hc 

n 


Relationship  I  o,o,i>j  rex ate«j  uit  vuluv  l/. 
ou^ervat ion  with  estimates  ii :  a  1  i  the  preceding  moments  and  in  ec.-enc'C*  i.:;  a 

nonlinear  equation  for  quantities  )  ...,  X  .  This  riori  Linearity  is  caused  fy  *  ir. 
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fact  that  values  of  estimate  X  enter  the  equation  not  only  directly  but  also  through 
the  coefficient  of  expansion  of  the  likelihood  function  z  -  2(X),  A  =  A  (X).  If  we 
are  drawn  away  from  this  dependence,  the  optimum  operator  is  linear  with  respect  to 

A 

vector  z  +  A(X  -  X),  The  matrix  of  linear  transformation  C,  according  to  (6.6.15), 


if  •  las  equation 


C[I+AR]  =  R 


(6.6.17) 


or  in  expanded  form 


V]  CniAuRik  =  Rnk, 

1.1=1 


(6.6.18) 


where,  according  to  the  principle  of  using  only  the  preceding  data,  it  is  assumed 


that  C 


0  when  :  >  n. 


Relationship  (0.6.15)  during  discrete  observation  gives  the  algorithm  for 
construction  of  a  dynamic  system,  simulating  the  process  of  continuous  solution  of 
JM  (6*5.  42)  with  use  of  former 


—f — L-1—Uj — 1  -.1  I-..JL  l  4  l-.l. 

*4 1  ‘1- 1  mi  *«</  tg'i 

Fig.  6,12.  Elementary  intervals  of  observation: 
1)  envelope  of  realization  of  y(t). 


results  of  estimation  and 
newly  arriving  data.  All  the 
prehistory  of  sampling  y  is 
depicted  by  estimates  of  the 
parameter  made  in  earlier 
moments:  for  formation  of 


new  estimates  there  is  no 


need  to  turn  again  to  former  values  of  the  sampling  .  Such  a  property  of  operators 
of  processing  are  very  convenient  technically. 

Certain  simplification  of  expressions  (6.6.15)  and  (6.6. 18)  can  be  produced 
if  we  consider  that  for  slow  changes  of  \(t)  matrix  A  is  diagonal,  i.e.,  consist:-, 
of  elements  =  K^b^.  Actually,  intervals  of  statistical  coupling  of  all 
Immaterial  parameters  of  the  input  mixture  y(t)  are  much  smaller  than  the  time  of 
approximate  constancy  of  the  correlation  interval  of  parameter  x(t) .  As  thi-  is 
illustrat°d  in  Fig  6.12,  every  moment  of  observation  t^  corresponds  to  its  own 
frozen  value  of  tb  parameter  X(tH).  First  differentiation  of  the  logarithm  of  the 
likelihood  functJ  ,  with  respect  to  x. ^  actually  Is  produced  only  on  the  subi.ntervr.l 
near  t,.  Secor..  .iff erentlation  with  respect  to  t.,  which  will  form  matrix  A,  gives 
a  result  which  differs  from  zero  only  wnen  Indices  1  =  j.  If  we  allow  for  this 


cir  vumatanee,  eiaroi^iun  (c.u.13)  and  (L.t.Ltt)  wild  re  rewritten  iu  the  tvis. 

V=£  Cnk  [zk -f- Kk  (xk  -\)\  +1„,  1: 

*=l 

Cnfc-}-  V  C„ =  Rnh'  (■_.  . 

j=i 


In  general,  as  follows  from  analysis  unalog.ou:;  l.o  that  r.i'^n  is  i  ■' ]  .  ’  he 

d  i.uf  Onal  nature  of  matrix  A  simultaneous  i„y  nears  wit  seos  •  c-  t  •  .  ••• >:  i  . . 

e.i ■'■'merits  of  this  matrix  with  a  certain  approximation  nan  he  repiu.s.-;  i.y  their  ov.> 
mean  value  (K..  •»  K^) .  However,  below  w-  aha  11  :.;h fund  mi,-,  ..iv:..  ;-.naf  ji.  •••;■:.■  . 
•v:<:  u  racy  of  measurement,  so  that  such  fur-reaching  simplification  is  ir.expei.icr.  . . 
By  direct  substitution  we  prove  simply  that  (b.C.i.r)  can  be  giver,  a  simpler 

—  ^-n.  (6. 6.  2t) 

ft- 1 

where  triangular  matrix  0  (0  k  =  o  when  n  ■.  k)  is  determined  by  equation 

n 

2jCniKiCill^.Gvh.  (6,6.2?) 

i-k 


We  shall  establish  the  sense  of  quant,  is  ,y  z,  .  For  this  we  represent  thl.; 
magnitude  by  a  Taylor  expansion  in  the  \  ‘  ii.ity  of  point  X  .  coinciaing.  wi  in 
‘  value  of  the  parameter  of  the  in;  •  -..l  /.<  '.re.  IS.  i.:  obvious  that 


_dHX)  _dA(U4  d’MX,,)  A  2  \  i 

**=  wr  r  2j  nzsxr {  i  ~~  ,ii) + •  •  •  ~ 

<= i 


i=i 


^  in)  —  ~H  Kuh  [^uk  ^ft), 


((■.b.c,;.) 


■.h-'  d  matrix  A  - 

the  fat*,  that,  values 


j,  (  ■  -  )  |. 

|  “  BT.dx"  ~ —  l|  u,"i  vec:or  K.- 

h  x  [,  .i 

of  th.eir  element-:'. ,  nr  function:; 


differ  from  A  ..i.d  K  or.-iy 
the  fiarufit-'-cr,  are  taker;, 


not  at  point  A,  but  at  a  point  coirvi-iini;  with  the  true  value  of  the  parameter  x  , 
ir.asrouch  as  X  aim  X  are  assumed  close,  t  rope  ."tier.  of  A..  and  K  ,  on  the  one 

r  h  I-.  ’ 

hand,  arid  of  A  and  K  on  the  other  hand,  practicably  "yinclde.  Quantii  ier.  ^  in 
i  ormula  do  .not:  depend  on  valuer-  of  the  co-.l.imate,  and  since  -,  accordlnf  t-, 

def  ini t  lot., 


-bW- 


*£&*£*?'■ 


^aeasftmm^vsm  -.am.  — — —  — m - m~nmnini  ■  i»«  miti  w  mi  . n 


(6.6.24) 


dln/Myf  &■) 

dK  ’ 


it  is  easy  to  prove  that  ^  have  zero  (with  respect  to  the  ensemble  of  input  signal 
y)  mean  ■Hues.  In  other  words,  discrete  random  process  ?k(K  =  H  . . . ,  n) ,  taking 
'■  even  for  exact  coincidence  of  the  estimate  with  the  true  value  X  T.  is  a 
„  ,.i rely  fluctuating  disturbance. 

The  second  component  of  z^,  presented  in  the  form  of  (6.6.22),  turns  out  to  be 
proportional  to  current  mismatch  between  the  true  and  estimated  values  of  the 
parameter.  Proportionality  factor  K.  is  a  random  variable  with  a  certain  positive 
mean  value.  Thus,  according  to  (6.6.25)  z^  is  the  measure  of  mismatch  between  the 
true  and  estimated  values  of  the  parameter.  For  small  X  -  X.  this  measure  on 

i/l  K.  K 

average  is  linear.  In  general  substantial  too  are  terms  with  higher  powers  of 

A 

X  K  ^  -  X^,  so  that  can  be  presented  by  a  Taylor  expansion  in  powers  of 

X  y  ^  with  random  coefficients  depending  only  on  the  realization  of  the  input 

signal.  The  described  properties  of  qualitatively  coincide  with  properties  of 
output  signals  of  devices  known  in  practice  for  detection  of  the  error  signal  -  dis¬ 
criminators  (see  §  6.2). 

Let  us  turn  now  to  clarification  of  the  sense  of  quantity  K^,  which  is  the 
current  value  of  the  second  derivative  of  the  logarithm  of  the  likelihood  function. 

If  parameter  X  is  to  be  fixed,  the  mean  value  of  this  derivative,  taken  at  the  point 
of  true  value  X  H  ,  will  completely  characterize  accuracy  of  measurement  of  the 

A 

parameter.  As  already  Indicated,  due  to  the  proximity  of  X  and  X  values  of  the 
second  derivative  at  two  these  points  practically  coincide.  Then  it  may  be  concluded 
that  the  value  of  characterizes  the  current  accuracy  of  the  relative  measurement 
of  the  parameter  in  the  k-th  moment  of  observation. 

From  the  theory  of  estimation,  and  also  the  method  of  least  squares  we  know 
that  for  unequal  errors  of  separate  measurements  results  of  these  measurements  should 
be  used  for  calculation  of  the  final  result  with  weighting  factors,  inversely 
proportional  to  dispersions  nf  separate  independent  measurements,  considered  known. 
Our  analysis  showed  that  allowance  for  unequal  accuracy  should  also  be  made  in  the 
considered  case  of  an  optimum  meter,  where  the  measure  of  unequal  accuracy,  inversely 
proportional  to  dispersion,  here  is  the  current  value  of  K^,  formed  in  the  actus i 
circuit  of  the  meter. 


01 !  s iriing  i  at  ion ships  (0.6.  ly)  Atid  (6.0.21)  •••!■>  ■  "  if.'- r  ;  n« 

r.iHt  K.  .  it  would  ie  oodoi  i>  i  (:  to  pass  to  interpretation  ■<  i.v»  i.  p- = 

K  X 

the  form  ot'  block  diagrams.'  realizing  fin  optimum  j'i  i ter -mot 11  ■  .  ••.'■-'.‘  t. 

rally  conveniently  to  do  whei.  wo  have  di .  c  ■  •l  t  oh  so?":  at  io",  1 ;  '.if.tiu  •  .  ■  ■  • 

lie  •e.jsti.r.v  to  explain,  e.g. ,  how  it  is  ports  ir  je  it  a  i  re  lit  to  feu.-  •  • 

o air.}' ling  of  the  input  mixture,  usually  a  high-frequency  signal.  We  sha.i  l  return  in 

the  next  point  to  cases  when  discreteness  indeed  is  justified  from  physic.-,  .  ...- 

,e  clinical  considerations;  but  meanwhile  *»<•  turn  ft  ■•o.,'  :  i.  .c  m  :  i-  :. .  . 

direct  practical  application  in  radar. 

With  the  help  of  passage  to  the  limit  t,  -  t,_.  *-  h  •-■.  u  —  ■■  ;  i  •  1,  ,  •••• 

nj  nA  -  t  -  t  j  we  obtain  continuous  f.  ra  ■ .«  .>  of  formulae  (u.6.  ly )  ~(o .  o .  ;,--4 )  . 

Designating  t  -  t,  t,  -  we  note  that  according  to  ('.  .6.  20) 'i.c  cu.-t  r:  •  ■  <  . 
n  k. 

oi'  i  he  tendency  to  a  limit  of  matrix  elements  of  C  anci  0  is  the  same  as  foi  el‘-f  ;  is 
of  matrix  R,  for  which  R  k  -  R(tn,  t^)  »  P(t,  t).  Therefore,  with  passag'  to  the 
limit  one  siiuai.;  introduce  functions 

c(t,  x)~C(t„,  ikj  —  Cnki  \  (6  6  ' 

g((,  x)^--g((n,  (k)~0nh.  / 

Then  from  formulas  (6.6,19)  ana  (6.6.21;  if  foil.  that  for  the  existence  of  liml * 
i<  .is  necessary  that  zk  seek  zero,  when  /  u,  as  A,  ana  matrix  tiemri  t  A  vr 

as  !-? .  This  requirement  will  be  satisfied  if  and  Alk  can  be  presented  In  tin-  feu" 


f  2T  (dT)cfs, 

#*-4/2 

j  ds  J  dxA(s,  x), 


( 6 . 0 . 2(  • ) 


(<••'  -7) 


.■/i ...  t)  and  A  (  f  .  t)  --  certain  random  functions  of  time. 

The  form  -jf  these  functions  will  be  clarified  in  examples  subsequently;  1  •'••'••ver. 
it  vuieful  to  emphasize  that  relai  ionulii  p  (6.6.  A'.-)  determines  a  whole  xhus  of 
si'.:  ",  .-t  icall.y  equivalent,  hut  generally  not.  equal  fuiic*  ion:-.,  which  ive  in 
Integration  an  Identical  result  z.  .  Tnu.;,  the  continuous  analog  of  z  in  determined 

K-  4\ 

ambiguously:  any  statistically  equivalent  functions  will  do. 


Hi  tne  same  ■•.» 


>ii Lions  in  which  matrix  A  ic  diagonal,  i.e.,  A^k  = 


;houJd  consider 


A(t,  *)  =  K(t)Ht~*). 


(6.1..  A,-.-; 


'  •  !<  ir  vf ■  >-y>/^osBiw^-iF=gae5Bg 


where  K(t)  —  limit  of  quantity  K^/A  as  A  — *•  0,  and  a  6-function  will  be  formed  at  the 
] imit  from  6^/A.  Then  expressions  (6. 6, 19) -(6.6 . 22)  reduce  to  form: 


I 


i»-J  c(0  **)  (ar (x) + JC (X)  (A (x) —A (0)1  rfx  +X(i). 

(6.6.29) 

(6.6.30) 

c(t,  *)+jc(t,  s)K(s)R(s,  x)ds=*R(t,  t), 

(6.6.31) 

<?(0  *)  +  {«(<.  s) *(«)£($>  * )ds=g{t,  *). 

(6.6. 32) 

% 


Relationship  (6.6.29)  can  be  presented  by  the  block-diagram  of  Fig.  6.1 3. 

Input  signal  y(t)  is  fed  to  nonlinear  elements  1  and  2.  They  form,  correspondingly, 
quantities  z(t)  and  K(t),  Quantity  K(t)  directly  determines  the  gain  of  inertia.Lecs 
amplifier  K  and,  furthermore,  as  control  is  fed  to  filter  C.  Quantity  z(t)  is  added 
to  output  voltage  of  amplifier  K  and  is  fed  to  inertial  filter  C,  whose  pulse  respons 
c(t,  t)  depends  on  the  magnitude  of  K(t). 

After  addition  to  the  a  priori  mean  value  of  x'('t)  there  will  be  formed  an 

A 

estimate  of  the  parameter,  X(t).  It  is  used  to  check  characteristics  of  elements 
1,  2.  One  more  loop  of  intercoupling  closes  output  of  filter  C  through  amplifier  K. 

The  described  interpretation  circuit  is  a  con, plicated  self-tuning  system, 
containing  tunable  nonlinear  elements  1,  2  and  linear  filters  C  and  K,  pulse 


Fig.  b.15.  Two-loop  variant  of  the 
circuit  of  an  optimum  tracking  meter: 
1)  discriminator j  2)  accuracy  unit; 

C  —  linear  litter  with  pulse  response 
c(t,  r);  K  —  inertialess  ampJifier 
with  gain  factor  K. 


responses  of  which  change  with  change  or 
input  signal  y(t),  i.e.,  are  determined  by 
random  factors. 

Let  us  give  names  to  nonlinear  elems 
1  and  2.  Making  for  z(t)  an  expansion  ai, 
analogous  to  (6.6.25),  we  obtain 

z  </)  =  5(0 +*(0<4(0 -MO), 

(6.6.5» 

where  the  first  component  £(t)  —  white 
noise,  intensity  of  which  does  not  depend 

A 

on  the  mismatch  X  1;  (t)  -  X(t)  between  the 


I 


arb  measure.!  values  ol  the  parameter,  arm  '.lie-  i.i-cwia  cutuponen:  is  ^ 

to  mismn : eh  wit  h  a  variable  proportionality  factor  K(t).  These  nrop>->'‘ a.'-.  «>:  ■  , 

qualitatively  coincide  with  properties  of  the  discriminator  ontpu"  rip:  ad  .  .  ■  :  -y 

element  i  is  rational  iy  called  the  o,.  t im.ua  .ll.'.cri’.aitutur.  Common  >'  .  r  \  m  .• '  • 

known  and  optimum  discriminators  is  a  similar  cha m  -ter  of  discrimynuti^.  . 
fluctuation  characteristics.  The  discrimination  characteristic  of  t-iemen-  , 
v.  i  !  j.  follow  from  examples  of  Chapters  VII -XI,  has  a  linear  sect  itr  and  ;.t  in  '■  '  \ 

: looks  oero. 

Quantity  K(t)  according  to  tc.6.33)  is  the  tarial-ii-  run.'iom  gait.  is."  or  a. 
oj  c  imuir.  discriminator,  determined  near  ru  misrnnr  n  ,  i : .  •  a»  \n  ...  • 

eniviub  Le  y(  t)  is  the  gain  factor  •-  i  ti.e  rimino.'. or  In  i.ne  usual  meanlnu.  .  .*:• 

element  .1  to  ceiect  a  !iui..e  j.s  r oim  w i e.. i  ■?'>. 
uii i  ic u.l l- .»  inasmuch  3.3  tin  u*!' 

ir,  practical  meters  is  usually  unr-ent . 

A'iovh  v/f  indicated  that  K^,  at  id  oonoe  quent,  i 
.he  analogous  function  K(t)  cliarar t  ■.■j'i.n.r 
•■•r  i  1 L  ’  i'-'i c  I. ly  the  current  accuracy  of 
mens  a  remen.: .  I  ho  re  fore ,  v/e  shall  -jt.  l  i 
element  2  the  accuracy  unit  . 

The  relationship  between  the  two  in:.  rnrelat tons  of  K(f')  is  obvious,  i ;  .--t.  -tn..--:  i 
as  decrease  c  f  current  accuracy  occur.  n-v.ie  iy  run.-  o  lowering  of  the  gain  facti'i- 
in'  'liscriininator.  In  §  6.2  l'luctuat  ions  of  the  gain  factor  of  the  dineriini'.'i '  or 
wvi'i:'  calico  parametric  fluctuations,  and  it  also  war-  oh,  ,vn  that  they  cause  i  i  •  re*  c» 
n  error  of  meauureu.ent  in  practical  circuits,  in  v/hioJi  there  are  not  taken  monsur- 
i  i'-.'j'-  their  influence.  Controlling  of  smoothing  filters  in  optimum  ....  i  • 

■  '  '  .ri.i-.i  '.o  lower  the  influence  of  paramr t  ric  fluctuations. 

toe  pass  now  to  interpreting  relationship  (6,6.30)  in  the  form  of  a  if,'  ..  aiugrn 
n-  ‘  that  h i attained  variant  of  an  optimum  meter  constitutor,  c  what  sin;  ler 

■  '■  'With  .-.j'  l'eerii.ack  of  -lire'-t  control  (Fir.  '..l-'iy.  :  n  -  i  ■  elements  of  1  his 

system  again  are  optimum  discriminator  ’•  a-»*l  a  alnglt?  linear  fil*cr  G,  on  rry  liij"  on* 
smoothing . 

Imj  ort.ttut  for  work  of  the  system  ir.  principle,  as  also  in  the  variant  or  Fig. 
n.13,  is  feedback  from  Its  output,  to  the  discriminator,  necessary  to  chan re 

n  ?' 


Fly.  6.1*4.  Single-loop  variant  of 
the-'  circuit  of  an  optimum  tracking 
nef':-r:  1)  discriminator  j  2)  accuracy 

unit;  ll  —  linear  filter  with  pulse 

f  *  *£.-  i J  J  v  O  l  i  fi  t;  . 


disc riminator  tuning . 


In  the  course  of  this  change  at  every  moment 


time  the 


zero  of  the  discrimination  characteristic,  having  a  limited  zone  of  linearity,  is 
tuned  approximately  to  the  true  value  of  X(t),  coded  in  the  input  mixture.  Thereby, 
the  system  realizes  tracking  of  the  realization  o*'  process  \(t) .  The  structure  of 
linear  filter  G  is  determined  by  equations  (6.6.31),  (6.6.32),  according  to  which 
it  >■■  ......toses  variable  randomly  changing  parameters.  By  the  correlation  function  its 

-■  berties  depend  on  the  a  priori  statistics  of  change  of  >.(t),  and  through  K(t)  on 
the  statistics  and  realization  of  input  mixture  y(t) .  Forming  of  K(t)  again  is 
carried  out  by  accuracy  unit  2,  in  turn  controlled  by  output  data  of  the  system. 

Me  .ers  close  in  structure  already  are  used  in  practice.  The  circumstance  that, 
the  optimum  solution  in  any  conditions  is  in  principle  close  to  the  one  practically 
utilized  is  very  remarkable.  Theoretical  solution  permits  us  to  optimally  select 
the  characteristics  of  separate  elements  of  the  meter,  in  particular  to  find  optimum 
operations  of  the  discriminator.  The  need  for  an  accuracy  unit  and  special  control 
of  smooth-ire  circuits  is  a  new  finding,  ensuing  from  theory. 

Let  us  indicate  that  the  circuits  of  Figs.  6,13  and  6.14  are  absolutely 
equivalent.  Inasmuch  as  in  the  first  of  them  there  exist  two  basic  coupling  loops, 
closing  to  the  discriminator  and  the  accuracy  unit  and  separately  to  the  adaer, 
standing  after  the  discriminator,  and  in  the  second  there  is  a  basic  loop,  we 
conventionally  call  the  circuit  of  Fig.  6.13  two-loop,  and  the  circuit  of  Fig.  6.14 
—  single-loop  variants  of  an  optimum  meter. 

Further  concretlzation  of  the  solution  of  the  problem  of  optimum  measurement 
for  different  statistical  properties  of  input  mixture  consists  of  finding  operations 
of  formation  of  quantities  z(t)  and  K(t),  and  instrumental  realization  of  these 
operations.  Furthermore,  it  is  necessary  to  establish  the  algorithm  of  smoothing  in. 
the  linear  filters  for  different  forms  of  correlation  function  of  the  parameter  ami 
different  forms  of  K(t). 

For  convenience  of  subsequently  finding  operations  of  the  discriminator  and 
its  characteristics  we  shall  discuss  in  somewhat  greater  uetail  quantities  z(t)  and 
K(t).  It  is  obvious  that  In  general  likelihood  function  P(y|X)  can  be  oxpre  red 
through  the  product  of  conditional  probabilities  in  the  form 


*(y!*)=n^lJ/*-s . y.-  **••••.  *.)= 


—  exp /Sj /*(?/*,...,  yt\  •  •  •,  ^i)j* 

**=i  ’ 


(6.6.34) 


-87- 


'•  V  ' 'V k 

1 

1  •'  )r-  •  ' 

’  yi’  V 

.  X-,  )  —  density  n 

t  he  euijcij.iupitii 
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...,  ■  ^ ,  and  /. .  ■■ 

■  jii 

Then,  if  there  exists  a  l ikell’.n  od  functional  i ,  according  to  (c.n.  •  •• ; 
r  ’’o e:i  in  till  foi'ir. 

^(j/(0lA(0)^exp 

V.I.-  »’«?  i  .  f\s) ,  ,v(s) )  —  certain  fur: ■•lion&.i  of  rci;.’  i"1  •  ’  •••>.  •  •. 

'f- '•  if}  whet,  r  £  (iG,  a). 

In  a  par' j  mlar  ease  ?vT»  X(s) ,  :■(■'))  hi  >•<••  •  "j.  ft:  ■•'ten  of  ‘  z ;  . 

a*  'line  ,  An  example  can  be  lh  !'r  ••  1  -r  al  ■  ’’  ;  ’  ■  i  ;:!  I  • :  t>i. :  .  t , 

eifn'i.  inst  >•  background  of  white  mine  (v.‘: .  j )  .  whl-Mi  in  §  <  .  wt  .din.:  . 

in  :  rooter  detail. 

Let  ur.  asr-nau.  that  the  integral  in  formula  (6.C.36)  can  be  presented  !v-  1 1  ■*' 

.  ■  .  f  •  :  of  integrals  over  in  :  v  .  .•  duration  A.  Here,  'airing  *  in.* 

♦he  value  of  pm-amnter  >  (t.)  practical!  ,v  toes  not  chance,  and  segments  of  r>:-f  1  i  *  i  - 
of  ,v(t)  in  neighboring  intervals.  If  ,a-  ay. elude  fringe  effects,  are  no!  in  1 
stal  isticallj-,  so  that  the  integral  over  an  o  lemon  far..  interval  actual iy  jpi-tMi.-  ■  ■ 
in'-  value  of  '.(f)  only  in  this  interval.  Then  comparison  of  re  Latioushi :  •  (<  ) 

and  (6.6.26)  shows  that  output  voltage  y-'  •  he  discriminator  is-  r;1  atisti  ~i.; 
equivalent  i o 

*  (0— I  ^  (s)>  if  (s)) 


XU)  =M/>’ 


{ C  /  (x,  Hs)t  !/(s))**tj 


vjiiv  re  the  functional  In  l(t,  X(s),  )  j  c-  formed  for  a  frozen  value  of  i  :iruin»  ire 

■■(f).  equal  to  the  value  of  the  estimai  ■?  at  time  t.  and  the  realize.  I. ion  of  i: 

a  €  (v 

A  s,.ufioti-:-.i  1  ly  equivalent  function  is  also  obtained  when,  ‘•‘■f..  w'-  <■?.’ 
f  ‘  •  onul  'impendence  l  ( t,  \(  c) ,  y(:>) )  from  realization  y(r.)  to  domai.  £  (i  ,  +cr.j 


1  e-i;  as  a  y  or  L  possesses  propertier,  filtering  wit.it  ro.-.r  ^. •  ‘  •  nomcm  .;  f  , 
i  .  h . ,  ads  in  an  interval  cons  J  derub  ly  swu  i  ler  than  the  •.  ime  •  f  uux  rked  «:n>*  r  •..'.’ 
,\(t).  The  physical  realizability  of  sue),  -ij.-rators  can  Le  achieved  t.v  mean.-,  of 
insertion  of  a  Lay  by  the  magnit  lcU-  of  el'l'e'tive  action  of  tin  >.p-  rator. 

to  (6.6.36)  we  lit  I  t- null n-  fhe  Oi  ••r.at ion  of  the  .  fiT;,'  an! 1  : 

M*).  y(s)) 
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Analogous , ,/ 


by  which.  wc  easily  calculate  the  average  gain  factor  K( t) . 

ac  turn  now  to  characteristics  of  the  resultant  accuracy  of  measurement.  First 
we  mall  study  the  case  of  discrete  observation.  It  is  obvious  that  any  statistical 

A 

moment  o;  JlffYrences  X  -  X  is  determined  by  relationship 


=  II  (*»  -  \>)m  (**  -  *>  P  fy  I X)  P*  (Jt)  dkdy  = 
=  J  ( J  ( l«  ~  *«)m  ( V -  h)‘  P  (X)  rf X]  P  (y)  dy, 


(6,6. ?8) 


wiv  re  r(  X)  =  P(X|y)  is  again  the  a  posteriori  distribution  of  X- 
f'Ul  stituting  in  (b.o.Jo)  the  a  posteriori  distribution 


P(l)  =  (2*)~"/2  (del  (V  A)“,/?]  X 

X  exp  J- 1  (X  -  L)+(V+  A)  [k  -  >.)l, 

l  *  / 


(6.6.39) 


wt.l'h.  Jr,  oi  *  :i  it  it'd  by  mul  ti.nl  1  ’atlon  of  p(y|x)  by  Pq(J^)  and  Introduction  of  a 

izlne  factor,  we  arrive  at  integrals  with  rr.ulti-dimenoional  Gaussian  functions, 
h  .  - u at  V <  in  parts  or  with  the  help  of  a  multi-dimensional  cnaracteristic  function. 
In  particular,  as  if  is  easy  to  prove. 


(6.6,40) 


Tills  shows  the  unbiased  nature  of  the  estimate,  v.hich  is  a  not  unexpected 
:i  rcumr.’ anre  (see  §  6.S),  The  correlation  function  of  error  of  measurement  is  equal 

.  U 

_  +0»  -f® 

5  [  J  •„«*(2«)~"/J,(dcl  (V  -f  AJ)  •*  X 

— 0»  -QP 

x exp|— *- t+  (V  +  A)  •)  dt  J  *(y)rfy  « 

=  JlV«»+ A„»] -*P(y)rfy  = 

•ffio  _ 

=  Jc"*(y)^(y)^y=-c„*(y)  (/»>*). 

(6.6.41) 


•  r!a;.'C  of  error  of  measurement  is  eaual  to 


®.wi — C„n(y). 


(6.6. 42) 
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Thu.;,  fm :  i-  expreaseu  through  the  value  ot  -J  averaged  over  the 

c  i  1 1  ip u  ‘ i  :':a  ,l  j. . 

formulas  Tor  toe  case  of  continuous  observation  are  obtained  Ly  rtu.-- a' 
to  the  limit  from  (6 . 6 . 41) - ( 0. 6 .  42) : 

Ruux(u  x)=^7V)  (t  >  x),  a]ux  (I)rr-C(tjj  -  (I  . .  4  ;  , 

6.6.3,  The  Optimum  T racks ng  Me*  tr  1*.  -.t 
of  Specific  jnscretc  stv 

J-i  this  paragraph  v/e  shall  consider  spec  1 1  ‘ j ■■  rases,  when  from  "  'on;  In.iojr" 
formula.;  of  1-,  r;,u'u\  n  o.G.2  it  is  exp-  or  •‘onvoniftr.’  ;  n  ;>n.;v.  ;  ••  b  '  • 

d j. ■  i-s  te  anal  or;;.  Let  us  emphasize  Uni,  n.;  before-  we  are  considering  continue,  • 
oi  .“rvaiion  of  mixture  y(t). 

first  of  all  we  shall  study  measurement  of  parameters  of  an  incoherent  tin.-: 

■  ve«  against  a  background  >. rl  H  "ary  Interference!',  with  a  cum  •<*  i 

interval  stir*  1 1  ■  r  Thar,  the  pulse  repetiti.n  period.  Pulses  can  have  urb i, t ra  ry  ;i.  -i  •  , 
duration  and  form  of  iritrapulse  modulation,  where  in  the  case  of  the  prer.em-e  of 
fluctuations  of  the  signal  the  values  of  ampiitu-u.  -Uri  phase  of  pulses  in  ..<■■■  a  r.->  r. 
periods  wiJ.L  be  considered  independent.  With  an  incoherent  signal  for  use  of  t  he 
, ' i. vt-;i .  method;-  complete  independence  in  not  required.  It  in  important  oni.y  'ha' 
during  the  i  irne  of  action  of  the  pulse  'be  measured  parameter  does  not  vary.  !s  wev-.r  , 
::i i-> :i; -.f  *  <  t)  •  inking  the  period  may  -t.-  vonriue ruble. 

The  specific  character  of  this  case  consists  in  the  fact  that  even  a!  tor 
•  •-.".•-.ition  3‘  i"  ~»:n  sump  ling  to  continuous  realisation  of  y(t)  the  likelihood  ''unci  ions  e 
'■■■•u  i. ft  recorded  in  a  form  discrete  relative  to  the  parameter,  somewhat  differ i.nr 
from  (r  n.;,n); 

^(0(O|*(O)=exp{£  f  lki*,h,  v(s))dt J,  (l  ,  jit 

vi,-.  f  l y  ( -c ,  > ^ ,  ,v  !,-'■) )  —  funct  ion  (in  general  a  functional)  of  -  ,  in  many 
respects  analogous  to  function  t(  i,  >,(3) ,  ;/(o))  from  (6.6.44)  and  practical  I.;/ 
differing  from  zero  only  within  limits  of  pulse  duration. 

The  l nirt,  1  i of  function  (6.6,44)  cun  be  expanded  in  powers  of  >.^  -  >  j, 
analogously  to  I’urugrapn  6,6,1.  After  multiplication  by  Gaussian  a  priori 
distribution  (6,0.h)  we  formally  arrive  at  the  same  operator  of  an  optimum  filler 
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1  UiiioufaE  !»»*  U.: 


(6.6.19)  as  during  discrete  observation,  but  by  zv  and  one  should  understand 
(actually  within  limits  of  the  pulse)  the  quantities: 


Z*==  f  "gx- MT»  *»>  (s))  ^ 

(ft-i)r, 

kT' 

*—  C  ^ M*.  **•  y(s))d*' 


(6. 6.1*5) 


^6.6,46) 


An  optimum  meter  produces  two  types  of  operations  —  Intraperiod  (in  discriminator 
and  accuracy  unit)  and  interpe^loa  (in  the  discrete  smoothing  filter).  Transition 
during  smoothing  to  continuous  quantities  is  formally  and  technically  permissible 
only  when  during  interval  Tr  the  parameter  changes  insignificantly.  In  the  general 
case  the  smoothing  filter  remains  discrete  and  its  pulse  response  C  ^  (or  Unj,;  in 
determined  by  matrix  equations  (6.6.30)  or  (6.6.22).  In  distinction  from  the 
smoothing  filter  operations  of  the  discriminator  anu  accuracy  unit  within  each  pulse 
are  always  continuous.  If  we  allow  for  the  shown  peculiarities,  then  in  everything 
else  the  case  of  continuous  observation  of  a  pulse  signal,  is  formally  similar  to 
the  case  of  discrete  observation, 

We  shall  discuss  one  case,  when  transition  to  discrete  smoothing  filters  in 
already  permissible  from  considerations  of  purely  technical  convenience.  Reeet t l./ 
more  and  more  they  realize  smoothing  circuits  with  the  help  of  digital  computers, 
possibilities  of  which  are  extraordinarily  broad.  Especially  evident  are  advantage " 
of  digital  computer  technology  during  designing  of  complicated  radar  complexes,  where 

the  problem  of  measurement  is  combined  with  the  problem  ^f  further  processing  . . 

transmission  of  information.  If,  in  these  conditions,  outside  of  dependence  or,  V. 
structure  of  the  carrier-signal  of  the  parameter,  we  are  to  quantize  in  time  the 
data  proceeding  from  discriminators  where  we  select  an  interval  of  quantization 
smaller  than  the  time  of  noticeable  measurement  [sic  ?  change]  of  the  parameter,  the 
smoothing  circuits  can  be  synthesized  with  the  help  of  matrix  equations  (o,c,20), 
(6,6.21;  and  are  realized  on  that,  digital,  computer  which  can  execute  the  set  of 
operations  of  smoothing  with  the  required  speed. 

In  the  particular  case  when  the  signal  is  pulsed,  and  of  the  type  considered 
above,  and  when  iti  a  period  the  measured  quantities  prn.cticuJ.1;/  do  not  change,  to 
decrease  the  number  of  operations  of  smoothing  it  is  permissible  to  divide  smoothing 
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into  two  stages.  In  the  first  there  occurs  grouping  of  data  in  intervals  comparable 
to  the  time  of  change  of  the  parameter,  and  In  the  second  there  occurs  discrete 
smoothing  by  a  filter  synthesized  according  to  the  indicated  matrix  equations. 

In  practice  we  may  encounter  other  interesting  cases  of  close  intertwining- of 
questions  of  continuous  (analog)  and- discrete  (digital)  processing  of  signals,  the 
description  of  which  is  beyond  the  framework  of  the  -present  section. 

6.6.4.  Possibility  of  One  Simplification  of  the  Meter  Circuit 

:  '■  V:  v.  'V.'  -i  ~ 

We  shall  give  certain  considerations,  allowing  us  to  produce  an  important 
simplification  of  circuits  of  the  found  optimum  meters.  Let  us, consider  the  case 
01  continuous  observation.  With  rapid  changes  of  all  immaterial  parameters  y(t)  as 
compared  to  X(t)  function  K(t)  is  a  rapidly  changing  function  as  compared  to  the 
correlation  function  of  the  parameter.  Presenting  the  integral  in  (6.6.31)  in  the 
form 

J*(/f  s)K(s)R(s,  t)ds  * 

•  ,'l+t 

f  KWdMcVJdKVu*). 

•  \ 


where  duration  of  intervals  A  =  ti+1  "  ^  rauch  less  than  the  time  of  correlation 
of  R(t,  t),  and  assuming  ergodicity  of  the  random  part  of  function  K(t),  thanks  to 
which  ■  - 


we  obtain 


'i+*  _ _ 

J  K(s)dsxzK(ti)&, 

1  t  _ 

f  c  (t,  s)  K  (s)  R(s,*)ds  *  J  c  (t,  5)  K  (s)  R  (s,  1)  ds. 


Hc-rb  'KftJ  is  the  mean  value  of  K(t)  in  the  ensemble  of  input  signals  y(t).  Here, 

A 

than]-:;  to  smallness  of  error  of  measurement  X(t)  -  X(t)  =  e(t)  the  value  of  K( t)  can 

A 

be  calculated,  not  at  point  X  =  X,  but  at  a  point  equal  to  the  true  value  of  the 
measured  parameter,  so  that 


*.(<)  =  - 


* i  (f.MO.yW) 
d.x* 


(6.6.47) 
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Thus,  function  K(t),  expressed  through  the  limit  of  the  matrix  of  second 
derivatives  of  the  llKelihood  functional  with  respect  to  values  of  the  measured 
parameter,  in  certain  cases  can  be  replaced  by  the  a  priori  known  mean  value  of  this 
function.  Equations  (6.6.  y  l.)  and  (6.6.32),  determining  characteristics  of  optimum 
ft'1-  . nere  do  not  change  their  form,  but  instead  of  random  function  K(t)  in  them 
•  l.-.x  e  now  appears  the  known  function  of  time  K( t) .  The  actual  linear  filters  of 

I 

block  diagrams  in  Figs,  6.1J  and  6.14  become  here  filters  with  nonrandom  character¬ 
istics.  The  presence  of  an  accuracy  unit  ar.d  circuits  for  controlling  the  cmootning 
filtei..  becomes  unnecessary,  and  elements  of  coupling,  shown  in  Figs.  6.13  and  6.14 
by  the  dotted  line,  disappear.  In  particular,  the  circuit  of  Fig.  6.14  xakes  the 
well-known  form  of  a  single-loop  servo  system.  It  is  natural  that,  inasmuch  as 
K( t)  does  not  depend  on  the  current  value  of  y(t)  in  that  same  approximation  in 
which  it  is  possible  to  disregard  fluctuations  of  K(t)  during  synthesis,  variance 
and  the  correlation  function  of  measurement  error  will  be  expressed  in  the  form 


(6.6.46) 

(6,6.49) 


From  material  of  Paragraph  6.6,2  it  is  clear  that  the  meaning  of  the  replacement, 
of  K(t)  and  K(T)  consists  in  rejection  of  allowance  for  unequal  accuracy  of  separate 
measurements  or,  which  is  the  same,  of  allowance  for  parametric  fluctuations.  In 
paragraph  6,8.6  we  shall  give  an  example  showing  that  this  refusal  leads  to  certain 
increase  of  error  of  measurement ,  but,;  as  it  was  shown  in  §  6.2  for  practical 
circuits,  this  increase  frequently  is ^ small  and  in  a  number  of  cases  can  be  ignored. 
We  note,  only,  that  the  introduced  simplification  deprives  the  optimum  circuit  of 
that,  flexibility  of  a  system  with  self -tuning  which  is  manifested  upon  change  of 
the  input  signal  level.  When  the  average  level  of  the  signal  changes  as  compared 
to  design  level  the  previously  optimum  circuits  always  become  nonoptimaJ.  However, 
in  circuits  with  adjustment  of  smoothing  circuits  there  occurs  change  of  the  gain 
factor  in  the  feedback  circuit  (with  respect  to  the  accuracy  unit)  of  the;  ,.ume 
nature  which  should  occur  during  change  of  the  design  characteristic  of  the  input 
quantity .  At  the  same  time  in  the  absence  of  adjustment,  there  remain  no  means  for 


preservation  of  optima] ity  in  the  described  conditions,  and  impairment  of  the  quality 
of  measurement  may  be  considerable. 


In  physical  meaning,  as  follows  from  (6.6.33)  and. (6.6.47) ,  K(t)  -is  the 
(averaged)  -gain  factor  of  the  discriminator.  On  the  other  hand,  .considering  the 


discrete  case,-  analogously  to  [8]  one  can  prove  that 


'l«P(y|l)  d In  P (y  |X)  (Mn  P (y  |  X)  _rr 
dk,  dku  —  dXj  dku  — 


(6.6.30) 


An  analog  of  relationship  (6.6.50)  in  the  continuous  case  will  be 

]fg)S<f— ')=((<)  g(x),  (6.6.51) 

wh.ere  £(t)  —  fluctuating  component  in  the  discriminator  output,  taking  place  also 
with  zero  mismatch. 

According  to  (6.6.51)  K(t)  is  also  the  spectral  density  of  the  fluctuating 
component  f-(t)  at  the  discriminator  output.  If  we  translate  this  component  into  the 
equivalent  value  of  the  measured  quantity  by  division  by  K(t)  similarly  to  how  this 
wn.s  done  in  §  6.2,  the  spectral  density  of  the  equivalent  noise  component  q(t)  ~ 

=  *(t)ATt)  will  be  quantity  1/K(t) : 


*  y'  v  (6.6.52) 

Thus,  i/K(t)  is  the  variable  spectral  density  of  equivalent  noise  at  the 
discriminator  input.  This  interpretation  of  K(t)  is  exceedingly  important,  since 
multiplication  of  output  voltage  of  an  optimum  discriminator  by  an  arbitrary  constant. 
Immaterial  from  the  point  of  view  of  producible  operations,  changes  the  gain  factor 
and  spectral  density  of  output  noise,  but  leaves  constant  the  equivalent  spectral 
density  1/Kfty.  In  the  frames  of  these  assumptions  function  K(t)  (or  K^)  is  the 
unique  characteristic  of  performance  of  an  optimum  discriminator.  Resultant  errors 
o:'  measurement  always  depend  on  this  function  monotonically:  the  larger  K( t)  (or 
K.^) ,  the  less  the  error. 

If  statistical  characteristics  of  immaterial  parameters  y(t)  do  not  depend  on 
'  is  a  constant  [K(t)  =  K].  Then  from  (6.6. 31) -(6.6. 32)  we  have  the 

following  equations,  determining  pulse  responses  of  filters  e(t,  t)  and  g(t,  x) : 

C  (/,•*)  -J-  K\c(t,s)R(s,-c)ds  =  R(i,t),  (6.6.5?) 

t 

c(/,i)4-/Cjc(/,s)g(s,T)rfs  =  g(/,  x).  (6.6.54) 


Equation  (6.6,53),  considered  the  equation  for  function  Kc(t,  t)  ,  coincides 
with  the  equation  of  an  optimum  Wiener  filter,  detecting  a  signal  with  correlation 
function  R(t,  t)  from  its  additive  mixture  with  white  noise  with  spectral  density 
l/K.  This  is  understandable,  inasmuch  as  for  all  ideal  assumptions  work  of  an 

optimum  meter  in  linear  conditions 
is  equivalent  to  work,  of  a  linear 


m-tfthftt). 


KC 


J(t) 


Fig.  6.15.  Two-loop  variant  of  an  equivalent 
linear  system.  KC  —  linear  filter  with  pulse 
response  Kc(t,  t). 
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Fig.  6.l6,  Single-loop  variant  of  an 
equivalent  linear  system.  KG  —  linear 
■filter  with  pulse  response  Kg(t,  t) . 


servo  system,  presented  in  any  of 
the  variants  of  Figs.  6.15  and 
6.l6,  to  which  as  input  disturbance 
there  proceeds  the  sum  of  a  "signal1' 
X(t)  -  x(t)  and  "noise"  q(t).  Due 
to  this  all  solutions  of  equation 
(6.6.53),  determining  the  structure 
of  smoothing  circuits,  simulta¬ 


neously  are  solutions  of  the  corresponding  problems  of  optimum  filtration, 

6.6.5.  Optimum  Nontracking  Meter 

The  considered  type  of  optimum  meters  is  not  the  only  possible  one  in  the 
framework  of  our  assumptions.  Another  circuit  of  a  meter,  also  realizing  potential 
possibilities  of  measurement,  can  be  obtained  for  Gaussian  statistics  of  the 
parameter  on  the  basis  of  approximation  of  the  likelihood  function  by  relationship 
(6.6,4).  Cross  multiplying  (6.6.4)  and  (6.6.8)  and  producing  transformations  of  the 
logarithm  of  a  posteriori  probability,  analogous  to  those  shown  in  Paragraph  6.6.2, 
we  arrive  during  discrete  observation  at  the  relationship 


*»■=  CnttAkj(l j  — 


(6.6.55) 


*.  /=! 


1  “  1 


where  C  =  [A  +  V]  —  a  matrix,  determined  in  the  current  interval  of  observation, 

V 

and  matrix  A  is  determined  according  to  (6.6.5)  and  with  a  high  degree  of  accuracy 
coincides  with  matrices  A  and  A,.. 

V 

In  view  of  the  diagonal  ness  of  matrix  A.  relationship  (6,6.55)  takes  one  form 


(6.6.56) 


A=l 
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lirri-T  j r 
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i 

3 

'i 

TJ 


If  we  examine  the  cases  of  continuous,  observation,  (6.6,56)  .passes  into  integral 
relationship  ...  _  _ 

5  jii  -  jj  v  2/  *L\  r«  /_v  TTTIi  j .  I  1  /4\ 

(6.6.57) 


>  ,^  'x 
,fvV. 


MO; 


t" 


.  *)*(*)  [1(*)--1(S)1^  +  *  (0, 


.  Relationships  (6.6.56)  and  (6.6.57),  giving  a  final  solution  to  problems  of 
meter  synthesis,  are  basic,  and  their  operations  are,. illustrated.  by  .the  circuit  in 
Fig.  6.17.-  Element  1,  to  which  there  proceeds  realization  y(t),  is  .a (noniinear 

.  A 

unit,  constantly  separating  the  value  of  the  point  of  maximum  likelihood  >.(t)  and 
function  K(t) ,  determined  through  the  second  derivative  of  the  logarithm  of  the 


Oft) 


Jttl 


.vs. 

CK 

1  \J>J 

Fig.  6.17.  Nontracking  variant  of  an 
optimum  me  Ur  :  i)  estimator  unit;  CK  - 
linear  filter  with  pulse  response 
c(t,  t)  K(  t)  . 


likelihood  function,  taken  at  this 
point.  Then  in  the  circuit  there.: 
follows  a  subtractor  and  linear  filter 
CK  with  pulse  response  c(t,  s)K(s),  to 
which  as  the  object  of  filtration  there 
proceeds  the  difference  of  the  maximum- 
likelihood  and  mean  value  >.(t)  -  X.ftJ, 


and  as  an  adjustment,  function  K(t),  characterizing  the  current  level  of  accuracy  of 
measurement.  An  adder  for  reverse  input  of  the  mean  value  completes  the  circuit  of 
the  optimum  meter. 

In  distinction  f row'  the  circuit  described  in  Paragraph  6.6.2,  the  nev;  circuit  of 
an  optimum  meter  is  net  closed.  The  circuit  similarity  of  the  two  variants  consists 
in  the  following  two  factors.  First,  in  both  circuits  in  the  first  stage  there  are 
used  low-inertia,  nonlinear  operations  of  processing  input  radio  signals.  In  the 
tracking  variant  they  are  carried  out  by  a  discriminator  and  an  accuracy  unit;  in 
the  nontracking  variant  these  units  r re  replaced  by  a  unit  .which  it  is  possible  to 
conditionally  call  an  estimator  unit. 

In  both  circuits  there  exist  linear  smoothing  filters;  in  the  tracking  variant 
they  -lose  the  tracking  loop,  and  here  they  are  constructed  on  the  basis  of  an  open 
circuit.  The  internal  unity  of  variants .becomes  still  clearer  if  we  consider  that 
the  pulse  response  of  the  open-loop  smoothing  filter  Is  the  same  as  for  a  linear 
system  equivalent  to  the  closed  loop  of  the  tracking  variant  of  a  meter,  if  the 
latter  works  with  small  errors  of  reproduction  of  the  parameter.  This  is  especially 
easy  to  prove  when  we  disregard  the  variable  random  part  of  K(t)  (analogously  tc 
par* ••graph  6.6.5)  and  have  for  a  constant  mean  value  of  K(t)  : 

K(1)^kJ)=K. 
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Then  the  pulse  response  of  the  main  part  of  the  low-frequency  filter  of  the 
circuit  in  Fig.  6.17  is  determined  by  equation 

i 

c  (f ,  **) + ^  c  (t,  s)  R  (s,  x)  ds=  R  ( t ,  x), 

■•''icing  with  equation  (6.6.53). 

By  a  method,  analogous  to  that  given  in  Paragraph  6.6.2,  it  is  easy  to  show 
that  the  characteristics  of  accuracy  of  the  new  variant  of  meter  "tv  expressed  by 
forma.l  as 

k<)=W). 

This  nontrivial  result  shows  that,  in  spite  of  differences  in  approximation  of 
the  likelihood  function,  in  general  determining  different  errors  of  measurements, 
both  the  considered  approximations  load  to  identical  errors.  They  give  measuring 
systems  which,  for  a  low  level  of  noises,  are  equally  close  to  a  truly  optimum 
system,  which  in  principle  could  be  obtained  by  means  of  direct  integration  of 
relationship  (6.5.42)  without  use  of  any  approximations. 

However,  it  must  not  be  concluded  that  both  variants  of  the  circuit  of  an 
optimum  filter  are  equally  easily  realized  technically.  A  very  important  advantage 
of  the  tracking  circuit  is  low  criticality  to  change  of  a  priori  information  feu 
into  the  circuit  and  relative  simplicity  of  the  discriminator  as  compared  to  the 
estimator  unit.  The  discriminator  will  form  the  derivative  of  the  .logarithm  of  the 

/N 

likelihood  function  only  at  the  point  of  the  current  result  of  measurement  X(t). 
This  operation  can  be  conducted  continuously  in  real  time.  The  estimator  unit 
for  issuing  the  point  of  maximum  likelihood  should  investigate  the  whole  range  of 
values  of  X.  This  can  be  carried  out  by  a  set  of  detection  channels  (without  u 
terminal  storage  unit),  constructed  for  assigned  statistical  properties  y(t),  for 
a.i  I  possible  values  cf  the  measured  parameter  X.  The  circuit  should  be  complete, -i 
by  a  device  for  separation  of  the  channel  with  the  greatest  output  voltage.  In 
principle  such  devices,  due  to  their  multichannel  nature,  for  technical  ’o,v  'aerati 
can  not  always  be  realized. 

An  advantage  of  the  new  variant  of  the  meter  is  basically  lessening  of  require 
meats  for  width  of  the  a  priori  distribution  of  measurement  error  in  the  initial 
moment  of  time.  Previously  this  width  had  to  be  less  than  the  section  of  linearity 
of  the  discriminator;  now  it  must  be  somewhat  wider  than  the  peak  of  the  likelihood 
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function..  This  circumstance  is  important  in  the  stage  of  target  lock-on.  Analo¬ 
gously,  the  formula  of  accuracy /^previously.,  valid,  only,  during  linear  work  of  the 
discriminator/  obtains  a  wider  domain  of  applicability.  The  section  of  linearity 
in  the  nontracking  variant  as  it  >  we  re.-,  is  -expanded,'?  Which-  i,s  -.an  advantage  attained 
at  the  price  of  complication  of  the  circuit  of  radio  processing  of  signals. 

In  the  case  of  a  multichannel  lock-on  system,  built'  from  a  great  riumbor  of 
filters,  gated  amplifiers,  etc.,  the  estimator  unit  can  be  realized  on  the" basis 
of  this  lock-on  system.  If  channels  are  placed  sufficiently  closely,  and  the  • 
probability  of  appearance  in  the  given  region  of  large  noise  peaks  or  extraneous 
targets  is  small,  such  application  of  a ' lock-on  system  doefe  not  require  additional 
commentaries . 

6.6.6.  Potential  Accuracy  of  Measurement 

Above  we  obtained  an  expression  for  variance  of  resultant  error  of  measurement 
of  a  parameter  changing  in  time..  However,  in  its  derivation  from  the  very 
beginning  we  used  a  specific  approximation  of  the  likelihood  function.  Meanwhile, 
it  is  no  less  interesting  to  determine  the  potential  minimum  variance  of  measurement, 
as  far  as  possible  not  using  any  approximations.  If  we  could  find  coincidence  of 
the  true  limit  of  accuracy  with  the  previously  derived  expression,  this  would  be  a 
proof  of  the  immaterial  departure  from  the  true  optimum  when  using  Gaussian  approx¬ 
imations  of  the  likelihood  function. 

Let  us  assume  that  the  a  priori  distribution  of  probabilities  for  \(t)  is  known 
ami  can  be  described  by  density  PQ(X) .  We  consider  that  there  exist  derivatives 
t(y|  X)Pq(X)  .  We  shall  prove  that  for  any  estimate  X(y)  =  [A^y),  ...,  \n(y)} 

of  vector  X  =  [X^  ...,  describing  a  realization  of  the  variable  parameter,  we 

have  the  inequality 

Y  CikUiUh,  (C.6.58) 

/.  *=i  /.  *=i 

+ 

A  A 

where  Z,,  =  (A.  -  X. )(A.  -  A.)  —  elements  of  a  matrix  of  second  moments  of  errors  of 

Z  =  !l  Zik  ||  of  the  order  (n  x  n) ; 

\ 

C  =•  ||  clfc  II  —  symmetric  matrix  of  order  (n  x  n),  the  inverse  of 
matrix  C”  =  II  C|~'  ||  with  elements 


-98- 


£  in  IP(»|X)  p,  (Ml  4rk  In  [/>(» |  X)  p. (i)|  X 

XP(y|X)P.(X)iiy<ii,  (6.6.59) 

..(i  =  1,  . . . ,  n)  —  arbitrary  quantities,  where  the  equality  in  (6.6.58)  is 
r.ieved  when  for  all  i  =  1,  . ..,  n  there  are  satisfied  these  relationships: 

53  J!n/>(y|X)/>0(M1  (6.6.60) 

*=l 

For  proof  we  shall  consider  functions 


ft=(X{ -li)VP(y  |  X)P,(X7, 

d 


(6.6.61) 


(6.6.02) 


t<  =  £  In  [P  (y  |  X)  P,  (X)]]/P  (y  |  X)  P,  (X) 

and  form  functions 

+<— <My.  >»)*=/<  -f~  Vc<A?*. 

V/t;  introduce  arbitrary  quantities  u^(i  -  1,  . . . ,  n)  and  compose  the  sum 

u  1^ i ( y j  x)  =  f(y,  X).  The  integral  of  the  square  of  function  1f(jr,  X),  obviously, 


i=  1 


is  larger  than  or  equal  to  zero.  Therefore 


0 <  J J  (y,  X) dydX=-  J J (£ «,*,)’ dydk  = 

/el 

* 

*=  V  «<«*fj^^dyrfx  = 

i.*ll  J 

1=5  X UiUk  S  J  [w*  Ch><f> 

<,*=!  /= I 

/•<"*! 

=  £  +  JJf^ydX] 


1,  *=1 


(6.6.65) 


tt/<My<tt -  (*,  -  A,) (A*  —  A*)P(y|x> p, (X) dh = s,*.  (6 .6  .o m 

JlnP(y|A)P,(X)v/  (6.6.66) 
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din  />(y  1  M  P,(>.) 

dX* 


P(y\k)P,(X)dydk^C'-"t 


it.-.'  . l ‘ 


CitClj^ki  ^thCik  —  Ci J. 


Let.  ug  consider  the  integrals  in  the  right  part  of  inequality  (6.6.1  *.) : 

yll)Pt{kyn_iy  ^ 


dP  (y  I  i)  P.  (\) 
dX„ 


dyd\. 


I:  .•grating  in  part 3,  we  oM.ain 

iSfi9kdydk  =  —  8itl,  (t.t.Cfi) 

an.;  1  i ie:i  (6.0  .■■  }  reduces  to  for:r. 

0<  £  UiUk  [ 3G ih -i-  Cih  -  -2  £ 
i,*-i  /— i 

<■ 

==  ®ili  Cjf,),  v *-■  ') 

i.  *=h 

iiVi  which  there  follows  inequality  c).  i:y  virtue  of  the  -tit  rari.-.ecr  of  . 

ti:“  equality  in  (6,6.65)  and,  consequent,  i  ,y .  in  (■-.  .6.06)  io  attained  when  y.^y,  X, 

-  u,  i.e.,  upon  satisfaction  of  (6.6,60,. 

Inequality  !  ■  ■ ,  i  ,  SB)  shows  that  \ ,.it  .-id  of  .u:a  lie  ring  t'or  any  er.i  itiuat*  X 
»■.  1  5  .y  i  ii -.1  u  i".'-.  the  ellipsoid  correai.  ending  to  mat  rix  C .  Thanks  to  arnii  racin'-.  • 
/f  quanti  ’  i.c..  u.  from  (6.0.60)  it  fellows  'hat 

^AJ|“  \  35  f-hh, 

.  .  1  .1.  :!!*'•-:» ».  ,.'! rc  ti'rcr  of  measurement  of  \(t)  -it  any  moment  of  time  1 

1 .:..!  ■  1  •'rom  i/f.  'o w  \yj  the  magnitude  of 

A 

..  1  .1  r.'.if  of  variable  parameter  >(;/),  for  which  in  inequal  L tins'-  (  .* 

a/ iii  ('.  ,'..7.))  there  i ::  achieved  the  sign  or  ‘■’unnliiy,  b.v  a-  ..ogy  with  ‘  he 
of  a  con:;  I  ant  parameter,  vie  naturally  ca.lt  I  :lent.  Then  matrix  li  fhy  l! 

:oii,  ;  Li. .hen  a  matrix  of  second  moments  .,f  •.  >rs  •-•1'  measurement  in  the  car*'  of 
e  i' f  Lei  cut  estimator;  and  characterizes  potential,  accuracy  of  measurement.  li 
uif tub  1 1  slier,  the  lower  limit  of  acrura*  y  of  meuaur-  ueuf  of  time-variaL  l.e  j  aromni  m  ., 
of  input  .;  i»;.na 1  .  In  the  case  of  known  a  priori  a*  at  i.;l  ics.  From  the  degree  of 
d.lf  f'e.r“uce  of  h  ami  quantities  'alculalod  !’• » r  an;/  concrete  rule  of  fonaai  i  a. 
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of  estimate  x(y),  it  is  possible  to  judge  the  nearness  of  this  rule,  and  of  the 
device  carrying  out  measurement  coi responding  to  it,  to  the  optimum  one  ensuring 
potentially  possible  accuracy  of  measurement.  As  the  index  of  efficiency, 
quantitatively  characterizing  this  nearness  it  is  convenient  to  select  the  ratio  of 
vc  '  .■.os  of  errors  of  measurement  in  any  moment  of  time  interesting  us  t^  for 
'  efficient  and  efficient  estimates,  i.e.. 


**r= 


—  1 

I  .-.., res sion  (6.6.59)  for  matrix  C  can  be  transformed  to  a  form  more  convenient 
for  calculations.  Introducing  again  the  logarithm  of  the  likelihood  function 

L(i)=lnP(yU) 

and  considering  that 


-M 


(6.6.71) 


we  obtain 


t;"'!  =  £}  n ylM«<y=o, 

".(I-)*. 


(6.6.72) 


(6.6.73) 


.-1 


Thus,  matrix  C  is  presented  in  the  form  of  the  sum  of  two  matrices:  matrix 

(6.6.74) 


depending  only  on-  a  priori  distribution  of  X,  and  matrix 

A=lUA«(X)P,(X)dX.||, 

where  matrix  ||  AiJc(A)  ||  =  A(X)  is  determined  by  expression 


An. 

A«  <M = -  /■  (y  I W  =  J  ^  4rir  p  » 1 l>  ■ **■ 


(6.5.76) 


(6.6.76) 


Matrix  ff  depends,  in  general,  both  on  the  method  of  encoding  X(t)  in  y(t)  and 
properties  of  input  signal  ,  (t),  and  also  on  the  a  priori  distribution.  As  we  shall 
subsequently  prove  with  examples.  In  a  whole  series  of  practically  interesting  cases 
matrix  A(X)  does  not  depend  on  X.  Then  ff  =  A  and  the  a  priori  distribution  of 
probabilities  affects  potential  accuracy  of  measurement  only  by  means  of  matrix  A. 
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Matrix  A,  as  is  clear  from  the  definition,  is  that  matrix  which  we  used  in 
solving  the  problem  of  .synthesis  of  an  optimum  system  of  measurement.  Matrix  'A 
for  Gaussian  a.  priori  statistics  is  equal  to  matrix  V  =  I!  i!  •  There! ore,  it;  '  hi-. 

case.  ‘ ,  V  '  '  .  .. 

C-*  =  AH-V 

and  C-fCAR=R, 

consequently,  for  Gaussian  a  priori  statistics  the  matrix  o:  efficient  er-tlmn-  -r 
coincides  with  the  same  matrix  C  which  appeared  in  the  process  of  solution  of  the 
problem  of  synthesis  and  which,  as  we  showed  earlier,  characterizes  accuracy  of  the 
synthesized  meter  in  linearized  conditions. 

It  follows  from  this  that  the  synthesized  meter  is  actually  optimum  as  long,  as 
conditions  of  its  linearization  are  satisfied,  inasmuch  as  it  ensures  potentially 
possible  accuracy. 


6.6.7.  Allowance  for  Side  Peaks  of  the  Likelihood  Function 


Gaussian  approximation  of  a  likelihood  function  of  type  (6.6.3)  or  (6.6.4) 
remains  true  only  near  the  true  value  of  >(t),  if  noises  are  sufficiently  low.  In 
the  general  case  during  synthesis  it  is  necessary  to  consiaer  side  peaks  of  the 
likelihood  function,  explained  both  by  imperfect  form  of  the  aut ©correlation  fun-: t ! c 
of  the  useful  component  y(t),  and  by  purely  noise  disturbances.  Let  us  show  to 
what  sort  of  circuit  changes  compile  at  •  or-  of  the  approximation  of  the  likelihood 
function,  aimed  at  more  closely  reflecting  its  structure,  leads. 

In  the  first  place  vie  shall  study  the  case  when  side  peaks  of  the  likelihood 
function  are  explained  by  a  specific  imperfectness  of  the  useful  component  of  the 
signal.  ,.e.,  corresponding  peaks  of  its  autocorrelation  function.  The  position  of 
these  peaks  is  rigidly  related  to  the  position  of  the  basic  peak,  so  that  the 
following  complete  approximation  of  the  likelihood  function,  based  on  relationships 
,'*  .!  .*)  and  (6.6.6)  is  convenient: 


P(yU)=  Yi  + 


— ^  (A  —  A—  A<0)+  A(«>  (I  —  1 


(6. 6. -7*7) 


He  re  A 


(i) 


—  separation  of  the  basic  and  i-th  side  peaks; 

—  matrices,  expressed  as  per  Paragraph  6.6.1  through  the  first  and  second 
derivatives  of  In  p(y|X)  with  respect  to  X  at  points  >  =  X  -+-  Aj ^ ,  who r 


among  the  considered  peaks  2N  +  1  there  are  Included  those  which  exceed 
the  noise  background  In  level. 


Multiplying  (6.6.77)  by  Gaussian  a  priori  distribution  (6.6.8)  and  integrating 
by  a  method  analogous  to  that  presented  in  Paragraph  6.6.2,  taking  into  account  the 


■nure  of  all  matrices  ||  n  =  n  r. 

•.-ion  for  the  operator  of  an  optimum  meter: 


K(i)k6kJ  ^  we  ^ave  the  following 


m  .m 

*  X  t*<0»  +K(0»  (Ik  +  A(()k  — Xk)J  •f'X,, 


ImN  km  I 


(6.6.78) 


<*>-{*«>+ V]-‘;  "  , 

J**}""*  (I)  (i-Aor^lt  (^‘-Cu^mH-Ato  (A— A(<)— i)j| 

****■(  2  *(t)  | 

-/>(yj£  +  A<o)^. 


(6.6.79) 


Mormal.  transition  in  (6.6.79)  lo  continuous  observation  taking  into  account 
diagonalness  of  gives 

N  „  f 

A(‘»  (0  $  q.)  (/.  x)  t*«)  (x)  +  K«)  (x)  (\  (x)  -  A(i,  (x)  - 

/— #  f. 


A(«)(/)-A«)(0/  JjAC»)(0; 


(6,6.80) 


A<‘> «  -  (jr  (0 1  £  (0  +  A<0)  exp  (4- 


{4-|a(U(x)x(*„ 


(x)rfx— 


*<«>  W  1*0)  M  +  *0>(x)  (£  (X)  —  A(i)  -T(xj)]*  rfx  4-  (6.6.81) 

t  t 

+j  |  ^  q«i  if, <)  i*o>  (0 + km  (o  (i  (0-a<o-S1o)1  [*<«*xH- 
____  !  * 

+Ku)  (t)  (1  (X)— A(0-J1?))]  rfWx  +  j  rf|k^  C(|)  (A  f;  (*)  dtj , 

c(t,  t;  u.)  —  solution  of  equation  (6.6,51),  in  which  inoteo.d  of  K(u)  we  take  uK ( s ) 


1*  N-th  ' 

*  Chanml 


Pig.  '6.18.  Optimum  meter  with  allowance  for  side 
peaks  of  the  autocorrelation  function:  1)  tuned 
detection  receiver;  2)  discriminator;  3)  accuracy 
unit;  4,  3)  nonlinear  units;  6)  Inertialess  amplifier 
with  gain  factor  K^;  7>  10)  adders  for  introducing 

shift  of  side  peak  ;  8)  unit  for  formation  of 

unnormalized  coefficient  ^  (t) ;  9)  linear  filter 

with  pulse  response  c^(t,  t);  11)  normalizing 

amplifier;  12)  unit  for  producing  normalized  coef¬ 
ficients;  Z  —  adder. 

Let  us  turn  to  interpretation  of  operator  (6.6.81)  in  the  form  of  the  circuit 
of  (Pig.  6.18).  The  overall  circuit  consists  of  2K  +  1  rallel-working  circuits, 
similar  to  the  optimum  meter  of  Fig.  6.13.  Each  of  them  includes  a  discriminator  2, 
an  accuracy  unit  3*  adder  of  the  loop  of . intercommunication  and  linear  filter- 
amplifiers  9  and  6.  ’  As  a  new  element  in  each  i-th  circuit  there  ' is  coupled  ?.  device 
1,  essentially  executing  the  operation  of  a  detection  receiver  tuned  to  the  i-th 
poa.i.  or’  the  likelihood  function.  The  position  of  the  i-th  peak  is  counted  off  from 
the  t  usured  value  X(t)  with  help  of  known  quantity  A^d^.  Furthermore,  .in  the  i-th 
circuit  there  are  taps  from  the  output  of  the  discriminator  and  adder  of  intercom¬ 
munication  to  nonlinear  units  4  and  Output  signals  of  all  filters  9  through 


normalizing  amplifiers  11  are  fed  to  the  common  adder  Z,  where  they  are  combined 
with  each  other  with  the  help  of  normalized  weights  Av^(t).  The  latter  are 
expressed  through  unnortnalized*  factors  A^(t),  formed  finally  in  12  with  respect  to 
the  innut  realization  of  y(t)  and  data  of  measurement  with  the  help  of  detection 
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receiver  1,  nonlinear  unit3  and  cross-multipliers  8, 

At  the  output  of  adder  S  there  will  form  the  estimated  value  of  the  parameter 
(after  subtracting  the  mean  value  T(t7) .  This  quantity  is  fed  to  internal  feedback 
circuits  through  adders  for  input  of  shift  10.  After  addition  to  X ( t )  there  will  be 
fort.v,  finally,  the  measured  value  A(t),  controlled  by  selection  of  all  units  of 
’  -  uiiary  processing,  which  we  consider  detection  receivers,  discriminators  and 

A 

accuracy  units.  When  X(t)  is  fed  to  the  i-th  point  these  devices  produce  shift  of 

A 

>.  by  ^yy  similar  to  that  noted  above, 

U  us  discuss  the  physical  meaning  of  factors  expressed  In  the  discrete 

A 

case  by  formula  (6.6.79).  The  first  factor  P(y|X+  a(l))'  farmed  in  circuit  term;', 
by  the  detection  receiver,  reflects  the  magnitude  of  some  peak  which  chara.cterlz.cr. 
the  signal. 

The  second  quantity  P  C(J,  can  be  reduced  to  form 

P«*{0  =  ldet(A(7j'  +  R)l~l/ie*P  (  — 


- 1  A 

where  vector  quantity  q  ^  ^  -  ^(i)  z(l)  +  ^  +  “(i)  "  ^  dimensionality  of 

the  measured  parameter  constitutes  (after  subtracting  X)  the  true  value  of  the 
measured  coordinates  with  correlation  matrix  R,  mixed  with  noise  whose  correlation 
matrix  is  equal  to  A^  .  One  can  prove  this  by  expanding  zy^  analogously  to 
(6.1", 2?)  near  the  true  value  of  the  peak  of  the  side  overshoot. 

Thus,  P  ,/jw  formed  by  nonlinear  unit  ,  shows  the  "likelihood"  of  tin  given 
output  of  the  i-th  adder  of  intercommunication  as  a  random  variable  with  correlation 
matrix  A ^ ^  +  R. 

Analogously  we  can  reduce  factor  P  to  the  form 


- 1 

where  q  [U  ^  =  Aj^z^j  with  dimensionality  of  the  measured  coordinate  const!!'.; 
equivalent  noise  at  the  input  ol'  the  i-th  discriminator  (with  small  mismatches) . 


Consequently, 


P  u)  formed  in  k,  chows  the  likelihood  of  the  give 


a  Input 


of  the  t-'h  discriminator  as  a  random  variable  with  correlation  matrix  A,.,.  As  a 

X  *  / 

whole  P  6(,j  (i)/?  u'  (1)  constil-tuteo  as  ft  were  the  likelihood  ratio  for  separation 
of  the  parameter  from  its  auditive  mixture  with  nolss.  The  loss  a  given  peak  Is 


suppressed  by  noise,  the  bigger  factors  p(y  |X  +  A^.)  and  P  cir  Hj  yy 

Inasmuch  as  in  the  process  of  work  there  constantly  occurs  a'-cumulation  at  the  output 
of  detection  receivers  and  nonlinear  units,  the  true  peak  obtains  weight,  y>, 


fnor'** 


and  more  exceeding  the  weight  of  all  other  peaks,  until  this  weight  remains  the  only 


one  differing  from  zero. 


Thus,  allowance  for  side  peaks  of  the  considered  type  in  steady-state  regime 


does  not  lead  to  circuit  deviations  from  the  meter  considered  earlier.  Making  the 


circuit  more  complex  has,  on  the  other  hand,  the  advantage  that  it  makes  optional 


initial  lock-on  with  accuracy  equal  to  the  width  of  the  basic  peak  of  the  likelihood 


function;  tracking  is  established  even  if  initial  error  leads  to  a  hit  on  a  side 


peak,  allowed  for  in  synthesis. 


Now  let  us  turn  to  the  case  when  the  peak  of  the  autocorrelation  function  is 


the  only  one,  and  side  peaks  of  the  likelihood  function  are  connected  only  w L * h  the 


noise  background.  Here  approximation  of  the  likelihood  function  based  on 


relationships  (6.6.4)  and  (6.6.7)  is  convenient: 


**(*!*)“  Xd*)  j. 


(6.6.82) 


Ir,  is  necessary  to  stipulate  that  the  number  of  peaks  of  the  likelihood  functioi 


can  be  arbitrarily  large  with  a  large  domain  of  definition  of  X,  so  that  it  Is 
reasonable  to  approximate  by  (6.6.63)  those  peaks  which  exceed  in  magnitude  a  certain 
threshold  level.  As  we  can  see,  such  approximation,  being  simple  in  form,  is  not  so 
in  essence.  Cross  multiplying  (6.6.82)  with  a  priori  Gaussian  distribution  y.. 
and  integrating;  for  the  operator  of  an  optimum  meter  for  the  last  moment  of  the 
time  of  observation  we  obtain  the  following  expression 


*9 

£»  *  J]  a{J*  ^  [  %<«>» —  + Kt 


(6.6.83) 


where 


C«|  -  |A(0  +  VJ- «;  A(<)  =  |I  Ka)k\,  fc  A*/*  -  AJJ’/JJ  a\>\ 

I 


aJ?  ■-  P  (y  l  £co)  m  (Kil  +  R)r,/*  X 


X«*p{“T&*>— +*>-*  Au-i  J. 


(6.6.81’) 


With  transition  to  continuous  observations  (6.6.83)  reduces  to  the  form 


1  (0  “  2  "*>  (0  J  C(0  [t,  x)  K,«>  (T)  (Vi)  (*)  -  T(t)l  dx  +  X  (I). 


(6.6.65) 


A  block  diagram  interpreting  relationship  (6.6.85)  is  presented  in  Fig.  6.19. 


Tt  consists  of  separate  parallel  circuits,  very  similar  to  the  nontracking  meter  of 


(Pig.  0.17).  The  estimator  unit  issues  a  set  of  points  of  maximum  value  of  the 


likelihood  function  and  corresponding  points  of  current  values  of  "sharpness"  of 

A 

peaks  of  P(y)\).  After  subtracting  the  mean  value  from  quantities  X^(t)  they  are 
processed  by  linear  filters  with  pulse  responses  c^(t,  t)K^(t),  and  then  results 
are  summed  with  normalized  weighting  factors  X^^(t).  After  reverse  input  of  the 

/v 

Jiue  there  will  be  formed  estimate  X(t). 

Partial  circuits  of  Pig.  6.19  have  filters,  absolutely  similar  to  those 
considered  in  Paragraph  6.6.5.,  and  therefore  do  not  require  explanation.  We  need 
only  indicate  the  physical  meaning  of  factors  A^^(t).  In  distinction  from  the  past 
cu.-.'j,  :  esldes  the  measure  of  the  height  of  peak  P(yiA,.%)  these  factors  have  in 
their  composition  quantities 


P.mM  -ldet(A(7;  +  R)r,/sX 
X«P  {  -|(i«)-T)+  (A^1  + 


(6.6.86) 


showing  the  "likelihood"  that  the  position  of  the  i-th  peak  is  a  random  function  wit.: 

_  \ 

correlation  matrix  A^  +  R,  i.e,,  consists  or  a  variable  parameter  with  correlation 
matrix  R  ar.d  a  fluctuating  disturbance  with  correlation  matrix  .  Practically 
only  one  of  the  peaks  is  true.  The  others,  first,  turn  out  to  be  of  small  height, 
which  is  necessarily  revealed  in  the  process  of  accumulation,  and  second,  they 

contain  in  their  position  a  chin 
from  the  true  value  of  X,  which 
being  accumulated  in  inertial 
W  nonlinear  unit  4 ,  according  to 

(6,6.86),  leads  to  further 

|  1  ml  decrease  of  the  v/'-lJt.t  of  this 

*— — ■ peak  during  formation  of  the 

estimate.  As  a  result  the  r  \  ;  ;it 
lift  again  passes  into  the  known 

Fig.  6.19.  Optimum  meter  with  allowance  for  circuit  of  Fig.  6,17,  working  on 

noise  peaks:  1)  estimator  unit;  2)  linear 

filter  with  pulse  responses  c^^(t,  •t)K^(t);  one  peak. 

‘j)  unit  for  producing  normalizing  factors;  4) 
general  adder. 


The;  conducted  investigation 
shows  that  for  a  sufficiently 


large  observation  time  the  meter  circuit,  synthesized  on  the  basis  of  a  "single-peak" 
approximation,  in  structure,  and  consequently  also  in  performance,  will  differ  little 
from  systems  built  with  finer  allowance  for  the  real  structure  of  t.he  likelihood  par¬ 
agraphs,  This  indicates  the  sufficient  universality  of  results  of  the  preceding 


points . 
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V  .  6.6.8.  Case  of  a  Partially  Assigned  Discriminator 

Everywhere  ab o  ve  we  assumed  that  the  input  realization  does  not  depend  on 

r-ea  ii  za  1 1  on  - ; 

and  the  method  of  estimation  do  not  have  points  of  contact.  In- practice  this  is  not 
■r:  always  so.  As  an  example  we  shall  consider  a  radar  goniometer  system  with,  a 
tracking  antenna.  From  the  antenna  output  there  proceeds  a  signal,  a  certain 
parameter  of  modulation  of  which  depends  on  the  mismatch  between  the  direction  to  the 
sounded  target  and  tne  axis  of  the  radiation  pattern  of  the  antenna.  From  physica. 
considerations  it  is  clear  that  for  a  maximum  level  of  the  reflected  signal  the 
axis  of  the  antenna  should  to  the  best  possible  degree  coincide  with  the  target 
direction,  but  Inasmuch  as  we  have  at  our  disposal  no  more  exact  judgement  about  the 
position  of  the  target  than  the  estimate  of  this  position,  the  axis  of  the  antenna 
should  coincide  with  the  current  estimated  position  of  the  target. 

ii-  r.ce  it  is  clear  that  the  input  (fcr  the  receiver)  realization  from  which  the 
estimate  is  produced  directly  depends  on  the  estimate.  We  are  primarily  interested 
in  cases  when  the  dependence  on  the  estimate  is  expressed  through  the  difference 
between  it  and  the  true  value  of  the  parameter.  It  is  reasonable  to  assign  these 
cases  to  the  class  of  systems  with  a  partially  assigned  discriminator.  Actually, 
the  antenna  system,  during  synthesis  considered  here  to  be  assigned,  to  a  considerable 
extent  predetermines  optimum  construction  of  the  subsequent  circuits. 

The  indicated  "feedback"  between  i.he  realization  and  the  estimate  deprives  us 
of  the  possibility  of  applying  without  reserve L iorr  the  apparatus  developed  in  the 
preceding  points.  Let  us  start  from  the  fact  that  conditional  risk 


*(/>..  I(X,  JL)P(yjX-MP,(Jt)rf3U/y  (6.6.8?) 

A 

turns  out  to  depend  on  X  both  through  the  loss  function  and  the  likelihood 
function,  so  that,  strictly  speaking,  its  variation  should  be  produced  in  full  by 
both  these  functions.  This  leads  to  very  tiresome  calculations  and  a  very  compli¬ 
cate'  meter  circuit. 

Considering  the  case  of  discrete  observation,  we  simplify  the  problem,  assuming 
that  the  estimate  should  be  produced  for  moment  t  from  the  sampling  produced  at 
moments  of  time  t1,  tg,  ...,  t  Then  relationship  (6.6.87)  for  a  quadratic  loss 

function  will  be  rewritten  in  the  form 
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R(P:  A<)*X 

XP(yt . . . . M-i-M-OX 

X  Pf  (^i«  '  '  •  i  M)  •  •  •  i  -  •  •  i  rfj/n-i" 


(6.6.88) 


Yhe  solution  is  produced  as  if  with  a  delay  of  one  step  of  quantization. 

Actually  such  delay  necessarily  appears  due  to  the  irremediable  inertia  of  feedback. 
This  assumption  leads  to  great  simplification  of  the  problem  of  estimation.  Variation 

A 

must  ;  -  produced  only  for  estimate  X  ,  contained  in  the  loss  function.  Assuming 

/s 

again  that  conditions  of  approximation  P(yjX  -  X)  are  satisfied  by  the  Gaussian 
function 


n(yU~i.)»P{y!0)exp  {*+(*.  -  X)-j  (*-i)+  A(X— V)| . 


(6.6.8g) 


where 


* - £rk ,n p (y I •) I  j  ^=-OT>n/>(y|e)f.o, 


(6.6 .Qo) 


we  obtain  a  solution  in  two  equivalent  forms,  very  similar  to  (6.6. 19)  and  (6.0.21) 


cnfc  (zk  -f-  Kh  (** — **)] + *«* 

*-1 


(6,6.91) 


(6.6.92) 


Functions  C  ,  ,  G  and  K,  introduced  here  do  not  require  explanations. 
nK  hk,  k 

ke.l ationships  (6.6.91)  and  (6.6.92)  differ  from  (6.6.19)  and  (6.6.21)  only  in  their 
upper  .limit  (n  -  1  instead  of  n)  .  It  is  obvious  that  for  large  n  and  a  suff'icieih  : 
small  step  of  quantization  the  difference  between  the  two  cases  is  small  and  at  Ur- 
limit  disappears  completely,  so  that  for  the  case  of  continuous  observation 


Jc(/,*)l*(*)4-/c  (%)(*(*)-  *(*))!  *4- MO. 


i(0i 


(6.6.95) 

(6.6.y4) 
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Relationships  (6.6.93)  and  (6. 6. 9*0-, completely  coincide  with  (6.6.29)  and 
(6.6.51).  However,  it  is  worth  recalling  that  operators  for  processing  a  signal 
in  the  discriminator  and  accuracy  unit  are  obtained  by  differentiation  not  at  the 

estimated  point.,  but  at  zero,  which  is  explained  ,by  assignment  of  Dart  of  the 

■  •  ■  •  <.•"•.  '  ='■  •  ■  ,  * « '■ i1'  ;v 

discriminator,  usually  carried  out  in  the  form  of  elements  of  the  antenna  system. 


The  shown  specific  character  of  solutions  of  (6.6.93)  and  (6.  6.94)  is  also 
^’reflected  ^on'-tive  form  of  ^he'^ block  d’ikgi^am^'of ‘•■optimum ^met’erS;  KrIn  -Pig.'  '6\"20  there. 


is  a  circuit  interpreting  relationship  (6.6.94).  In  the  figure  there  are  separated 

element  1,  forming  the  realization  depending  upon  the  estimate,  optimized  parts  of 

discriminator  2  and  accuracy  unit  3,  a  circuit  for  input  of  the  mean  value,  and 

smoothing  filter  G.  Specially  marked  is  the  signal  fed  to  the  input  y  (t;  X)  which 

BX 

A 

usually  differs  from  y(t;  X  -  X)  both  in  structure,  and  also  in  physical  nature. 
Usually  this  is  an  electromagnetic  wave,  proceeding  to  the  antenna  aperture.  Its 
parameters  depend  on  true  parameters  of  the  target  X. 


Fig.  6.201  Optimum  meter  for  a  partially 
assigned  discriminator:  1)  assigned  part; 

2i  optimized  part  of  the  discriminator; 

3)  optimized  part  of  the  accuracy  unit; 

G  —  linear  filter  with  pulse  response 
g(t,  t). 

The  result  of  the  present  paragraph  is  the  fact  that  all  subsequent  results  in 
synthesis  of  optimum  discriminators  (§  6.7)  completely  pertain  also  to  the  case  of  - 
partially  assigned  discriminator,  if  we  consider  the  specific  character  of  relation¬ 
ships  (6.6.90) . 

6.6.9,  Optimum  Meter  of  a  Linear  Functional  of  a  Parameter- 
with  Gaussian  Statistics 


In  a  whole  series  of  cases  of  radar  practice  there  arises  the  necessity  of 
measurement  not  only  of  a  parameter  coded  in  the  received  mixture  of  signal  with 
noise  y(t)  but  of  a  certain  linear  or  nonlinear  function  or  functional  of  the  coded 
quantity.  An  example  is  measurement  of  the  speed  of  an  object  by  readings  of  a 
range  finder  in  an  incoherent  rada^  or  measurement  of  Cartesian  coordinates  of  the 

obje--*  by  a  signal  in  which  there  are  coded  the  radio  (usually  spherical)  coordinates 
of  1  j..:  object. 
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In  this  section  we  consider  methods  of  optimum  construction  of  meters  of 
linear  functionals  v(t)  of  parameters  X(t)  with  Gaussian  distribution,  directly 
coded  in  y(t) .  The  relationship  between  v(t)  and  X(t)  is  established  by  linear 
integral  relationship 

v(t)=jp(tt  s)X(s) ds  (6.6.95) 

j.nu  is  wholly  determined  by  the  form  of  function  F(t,  s) .  In  the  particular  case 
when  F(t,  s)  is  a  k-th  order  derivative  of  5-function 

F(U  »)=«<*><*  -i)  (*=  0, 1, 2, .), 

v(t)  is  the  k-th  derivative  of  X(t).  If  F(t,  s)  =  (t  -  s)1'-1  (k  =  1,  2,  . ..),  T,,  = 

=  t,  v(t)  is  the  k-multiple  integral  of  X(t) .  For  other  examples  we  can  consider  a 
functional  which  is  a  certain  smoothed  or  expected  value  of  X(t),  etc.  If  certain 
functions  X(t)  and  v(t)  depend  on  constant  random  parameters  a,(i  =1,  .  ..,  rn) , 
differing  little  from  mean  values  a,  so  that 

ai=ai-{-tu 

it  is  possible  to  expand  X(t)  and  v(t)  in  powers  of  p.^,  limiting  ourselves  to  terms 
of  the  first  order  of  smallness  with  respect  to  p^.  Then  we  obtain  relationships 

MO®  MO  « •  • »  °m)+  MO  *»*•••♦  a«)> 

t 

v(/)«v(/;  .... <Tm), 

j 

by  which  it  is  also  possible  to  approximately  establish  a  linear  relationship) 
between  v(t)  and  X(t),  allowing  us  to  consider  v(t)  a  linear  functional  of  x(t). 

The  method  of  synthesis  of  optimum  meters  of  linear  functionals  Is  closely 
connected  with  the  method  of  synthesis  of  meters  of  quantity  /(t)  directly.  As 

i 

also  In  paragraph  6.6.2,  It  is  convenient,  to  quantise  i.n  time  all  the  considered 
quantities.  An  analog  to  (6,6.95)  in  this  case  is  relationship 

We  shall  vary  the  mean  risk  for  vm  with  quadratic  loss  fund  lor. 

^  (/* i it  —  5  •  •  •  I  *mY  P  (jfit » *  ■  i  y%  |  *  *  •«  W  X 

X  P»  (^t»  ••••  *  *  *  *  .  •  •  dynt 

where  we  assume  that  signal  y(t)  1;;  accessible'  t,o  observation  at.  moments  t,  , 

in  no  way  connected  with  moment  t  which  is  the  argument,  or  functional  v„.  An  a 

m  m 
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result  we  have ^equation 


'  >  ,  i 


l  (v»  *mf  P(i.n)  (y:|*)  ^ns,.  Ht) M  ®» 


(6.6.97) 


where  subscripts  In  the  likelihood  function  and  the  a  priori  distribution  signify 

(6.6.98) 


moments  of  reading.  The  formal  solution  of  (6.6>g7)  is 


Jfe-N, 


v-“2i  ~~  L  mk  h{  ,  )' 

\k—Si 


!, .  where  there  is  introduced  the  conditional. mathematical  expectation  5T.  ( 1 ,  n)  of  the 
■  “parameter  at  the  k-th  moment  of  time,  composed  on  the  basis  of  observation  of 


mixture  y(t)  at  moments  t^,  . ..,  t^. 

In  §  6.5  we  Indicated  that  the  conditional  mathematical  expectation  In  principle 
is  the  optimum  estimate  of  the  parameter.  However,  all  methods  of  expanding  the 
operator  of  conditional  matnenatical  expectation  above  pertained  to  a  case  when  the 
estimate  was  produced  for  the  k-th  moment  of  time  for  a  sampling,  obtained  up  to  the 
k-th  moment.  In  relationship  (6.6.98)  conditional  mathematical  expectation  is  taken 
for  the  sampling,  ending  with  the  n-th  moment,  which  can  exceed  the  k-th.  As  a 
result  we  cannot  directly  use  the  method  of  obtaining  an  optimum  estimate  developed 
in  Paragraph  6.6.2.  In  other  words,  with' the  requirement  of -physical  realizability 
of  the  operator  of  formation  of  an  estimr'e  of  the  actual  parameter  \(t)  the  linear 
functional  of  the  estimate,  taken  according  to  (6.6.98),  will  not  be  the  optimum 
estimate  of  the  .linear  functional.  In  the  practical  sphere,  for  instance,  it 
follows  from  this  that  simple  differentiation  of  readings  of  the  range  finder  in 
general  will  not  give  the  value  of  speed  of  the  object  measured  with  the  least  error. 
Moreover,  it  is  possible  to  indicate  cases  when  this  differentiation  leads  to  great 
error  of  measurement,  limited  only  by  the  passband  of  the  discriminator. 

For  finding  a  physically  realizable  solution  of  equation  (6.6.97)  we  again 
assume  fulfillment  of  conditions  in  which  the  likelihood  function  can  be  approx- 
im:it  .!  by  Gaussian  curve  (6,6.5),  and  we  assume  Gaussian  statistics  of  parameter 


\(t).  The  expansion  of  the  logarithm  of  the  likelihood  function  we. conduct  at  the 
point  of  the  current  physically  realizable  estimate,  which  can  always  bo  required 
beforehand.  Substituting  (6.6.5)  and  (6.6.8)  in  (6.6.97)  and  integrating  according 
to  the  method  of  Paragraph  6.6.2,  taking; into  account  the  diagonal  nature  of  the 
matrix  of  second  derivatives,  we  have 
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+£  Chi  \zi  +  Ki  (A<  —  lj)]  }= 

.  *=#,  l  i=i  ) 

•  H, 

«=£  Bmk[zk+K>(Xh-1t))+  £  Fmhik. 

Si  km*, 


(6.6.99) 


-1  p 

,lfcIc  0  -  [V  +  Q]  -  Inverse  matrix;  Q  —  matrix  of  order  (N^  -  1: ^ ) ' ,  determined 
relationship 

{JCA*.  1  <1,  k<n, 

0,  /,  k>n,  (6.6.100) 

0,  /.  *<1. 

Finally,  matrix  B  is  determined  In  expanded  form  by  relationship 


/u= 


£  PmiCiht  1 
M, 

o,  /*<». 

1*>A. 


(6.6,101) 


From  (6.6,101),  taking  into  account  valuer;  of  and  y ,  we  can  obtain 


equation 


»  *• 

Bmk  "f-  £  BmiKiRikr=  V  FmiRth, 

tm I  ImM, 


(6.6, lop) 


connecting  discrete  linear  operator  B^y  with  the  correlation  function  of  paramete 
Hfy  and  the  operator  of  linear  functional  F^.R. 

Another  presentation  of  solution  of  (6.6.99)  has  the  form 


*«  *=  ^l^rnlFk  +  Fm iA. 


where  H  .  is  related  to  B  v  by  relationship 


U 

—  &mk  "f 


(6.6. 109) 


(6,6, lot) 


and  in  turn,  is  determined  through  K^y  by  equations  (6,6, SO)  and  (6,6.2?), 

tie  scribing  the  meter  of  the  actual  parameter  *  ( t) . 

Transition  to  continuous  obr.orvat  1  on  given 


- - »** , --ii.. . , .  ^ ai, ^ MiikiatpdiiUKi^ i— '61-  :<L, -.i,  -j|.ua«U..,My|iiil> 


1 

=  *)  l*  W + *  (*)  (i  (s)  -Mi))]  ds  -f- 


+^F{tt,s)l{s)ds, 

f  * , 


(6.6.105) 


where  the  relationship  between  z(t),  K(t)  and  F(t,  s)  and  z^,  K.r  and  Filc  in  the 
light  of  what  was  slated  above  does  not  require  explanation;  t ^  rcA  +  t0;  t  =  nA  + 
+  tQ;  and  b(t1,  tj)  =  —  a  function,  connected  with  R(t,  t)  by  an  integral 

equation,  analogous  to  (6.6.102): 


0  whan«>/].  (6.o.i06'l 


We  shall  interpret  relationship  (6.6.106)  in  the  form  of  the  block  diagram  of 
an  optimum  meter  of  the  functional  of  the  parameter.  According  to  Fig.  6.21  this 
circuit,  first,  contains  the  complete  circuit  of  an  optimum  meter  of  x(t),  repeating 
the  circuit  of  Fig.  6.13.  From  the  adder,  connecting  the  discriminator  output  to 
the  internal  loop  of  feedback  in  smoothing  circuits,  we  make  a  tap  to  a  linear 
filter  with  pulse  response  b(t,  s) .  We  pass  the  function  depicting  the  a  priori 
mean  value  of  the  parameter  through  filter  F(t,  s).  Inasmuch  as  x(t)  is  known 
beforehand,  physically  unrealizable  elements  here  do  not  appear.  Addition  of  the 


A 

two  formed  output  voltages  gives  the  optimum  estimate  of  the  functional  v(t). 


functional  on  basis  of  the  two-loop 
variant  of  the  meter  of  a  parameter: 
1)  discriminator;  2)  accuracy  unit; 

C  —  linear  filter  with  pulse  response 
c(t,  r);  K  —  amplifier  with  gain 
factor  K(t);  13  —  linear  filter  with 
pulse  response  b(t,  t);  F  —  operator 
of  the  linear  functional.  * 


loop  variant  of  the  meter  of  a 
parameter:  1)  discriminator;  2) 

accuracy  emit;  G,  H  —  linear  filters 
with  pulse  responses  g(t,  t),  h(t,  t); 
F  —  operator  of  the  linear  functional. 
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To 

Inasmuch  as  b(t,  s)  i-  j  F(t,  s)c(s,  t)ds,  the  assumption  that  lineai 


t  A 

functional  J  F(t,  s)X(s)ds  from  the  estimate  of  the  parameter  is  not  the  optimum 


err.imace  of  the  linear  functional 


J2F(t, 


s)X(s)ds  of  this  parameter  was  confirmed. 


Another  modification  of  the  optimum  circuit  ie  obtained  by  means  of  transition 
to  continuous  observation  in  relationship  (6.6.103): 


#  ,  r,  __ 

=  | A(<„s)2(s)rfs-f  s)X{s) ds.  (6.6.107) 


It  is  conveniently  combined  with  the  single-loop  variant  of  a  meter  of  X(t) 
(Fig.  6.14).  The  complicated  variant  of  a  joint  meter  of  X(t)  and  v(t)  is  presented 
in  Fig.  6.22.  Output  of  the  discriminator  is  processed  by  a  linear  filter  h  with 
pu.lse  response  h(t,  s)  satisfying  a  relationship,  analogous  to  (6.6.104): 


t 

h  (/„  s)  =  b  (tv  s)  n  J  b  (/„  s)  K  (s)  g  (s,  t)  ds, 


(6.6.108') 


where  g(t,  t)  is  determined  by  the  correlation  function  of  the  parameter  according 
to  equations  (6.6,31)  and  (6.6.32). 

For  characterizing  accuracy  of  measurement  of  the  linear  functional  we  can 
obtain  the  following  formulas:  ' 


t 

^IUZ  (^|>  Q^b(i„a)P(tvs)dst 
u 

i 


(6.6,100) 


The  given  results  show  that  for  optimum  measurement  of  an  arbitrary  linear 
functional  v(t)  of  parameter  X(t)  it  is  sufficient  to  introduce  in  the  optimum  meter 
of  the  actual  parameter  two  additional  linear  filters,  to  one  of  which  the  it-  in  a 
tap  from  the  smoothing  circuits,  ana  to  the  other,  a  tap  from  the  feed  Ji.r.'iit 
feeding  the  mean  value  of  X(t) .  Characteristics  of  filters  are  determined  by  the 
form  of  the  functional,  by  the  correlation  function  of  parameter  K(t,  i)  and  by  the 
accuracy  characteristic  of  the  discriminator  K(t). 

In  connection  with  this  for  every  form  of  functional  and  correlation  properties 
of  x(t)  determination  of  the  form  of  filters  constitutes  a  separate  problem,  the 
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concrete  solution  of  which  will  be  the  subject  of  the  corresponding  paragraph  in 
§  6.8.  With  respect  to  nonlinear  processing  of  the  input  signal  in  discriminators 
and  accuracy  units  for  construction  of  optimum  meters  of  functionals  sufficient  wixl 
be  those  results  which  in  concrete  cases  are  obtained  later  for  different  stu'  rical 
properties  of  mixture  y(t)  and  codings  in  it  of  X(t). 

6.6.10.  Relationship  of  the  Method  of  Synthesis 
with  Other  Branches  of  the  Theory  of  Solutions 

In  conclusion  we  deem  it  useful  to  discuss  briefly  interconnections  of  the 
developed  method  of  synthesis  with  other  branches  of  the  theory  of  statistical 

i  ... 

solutions.  In  the  first  place  one  should  stress  the  link  with  the  theory  of 
statistical  estimates*  observed  in  two  spheres:  with  respect  to  producible  operations 
and  with  respect  to  accuracy  characteristics.  It  is  important  to  indicate  that  the 
discriminator  of  tracking  meters  constantly  issues  an  efficient  estimate  of  current 

A 

mismatch  e  «  X  -  X  between  the  true  and  measured  values  of  the  parameter.  It  Is 
especially  convenient  to  use  this  for  a  discrete  signal.  Disregarding  parametric 
fluctuations,  according  to  Paragraph  6.6.?,  we  have 

i.e.,  with  some  proportionality  factor 

is  equal  to  mismatch  plus  some  fluctuating  addition.  Variance  of  addition  i3  equal  tc 
1/Tk,  i.e.,  to  variance  of  the  efficient  estlrate  of  the  constant,  parameter  for  the 
period  of  quantization.  This  proves  the  formulated  proposition. 

During  continuous  observation  for  proof  o:'  the  same  fact  it  is  neces.  ary  to 
separate  a  certain  segment  A.  Then  it  turns  out  that  variance  of  the  estimate  of 
mismatch  for  that  time  is  equal  to  l/(kft)A) ,  i.e.,  again  to  the  variance  of  tlv- 
efficient  estimate  of  a  constant  parameter. 

However,  for  larger  intervals  of  observation  error  of  measurement  of  a  varying 
quantity  is  not  equal  to  l/(k[7)A),  and  only  monotonically  decreases  with  growth  of 
Kft ) .  This  is  understandable,  too,  inasmuch  as  besides  fluctuating  ones  it  is 
necessary  to  track  dynamic  disturbances. 

One  more  interrelationship  with  the  theory  of  estimation  will  be  revealed  in 
§  6.8,  when  we  consider  measurement  of  a  quantity,  the  law  of  change  of  which  in 
turn  depends  on  several  constant  coefficients  [14]. 


We  turn  now  to  the  relationship  with  the  theory  of  linear  filtration.  It, 
oiiviousLy,  follows  from  equations  (6.6.51)  and  (6.6.53).  They  coincide  with 
equations  of 'Wiener  filtration  for  separation  of  a  signal  from  an  additive  mixture 
of  it  with,  white  noise.  Here,  if  K(t)  is  not  subject  to  averaging,  or  if  averaging 
u  ■'  ‘  .  .  ..liminate  the  dependence  of  K(t)  on  time  in  the  equivalent  Wiener  problem 
oiiould  consider  interference  in  the  form  of  white  noise  with  variable  intensity, 
and  if  K(t.)  =  K  does  not  depend  on  time,  then  white  noise  is  stationary.  The 
obtained  result  was  a  consequence  of  the  assumption  of  Gaussian  statistics  of  \(t), 
but  ) •_ :  as  note  that  the  condition  of  normalness  of  noise  at  the  output  of  the 
discriminator  turns  out  to  be  unnecessary. 

The  shown  reduction  to  the  Wiener  case  is  valid  for  a  Gaussian  parameter.  In 
general,  ar,  in  §  6.9  the  example  of  a  Markovian  parameter  will  convincingly  show, 
operations  of  smoothing  are  nonlinear.  Furthermore,  one  should  remember  that 
relative  to  the  input  realization  the  meter  remains  an  especially  nonlinear  device. 

Comparison  of  the  developed  method  of  synthesis  of  a  meter  of  a  Markovian 
parameter  with  the  method  of  R.  L.  Stratonovlch  later  (§  6.9)  will  show  their  great 
nil:. I  iarity,  A  peculiarity  of  the  method  developed  above,  besides  the  assumption  of 
Gaussian  distribution  of  >.(<,),  is  the  clear  division  into  primary  and  secondary 
operations  of  processing,  the  introduction  of  concepts  of  an  optimum  discriminator, 
accuracy  unit  and  smoothing  circuits.  This  gives  the  possibility  of  studying 
separately  questions  Of  construction  of  these  devices  depending  upon  properties, 
correspondingly,  of  the  signal  and  the  parameter  coded  in  it. 

We  shall  discuss  now  the  problem  of  forming  the  a  posteriori  probability  in  the 
whole  domain  of  definition  of  i(t),  As  we  proved  11  Chapter  3,  this  operation  if; 
necessary  In  detection  regime,  when  a  priori  information  is  scant.  We  assume  the 
presence  of  a  unit  of  optimum  receivers,  covering  the  whole  region  with  small 
quantisation.  At  the  same  time  discriminators  and  accuracy  units  are  devices, 
narrowly  selective  witli  respect,  to  A,  and  technically  their  use  is  preferable  with 
low  '•  posteriori  inaccuracy. 

The  name  "'nit  01'  optimum  receivers  (estimator  unit)  is  necessary  in  noncloseu 
r  1  I'i'ui t.r.  of  meters,  even  when  there  is  carried  out  transition  to  forming  of  few 
churactcTistics  of  the  a  posteriori  probability.  This  shows  the  technical  advantage 
of  '-loser]  circuits,  in  which  the  actual  estimate  controls  the  region  selected  b,v  the 
Howe/er,  in  conditions  of  large  a  priori  variances  or  high-level  rioir.es, 
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receiver. 


§  6.7.  Synthesis  of  Discriminators  For  Different  Statistical 
Properties  of’  Signals' 

Results  obtained  in  §  6.6  shows  that  as  a  basic  element  of  an  optimum  met  r 
we  include  discriminators,  which  form  magnitude  z(t)  (or  z k),  which  is  the  measure 
of  mi.::!'ia "ch  between  the  true  and  measured  values  of  the  parameter.  In  the  same 

- 1 .  v.s  Introduced  the  basic  characteristic  of  a  discriminator  K(t)  (or  ) . 

m.-retely,  both  functions  are  determined  by  the  statistics  of  the.  mixture  of  the 
signal  with  noise  at  the  input  y(t)  and  the  method  of  encoding  in  it  the  paramet.or 
X(t).  However,  It  is  possible  to  reveal  certain  other  general  rules,  allowing  one 
to  quickly  find  operations  of  a  discriminator  and  its  characteristic  in  the  most 
interesting  cases.  In  the  present  section  we  shall  consider  different  forms  of 
operations  of  a  discriminator  and  explain  characteristics  of  their  accuracy,  At  .he 
base  of  our  classification,  in  distinction  from  subsequent  chapters,  we  here  pin -e 
the  form  of  statistics  of  y(t),  more  exactly  its  useful  component,  depending  on 
parameter  \(t),  Separately  we  consider  cases  of  regular  signal.---,  signals  with 
random  phases,  Gaussian  signals,  and  so  forth.  Here,  we  always  consider  continuous 
observation,  when  the  likelihood  functional,  operations  ^f  the  discriminator  and  it.., 
characteristics  are  expressed,  correspondingly,  by  formulas  (6.6, 35)-(6.6. 57)  and 
(6, 6. 44 )-(6, 6. 46) , 

6,7.1.  Regular  Signals  in  Gaussian  Hoi3er, 

For  simplicity  we  first  consider  the  case  of  one  signal  v(t,  \(t)),  taken 
against  a  background  of  white  noise  with  spectral  density  NQ.  The  logarithm  of  the 
likelihood  functional  in  an  elementary  segment  of  observation  (t  -  a/?,  t  +  A /?) 
here  has  the  form 

<-M/3 

l(l —  C  —  («))]' (6,7.: 

1-4/2 

where  C  —  constant,  depending  neither  on  realization  y(t)  nor  the  measured  parameter 
\(t). 

By  comparison  of  (6,7,1)  and  (6,6,53)  we  prove  that 


i  (».  *  (■*).  y  (*))  =—  2/97  \y(%)~v  (*. * W 

whence  from  (6.6.56)  we  have 


(6,7,?) 


('■.7.3) 
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Formula  (6.  ,,3)  is  illustrated  in  Fig.  6.23.  For  formation  of  z(  t)  it  3a 
necessary  to  tub  tract  from  realization  y(t)  a  function  aescrlbing  a  regular  .-.ir:..;-  1 

A 

with  the  measured  value  of  the  parameter  ;(t)  and  to  multiply  the  result  by  the 
fsovi  votive  of  this  function  with  respect  to  the  parameter,  also  taken  •or  th* 

A 

ecu  Ltuated  value  >(t).  For  mismatch  of  X(t)  arm  lit)  cut*  raction  of  the  n.-gui'ir  i 


of  the  mixture  will  be  incomplete  and  the  vernal!. 
"1  ■* 

correlating  v/ith  >^7  v(t.,  Ui)),  will  give  at  in/ 


W 


output  a  quantify  prop  /•  1 1  ni .*■  1  tr  \ 


-.  As  v 


Fig.  6,23,  Di re  1  [initiator 

for'  a  regular  signal  in  signal  (but  not  vr!  m  respect  to  difference  X  -  '•*  ) . 

wlii to  noise. 

From  (6,6.37)  it  it  easy  to  prove  that  the  chare'''. 
3rt.ii;  of  accuracy  of  discriminator  K  - irrry  in  equal  lo 


see,  operation  of  th<  discriminator  here  v;a-  pvu  ■  ; 
inert  In  1  and  <■.  ■  f-ii  linear  relative  *  o  tl.e  I  r-.  it 


(6.7.4) 


II.  v(t,  >)  for  a  fixed  A  is  a  peri o.: : >  I'u.k.'  1or>,  then  according  to  (C,'.,<0)  it 
1  r.  possible  to  consider  function  (6,7.3)  in',  or,  rat-  >  •  ;  period  of  rep-*  tit  Ion  T 

0  ol:.T"te  signal  at  the  discriminator  outpr.i  \ 


(*-V, 


(6.7,6) 


Here,  in  relationship  (6,7.4)  then-  is  no  need  to  carry  out  passage  t.o  the 
33m!  L;  3 1.  is  sufficient  that  T  embrace  a  whole  number  of  periods  T  j 

V 

^  _  1  f  ^ 


According  t<  (6.7.4)  and  (6,7.6)  accuracy  of  a  discriminator  is  determin**-'  ny 
Mil-  i'l’io  of  .1,1  ie  mean  value  of  the  square  of  the  derivative  of  the  regular  signal. 
v/J  * to  the  parameter  to  the  spe'-lrul  density  of  whitn  noise.  This  result 
1  w- 1.1 -known  [19], 

If  we  now  generalize  (6,7.1)  for  several  Input,  signals  ^^y(t),  (m)y( l), 

consist  1  rig  or  regular  signals  ^■*v(l,  X),  ^nl^v(t,  *)  and  generally  correlated 

whit.e  noises  ^^n(t),  ,,,,  ^m^n(t),  so  that 


_ _____ 

J  W/»(0U»  »('  +  *)  (<,/  =  ! . w), 
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we  can  obtain  function 


/<«.*,  v) = — 4-  f]  [li)y  {t)  ~{t)° (/* [iS)y  (0  ~ 

if/it 

-  <%  (/,  i)i = 4-  iy  w  - v  <*•  w  iy  w  - v  «•  *»• 


•  ....  there  are  Introduced  column  vectors  y(t),  v(t,  X)  and  matrix  W  - 
the  Inverse  of  H.  From  this  we  have 

*(<)=$($  V„  (/)  -  <%  (/,  1)1. 


’id' 


(6.7.7) 


Modification  of  (6.7.7)  for  periodic  v(t,  X)  is  obvious.  According  to  Fig.  •-•.2k, 
illustrating  relationship  (6.7.7).  from  each  input  mixture  there  is  subtracted  the 
corresponding  regular  signal  for  X  =  X,  and  then  results  are  multiplied  by  linear 
combinations  of  derivatives  with  respect  to  the  parameter  of  all  regular  signals 
and  are  added.  For  uncorrelated  noises  matrices  N  and  W  are  diagonal,  and  the 


Fig,  6.24,  Discriminator  for  a  set  of 
regular  signals  in  white  noise. 


discriminator,  according  to  (6.7.7), 
consists  of  m  independent  channels, 
similar  to  Fig.  6.23,  which  are 
summed  with  weights,  Inversely 
proportional  to  intensities  of  noises. 

The  accuracy  characteristic  of 
a  discriminator  for  the  considered 
cane  is  characterized  by  the  formula 

1 


and  also  is  expressed  through  mean  values 
respect  to  the  parameter. 

how  we  turn  to  the  more  complicated 
bring  the  input  mixture  unique,  we  have 


=  Iirn 


T-*m 

of  the 


1  f  h  nv  #OD(t,  X)  (KOd(I.I) 
T-)ZjWii~~^  dt  (6.7.b) 

derivative  of  separate  signals  with 


case  of  correlated  Gaussian  noise;',  CotiriG 


L(yfi)=c-4  ff  im*,, *)1 1 y  (*.)- 

<-i/j 

-c(t„  X)\dtl(it„ 


(6.7.9) 
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where  w  ( ,  i..-,)  —  a  function,  the  inverse  in  interval  A  to  the  correlation, 
function  of  noise  R  (t^,  t?),  i.e,,  satisfying  equation 

<+*/« 

j  Ru  (t»s)WB(s,tt)  ds  =  6  (/,-/,). 

t-*n 

It  is  implied  that  a  exceeds  the  interval  of  correlation  of  interference  ( s<  •.  .  ' 

Several  transitions  from  (6.7.9)  ho  the  operation  of  a  discriminator  are 
possible,  Questions  of  physical  realizability  of  the  obtained  circuits  are  easy  to 
avoid,  11,  using  the  symmetry  of  the  expression  untie r  the  inters-  1  sign  I r. 
for  arguments  t.,  t?  we  produce  integration  not  over  a  square  t  -  a/2  s  t,.  ,  £ 

s  l  +  a/?,  but  over  a  triangle  t  -  a/2  <  i ..  <  t  +  a/2,  t.  <  i~  <  '  -  .s/? ,  and 
double  the  result: 


'+**  {• 

L(y,A)  =  C-  \  dt,  J  rftfT.  (/,./.) &(/,)- 

t~kft  ■ 

-v{tvmy{U)-HU,  *)!• 

Then  differentiation  with  respect  to  X  and  rejection  of  the  outer  integral 
gives  the  operation  of  the  discriminator: 


z (t) = Q  [y  (/,)  _  o  (/,;  *(*)]  dlt  + 
—00 

+  \y(t) - 0 <<;  i  (0)]  J  w* g-  V(0> 


(6.7.10) 


Inasmuch  as  the  interval  of  observation  a  exceeds  the  interval  of  correlation  of 
ini  ■•n'erences,  we  directed  the  lower  limit  to  -uo.  Operations,  producible  according 
i.o  ('..7.10),  are  illustrated  in  Fig.  b .29.  From  the  realization  at  the  input,  as 
«  above,  there  is  subtracted  the  expected 

r(tj) 

1  ....  of  the  signal,  and  the  difference  is  pa::.  « •; 

W  — 1  through  a  linear  filter  with  pulse  response 

1 .■*  /|  \ fW  W  n  (t,  1)  (x  <  t)  and  is  multiplied  by  the 

_____  4  4  derivative  of  the  expectei.  farm  of  the  signal 

m  ^  with  respect  to  X.  Additionally  this  derivative 

Is  passed  through  the  same  filter  and  is 

Fig  Discriminator  for  a  multiplied  by  difference  y(t)  -  v(tj  t(f)). 

■/  ■  gular  signal  in  correlated  noise  1  ’ v  '  v  '  '' 

(J. ',aJilint')'  W  ""  fibers  Both  results  of  processing  are  added,  forming 

with  pulse  responses  W(t,  t) 

( *  ^  T)'  the  signal  at  the  discriminator  output.  With 


;  1 

w 

Ms 

hfjt 


Fig.  Ci.2"s.  Discriminator  for  a 
:•  gular  signal  in  correlated  noise 
(1st  variant).  Vi  —  linear  filters 
with  pulse  responses  W(t,  x) 

(t  >  r), 
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such  method  there  are  made  no  approximations  during  the  transition  to  z(t). 

Another  formally  simpler  method  of  transition  from  (6.7.9)  to  operation  of  the 
discriminator  is  differentiation  directly  of  (6.7.9)  with  respect  to  X,  which,  taking 


into  account  symmetry  of  the  arguments,  gives 


.  Sr—  JC  *«<<., 


(6.7.11) 


and  rejection  of  one  of  the  integrals.  Depending  on  what  argument  we  choose  for 
rejecting  the  integral  in  (6.7.11),  it  Is  possible  to  obtain  different,  but  statis¬ 
tically  equivalent  expressions  for  operation  of  the  discriminator: 


*  (0 = --fir"  JW)-®  K  *  (0)1  v, .«,*)* 


(6.7.12) 


f  (0  - 1 1  (0  -  0  (O' *  (0)1  +j  a.  *> 


(6.7.15) 


where  limits  of  Integration  are  expanded  to  tcofor  reasons  already  explained. 

Operations  (6.7.12)  and  (6.7.13)  are  carried  out  by  the  circuits  of  Figures 
6,26  and  6.27,  respectively,  which  repeat  two  channels  of  the  circuit  of  Fig.  6.2C>, 


r(tj) 


w 


Fig,  6,26.  Discriminator  for 
a  regular  signal  in  correlated 
noise  (2nd  variant):  W  —  linear 
filter  with  pulse  response 
W(t,  t). 


with  the  exception  of  differences  in  properties 
of  linear  filters,  appearing  due  to  infinite 
limits  of  integration.  In  all  cases  filtration 
with  weighting  function  W  n  ( t^,  tg)  has  rejector 
properties  with  respect  to  interference,  carrying 
out  suppression  of  the  most  intense  part  of  tne 
spectrum  of  interference. 


We  shall  explain  this  circumstance  in  greater  detail,  considering  a  periodic 
signal  with  period  T  ,  larger  than  the  interval  of  correlation  of  interference.  If 
we  consider  interference  stationary  R  (t^,  tg)  =  R  n  (t^  -  tg),  then  W  n  ( ,  t,;) 
one  should  seek  also  in  the  form  W  ( -  t-,),  from  which,  pushing  the  limits  of 
integration  in  (6.7.9)  to  ±co,  we  have  the  Fourier  transform  from  the  inverse 
function  W  (t^  -  t^)  in  the  form 


,(•)=  Jr.we— 


(6.7.14) 
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where  3  „  (a.)  —  'i  ectr.nl  density  of  interference. 

The  operation  for  tne  discriminator  in  the  ease  or'  a  periodic  sign.:  I  will  t  e 
given  directly  by  relationship  (6.  j  .:L:t),  where  limits  embrace  the  period  of  r -por Lit  i. 
From  this,  passing  to  Fourier  traiv" ''oi-'-i’.s  and  us i.rtg  (6.7.54),  we  hs\--. 

—  J-T  dV'  {<*Xt) 


?*=Re5rj 


s*  (•)  —  sr~dw' 


wnere  Y,  (>«),  V(u>,  a.)  —  Fourier  transforms  of  functions  y(i ) ,  .  f  ,  •)  in  \  . V.  - ‘  i 
peri ■ 1  of  the  signal.  According  to  (6.7.I  .) ,  In  t.h '.ons  '  no  spectrum 
she  re  interference  is  more  intense,  the  transmission  hc1  v  of  t  i.r  ■.  inear  f  i  i  ‘.r  r 
coupled  in  the  circuit  decreases.  'Hi!  a  nl.<-  explains  the  reject-:  r  proper r  i.es . 

The  r.  ’hematic  of  the  discriminator  for  this  case  is  shown  in  Fig.  i.ltt. 

It  remains  to  clarify  the  question  of  physical  realizability  of  op-M-atl  >ns 
(•  .7. if),  (G.7.I0)  and  (6,7,15),  which  in  placed  under  aoubt  by  the  inf in l 1  e  upper 
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Fig.  '>.27.  Discriminator  for 
a  regular  signal  in  correlated 
n-'t.-"  (<rij  variant  ).  VI  — 
filter  with  pulse 
W  (  t,  »). 


limit.;  of  Integration  in  ('  ,7.12)  an  i  (-..Y.lj) 
or,  which  is  the  same,  the  presence  in  (6.7. if)  of 
function  ■]./?.  (>>'.),  the  Fourier  original  of  which 

is  symmetric  wi  in  -e  x  -n-: t  lo  zero  time.  1  r  1  c 
situation  is  ea  ;ed  hy  the  fact  the  *  M  •.  D.:  oral 
of  correi.* 1  ion  of  interference  is  usually  consider¬ 
ably  !e..  thar.  the  in*  »nsl  of  not  iceable  change 
of  3i(_nai  fv-  c t ion  v(‘;  •-. ) .  jn  these  cone 1 1  ions 
it  i por-ilble  to  replace  the  Fourier  origjiia  I 


1/3  (...)  by  function  obtained  from  it  by  shifting  a  quantity  somewhat  larger  than 

•  he  interval  of  c-  rrela tiori  of  interference,  and  after  that  cutting  off  the  small 
r  cirri  in.  kn  i:  negative  time.  Then  we  will  obtain  a  signal  at  the  ui sc riminn l of 
.  tut  j..ti  /aily  oq  : I  valent  to  the  optimum.  It  is  easy  to  prove  this  by  c9lcul'<'  An. . 

■np  tig  a*'  value  or  spc.-tral  density  of  the  output,  signal.  This  quantity  -i.-uvicterl.zer 
v  of  mi'-a.-mrc-iiH-nt  in  the  presence  of  correlated  in1  erl'^renee.  - ,i s  is  equal  to 


rr 


*■=*■  4-f  f  ^21  v,  (/„  (.)  «,  it . 


('  .7.16) 


where  ir.  t.he  car  -  or  n  periodic  signal  on"  should  reject  the  sign  of  the  limit 
arid  equate  '1  to  the  period  of  repetition  T  , 

Although  in  subsequent  chapter;-;  the  case  of  a  regular  signal  will  not  t,n 
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considered,  results  of  the  present 

paragraph  will«.help  us  to  comprehend 

certain  laws  governing  construction 

,  of  optimum  circuits  in  cases  more 

Fig.  6,?8.  Mscriminatcr  for  a  pulse 

reg’il-.  ■  ignal  in  correlated  noise:  complicated  and  more  interesting  for 

5’.  ,  l:  filter  with  frequency  response 

.  [a)}  2)  Integrator  over  the  period,  practice. 

6.7.2.  Gaussian  Coherent  Signals  in  Gaussian  Noises 
First  we  shall  consider  that  simple  case  when  the  carrier  of  the  parameter  is 
a  single  signal,  received  against  a  background  of  normal  white  noise  n(t): 

y  (/)  =  E  (t)  tu  (i t ,  X)  cos  [mj  + 1  ( t ,  X)  -{-  f  (/)1  +  /*(/)« 

=  Re  {E  (0  e',<0  u  (/,  X)  eK'}  -f  n  (t).  ( 6 . 7 .  J  7 ) 

Here  -  carrier  frequency;  E(t),  <p ( t )  —  random  amplitude  and  phase  modulation."., 
distributed  correspondingly  by  Rayleigh  and  uniform  law,  so  that  E(t)  cos  cp(t), 

E(  t. )  a  in  ,,o(t)  are  stationary  normal  Independent  random  processes  wild,  correlation 
function  r(ta  -  tg).  Then,  ufl(t,  X),  >'(«-#  x)  ares  regular  modulation!;,  depending  on 
the  measured  magnitude  of  X(t);  in  (6.7.17)  there  is  Introduced  the  complex  modulation 
fee  tor 

«(<,*)  =  «.(*,  X)t‘*lUX\  (I, ,7,18) 

reflecting  Immediately  both  functions  ufl(t;  '•)  ant*  '*•)  •  correlation 

function  of  mixture  y(t)  according  to  Chapter  l  (Vol,  1)  has  the  form 

yJjiJy^,\==R(tt,t,)== 

«  Re  {« (/„  X)  r  (tt  ~  /,)  «*  (/„  X)  -f  A/.S  (/,  ( 6 .  y .  i  0 

Who  re 

r  (/,  -  /,)  «!'£(/,) 

According  to  formula  (6,6.1),  for  construction  or  the  likelihood  functional 
l'or  a  normal  process  it  Is  necessary  to  find  function  W(ta  ,  t,,) ,  the  Inverse  of  tic 
correlation  function,  i.e.,  satisfying  equation 

/+*/* 

v/iiere  integration  is  conducted  over  the  el'-menta ry  Interval  (t  -  A/f ,  t  t  (,/?)>  v/hleh 
we  (1 1  in  f,  0.6.  .'limilurly  to  how  this  was.  don-  In  Chapter  IV  (Vol.  1),  w- 

I'lnd  W(  t_a  ,  t,,)  in  the  form 


T(tt,tJ=-Ve 


^  n*(^I)e,N(W*>J+ 


whence  for  auxiliary  function  w(t^,  tg)  we  find  equation 


t+tft 


'(6.7.21) 


(6.7.1?) 


As  the  first  example  of  solution  of  equation  (6.7-22)  we  .-hall  consider  a 
signal  without  amplitude  modulation*  when  uft(t)  »  -  const.  Then,  inasmuch  as  the 

Interval  of  integration  exceeds  the  interval  of  correlation  ot  iluc'uations  of  the 
signal,  determined  by  function  r(t),  it  is  possible  to  consider  limits  of  integration 
in  (6.7.22)  infinite  and  to  seek  the  solution  or  w(tj,  t?)  in  the  term  w( -  t,,). 

The  method  of  Fourier  transformations  In  these  conditions  gives 


Here  as  the  condition  of  normalization  we  assure  •  1,  so  that  the  correlation 
function  of  signal  fluctuations  r(t)  must  be  normalised  in  the  form 

r(P)*c/>».  (6.7.20) 


where  Pc  —  mean  signal  power. 

Further,  S  («>)  —  Fourier  transform  from  >,'t);  and  fn(tr)  «•  S  (d*)/S  (0)  —  normalized 

v*  v  c  c 

.•pee t rum  of  fluctuations,  related  to  the  width,  of  this  spectrum  Af  c  by  relationship 

(6.7.?6) 

Finally,  quantity  h  =  ?c/2N0&fc  t  introduced  In  (6.7. 25),  is  the  signal-* c- 
noise  ratio  encountered  earlier  (ChapterlV)  in  the  theory  of  optimum  reception  or 
a  coherent  fluctuating  signal. 

'  -i other  interesting  example  of  solution  of  equation  (6.7.2?),  essentially  re¬ 
ducible  to  the  first  one.  is  the  case  of.  rapid  amplitude  modulation.  If  we  limit 
ourselves  to  modes  of  modulation  with  constant  period  ?r,  this  is  equivalent  to 
the  condition  of  fh*»  interval  of  correlation  of  the  signal  greatly  exceeding  period 
T  .  In  o'her  words,  the  set  of  neighboring  pulse  trains  fluctuate  harmoniously. 

Then  it  ir  possible  to  divide  the  integral  in  (6.7.22)  into  the  sum  of  integrals 
over  separate  periods,  removing  factors  r(t^  -  iTr) ,  w(iTr,  tg),  constant  in  period  Tr: 
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T*/« 

f  r«,_, )l-i^J!.(.Iyrf.~5Jr»,-/r,)x 


Xw(tTr,^  f 

«-M  r,  * 


(6.7.26) 


, ;  rig  Integration  over  separate  periods  we  consider  condition  of  normalization 


—  r  —f 

f7  f  f 

W-IKr 


(6.7.?7) 


which  i 3  a  generalization  of  the  former  normalization  in  the  case  of  the  presence  of 
modulation.  Passing  then  in  (6,7,26)  to  an  integral  in  the  initial  limits,  as  the 
solution  of  equation  (6.7,22)  we  again  have  relationship  (6.7.2?), 

Let  us  now  turn  to  expression  (1.4.?)  for  the  derivative  of  the  logarithm  of 
t  n'r  likelihood  function  P(y(t)  |  > )  of  a  normal  process  y(  t) ,  taken  with  respect  to 
arbitrary  parameter  X(t).  '.being  (6.7.21)  and  (6.7.2?)  and  considering  h  independent. 


,jf  2,  we  have 


/♦»/* 

^  In  P  (y  j  A)  =  -  C  \  y  (t ,) * (/,) «  tf ,  -  O  X 

*  /-*/i 

X  {«.  (<„  A)  ;£  «.  (<..  *)  cos  [•,  (/,  -  /,)  +  *  (U)  - 
*)1  -  tf  *  (<„  A)  U .  1)  Sin  K  ('»  -  ',)  + 


(6.7.28) 


In  order  to  carry  out  transition  to  the  operation  of  the  discriminator,  according 
to  »•«  iMtlonshlp  (6.6.  ?6),  it  is  necessary  to  present  (6.7.26)  in  the  form  of  t> 
simple  Integral  over  the  Interval  of  observation,  For  this  it  is  sufficient  to 

assume  that  there  exists  such  a  function  h(t),  for  which 

/•M/1 


J  h(*  —  t%)h  (-t  -  /,)  d%  =  w  (/,  —  tt)j2N% 


or,  In  frequency  presentation,  that,  this  relationship  is  satisfied: 

i  n  i  —  2Nt  ~~  I  +  HS,  (**)  ’ 


(6.7.26) 


(6.7. JO) 


where  ll(  la.)  —  Fourier  transform  from  h(t). 

Substitution  of  relationship  (6,7.29)  in  (6.7.88)  giver,  the  possibility  of 


n 


passing  to  the  operation  of  the  discriminator: 


■  \  k  ^  >  '  v  ^ 


\&i 


2(0=]^- *(0)COS  [»A +  ♦(*,;  *  (0)1  X 

— «ft 

•  .  '  .A':  * 

.  *  4«  v  ?  ^ 

Xh(t-t,)dt,  f(0)cosi®^  4-^(0;  1(0)1- 

— 00 

r-MOr  MOJ  ^^^sinlV.+tlO;  MOl]  *(*-*,)<",+ 

X!  i('»*W,+ffi  »(<)>]+ 

+ «. ('.:  * (0)  cos  W. +♦.(/,:  * ('))]] * (< - y <«,. 


(6.7.31) 


The  operation  represented  by  relationshin  (6.7.31)  is  illustrated  in  Fig".  6.29. 
Input  signal  y(t)  proceeds  to  two  quadrature  mixers,  in  one  of  which  it  is  multiplied 
oy  sinusoidal  oscillation  of  the  expected  frequency  o0,  modulated  in  phase  by  the 
law  of  phase  (frequency)  modulation  a  value  of  the  parameter  equal  to  the 

measured,  and  in  the  second  mixer  it  is  multiplied  by  cosinusoidal  oscillation  of 
the  expected  frequency  with  the  same  modulation.  Then  there  occurs  multiplication 
of  output  signals  of  mixers  by  functions  reflecting  the  expected  form  of  amplitude 
modulation,  the  derivative  of  amplitude  modulation,  and  the  derivative  of  phase 
modulation  with  respect  to  parameter  X  (see  Fig.  6.29),  all  at  the  same  measured 
value  of  X(t).  There  is  conducted  filtration  of  the  obtained  signals  in  low-frequency 
linear  filters  with  pulse  response  h(t),  satisfying  relationship  (6.7.29)  or  (6.7.70). 
Then  the  obtained  signals  are  mutually  multiplied  in  multipliers,  after  which  all 
output  signals  proceed  to  an  adder,  completing  the  circuit  of  the  discriminator. 

A X t  hough  the  given  circuit  is  complicated,  it  is  possible  to  easily  explain  the 
work  of  all  its  elements.  Input  mixers  and  multipliers  are  elements  of  so-called 
correlation  processing,  by  which  we  usually  mean  multiplication  by  a  signal  of 
expected  form  with  subsequent  accumulation  of  some  type.  The  presence  of  sine-cosine 
channel:;  is  explained  by  fluctuations  pf  phase  of  the  signal,  making  it  impossible 
t<.  predict  its  concrete  value..  In  any  case  the  signal  correlates  (completely  or 
partially)  with  heterodyne  signals,  in  quadrature  shift  relative  to  each  other. 


which  also  permits  forming  the 
output  signal  of  the  device. 

In  the  corresponding  circuit 
of  an  optimum  receiver  it  would 
be  sufficient  further  to  have 
only  elements  of  multiplication 
by  the  function  of  amplitude 
modulation,  in  the  case  of  a 
pulse  signal  technically  executed 
in  the  form  of  gated  stages. 

In  the  circuit  of  the  discrimina¬ 
tor  it  is  additionally  necessary 
to  use  derivatives  with  respect 
to  the  parameter  of  amplitude 
and  phase  (frequency)  modulations, 
taken  for  the  measured  value  of 
parameter  \(t).  The  useful 
signal  appears  at  the  output  of  amplifiers  with  a  law  of  amplification  in  the  form 
of  derivatives  only  when  there  is  mismatch  between  the  measured  and  true  values  of 
>. .  Here,  the  signal  at  the  output  of  these  amplifiers  in  sign  and  magnitude 
corresponds  to  difference  X  -  X,  if  this  difference  is  small. 

Then  in  the  circuit  there  follow  linear  filters,  whose  pulse  response  is 
determined  by  the  spectrum  of  fluctuations  of  signal  and  the  signal-to-noise  ratio. 

They  carry  out  accumulation  in  time  intervals  which  for  a  low  level  of  the  signal 
are  equal  to  the  correlation  interval  and  upon  increase  of  the  signal  decrease 

A 

.'.omcwha !  .  Multiplication  of  signals  carrying  information  about  mismatch  e  =  X  -  > 
by  signals  carrying  only  information  about  the  amplitude  of  the  signal  is  produced 
in  order  to  emphasize  overshoots  of  the  signal  and  to  maximally  filter  off  noise;. 

Final  addition  helps  to  compensate  phase  fluctuations  and  unites  effects  caused  by 

A 

deviations  of  >.(t)  from  X(t)  in  channels  sensitive  to  amplitude  and  phase  modulation, 
respectively, 

Physical  realizability  uf  operations  (6.7.31),  pnt  obvious  in  view  of  the 
inl'Lnit-.;  upper  limit;  of  integration,  is  explained  just  as  in  Paragraph  6,7.1.  The 
fact  is  that  on  an  optimum  filter  there  is  imposed  only  condition  (6.7.30)  with 


Fig.  t.  .29.  Optimum  discriminator  for  a 
fluctuating  coherent  signal  ( low- frequency 
variant):  1)  quadrature  mixers;  2)  variable- 

gain  amplifiers;  3)  linear  low-frequency 
filters;  4)  multipliers;  5)  adder;  6)  ir/2 
phase  shifter. 


respect  to  the  square  of  the  modulus  of  Its  frequency  response;  the  phase  response 
can  te  selected  arbitrarily^  if,  of  course,  there  does  not  appear  here  delay; 
comparable  with  the  interval  of  change  of  X(s).  Therefore,  the  first  method?  of  _ 
finding  h(t.)  is-  factoring  function  |H(±ce)j2  -  h30(a>)/(l‘  +  hSQ(u>)) ,  i. its' 
expansion  into  factors  having  zeroes  and  poles  in  the  upper  and  lower  hal^-planeo . 
respectively,  of  complex  variable  cd.  Then  one  of  the  factors  will  give  d.he  sough* 
physically  realizable  frequency  response.  When  there  is' a  rational-fraction  spectra 
den  ity  of  fluctuations  of  signal  Sq(<d)  such  a  possibility,  as  shown  in  6  t.ru  eiway 

-r  f  .  .  . 

exists.  *  •- . 

A  second  method  is  direct  determination  of  the  Fourier  original  of  function 

v',hS0(u))/f  1  +  hs0(fo)),  which  will  give  a  physically  unrealizable  pulse  response,  and 
introduction  then  according  to  the  method  in  Paragraph  6.7.1  of  time  delay  an  lr.tr. rv 
comparable  with  the  duration  of  this  response.  Obviously,  it  is  also  possible  to 
suggest  other  methods.  All  of  them  are  equivalent  In  results  and  give  filters  of 
an  approximately  identical  transmission  band. 

The  given  "low-frequency”  interpretation  of  operations  of  the  discriminator 
is  not  the  only  possible  one.  Another  possible  variant  is  transfer  of  operations 
of  filtration  to  a  certain  intermediate  frequency,  allowing  us  to  dec  rear a  the 
number  of  channels  in  processing  (see  Chapter  XV,  Vol.  1): 

r  (/)= const  Jy  i  + 

+♦«.:  i«)!1  *<<  -  <,)«»  -■„((  - t ,) dt.fnvx 

X[-sr“.('-  MOJcosK-. +•*,)!. -Hft:  f(0)J+ 

+«.«., i(0)smIC.+«ro)',+ 

Processing  of  y(t)  according  to  (6.7.32)  should  be  conducted  by  the  circuit 

•*’  T-lr.  6.3 0.  At  the  input  of  the  circuit  there  are  installed  two  n leers  to  which 

there  :>re  fed  heterodyne  voltages  with  quadrature  phase  shift  ar.d  t.he  expected  phase 

modulation.  In  view  of  noncoincidence  of  the  middle  frequency  of  heterodyne  signals 

with  the  carrier  frequency  o)q  simultaneously  with  "convolution”  of  phase  (frequency) 

modulation  t.he  mixers  shift  the  spectrum  of  the  signal  to  intermediate  frequency 

\ 

ay,r.  Then  signals  are  fed  to  variable-gain  amplifiers.  Laws  of  change  of 
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dua( t,  X)  /\  dy(t,  X) 

amplification  in  them  are  ( t ,  X)  - ^ - ,  u0(t,  M — - >  respectively,  i.e., 

are  determined  by  the  form  of  regular  modulation  of  the  signal.  The  mixers  together 

with  controlled  amplifiers  carry  out  correlation  processing.  In  the  circuit  of 

Fig.  here  occurs  unification  of  outputs  of  amplifiers  in  two  channels. 

ing  in  both  channels  is  conducted  by  identical  band  pass  filters,  tuned  to 

1  r ."mediate  frequency  o:n„  and  being  high-frequency  equivalents  of  low-frequency 

np 

optimum  filters.  Naturally,  frequency  shift  of  heterodyne  voltage,  as  also  of  the 
face  -n'.  le  of  the  intermediate  frequency  to  which  this  shift  is  equal,  is  arbitrary 
and  in  no  way  follows  from  theory.  During  transition  to  (6.7.32)  we  pursued  the 
goal  of  practical  convenience  cf  fulfillment  of  operations,  where  there  was  implied 
the  circumstance  that  after  mixing  in  subsequent  filtration  there  does  not  participate 
8  "mirror"  signal. 

As  a  result  of  bandpass  filtration  in  the  channel  connected  with  the  amplifiers, 
whose  law  of  amplification  1..  determined  by  the  derivative  of  the  modulating  functions, 
there  will  form  voltage  proportional  in  amplitude  to  current  mismatch  e  and 

corresponding  in  phase  to  the  sign 
of  this  difference.  On  the  output 
of  the  other  1 liter  voltage  depends 
little  on  e  and  will  form  as  it 
were  a  reference  signal,  multiplica¬ 
tion  of  the  differential  signal  wi' 
which,  carried  out  in  the  phase 
detector,  completes  the  operation 
of  the  discriminator.  As  a  result 
there  is  formed  low-frequency 

voltage  z(t),  on  the  average 

/. 

proportional  to  X  -  X  for  small 
values  of  this  quantity. 

Le»  u.  turn  to  characterization  of  accuracy  of  the  discriminator.  In  ’.lew  of 
Uu>  atlonariness  of  fluctuations  of  the  signal  the  accuracy  is  characterized 
by  n  constant  TCry  ■=  K.  In  the  most  general  case  of  a  normal  random  process  y(t) 
by  ii i  erent iation  of  the  logarithm  of  the  likelihood  function  and  averaging  it  is 
possible  to  show  that  K( t )  is  expressed  directly  < hrough  the  correlation  function 


Fig.  0,'iO.  Optimum  discriminator  for  a 
fluvi.u  iting  coherent  signal  (high-frequency 
variant);  1)  quadrature  mixers;  2)  variable- 
1  ■j\n  amplifiers;  3)  linear  bandpass  filters; 
4)  multipliers;  6)  adder;  6)  v/2  phase 
shifter. 
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of  the  signal  R(t^,  tg)  and  it  inverse  W(t^,  tg)  in  the  form 

+r/a 

«= -gggjj;  ■  *  -  yx)  “txdt. 


(6.7.3?) 


where  limits  for  constant  X  can  be  directed  to  ±oo  by  virtue  of  the  factors  shewn 


earlier. 


Substituting' in  (6.7.3?)  functions  R(t  ,  tg)  and  W(t±,  tg)  from  (6.7.19), and 
(6.7.21),  we  obtain 

+r/j 

v  r/2 


(t.  >»  (— dx-^-)']+u.!  (/„ »»«;  </..  x 


(6.7.34) 


Relationship  (6.7.34)  is  valid  in  the  very  general  case.  If,  however,  on 
function  ^(t,  X)  there  are  imposed  certain  limitations,  then  this  convenient 
formula,  having  more  modest  limits  of  applicability,  is  valid: 


(6.7.35) 


where 


/,(«)= 6, 

.  +r/2 


j  [(^;+«: ».  ^(-^),j  *. 

-r/i  '  '  J 

+r/i 

-T/2 


,  tL  P,_i  r  *,so(“)  ^ 
A  (A,  5,)  —  J  ,+  /ks  (w)d® 


I  '  f  7.7 

V  °  •  t  • 


(6.7.37) 


naturally,  during  periodic  modulation  passages  to  the  limit  in  (6.7.34)  and 
(6.7.36)  are  replaced  by  averaging  over  one  period  of  modulation. 

Let  us  discuss  formula  (6.7.35).  It  contains  two  factors,  the  first  of  which 
is  wholly  determined  by  the  form  of  regular  modulation,  and  the  other  is 
determined  only  by  the  form  of  spectral  density  of  fluctuations  of  signal  s0(«)  and 
the  signal-to-noise  ratio  h.  In  'other  words,  is  determined  by  the  form  of  coding  - 
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X  in  the  signal,  and  J0  is  determined  by  power  properties  of  the  latter.  Therefore 


i 


i 


i 

! 


\  ; 

'  i 
»  ; 
; 
i 


detailed  discussion  of  can  be  postponed  to  subsequent  chapters.  For  it  is 

useful  to  indicate  limiting  values.  For  very  large  values  of  h  we  have 

+00 

/,  2h  ~  j*  S, («) dm  =  2AA/C  (A>  1),  (6.7.58) 

—00 

.  .'  v  '  very  small  h 

+» 

J  S0,(«)d«  =  2A»AAfc(A<  1).  (6.7.39) 

—00 

where  n  —  constant,  value  of  which  Is  between  one  (for  fast-dropping  spectrum  Sq(od)) 

and  1/2  (for  a  slow-dropping  spectrum). 

Thus,  J.~  monotonically  depends  on  slgnal-to-noise  ratio  h  and  is  proportional 

to  the  width  of  the  spectrum  of  fluctuations  of  the  signal  Af_. 

c 

The  condition  of  invariability  of  the  correlation  function  within  limits  of  the 
peri  v:  of  modulation,  assumed  above,  is  not  always  observed  in  practice.  Separate 
peris  :s  can  t>e  weakly  correlated.  The  sphere  o,  applicability  of  the  developed 
methods  car.  be  considerably  expanded  if  we  assume  that  modulation  has  a  pulse 
elumicter  with  a  sufficiently  high  off-duty  factor,  so  that  instead  of  u(t)  we  take 

E  «  V  -  kTr) = £  ft,  (/  -  AT  r)  (6.7.40) 

*  * 

where  u(t)  —  complex  law  of  modulation  in  a  separate  k-th  period. 

Correlation  of  signal  fluctuations,  divided  by  the  period  of  repetition,  we 
’onrider  arbitrary,  but  within  the  limits  of  duration  of  each  pulse  train  (or  pack) 
we  shall  consider  the  correlation  function  and  its  inverse  function  constant,  so  that, 
for  instance, 

Tr  T, 

j|«(/-i)|»r(0rf/  =  r(T)$|«  (t)  |*  dt. 

As  before,  there  remains  in  force  the  condition  that  in  the  interval  of 
correlation  of  the  signal  the  measured  parameter  does  not  vary.  The  correlation 
fur. 1  ’ .)  on  .**•'  the  mixture  of  the  signal  with  noise  has  the  form 


*(*,.  /,)-Re{2« ih-kTrWv  /1)«(/1-/Tr))eW'*'/*,}  + 


(6.7.41) 


i-'-.i.  • !  :  ’,■;(  1^,  tg) ,  the  inverse  of  the  rorvelat  ion  function  in  interval  a, 

ijiCiiiiing  many  periods  of  repetition  and  intervals  of  correlation  of  the  signal, 
we  1  i t:d  tr.  the  form 


{ 

1 
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(6.7.42) 


v (/,-  kTrp^P  u (/, - /r,)  eW,,~M|+ 


(6.7.43) 


This  gives  an  equation  for  w(t^,  tg): 

-i-  f  »(*„  5)  '  ^ - r  (s  —  y  ds  +  ® *.)  = 

f-VJ  *  (6.7.43) 

*=r  (/,-<.). 

Considering  the  condition  of  a  large  off-duty  factor,  it  is  possible  to  produce 
integration  over  s,  after  which  it  is  useful  to  quantize  equation  (6.7.43),  i.e., 

■co  look  for  its  solution  w(iTr,  JTr)  =  wiJ  at  discrete  points  coinciding  with 
moments  of  action  of  pulses,  since  only  at  these  points  will  it  affect  the  form  of  the 
final  solution  of'  (6,7.42).  This  gives  a  discrete  analog  of  equation  (6.7.22): 


(6.7.44) 


where  it  is  assumed  that  the  energy  of  pulses  does  not  depend  on  time,  and  conaition 
(6.7.27)  is  satisfied.  Directing  the  limits  of  summation  in  (6.7.44)  to  infinity 
and  seeking  a  solution  in  the  form  w n  =  w1_) ,  ,  it  is  easy  to  solve  (6.7.44)  by  the 
method  of  discrete  Fourier  transformati  n: 


feSr-  t  - 

1  +  2  N.  *=-°° 


50O(Q) 

1+AdSod(B)  ' 


(6.7.45) 


hD  —  f*  2 Nt 

A =—oo 


(6.7.46) 


-  signal- to -noise  ratio,  analogous  to  h  and  changing  into  h  as  Tr  -*  0,  inasmuch  as, 


4oo 

[ r  w 

U  - .  —  «o  Se  (0)  l. 

^ - W, —  —  W*  ’ 

n  —  dimensionless  frequency,  connected  with  usual  frequency  and  the  period  of 
repetition  by  relationship 

Q=»7V; 


(6.7.47) 
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then 


ScD  (Q)  =  Yi  r*e_ 

«v  +* 

»(Q)  =  £  w*e- 


(6.7.48) 


so re ?. e  Fourier  transforms  of  tne  correlation  function  and  the  inverse  function, 


C  $cd  W  .^tO  (®) 

>(U)“^w— ^7 


—  normalized  discrete  spectrum. 


Let  us  expand  w^  analogously  to  w(t)  in  (6.7.29): 

^“(Q)=-TT^r=!«,('Q)P 


(6.7.49) 


where  h^  —  a  certain  function  of  a  discrete  argument  with  Fourier  transform  HD(ifi). 

Then,  considering  for  simplicity  the  case  when  the  signal-to-noise  ratio  hD 
does  not  depend  on  parameter  X,  we  have  a  discrete  analog  of  relationship  (6,7,31): 

IT, 

ar(/7’r)=  J ]AJ-<  J  y (*.)«•  (/,  — ) «* W,  + 


U-i»rf 


<  </-T)  r, 

XC0S IV.  +  ♦(',-  tTrl  h)}~“*  V,-lTrl  h)  W+(/‘~ 

-lTr\  ij)  sin  IV.  +  ♦  (/.  -  tTrl  it)] )  dt,  + 

I"  y (/,)«»(/, ~iTr;  i^)sin IV  + 
i  V-ur, 

if. 

f  y (0 {£ «.(/.- 

j  «-i>  r, 

—  tTrl  *j)#infV.+  +  ('.~ -/rr;  Ai)]  +  w.(/t-/rf;  Aj)X 
X  -Jr  *  ('.  “  *T, ;  *,) cos  [  V,  +  ♦(#,-  /rr;  i,)|}  rf/,. 


(6.7.50) 


i  r.v li.g  of  the  signal  according  to  (h,7,L0)  obviously  breaks  flown  into  an 
int r'lper tod  and  an  interperiod  part.  The  ir.traperiod  processing  completely  repeats 
the  ! '  1 1 • : - 1  orrelation  part  of  processing  in  Fig.  6-. 29.  Then,  instead  of  low-frequency 


filters  there  should  follow  integrators  with  drop,  accumulating  signals  ir.  i ea  -n 
period.  Results  of  accumulation  in  discrete  form  are  smoothed  by  d i :s t re •  *-  1’ r  ■ 
filters,  realising  accumulation  in  the  internal  of  fluctuations  of  the  -Ig: r.l . 
Technically,  a  circuit  starting  with  there  1  "i  1  ’  o •  v-in  be  imagine n  it-  4  . 

specialized  digital  computer.  Further  processing,  c. 'misting  in  mult  ip  11  'o' ' 
the  results  of  filtration  and  addition  with  each  other,  accurately  repeat.',  fne 
operation  of  Fig.  6,29. 

As  before,  let  us  assume  transfer  of  operations  (<'..7.4u)  i.o  i  nr  ormed  ■ 
frequency.  This  leads  to  a  relationship,  analogous  to  (6.7.32): 

+® 

*(iTr)= const  J y(t{)ua (/,,  ij) cos [(*,+«„,, 

— ao 

+ ♦  (<».  *i)l  A  (*j  -  -  * cos  ®it».  (*j  —  *i)  dti  J  y  VJ  X 

-«o 

X  «•  (*«.  Aj)  COS  l(,#  -j-  *„„)  /,  +  <{»  (t„  ij) ]  -f- 

+ «.  Aj)  si  n  (K  +  <nap)  /.  + 1  (/„  *,)]  ]  X 

X  /,) cos »np (tj  —  ts) dt„  (■.!.. 

where  the  envelope  of  pulse  response  h(  t)  •>’.  dire  rote  moments  t  =  IT,  -V  l.  fie.- 
condition  (6.7.48),  and  In  the  remaining  moments-  inside  the  period  is  srl-l  t  s  ••••y. 

The  block,  diagram  describing  relationship.  ■  n.v.Rl )  simply  repeats  the  il-nti-i't 
Fig.  6.30. 

Vie  shall  show  that,  although  operations  (o.  /.RO)  and  (6,7.51)  a'I.ro  b  r<  •■k  u-. 
into  intra-  and  interperiod  operations,  intorperiod  processing  of  the  :'uir 

cannot,  be  transferred  to  the  output  of  the  discriminator,  inasmuch  as  phar-c-  dure": 
(mult  i.p.l  i  on  t.  ion)  at  the  output  is  an  operation  which  is  especially  110/i.Liir  a  r 
re s) •o  : i  to  :/(:). 

For  charac terizatlon  of  accuracy  of  measurement  K  in  the  same  condi’  ; .  .  a.; 

in  cu::e  (6.7.  r>‘>)  we  have  expression 
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As  factor  J 2  from  (6.7.37),  monotonically  depends  on  signal-to-noise  ratio 
h^.  Tn  the  extreme  case,  when  the  correlation  coupling  between  packages  is  very 
great,  the  range  of  values  of  Q,  where  function  Sq^(SI)  markedly  differs  from  zero, 
is  considerably  less  than  interval  (-tr,  +ir) .  Therefore,  considering  relationship 
(6.7.46),  and  also  the  fact  that  Q  -  toTr  and  S0D(o>Tr)  -»  Sq(u>)  and  directing  to 
infi:  .  £■■  limits  of  integration  in  (6.7.53),  we  note  that  this  relationship 

(6.7.37).  The  other  extreme  case  of  total  absence  of  correlation  will  be 
ourr  .i dered  in  detail  in  the  next  paragraph. 

Above  we  considered  the  case  of  one  input  mixture  of  signal  with  noise  y(t). 

Let  ■  try  to  generalize  the  preceding  results  to  the  case  of  many  input  mixtures 
.7  ft)  (l  =1,  2,  ...,  m) ,  each  of  which  can  contain  a  whole  series  of  components 
in  general  with  different  forms  of  modulation  and  correlation  properties.  An 
example  of  such  a  set  of  mixtures  are  outputs  of  a  multiunit  antenna  system,  in  each 
of  vrilcn  tnere  are  included  signals  reflected  from  many  targets  and  radiated  by 
inter*' e r e nee  source 3. 

Here,  carrier  frequencies  for  all  components  of  the  mixture  may  differ.  There 
is  Art  rodu'-ed  a  certain  middle  frequency  ay,  and  phase  modulations  (7  \.(t}  X) 


:oRtain  terms  of  form  ( 


“Ok  "  “0 


)t,  linearly  increasing  in  time,  reflecting  differences 


of  frequencies  of  separate  components  01^. 

Let  us  assume  the  2-th  mixture  has  the  form 


{"u (0  =2  U)u^{tl  4W)M,^(Ocos iv +***♦*(<;  *(*))+ 

*=s| 

+<o?*(0H-<,,«(0  (1-1,2, . «). 


(6.7.54) 


We  Introduce  a  complex  nearly-diagonal  matrix  of  coefficients  of  modulation 
lift),  the  i-th  diagonal  element,  of  which  is  column  {^J^u.(t),  ...,  ^l^u„  (t)),  where 
<l>Ul(t)  -  (l)uaj(t)ei  Additionally  we  introduce  complex  column  0(t),  t.he 

2-th  subcolumn  element  of  which  is  a  column  of  complex  elements 

<oe  =  {<»>£,  (/)  e <0, ....  <0 EVl  (0 e 

ref  Ire  ting,  random  modulations.  Then  the  v/hole  set  of  mixtures  (6.8.62)  can  be 
pro -cnt. ri  in  ".jivix  form 


j(0„Re{UM0«(0e,v}  +  n(0, 

AW 


(6.7.55) 
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where  y(t),  n(t)  —  simple  column  vectors  of  order  (:«  x  1),  composed  of  vamos  o: 
function  (1)y(t)  and  (1^n(t)  (i  -  1,  m) .  The  correlation  matrix  of  the  vilnn 

set  of  mixtures  (6.7,55)  la  obtained  in  trie  form 


where 

—  comj. 

(U) 


R  (g  g  -  y  (/,)  y +  (<•)  -  R*  {«  Mg  r  (/,  -  /,)  X 

x  U*  (g  e'% 4- N8  (/,-/,), 

r(/,-g-4-  r(/, )•♦(/,) 


(Id), 


r(ti  "  t2.'>  ~  '  1  *pq'  "a  ‘W-  1 
correlation  of  stationary  random  pro: 


U\(‘?)C08( 

1  '  sin 


interrelate 


q ' 


,xs» 

W '  ’  - 

1  li 

L.  \A 

ing  rub' 

i=l 

r,  . 

(O 

-  t., )  j  r 

the 

functloi 

<lh 

I- 

(  '  .1  ) 

V 

s  .1  n  1 

4> 

and 

is 

the 

matrix  of 

spectral  <U 

ill"'' 

•  V/hl 

te  noises 

in 

chanoc 1 

'•  i  '  1- 

win  / 1 

■:  set  of 

mixture  y(' 

analogous  to  that  in  the  one-dimension* S 

P( y  |  X)— Cexp  j~  ~Kni  In  del  R— 

i+Hl 

— r  J'fyMgw(/1,gy(g<//lrf/lj, 


/-4/2 


where  W(t1,  tp)  -  matrix,  the  inverse  n:  P '  t  - ,  t?,),  i.e.  ,  r.e  tisl  y  Lng  equvj  a. 


<+*/J 


f  w(g«)U(e,g«fr-=i 

i  v» 


.  1 1 . i  ■ 


We  shall  look  for  W(t^  ,  t?)  in  u  form  «n  i  -i.  is  a  me  i  •  ! -••Ij.men.i  on;. !  g.  nur«< ! 
of  (C.Y.21)» 

w <<„  g= -  Rc (N-'Uf  (/,)  w (/„  /,) U» (g N- ' c'** 4- 
4  N-'8(/,  -  g. 

Then  from  relationships  (6.7.66),  (6.Y.0?)  and  (6.7.66)  we  arrl  y« 
following  i ntegial  matrix  equation  for  mf.rU  fun"  Urn,  wC^,  •"  •  •"".,.r/l  1  l.v 

ioiiiii ^  1 1‘  to  n* ( t ^ 

T  f  r(/,~  5)B,(3)w(s,  g</a  f  w(/„  g  — r(/,,/,).  'n.v 

<-a;! 

Here  Bf,(s)  -  U* ( s  )M”^U+( s )  —  comp  1  >■/  1:1/1  till,  1  he  ■iiiu,/i,,i  •■»■  <<1  who  'l>  ■  nu  n 
on  s  is  determined  by  the  form  of  regular  modu  1  m 1  1  .1.  o!  all  eomponf  n' <>\  1  »•'  ’h1' 
not  only  of  amplitude,  but  alao  of  phase  ( rre<|iji-n'\'/ )  m'.duJ  ni  ]  un.  dumps r I  ■>! 
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equations  (6.7.60)  and  (6.7.21)  shows  their  very  complete  analogy,  from  which 
there  ensue  the  name  cases  of  solutions  as  in  the  one-dimei  sional  variant. 

Considering,  in  particular,  laws  of  modulation  of  oil  separate  components  o i  the 
mixture  t..  be  rapidly  varying,  it  is  possible  to  average  B0(r.)  In  time  under  the 

ri  ......  integral.  Introducing  conttant  matrix 

r 

Cu#(e)N",U+(f)rf*.  (6,7.63) 

,  r-*m  'J 

Then  the  Fourier’  transform  of  w(t^,  t?)  -  w( t^  -  t?)  will  bo  expressed  in  the 

form 

+  S.H,  (6.7.  hi;) 

4 

whor'.  3,(.)  —  Fourier  transform  of  matrix  function  r(t), 

.■i„  the  assumption  that  power  char*”  tori  sties  of  oignala  do  not  depend  on  >,  wo 
J(tli  :Cjl  .  the  <M  'Vntlon  i  til"  cl  rrcrimino' or  in  th*-  foHowUig  1  cm,  genera  11  i,\ rig 

form'.  In  , 7 .  32)  i 

10) -X  V  V  £  f  «>.*.(*, S  i (())>'« C«-.,)X 

I,|hI  Hi  Nl  /, 

x  CM  J  n '»*,  <  V  i  (0)' "'C  «-  ’•>  X 

XCO» ('  .7.' 


IP  r<!  A  -  proport  1  one  1.1  ty  f«"t  in 

«>,**(/,  A)^<M|/(l)(0Waft(/,  +  +  *)|- 

i \j i  •  ,•  .  n  rein' ion  |.r<«m..Jing  of  u.<  l-'l.  mixture  nr  «»*•  rW*9  of  sei-«m»  ir.r 

( 1 J  )l.u  V  ) 

,  m,d  «;ii  o  |  -.p.',-;  01  pulse  jTnponce.’  X 


j  i'i.iii  ,i  i.h*-  k-Mi  component  ol  th*'  rlgnnl 

i  i|/‘  (i)  i)  rr.  r;  /  •  1 1  c  t.cij  phy’irnll,,*/  r’enii/.ahle  ii^iur 
i  ||,  .•  1 1  •  | ,  n  'iio'nrer  i  i/ii 1  v.’’1  r.tiil  fy 


fin 

'.I, 


urdlng  to  the  rules  r.hown 


+j*  ('/»/iy/(o  c-,w  </f  <^>/<y/(o  c14'  di  -.<'»zhl(m), 


('  ,7.,''i) 


n'-  ’  '  ’  .  !  I  ,.  ■■  ,li, |  1  ■  ■  «<’.),  'll  lO’.ll'H  ly  I" )  'I  f  i  olidlii  p 


\»  ‘  '  ' 


■  w.  ■ 

i  to  i  .nil- 


...  j  L  l.)|f  J  •  .III)  I  •  I’  ll'.ll-’i  III,  Ol  II  III  'I  'll.' 

,.i  ;i..p,i i-n  i  ■  .  i .  iiii.ni  ..  ol  Mr  ! 1 1 1  1  Ini  inn' fix, 


i in  i'  ii,  >1  V  in  i ,  i' 
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E>nrr,f  l‘-r.  of  optimum  pn>"«n  Hlnfc  of  several  5 ^1  " ’  r.igr.els  will  b<;  given  In 
sub.'ieyucnt  chap  ten:,  and  in  view  of  th.-  f .v  ol  ginoral  nate  ('•>.  1  t  1 

uer-criptlon  o/'  the  circuit  of  the  d j, t  1  n ! r  << to j  h-re. 

for  Kit)  In  the  mott  genorol  can*-  <»>  1  u*  '  "■  n'Miifll  i-roccr.Cf. 1  w.tli  '  '  ' 

me*  ri »  R(t.  ,  u)  and  ltn  Inverse  W(t4.  U)  then-  I  '•  lunnuia,  analogue 

'  J  tr  J 


K— UnjJ-jJipor  ||j -Wft.U-Jt  **<<.. 


«!,(.. re  "f»|.ur"  silghU'len  the  truce  t-i'  U.'  di'i  -ri/, 


In  the  cor,:'  1  drred  core  1,h1r  i'nrm'ilo, 


h  rc i  t  J  ,i,  hi 


tii,.)  (0,7  ,{Jj)  i  Icadi)  to  thio  otj/resclon  . '»  ,  '-I'li.'ir./r  ('.7.''0! 

4-r/a 

AC Bn^llmRe <;}  »pur  {B, (/,)  w (/,  -  /,)  B.r (/, - /,)  + 
-f  B,  (*,)  W  (t,  -•  /,)  B*  (/,)  r  (/,  -  /,)}  ditdtv 


where 


».(')“> -rU’ION- 
B, (0  ~  U*(.J N  '  t  IJ'  IO 


11,1,1.1'],,,  r.U'uetui'Mny  itfiimti  i  f  : 


•  ,7**  '  i 


i '  wV  V ) 


lim-ir  f  B,(f  )<*/-■ B„ 

r-*»  *  J 

■  77 1 

4  7  t  ;  -  ,  , 

lim  i  (  B,  0)  di  t.j  6,, 

r-M» '  ,1 

-rn 

U„  toklhK  in'- o  -ouni  i'./.1'}  V"  .'%*  i  *’7  "Mi"  (C.Y.ht) 

K,-3JrJ»purj[|  l  [su  (•>)  », y  ScWIB,s:h8.+ 

+  B,s€+HB,iy«-. 

J,,.*.  I,,;  fuji,,:  l  .).,/■  I  1,rri|tli-  ../ami  I'-.  l.<-t  u.  a.  -••*«»*-  tl/'it  every  ml/,  tur-  "  1 1  f»  1 1 1 . 

only  iii/'r.nl  -umi,nr„-T,t  -  1)  wW*  I  Ih^  -'  ^»U  ncM  /  on 

c  Jllij-i'-t.ijy  'I'.IT'J  It'.-d,  'Ifd  whi"-  J\  >'■'  1 1  •!<  I  •  I'  .  '■  ' 11,11  '•‘'•'rr-l,'  '  "  ■ 


B  I,  r r  I  N  1'i-i'in 

0 


((M5,  (■>)  --Vi-'*  5,  («’),  ("‘W  s"  ^ <*' 


('  .  7,1  / 


w, v(,  ,  (i0  -  uril'iu"  width  ol  th.-  . <  ■  :  r  i>fH  ol  .;J i/.iin  l  '  ' ' 


duiiulty  ol  white  ir,  l -..ijii. 
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ujidlliiii:  i:.  .Mill.lu 


r 


In  thin  simple  case  it  is  convenient  to  introduce  column  vector  p  ~{VK . 

VKm)  >  ^  a  result  of  v/hich  it  is  possible  to  express  the  matrix  of  spectral 


densities  of  signals  in  the  form 


S"W=T7TPP‘- 


-  '.rice  "  B0,  \  here  are  diagonal.  Sq  consists  of  elements  l/N^,  inasmuch 

:  •'  for^c  of  (6.7,70)  It  Is  necessary  to  consider  that  for  all  forms  of  regular 

mo'iu.i  'linn  this  normalisation  is  executed 

+r/2 

11m  4-  f  |  <'»!,(/) |* ^  =  1, 

r-*oo  7  J 

_  _  — r/a 

uri'i  uifigonal  elements  of  J3  ,  B.  contain  elements 

2  * 

~TI2 

+TJ2 


rinding  In  these  condition;:  matrix 


[i+4  So(<™»xM''Sc(-) 


(,:.7.71) 


in  the  form  APP  , 


wc  have 


a~~^TT  i 


w)if  n* 


/il  =  £/V/2iV,A/e. 


(6.7.7?) 


.1  ly,  by  form. ila  (6,7.69),  taking  into  account  relationships  (6.7.71) >  we 


oh  t. 'i.ih 


K=Jt(U)Jt(h„  S.). 


(6.7.73) 
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ana  factor 


+lyj  m 

-r/2*= i 


xe„ 

*m  m 


-r/2*=i 

&k~P C*/^J  ^ ci» 


1=1 


f  / /L  C  4  _  1  V  AI  Sl  (6l)  . 

/*(A*’  5>)“^  J  TTh^)  dm 


repeats  Jg  from  relationship  (6.7. 57)  with  replacement  of  the  signs  1-to-nois-;  ratio 
h  by  quantity  h_,  given  by  formula  (6.7.72). 

According  to  (6.7.73)  and  (6.7. 711)  general  form  of  quantity  K  remnir..-  ;  h> 

same  as  in  the  case  of  one  input  mixture,  V.-.t  in  factor  J^(U),  determined  oy  dii-.r 
of  X(t)  in  regular  modulations  of  the  mixture,  there  is;  performed  averaging 
analogous  eoeffiolents  for  separate  mixture  taxing  into  account  signal  power:-, 
and  In  factor  Jg  there  appears  a  new  sign::  1  - to-no i sc  ratio,  whi  -h,  in  •  lew  •>:'  total 
correlation  of  useful  signals  in  separate  mixtures,  ic  proportional  to  ti.c-  ret!;.  •  ; 
total  power  of  these  signals  to  the  spe  •*  r  .1  density  of  noise  in  one  channel,  vl. 
indicates  that,  potential  accuracy  does  n  ns  vhe  number  of  cha.nnei.r-,  with 

identical  noises  levels  into  which  total,  signal  power  is  divided,  If  we  cons  1  d-  -  •  he 
latter  constant.  With  the  same  succor.;-  we  can  consider  more  complicated  exami  ler , 
Inverse  matrix  W(t.^,  tg)  can  be  ef fe.’.tlveiy  lourm  also  for  pulse  signs  Ls.  'ihe 
case  '''■'rreiai.ed  pulses  we  will  "’on::  icier  in  Paragraph.  6.7.3. 

Presentation  of  input  mixtures  in  tin-  i\>rm  of  (■  .  Y.r-.4)  has  a  wide  ri.. ;  : 
application.  In  particular,  as  separate  components,  there  can  be  consider*;  i  mi  relate-: 
uuraodu  la  ted  interferences,  which  on  we  loucned  In  Paragraph  t.i.l,  irrt-.vn 

correlated  interferences  have  a  complice u  -i  form  <■:  mono  h-it  ion,  -,hl-:ti  it  is  impo-i-sib  2  r- 
to  present  in  the  form  of  (6,7.5^)  ( for  ins  •  arise,  passive  .interference,':),  t'n"ti 
finding  matrix  functions  W(t^,  t.,),  the  irs  ers-  of  correlation  functions,  is 
complicated.  Here  methods  developed  in  chapter  «  for  problems  of  He! ecticr.  may  help. 

All  results  given  in  this  paragraph  will  be  illustrated  by  numerous  example:-: 
in  subsequent  chapters. 
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6.7.3.  Independently  Fluctuating  Sendings.  General 
Case  of  an  Incoherent  Signal 

We  shall  now  discuss  in  detail  the  case  of  independently  fluctuating  sendings 
of  ,  ..lie  signal.  It  is  the  limiting  case  both  for  coherent,  and  for  incoherent 
■&  : a  cion,  if  the  interval  of  fluctuations  of  the  signal  turns  out.  to  be  less  than 
the  period  of  repetition. 

Massing  in  (6.7.45)  to  the  limit  S0(f2)  -»  1  and  introducing  the  new  signal-to- 
noir-e  »*s  -  io 


we  have  the  following  expression  for  the  likelihood  coefficient  of  a  series  of  n 


sendings: 


vfi) 


where- 

My. *)=Jy(0« (/ -  kTr\  i) eK' dt 

—  correlation  integral,  components  of  which  we  already  met  above. 

Thu.: ,  (6.7.76)  is  broken  up  into  the  product  of  n  independent  likelihood 
coef i icients  for  each  of  the  periods.  Therefore,  according  to  §  6  for  analysis  of 
elementary  operations  of  primary  processing  it  is  sufficient  to  study  the  likelihood 
coefficient  of  a  single  sending 


A(*.  y)—  j +flexP  {,  4.$ 


!f(y.*)in 

NJ,  f 


(6.7.77) 


1ri.as.much  as  in  a  wide  class  of  cases  intraperiod  processing  includes  forming 
of  1  v/i  romponents  of  quantity  f(y,  7),  it  is  useful  to  definitize  the  method  of  thi 
farmin'  and  to  explain  the  physical  meaning  of  i'(y,  \)  and  |f(y.  Ml. 

According  to  Fig,  6.31  for  formation  of  two  components  of  f(y,  \)  input  signal 
y ( t. )  mould  be  fed  to  two  mixers  with  quadrature  shift  of  high-f requeue, y  nei erodyne 
voltages  fed  to  them.  Phase  (frequency)  modulation  of  the  heterodyne  signal  should 


cor-;  ,■ -u.c  !  c  the  expected,  and  the  middle  frequency  should  be  exactly  equal  to  the 
frequency  of  the  re’eived  signal.  Additionally  there  is  produced  multiplication  of 
signal  by  the  expected  form  of  amplitude  modulation,  i  .  <■>,  f  gating  by  a  matched  gate 
pulse.  Then  there  is  produced  integration  of  the  result.-,  of  [  recessing  within  the 


ma  ,-i  a.  1  iiniililtiiriiifciian .  liiiiiia'*1*'^  ilrifiiyi  irifiiHiBrf  t 


tnm  legal 


eaeUlator 


limits  of  a  period  (actually 


Fig.  6.31.  Optimum  receiver  of  an  incoherent 
signal  (correlation  processing):  1)  v/2  phase 
shifter;  2)  quadrature  mixers;  3)  gated 
amplifiers;  4)  integrators;  5)  quadrature 
devices. 


only  within  limits  of  duration 
of  the  sending).  As  already 
mentioned  in  Paragraph  6.7.2, 
such  processing  is  callei 
correlation,  inasmuch  as  in 
the  circuit  there  will  b*. 
formed  the  coefficient  i.t 
correlation  between  the 
received  realisation  ar..»  th*» 
expected  form  of  the  signal. 


Shift  to  |f(y,  X) j®  is  carried  out  by  squaring  and  addition  of  the  two  formed 


components  of  the  correlation  Integral. 

For  the  purpose  of  simplifying  operations  of  for  ting  [f(y,  X)|*  we  shall  consider 
an  expression  for  the  output  voltage  of  a  certain  bandpass  filter  with  pulse  response 
h(t)  cos  u}q t ,  to  whose  input  there  is  fed  signal  y(t).  Then  we  have 


where 


Jy (-»)*(/— «)coa «,(<--») rfs-Jir(t)  A (/  — *)co»*,t <ft  X 
Xcoa  mj  +  (s)  h(i  —  xyvamjtdxx^nmJ  *» 

W*  (< — «)cos«#td*l*-HJy  W  h  (*— *)  **■  X 

X«taW  tX(0I* 


{yW*V  — 


-  fj 

j  f  M A (/ —  c a*mtxix‘ 


{b 


78) 


Comparison  of  the  expression  for  |f(y,  X)|  with  the  signal  amplitude  envelope, 
determined  by  relationship  (6.7.78),  shows  that  In  the  case  of  absence  of  regular 
phase  (frequency)  modulation  (*(t,  X)  »  0)  quantity  |f(y,  X)|  is  proportional  '  :► 

envelope  of  output  voltage  of  a  bandpass  filter  with  pulse  response 

A(f)cos«,f— «a(/,—  t)cf»9j.  (6.7.79) 

i'ach  a  filter  in  the  literature  usually  he?  the  name  optimum,  matched  or  conjugate 
filter.  The  last  two  terms  seem  more  suitable  to  us.  Inasmuch  as  we  arrive  at 
linear  filters  in  a  number  of  other  optimizing  problems  (Wiener  filters,  see 
Paragraph  6.6.5,  filters  for  accumulation  of  fluctuation?  of  signal,  see  Paragraph 
6.7.2). 

The  square  of  the  signal  envelope  at  the  output  of  a  matched  filter  is  taken 


-14 4-" 


'  -its-  V  i  ,•  i  v-|  S  T'-'j^Tllfciaf2  | 


at  moment  tn,  on  the  average  corresponding  to  the  .ux-.mum  value  of  the  pulse 
envelop,  -q,  ir.  pulse  response,  is  arbitrary  and  can  be  selected 

in  an  interval  of  the  order  of  pulse  duration  uft(t)  for  conformity  to  the  principle 
of  physical  realizability.  Considering  (6.7.79),  we  can  rewrite  |f(y,  X)|  in  the 
form  *r 

l/(y.:2)!*= T[  (  y  (')*(*-%  i)  cos ..(/  -  x)  *]*x 

•  X9(t  —  kTr—tJdtt  (6.7.80) 

t  ■ 

where  v(t)  —  function  in  the  form  of  a  single  peak  near  point  t  «  0  with  duration 
considerably  less  than  duration  of  pulse  u  (t),  but  embracing  a  large  or  an  integral 

v  “ 

number  of  periods  of  high-frequency  filling  of  the  signal.  By  this  function,  similar 
in  properties  to  a  Dirac  8-function,  there  is  "snatched-off "  the  tip  of  the  filtered 
and  detected  sending. 

The  block  diagram  of  an  optimum  receiver,  issuing  quantity  |f(y,  X)|  according 
to  relationship  (6.7.30),  is  shown  in  Fig.  6.32  and  consists  of  a  matched  filter,  a 
square-law  detector  and  a  gated  amplifier.  Processing  of  the  signal,  expressed  in 


form  (6.7.80),  usually  carries  in 
the  literature  the  name  of  filtra¬ 
tion. 


Fig.  6.32.  Optimum  receiver  of  an  incoherent 
signal  (filtration  processing):  1)  matched 
(shortening)  filter;  2)  square-law  detector; 
3)  gated  amplifier. 


If  the  signal  has  phase 
(frequency)  modulation,  then  next 
in  the  filtration  method  of 
processing  will  be  insertion  of 


a  so-called  shortening  filter  with  a  pulse  response  which  is  the  inversion  in  time 
of  the  expected  form  of  the  phase-modulated  signal  with  arbitrary  initial  phase 
of  its  high-frequency  filling  <p.  This  leads  to  -a  somewhat-  complicated-  modification 


of  relationship  (6.7.79): 


k  (/)  cos  fa?  !  (<)1  —  “a  (*• — 9  cos  W +  $(*• — 0  +  ?1.  (6.7.81) 


where  f(t)  —  phase  modulation. 

To  technically  realize  such  a  filter  with  complex  forms  of  modulation  is 
sometimes  difficult  [66],  Then,  more  preferable  will  be  mixed  correlation-filtration 

O 

processing,  which  during  formation  of  |f(y,  X)|  consists  of  Initial  multiplication 
of  y(t)  by  heterodyne  signal  cos  [(cu0  +  conp)t  +  t  >  X)],  leading  to  "convolution" 
of  phase  (frequency)  modulation  and  transfer  of  the  spectrum  of  the  signal  to  a 
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certain  intermediate frequency  uu„  analogously  to  hov/  this  was  done  in  1  aragraph 

“P 

6.7.2..  Then  there  is  produced  filtration  of  the  signal  by  a  bandpass  filter  tuned 
to  frequency  tDjjjjy  whose  pulse,  response  envelope  depicts  only  the  amplitude 
modulation  of  the  sending  according  to  relationship  (6.7-.79)>  detection  and  gating. 
A  circuit  for  such  processing  is  presented  in  Fig.  Let  us  emphasise  that 

correlation,  filtration  and  mixed  processings,  conducted  optimally,  are-  absolutely 
equivalent  in  results  during  detection  and  measurement  of  parameters  of  n  single 
sending. 

v  If  q  does  not  depend  on  X,  the  signal  at  the  output  of  the  discriminator  is 
directly  the  derivative  of  |f(y,  X)|  ,  taken  for  the  measured  value  of  X.  Forming 
of  this  derivative,  as  also  of  f(y,  X),  can  be  produced  by  correlation,  filtration 
'or  mixed  methods. 

In  Fig.  6.J4  there  is  presented  a  purely  correlation  method,  which  according 
to  (6.7.77)*  can  be  expressed  by  the  following  formula: 


.  mt  t 

z(*rr)='ionst/  r  y(tt)  ttft  (/,  —  kT r;  £*)  cos  [»/,  4* 
\*-nrr 

ktr 

+t(/i-*rr;  i^dt,  f  y(/#)f^r«.(/l-*rr;  ifc)X 

(*-«  Tr  1  , 

xc 4)1 -«.(/, -MV;  h)X 

i») sin  K \))]  dt,+ 

*r, 

+  (  9 (*.) «» (*.  —  kTr;  lb) sin [®,f ,  -f-  *(/,  — 
l*-V, 

*  rr 

i)l+«.('.-W,:  4) 4- ♦&- 


■  kT,-,  i,)  cos  [  V.  +  *  V,  -  kT,;  i 


id  ]<«.}. 


(('.7.  8?) 


The  circuit  of  Fig.  6.34  is  very  close  to  the  circuit  of  Fig.  6.29.  The  first 
part  of  the  circuit  (processing  in  quadrature  mixers  and  multiplication  by  functions 
du  ^  ■ 

uaJ  ~5T  and  completely  repeats  the  circuit  of  Fig.  6.29.  Further  as  filters 

* 

there  follow  integrators  over  the  period  of  the  pulses,  actually  integrating  inside 
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Pie.. 


t-  X 


Optimum  receiver  of  an  Incoherent  signal 


processing):  1)  mixer;  2)  bandpass  filter; 

/  .•  quare-law  detector;  4)  gated  amplifier. 


the  pulse.  All  the  rest 
of  the  circuit  —  multipliers 
and  adders  —  completely 
corresponds  to  Fig.  6.29, 

In  other  words,  from 
processing  in  a  discrimi¬ 
nator  of  weakly  correlated 


coherent  pulses  (see  Paragraph  6.7.2)  processing  (6,7.82)  differs  only  in  the  absence 
of  a  di. crete  interperiod  accumulation  before  terminal  multiplication.  Thereby, 
processing  (6.7.82)  is  limiting  upon  complete  disappearance  of  correlation  between 
periods. 

Unfortunately,  we  cannot  offer  a  sufficiently  convenient  circuit  representation 
of  purely  filtration  processing,  if  we  are  talking  about  absolutely  exact  fulfillment 
of  the  operation  of  taking  the  derivative  of  |f(y,  X ) | ^ .  This  is  explained  by  the 

fact  that  parameters  of  a 
matched  filter  depend  on  so 
that  it  is  necessary  to  inter¬ 
pret  in  circuit  terms  a  filter, 
the  "derivative"  or  a  matched 
one. 

Without  concretization  of 
coding  of  the  parameter  this 
can  hardly  be  done.  If,  however-, 
we  are  talking  about  approximate 
realization  of  the  operation 
in  the  form  of  two  channels, 
detuned  with  respect  to  the 


From  modulator 


Fig.  0.34.  Optimum  discriminator  for  an  incoherent 
signal  (correlation  processing);  1)  quadrature 
mixers;  2)  variable-gain  amplifiers;  3)  integrators;  parameter  (see  Paragraph  6.7.3), 
4)  multipliers;  9)  adder;  6)  v/P  phase  shifter. 

then  as  the  discriminator  there 

should  he  taken  two  circuits  of  typo  Fig.  6.3?  or  6.33,  detuned  ±A*/2  from  the 
measured  value  of  the  parameter.  in  this  case  the  filtration  presentation  of 
operations  Ol  the  discriminator  is  obvious, 

During  calculation  of  the  accuracy  of  a  discriminator  if  1.;  possible  to  use 
formula  (-..7.62),  where  J^(u)  is  given  by  (6.7.36),  arm  as  we  take  the  limit  of 
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(6.7.53)  as  Son(a>)  -  1; 


«/«>(?. 


Finally,  we  rewrite  (6.7.52)  in  the  form 


.  • 


where  Tr  equals  the  period  of  repetition  of  sending-:-.. 

For  independently  fluctuating  sendings  there  is  possible  a.  generalise',  icn  of  the 
preceding  formulas  to  the  case  of  correlated  interference  (with  an  interval  of 
correlation,  smaller  than  the  repetition  period) .  it  turns  out  chat  in  the  period 
of  repetition  the  functional  of  probability  density  as  before  is  expressed  by  formula 


n 

(6.7.77),  but  |f(y,  X) |  and  q  change  their  value: 


*=«('  ~skrT l"(i’>'l,!iTfe^-'")- 
-00 
*rr 

\I(J,  *)|*  =  [  J  j  y  (*,)  W  Ha  (/,-  kTr;  l )  cus  [V,+ 

*>v 

+ 1  (V ~  1)1  dttdtt ]*+  [  r  f  y  {ij  W  (/,  -  U)  h,  (/.  - 

1  (*-l)  Tr 

-  kTr ;  1)  Sin  IV,  + *  (/,  -  kTr;  l)\  dixdtt\  = 

+00  ^ 

=  |  J  Y  H  W  (<n)  U*  (®  —  «,)  dm  |*. 


(‘•'•7 .  04) 


(o.  ) 


Here  it  is  assumed  that  interference  consists  of  white  noise  of  spectral  ■ 

Nq  and  naturally  correlated  interference,  the  maximum  of  vrhose  spectral  den  r  if.-, 
exceeds  the  density  of  white  noise  by  a  factor  of  hn ,  and  the  normal!? -vd  spectrum 
is  equal  to  SQ  (tu)  (SQ  n  (0)  ==  1).  Further,  W(t^  -  t^)  —  a  function,  the  inverse 
of  the  correlation  function  of  interferences  of  both  types;  q  —  signal-to-noise 
ratio  in  the  absence  of  a  correlated  component  of  interference;  Y(cu),  W(a>),  :|(a')  — 
Fourier  transforms  of  functions  of  y(t)(in  the  given  pei-iod),  W(t^  -  t.?)  and  u't)  = 

=  u  (t)e^  - ^ ,  respectively.  Naturally,  ,as  h  *■*  0,  according  to  ((.■.  /.  Sh ) ,  q  -«■ 

-*  q,  and  inasmuch  as  VI ( t^  -  tg)  r>  —  6(t^  -  t0) ,  relationship  (6.7.85)  passer-  into 
(6.7.80). 
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A  new  processing  element,  appearing  for  correlated  interference,  is  a  rejector 
circuit  with  pulse  response  W(t±  -  tg),  similar  to  that  considered  in  Paragraph  6.7.1. 


A  —  1 

Its  minimum  gain,  equal  to  [NQ(1  +  hn  )]  as  compared  to  NQ  during  white  noise. 


corresponds  to  the  frequency  of  the  carrier  of  interference,  and  the  rejection  band 
grows  with  growth  of  hn* 

The  formula  for  calculation  of  the  accuracy  characteristic  here  has  the  form 


K~  Ml  +  ?.)  &  +  bi  )  T,  (I  +  q.Y  (Re  b'?' 


(6.7.86) 


where 


+f°  4-  V  (fmt  X)  | 


t  1  I  f  I  °K  I  j_. 

*,  2«rf  J  I  +  *.*’.«(• -A)  ®“: 


6|==  *7* 5F7  J  l+A.S.ntci-A)  dm; 


(6.7.87) 


.  *«“"  537J  i  +  *■$«■  («*  —  A)  "• 


k  —  factor  of  reduction  of  q  n  in  comparison  with  q; 


A  *  u)  n  -  o30  —  separation  by  frequency  of  carriers  of  interference  and  the  signal. 


If  we  turn  now  to  the  general  case  of  an  incoherent  signal  against  a  background 


of  white  noise,  it  differs  from  the  coherent  appearance  of  uncontrollable  (random) 
phase  shifts  0^  in  every  period.  The  likelihood  coefficient  for  this  case  can  be 
found  by  introduction  of  these  shifts  in  the  expression  for  the  likelihood  coefficient 
of  a  coherent  signal  and  by  averaging  all  6^.  In  Chapter  5  (Vol.  1)  It  Is  shown 
that  this  averaging,  besides  the  case  of  uncorrelated  sendings,  can  be  taken  both 


for  very  large  and  very  small  noises.  In  all  these  cases  the  operation  of  detection 


is  close  to  simple  square  accumulation  of  results  of  optimum  intraperiod  processing. 


Thus,  from  the  point  of  view  of  operations  of  processing  the  whole  analysis  of 


construction  of  detection  receivers  and  discriminators  is  also  transferred  to  the 


case  of  an  (correlated)  Incoherent  signal,  where  It  Is  more  exact,  the  larger  or 


smaller  the  q.  This  gives  certain  grounds  to  use  the  formulas  derived  with 


independent  interperiods  fluctuations  as  an  approximation  for  the  case  of  measurement 


of  parameters  of  an  arbitrary  incoherent  signal. 

In  completion  we  consider  the  case  of’  many  input  signals  ^^y(t)  (1  =  1,  ..., 
m),  each  of  which  may  contain  a  Whole  series  of  useful  components  generally  with 


different  forms  of  modulation.  We  assume,  however,  that  in  all  of  them  fluctuations 


-149- 


of  the  signal  are  independent  from  period  to  period,  being  "harmonious"  within  a 
period,  and  that  interferences  in  all  mixtures  have  the  form  of  white  noises. 
Construction  of  the  functional  of  probability  density  th*»n  almost  completely  wii’ 
repeat  the  analogous  case  of  Paragraph  6.7.2.  In  view  of  the  Importance 
applications  we  will  repeat  the  sequence  of  these  comp:.* at  ions.  The  column 
set  of  mixtures  analogously  to  (6.7.55)  in  the  k-th  period  nas  the  form 

f(0=.Re{U*(0»e'^}+n(0. 

where  U(t)  —  complex  nearly-diagonal  matrix  of  eoeffioietstr  of  regular  mo.iula*  1  t  If. 
the  k-th  period; 

0  —  complex  column  vector  of  ran.. cm  modulations  (in  distinct  ion  from 

Paragraph  6.7.2  it  does  not  depend  on  time); 

n(t)  —  column  vector  of  white  noises. 

We  have  the  correlation  matrix  of  mixtures  and  Lts  reciprocal  matrix  in  the  form 

R (/,.  / J = Re  {U+  (/,)  rU*  (fj } -f  M  (/,  -  /,).  fj  ^ 

W (<„  — Re{N-'U+  (/,)  wU*  (/,) N' 1  } 4. 

m  m 

where  r  ~  correlation  matrix  of  order  I  V/>**V  p,j.  .  .  >  »  inc-  r<  ’.•)*  i.  r .  nii  he.  vc  • 

jtS  ’ 

all  components  of  all  mixture::;  , 

w  —  a  structurally  similar  matrix,  w-  i-h  in  this  to  exp  rente,;  in  •  > ..  •  n. 

»*=[l  +  fts.|-'r.  (r....n 

r. 

(B.=  3yfuys>N -0(5)*). 

I  ' 

analogous  to  (6.7.62),  From  this  we  can  obtain  the  operations  of  the  rie- eot ! . >n 
rose L-er  and  dl.  riminator. 

Finally,  quantity  K  by  formula  (6.7.6r  )  can  easily  he  reduced  to  a  :>r~ 
analogous  to  (6.7.69); 

#C=^-spar|[l-fi-rB.]",r[B.rB1  +  BlrBl]j,  (  . v.  *) 

where  r 

B,  =  jtJU>(5)N  -^U*(5)rf5. 

T, 

0 
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are  matrices,  reflecting  regular  modulation  of  components  of  mixtures  ^^y(t). 

In  that  particular  case  when  the  mixtures  contain  only  one  signal  component, 
where  these  components  are  completely  correlated,  and  white  noises  are  independent, 

K  again  is  expressed  by  formula  (6.7.83),  where  Jg  is  replaced  by 

t  _ 

Jm~  f,( l  +qt)  •  (6.7.94) 


£p.«rf 

and  - =  -^ V - ratio  of  total  signal  energy  in  all  ..annels  to  the  intensity 

of  white  noise  in  one  of  the  channels. 

From  the  given  examples  ir  is  clear  that  between  accuracy  characteristics  of 
discriminators  intended  for  signals  of  different  nature  there  is  great  similarity. 
These  interrelationships  will  be  shown  in  more  detail  in  subsequent  chapters  wish 
example  of  concrete  coordinates. 


6.7.4,  Certain  Forms  of  l.rcr. -Gaussian 
.•Ugnsle  in  White  Noises 

Till  now  in  examples  of  statistical  properties  of  mixtures  of  signals  with 
noises  we  almost  always  assumed  Gaussian  distribution  of  interference,  which  is 
usunj  ly  not  a  limitation.  Therefore  it  is  basically  interesting  to  study  ch-uig'  ■  !' 
processing  of  signals  for  non-Gaussian  statistics  of  the  useful  component  of 
mixtures.  From  the  example  of  one  form  of  signals,  taken  against,  a  background  of 
white  noises,  we  will  show  that  deviation  in  the  distribution  of  probabilities,  oven 
very  considerable,  does  not  lead  to  noticeable  circuit  changes  of  optimum  dl  sc r imi  i.-i- 
t.ors , 

We  shall  discuss  Independently  fluctuating  sending.',  of  n  signal,  similar  to 
those  which  we  studied  in  Paragraph  6.7.3.  If  the  phase  in  ofr-h  sending  is 
dis'  ributed  evenly,  then  averaging  with  respect  to  phar, e  -.r.;l  amplitude  E  ol'  the 
like  iinood  functional  of  the  signal  against  a  background  of  tin  nr.  a  I  white  noise  in 
one  period  leads  to  expression  'K 

vrr 

]  1,  Is.  useful  to  s.hov;  the  maximum  possible  number  of  1  egu  la  r  i  t  i  e.c  in  general, 
find  Men  M--  consider  ■ '01, •  rate  examples,  Exj. ending  1  ( )  in  a  •  l  an  r  i  n  series, 

convergon*  for  any  x,  w  have  the  logarithm  of  tic  1  Ike  I. iiinuu  function  iii  the  form 


■ 

3 

1 


-I5I- 

i 


where 


A  =  »  M,  \  2  f  Mi  ,*  I 

^  4*8  *,~64V«  LA*.  {“•)?' 

• 

Mk=j  E*Pt(E)  e  is‘dE, 


(6.7. « 


Aq  —  constant. 

According  to  (6.7.96)  the  logarithm  of  the  likelihood  function  'is  a  mono* d* '  J. 
nondiminishing  entire  function  of  the  squax*e  of  the  signal  amplitude  envelope  at  • he 
output  of  a  matched  filter.  If  the  level  of  the  input  signal  is  small.  In  expai  ;.v. 
(6.7.96)  it  is  sufficient  to  limit  oneself  to  the  first  two  terms,  and  the  optimum 
receiver,  and  consequently  also  the  discriminator,  coincide  with  ther«  for  the  ease 
of  a  Gaussian  signal.  This  circumstance  is  in  force  also  in  wider  conditions  and 
is.  intuitively  intelligible  in  light  of  the  fact  that  for  a  weak  signal  the 
mixture  of  it  with  noise  is  approximately  normal  for  any  properties  of  the  sirna]. 
Unfortunately,  similar  general  conclusions  for  high  levels  of  the  signal  cannot  te 
made. 

Let  us  turn  to  the  operation  of  the  discriminator.  According  r.o  ■'<'■) 

Thus,  the  operation  of  the  discriminator  for  ar.  arbitrary  signal  consists  of 
reproduction  of  operations  of  a  "Gaussian"  Discriminator,  •  oraing  according  to 
Paragraph  6.7.3  quantity  ^-|  f(y,  X)  |c,  and  of  a  "Gaussian"  detector,  forming 
quantity  |f(y,  X)^.  According  to  Fig.  u.3?  the  ou’put  signal  of  a  "Gaussian" 
discriminator  is  multiplied  by  a  positive  function  Q  of  |  f  (y,  X)  |  ,  concr-  t.<  1, 
depending  on  statistical  properties  of  the  signal.  As  a  result  there  will  hr- 
formed  the  circuit  of  a  discriminator  for  this  signal.  Inasmuch  as  cf-.scci eristics 
of  accuracy  in  the  general  case  cannot  he  investigated,  we  consider  certain  examples. 

0)  Case  of  a  nonfluctuating  signal,  when 

P,(E)=l(E-EJ. 

Then  according  to  (6. 7.95) ,  4 

ta#>(y|J)=C+ln/.(fj-|My.i)|) 
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and  the  operation  of  the  discriminator  will  take 
form 

/» 

*<»■*)=- 

/. 

Function 


(6.7.99) 


Fig.  6.35.  Optimum  discrim¬ 
inator  for  a  "non-Gaussian" 
signal:  1)  "Gaussian" 
discriminator;  2)  optimum 
receive:,  forming  |f(y,  t)|2; 
3)  nonlinear  Inertialess 
converter;  4)  multiplier. 


*>!}= 


in  this  case  is  monotonically  diminishing.  For  low- 


level  signals,  as  already  proved  in  general,  it  seeks  a  constant.  For  high-level 
signals,  as  it  is  easy  to  see  from  (6.7.99), 

(jf,  i*)  (» 


Operation  of  an  optimum  receiver  in  these  conditions  reduces  to  linear  detection 
of  the  signal  on  the  output  of  a  matched  filter. 

ir,  however,  we  turn  to  analysis  of  optimum  operations  of  the  discriminator, 
then  it  is  easy  to  prove  that,  instead  of  terminal  ideal  multipliers  (phase  detectors) 
contained  in  the  "Gaussian"  discriminator,  here  we  have  to  take  multipliers  with 
clipping  of  an  Introduced  signal  which  does  not  carry  information  about  mismatch. 

Most  phase  detectors  utilized  in  practice  possess  Just  such  a  property  (see  Chapter 
2,  Vol.  1).  The  physical  explanation  of  the  need  for  certain  clipping  of  peaks 
or  the  input  mixture  as  compared  to  the  case  of  a  Gaussian  discriminator  is  the 
circumstance  that  the  signal  does  not  fluctuate,  and  considerable  peaks  can  be 
forte  d  only  due  to  noises,  suppressing  the  useful  signal  at  separate  moments. 


The  characteristic  of  accuracy  of  measurement' "Canrce  easily  obtained  only  for — 
a  high  signal  level,  when 

<6.7.100 

where  q  =  EqT^jANq  —  signal-to-noise  ratio. 

According  to  (6.7.100)  K  monotonically  depends  on  the  signal-to-noise  ratio 
and  on  squares  of  the  derivatives  of  modulating  functions  with  respect  to  the 
measured  quantity  averaged  over  the  period.  We  already  met  similar  dependences 
above  (Paragraphs  6.7.2  and  6. 7. ^5). 
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b)  The  case  of  non-Gaussion  distribution,  having  practical  importance  and 
presented 'in  the  fdrm  of  the  composition  of  several  Rayleigh  distributions  for 


^amplitude  E: 


:  •  .. .  ’’iF 


!•  j.'l 


Here  p,  —  weight  of  separate  distribution  (][]/>{ — l)  • 
1  t  ' 

according  to  (6.7.90),  is  equal  to 


The'  likelihood  functional. 


Pfvltt-V exo folHy.Mfo;  (  .  =  W, \ 
/'(y  I  *)  —  ,2a  1  +  q,  exP  \/v.r,(i  +  fli)/’  \qi  2/V.  y 


(6.7.102), 


atid  operation  of  the  discriminator  is  expressed  by  formula 

iny.MJlj 


.  /  SiX  f 

(!  +?<)’  C*P  l  *.7,1  . 

z(kT,)-=  const  -i— — - 7 — . .  r— 71 - X 


(I  +  <7i) 


V  Pi  fg«  1/  (yAoi*  \ 

T+77 «p \ Ar,rr (i +?i)  J 


d\fly.u)  1% 
dX 


(6.7.10?) 


where  we  assumed  independence  of  a,  from  The  coefficient  in  (6.7.10?)  with 


^  2 

d I  f,|yi  M.l —  with  change  of  f(y,  i)  changes  litt  le,  where  members  of  series  wl  th  small 


qA  play  the  prevailing  role  if  for  all  distributions  p.^  in  (6.7.101)  they  have  the  same 
order.  In  other  words,  the  discriminator  should  be  designed  basically  for  a  signal 
belonging  to  the  distribution  with  the  smallest  q. . 


6.7.5.  Approximate  Methods  of  Construction  of  Optimum 
Discriminators.  Method  of  Comparison  of  Performance 

ol  Circuits 

By  solution  of  the  correspond ■ ng  equations  we  found  mathematical  operations 

on  the  signal  which  optimum  discriminators  should  execute.  We  also  gave  functions ■ 

circuits  corresponding  to  these  operations.  However,  these  circuits  cannot  a  •  v:a.v ; 

be  practically  realised  exactly.  Therefore,  we  give  certain  consideration:-  about 

approximate  technical  realization  of  optimum  discriminators. 

The  question  reduces  to  approximate  presentation  of  the  first  derivative  of  the 

logarithm  of  the  likelihood  function.  The  first  natural  method  is  replacement  of 

the  derivative  by  a  finite  difference.  If  exact  operation  of  the  discrimina l or  is 

given  by  formula  (6.6.36),  the  approximate  operation  will  take  form 

1 

2(/)*ar[/(y;M0+"  ;  <)-/(*;  *)].  (•  .7.10*) 
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and  for  a  discrete  signal  of  the  type  studied  in  Paragraph  6,6.3  it  will  take  form 


(6.7.105) 


In  essence  the  shown  method  reduces  to  forming  a  discriminator  from  two  detection 
Channels  (without  terminal  integration  or  summation),  detuned  ±AX/2  from  the  measured 

A 

value  oj  the  parameter.  Quantity  >,  as  it  were,  is  "forked."  Sometimes  it  is 
technically  inconvenient  to  have  two  channels  immediately.  Therefore,  the  second 
method  of  approximate  realization  of  a  discriminator  is  based  on  alternate  detuning 

/*v 

("swinging")  one  detection  channel  near  X.  Naturally,  this  swinging  should  be 
faster  than  noticeable  change  of  X(t), 

Concrete  values  of  the  frequency  and  amplitude  of  swinging  are  selected  from  a 
serite.:  of  theoretical  ana  technical  consideration;-  and,  not  least  of  all,  from 
consideration  of  maximum  proximity  to  the  potential  limit  of  accuracy.  Mathematically, 

swinging  can  be  presented  in  the  form 

i+r„/2 

f  f(«JlK*(0  +  /w)*.  (6.7.100 

where  f(i)  —  a  function  with  period  TK  and  amplitude,  usually  not  exceeding  the  extent 
of  the  linear  section  of  the  discrimination  characteristic  of  an  optimum  circuit. 

As  the  most  used  forms  of  f(t)  we  indicate  a  square  or  harmonic  function. 

All  the  shown  approximations  of  the  discriminator  circuit,  and  also  circuits, 
in  which  as  compared  to  the  optimum  changes  are  experienced  only  by  quantitative 
characteristics  of  separate  elements,  usually  preserve  the  general  idea  of  construe;  • .>n 

of  the  discriminator  and  therefore  can  be  called  quasi -optimum.  The  concept  of 
quasi -optimality  is  imprecisely  defined.  Therefore,  it  is  always  necessary  to  have 
a  quantitative  comparison  of  these  circuits,  and  also  of  any  others  which  have  appeared 
or  will,  appear  In  practice  frv  this  function,  with  optimum  circuits.  Comparison  of 
results  of  §  6.2  and  §  6.6  shows  that  the  basic  characteristic  of  discriminators  hot./; 
optimum,  and  nonoptimal,  is  equivalent  spectral  density'  (or  .'ariance  of  error  of  a 


"Borides  we  shall  subsequently  be  interested  in  coefficient  Sj^p, 

characterizing  parametric  fluctuations,  sometimes  very  noticeable.  Then  it  is 
necessary  to  compare  i>nap  with  onap  oni ,  corresponding  to  the  optimum  circuit. 


unit  measurement),  designated  correspondingly  by  S3KH  and  S3kb  onT  “  ~ )" •  The 

coefficient  of  decrease  of  quality  of  the  discriminator  as  compared  to  the  optimum 

is  introduced  by  relationship  -A 

_ _  !  6 .  / .  ■ 

S»»»  OUT  * 

In  any  case  n  *  1.  If  comparison. of  any  constructed  and  practically  convenient 
circuits  with  the  optimum  gives  a  small  deviation  h  from  1,  then  it  is  possible  to 


express  confidence  that  discovery  of  any  new  circuit?  will  not  improve  performance 

indices  of  the  radar  and  is  therefore  inexpedient. 


§  6.8.  Synthesis  of  Smoothing  Circuits  and  Resultant 
Accuracy  of  Measurements 

In  §  6.6  it  was  shown  that  optimum  meters  contain  smoothing  circuits.  In  the 
present  paragraph  without  concretization  of  the  physical  nature  of  the  measured 
quantity  we  obtain  and  analyze  optimum  smoothing  circuits  for  different  statistical 
!  i\-;>crties  of  X(t).  Pulse  responses  of  these  circuits,  and  also  resultant  error 
of  measurements  are  determined  by  equations  (6.6. 51)  and  (6.6.52)  or  (6.6.55)  and 
(6. 6. 51*).  Solutions  of  these  equations  depend  on  the  correlation  function  of  the 
parameter  R(t,  t)  and  function  K(t),  which  depends  on  statistical  properties  of 
the  input  signal  y(t)  and  the  method  of  encoding  in  it  parameter  X(t).  We  already- 
indicated  that  for  Gaussian  statistics  of  X  (t)  synthesis  of  smoothing  circuits 
is  analogous  to  synthesis  of  Wiener  filters.  Although  there  are  solutions  of  the 
last  problem  in  literature,  the  specific  form  of  equivalent,  "interference"  and 
presentation  of  the  meter  in  the  form  of  a  closed  tracking  system  permit  us  to 
obt  a  series  of  new  conclusions  interesting  for  applications. 

Below  we  shall  consider  parameters  in  the  form  of  stationary  random  processes, 
processes  with  stationary  increments,  quasi-regular  processes  (linear  combinations 
of  known  functions  with  random  factors),  and  also  mixed  cases.  We  separately  consider 
synthesis  of  smoothing  filters  for  meters  of  linear  functionals  of  parameters, 

6.8.1.  Parameter  —  Stationary  Random  Process 

In  a  number  of  applications  it  is  possible  to  consider  the  measured  quantity 
a  random  stationary  process.  An  example  is  steady  fluctuations  of  speed  in  an 
aircraft  Doppler  meter,  groundspeed  meter,  and  so  forth. 

If  the  measured  parameter  is  stationary,  during  an  arbitrary  time  of  observe » i-  ■. 
equation  (6,6.55)  takes  form 

c(t,  *)-ff(Cc(/,  s)R(s  —  *)ds~R(t~*),  (6.8.1) 


I.e.,  turns  out  to  be  an  integral  equation  with  a  nucleus,  depending  on  the  dilTerencc 
of  the  arguments.  Methods  of‘  rr lull on  of  such  equations  have  been  studied  in  prin¬ 
ciple  repeatedly  [19].  An  exact  solution  can  be  obtained  if  spectral  density  of  the 
parameter  has  the  form 


\ 

} 


% 


i 


-1 


\ 


i 
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where  Q^icoj,  Pn(ia>)  —  polynomials  from  i®  of  degree  m  end  n  >  m. 

Such  presentation  of  S(<o)  is  very  general  end  embraces  pract  nil  real 

cases  of  stationary  processes.  Substituting  in  (..8.*)  function  R(t  —  t),  expressed 
through  S(co);  and  applying  to  both  parts  of  this  equation  differential  operator 
Pn(d/dr)  Pn(  -d/dt),  taking  into  account  (6.8.2)  it  1?  possible  to  show  that  equation 

(6.8.1)  is  equivalent  to  differential  equation 

p.(£)p.  (-£)««.  <>+<?-  (4) 

=«u(^)«.(-4)*p-«>  .  !  .f.U 

Additionally  c(t,  t)  should  satisfy  boundary  conditions  nt  the  en dr  of  the  Interval 
of  observation  (0,  t),  which  are  obtained  If  we  apply  to  both  parts  of  K.8.1)  oper¬ 
ators  (dk/dTk)Pn(d/dT)  and  (dVa**)*n(  (k  -  0,  1,  n  -  1)  and  use  certain 

theorems  of  the  theory  of  functions  of  a  complex  variable: 


Sr*e  (-£; ■)*(*•  "•)+*  J3  ^  ■«)— 0 

when  asssO, 

IF Pn(~Zi)cV’x)^~  ^  53 

Xc(/,  t)s=0  when  *  =  /. 


*»+*— 

Here  Y*  —  multinomial  part  ,f  the  fraction 


!Q.  (*•)!* 


<t.8.4) 


Time  t  In  (6.8.3)  and  (6.8.4)  is  considered  a  fixed  parameter. 

Thu.-: ,  solution  of  equation  (6.8.1)  is  equivalent  to  finding  Green's  flinch" 
of  the  corresponding  linear  differential  equation  with  constant  coefficients 
boundary  conditions  (6.8.4).  Solution  of  this  problem  is  sometimes  cuml rsome, 
but  dees  not  present  fundamental  difficulties. 

Certain  simplification  is  attained  when  n  =  0,  S(cjj)  =  { ( ic»)  j  Boundary 

conditions  here  are  simplified,  since  A^k-  = 

We  shall  consider  as  an  example  a  parameter  In  the  form  of  a  stationary  random 
process,  which  it  is  formally  possible  to  consider  formed  by  passage  of  white  noise 
through  an  inertial  link  with  time  constant  T: 
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(6.8.5) 


*(0==4«~,<wr.  s<*)=T+l=fp 

Note  that  in  this  case 

then  relationships  (6.8.3)  and  (6.8.4)  will  take  form 

(i+fc{nDc(i.  t)+T*^,c(/.  .)=2ojr«(<-.), 

’  (6.8.6) 

[«<(,  »)  ]_“0, 

=0. 

System  (6.8.6)  has  the  following  solution: 


«<<.  ,)=aj 


(V? 7t+i)*~T  +c/Pf7-o« 

*t+»« 

(VT+f+i)'* -(lrr+7-i),« 


(6.8.7) 


where  p  -  2<j£  TK. 

A  circuit  with  pulse  response  (6.8.7)  can  be  realized  by  a  controlled  variable- 


gain  amplifier,  an  integrator  and  one  more  controlled  amplifier,  coupled  in  series 
(Fig.  6.36). 


Eig.  6.36.  Smoothing  circuits  for  a  station¬ 
ary  parameter  with  small  observation  time. 

1,  3  —  variable-gain  amplifiers;  2  —  inte¬ 
grator. 


Very  interesting  is  the  case  of  a  large  time  of  observation,  when  t/T  »  1. 

Then  in  view  of  attenuation  of  pulse  response  one  should  consider  small  differences 
between  moments  of  application  of  input  disturbances  and  reading  (t  -  t)/T  ~  1,  when 
simultaneously  t/T  »  1,  t/T  »  1.  It  is  easy  to  prove  that  in  these  conditions 

c(t,  *)-+c(t — *)= y ====— ,  exp | — y* ±1  (/  — 1)|.  (6.8.8) 
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Thereby,  in  the  limiting  case  pulse  response  c(t,  -r)  depends  only  on  the  dif¬ 
ference  of  arguments  and  coincides  with  the  response, of  a  certain  link  of  the  first 
order  with  effective  time  constant 


'T  ***»•<■•  r 

/»W  =  J/PT  P*. 


(6.8.3) 


Seeking  from  (6.8.8)  solution  of  equation  (6.6.54)  in  the-  form  g(t  -  t). 


have  function 


(6.8. id) 


with  Fourier  transform 


G(fc)= 


T+7  +  i  *  »  +  «■ 


(6.8.11) 


Thus,  the  single-loop  variant  of  smocthinr  circuit  should  be  a  circuit  wit,-, 
exactly  that  time  constant  which  corresponds  to  the  inertial  link  forming  the 
parameter  of  white  noise.  KultJ  ruyln-j  ty  the  tn».-  .idealon  factor  of  an  op? 

mum  discriminator  K,  we  note  that  the  tc  -  '  .  r  tor  in  the  loop  '  f  in  optimum 


meter  verier  a3 


K  —  ,  »  —  fP/2  vhenp<  I, 

*  F 1  +  P+T  ||/pwhenp>l. 


(t’.e.ia) 


Finally,  variance  of  resultant  error  of  measurement  of  the  parameter,  according' 
to  (6.8.7),  is  equal  to 

=«<m>- 

’  '  '  fj+E#  '  '  _Fj+r. 

_gT«(1  +  yT47)e  r  +  r 

(«  +  /l  +  F)*e  r  —  {^l+P-l^e  T 

- * 


1  +  Kl+f  • 


*  (6.8.13) 


Quantity  p  in  relationships  (6.8.7)-(6.S.13)  actually  is  the  equivalent 

signal-to-noise  ratio  in  the  meter,  inasmuch  as  it  i ~  equal  to  the  ratio  of  the  max- 

*  2 

imum  value  of  spectral  density  of  the  parameter  2o.T  to  the  equivalent  spectral 

*’ 

density  of  the  discriminator  l/K.  The  monotone  character  of  the  dependence  of 
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maximum  error  in  (6.8.13)  on  P  does  not  require  explanation.  More  interesting  is 
the  dependence  of  the  overall  gain  factor  in  the  loop  on  p.  Physically  the  inter¬ 
connection  between  K^.  and  p  is  explained  by  optimum  selection  of  the  transmission 


band  of  the  system 


i  riiccMp ^  yr+7 


(6.8.14) 


For  high  levels  of  noise  it  is  useful  to  narrow  the  bandwidth  to  a  matched 
width  (Afg^QQpjj  -  1/4T  for  maximum  suppression  of  noises,  sacrificing  tracking 
> of  abrupt  changes  of  the  parameter.  For  low-level  noises  it  is  more  useful  to  use 
a  transmission  band  expanded  by  a  factor  of  ^1  +  p,  within  limits  of  which  the 
level  of  spectral  density  of  the  parameter  exceeds  the  level  of  the  noises. 

Especially  important  for  applications  is  the  case  of  a  large  time  of  obser¬ 
vation,  when  the  process  of  measurement  "becomes  steady"  and  its  characteristics  cease 
to  depend  on  the  initial  conditions  of  measurement.  To  find  limiting  values  of  c(t  -  t) 
and  ei(t-t)  iur  the  case  of  a  large  time  of  observation  in  general  is  considerably 
more  convenient  by  the  method  of  factoring,  given  in  §  6.5.  For  the  given  case 
there  is  performed  factoring  of  function  f 

(6.8.15) 

and  the  final  result  is  recorded  in  the  form 


cw> 


(6.8.16) 


Here,  the  smoothing  filter  of  the  equivalent  single-loop  system  has  frequency 


response 


C(fa)*C(faV(l -ICC  («•)). 


(6.8,17) 


which  is  found  from  equation  (6.6.54)  by  the  method  cf  Fourier  transforms. 

Stationary  error  of  measurement  at  the  limit  is  constant  and  is  expressed  by 


a  simple  formula,  based  on  the  theory  of  Fourier  integrals: 


i.WjjdifcCH 


(6.8.18) 


Especially  convenient  is  the  method  of  factoring  for  a  rational-fractional 
spectral  density  of  the  parameter  of  form  (6.8.2).  Turning  as  an  example  again 

i 

to  the  very  simple  case  described  by  relationships  (6.8.5)  we  have,  concretely. 
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and,  finally,  the  frequency  response  of  the  filter  is  equal  to 

C(im)== 

*ri+t 

which  coincides  with  the  Fourier  transform  of  (6.8.8).  Increase  of  the  orders  oi 
polynomials  Pn(lo>)  and  Q^ieo)  in  (6.2.?)  lead.-  v  complication  of  the  factoring 
procedure,  consisting  of  finding  roots  of  algebra  v.ui  Jons  cf  a  high  order,  in 
principle  thi3  is  the  same  equation  as  for  an  arbitrary  time  of  oboe  ::r  1 
the  limiting  case  nevertheless  sharply  rr -plifles  further  calculations  freeing  ur. 
from  the  need  to  allow  for  boundary  coed*. lonr. 

6.8.2.  Parameter  —  Random  froces-i  with  dictionary  Increasements 
In  engineering  practice  in  a  numoer  oi  cases  it  impossible  even  to  npf.  :\.x- 
inately  consider  the  measured  quantity  stationary:  however.  It  is  possible  to  con¬ 
sider  stationary  a  certain  derivative  of  the  parameter.  Thus,  if  acceleration  o- 
the  object  changes  chaotically  and  steadily,  the  coordinate  of  it  is  a  ran,! -r.  r  ••  vr 
with  a  stationary  second  derivative.  Such  a  type  of  random  process  we  i no -net  In 
the  class  of  processes  with  k-th  stationary  Increments (k  =  0,  1,  ...}  [-/j ]. 

Mathematically  a  process  with  stationary  increments  of  the  k-th  order  is  defined 
as  process  x(t),  statistical  characteristics  of  whose  k-th  difference 

a;-*(0=2(*)(1- 

* 

are  not  time-dependent.  Formally,  it  is  possible  equate  such  a  process  to  a  process 
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with  a  stationary  k-th  derivative.  To  this  class  there  belong  stationary  processes 
and  processes  obtained  from  them  by  application  of  integro-differential  operators 
with  constant  coefficients.  Correlation  function  R(t,  t)  of  a  process  with  station¬ 
ary  increments  is  easily  expressed  through  the  correlation  function  of  the  station¬ 
ary  >-th  derivative  of  p(t  -  t)  in  the  form 


K  dtt(t  -  (/,-g  *>1 


*0-*) 


when  4=0.  (6.8.19) 


This  relationship  with  a  stationary  process  permits  us  to  introduce  the  concept 
of  spectral  density  S(a>)  of  the  process  with  stationary  increments,  determining  it 


according  to  the  formula 


t  W— -gr  J  e+**V*  S(m)dm. 


(6.8.20) 


To  find  function  c(t,  t)  from  equation  (6,6.55)  with  arbitrary  observation  time 
in  principle  it  would  have  Leen  possible  to  use  the  method  of  reduction  to  a  differ¬ 
ential  equation  with  a  special  right  member,  absolutely  analogous  to  that  presented 
In  Paragraph  6.8.1,  if  the  spectral  density  of  the  process  is  a  rational-fraction 
function  of  io,  i.e.,  can  be  presented  in  the  form  (6.8.2).  We  select  a  somewhat 
different  way  of  presentation.  By  two  important  and  very  graphic  examples  we  ex¬ 
plain  the  method  of  reduction  of  equation  (6.6.53)  to  differential  equations  of 
another  type;  with  the  help  of  the  latter  we  effectively  solve  these  particular 
problems;  and  then  we  expound  a  general  method  for  obtaining  limiting  operators, 
i.e.,  smoothing  filters  for  a  large  time  of  observation. 

Let  us  start  with  the  very  simple  example  of  a  parameter  in  the  form  of  a  Wiener 
process,  i.e.,  the  Integral  of  white  noise.  The  correlation  function  of  this  prcc-. 


is  equal  to 


*0.  »)  =  *.■*»(/.*), 


(6.8. 21 ' 


where  3^  =  const  is  the  spectral  density  of  the  initial  white  noise. 
Substituting  (6.8.21)  ir.  equation  (6.6.53)  for  t  *  x,  vre  have 


1  f 

$c(/,  *)  tds-\-KBtx  J  c(t,  s)  ds  — 


(6.8.22) 


and  successive  differentiation. with  respect  to  x  gives 
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J c{t,s)ds=Bt 

% 

*£&L_KBt/c(ttX)=0. 


(C.  8.-3) 


(6.8.  -'} 


The  solution  of  equation  (6.8.24),  satisfying  conditions  (6.8.22)  and  (6.8.23) 


simultaneously  has  the  form 


(6.6.25) 


From  this,  according  to  (6.8.2*?)  ana  (£.6.4<),  we  have 


(6.8.26) 


The  last  expression  shows  that  for  small  times  cf  observation  variance  of 
error  of  measurement  is  equal  to  variance  cf  tne  a  priori  distribution  of  R(t,  t) 
**  B^T,  and  with  growth  of  t  passes  to  a  stationary  value  VBj/K,  uonotonlc-lly 
depending  on  Intensity  of  white  noise,  from  a  -cm  the  parameter  is  formed,  end 
the  equivalent  spectral  density  or  an  optimum  discriminator  i/K.  The  of 

becoming  steady  is  faster,  the  larger  the  product  B^K. 

Function  c(t,  r)  for  large  t,  t  al:  ms  limiting  value 


corresponding  to  a  RC-circuit  with  time  constant  (B^K)  ,  which  follows  from  the 


font,  of  the  frequency  response 


c(i.)= jW  -  «•— =y05; 


rulse  response  of  an  open  loop  g(t,  ;)  is  determined  by  equatir (w.6.54),  and 
for  c(t,  i),  given  by  formula  (6.6.25),  it  is  equal  to 


*(/,*)=  j/Aih-. 


(-'•.8.28) 


i.e.,  in  general,  does  not  depend  on  t.  According  to  (6.8.28)  smoothing  consists 
of  amplification  of  the  output  signal  of  the  discriminator  by  an  amplifier  with 
gain  factor,  varying  according  to  the  law  (6.6.28),  and  subsequently  by  integration. 


In  view  of  the  a  priori  known  continuity  of  parameter  X(t)  and  zero  initial  error  of 

•1/2 

measurement  the  output  signal  of  the  discriminator  z(t)  for  i  <  i’B^K)  is  trans¬ 
mitted  with  a  small,  but  increasing  amplification.  The  build-up  Is  explained  by 

-1/2 

gradunl  increase  of  variance  of  x(t).  When  r  »  (B^K)  smoothing  passes  into 

cent;  ••■nit  amplification  and  to  integration. 

It  is  interesting  to  note  that  a  smoothing  circuit  with  one  integrator  is  very 


often  used  in  practice.  Theoretical  consideration  shows  that  without  taking  into 
account  the  transient  regime  such  a  smoothing  filter  is  optimum  for  parameter  X(t) 
in  the  form  of  the  first  integral  of  white  noise.  The  magnitude  of  the  overall  gain 
factor  in  open  loop  K  ^B^/K  -  here  depends  on  the  intensity  of  parameter  B^, 

and  also  on  the  statistics  of  the  input  mixture  of  the  signal  with  noise  (through  K) 
This  result,  according  to  Paragraph  6.8.1,  is  natural. 

Let  us  consider  now  a  process  in  the  form  of  the  second  integral  of  white  noise 


the  correlation  function  of  which  is  equal  to 

to 


•  • 


■ban  t<(, 
■ban  f  <*• 


(6.8.29) 


Successively  differentiating  with  respect  to  r  equation  (6.6.53),  In  which 
there  is  placed  the  value  of  R(t,  t)  from  (6.8.20),  we  have  differential  equation 


with  four  integro-differentlal  subsidiary  conditions: 


’l 

+ oj  </, ,)  . 


.  -< 


+ “J  j*  ('.  *)  (’ — *)  r=  a  J  V  —  *). 


(6.8.50) 
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where 


c*(tt*)=Kc(l,  ■*). 


Finally,,  we  have  a  solution  in  the  form 


r*  (/,*)=  2/5«,  I 


.  .  %»  gig— <) 

cfcTT  yr”*  yr 


*  A  V 

Ff  *  — 

37135+5+ 


JLUl 

^?7" 


Variance  of  error  of  measurement  is  equal  to 


*  cftrfa^+f+cMy?a7^ 

In  particular,  for  large  and  snail  tine  of  measurement 


(6.8.31) 


(6.8.32) 


(6.8.33) 


As  follows  from  (6.8.33)#  for  a  snail  tine  observation  variance  of  error 
of  measurement,  as  also  in  the  preceding  example,  increases  as  the  a  priori  variance 
of  parameter  R(t,  x)  from  (6.8.29).  The  fsct  is  that  in  the  first  moments  inertial 
smoothing  elements  have  not  yet  accumulated  a  signal,  which  testifies  to  the  rppearlng 
error  of  measurement.  For  a  large  tine  nf  observation  variance  of  error  seeks,  as 

.  ,  ‘  \m 

before,  a  stationary  value,  monotanlcilly  depending  on  spectral  density  B2  of  white 
nol3e,  from  which  the  parameters  was  formed,  and  on  the  equivalent  spectral  density 
of  the  discriminator  1/K. 

It  is  Interesting  to  note  that  Tor  large  time  of  observation  c*(t,  x)  -  Kc(t,  ?' 
passes  to 


(6.8.3*) 


i.e.,  desciibes  a  circuit  with  constant  parameters  and  frequency  response 


#CC(m)= 


g»)K?«,+e] 

+(*-»/?•»+•!* 


(6.8.35) 


In  both  the  examples  given.  In  spite  of  the  nonstatlonariness  of  the  parameter, 
operators  of  smoothing,  analogously  to  Paragraph  6.8.1,  belong  to  circuits  with  con¬ 
stant  parameters. 


The  physical  expalnatlbn  of  this  Is  that  during  measurement  of  a  process  with 
stationary  increments  there  is  established  dynamic  equilibrium  between  the  effect  of 
the  growth  of  uncertainty  of  the  value  of  the  parameter  due  to  its  random  changes  and 
the  effect  of  more  precise  definition  of  its  value  due  to  the  arrival  of  new  data. 
The..*  mutually  opposite  effects  follow  from  relationships  (6.5.35)  and  will  be  touched 
again  in  §  6.9. 

It  is  interesting  that  transmission  of  the  mixture  of  a  process  with  a  station¬ 
ary  first  or  second  derivative  with  white  noise  through  a  circuit  with  a  rational- 
fraction  frequency  response  of  type  (6.3.27)  or  (6.8.35)*  in  which  the  order  of  the 
polynomial  of  the  numerator  is  less  than  the  order  of  the  polynomial  of  the  denom¬ 
inator  by  ore,  ensures  minimum  necessary  difference  of  orders  of  these  polynomials 
for  smoothing  white  noise  and  simultaneously  gives  at  the  output  a  random  process, 
with  a  stationary  derivative*  i.e.,  a  process,  similar  in  properties  to  the  measured 
quantity.  Thit  is  especially  graphic  for  a  system  of  the  first  order,  at  whore 
output  there  will  be  formed  a  random  process  with  spectral  density  x  ,  eqir  1 
in  accuracy  to  the  spectral  density  of  the  tracked  quantity. 

It  Is  natural  to  assume  that  for  any  processes  with  stationary  derivative?  ther*' 
exists  limiting  operators  of  smoothing,  belonging  to  circuits  with  a  constant  para¬ 
meters.  Therefore,  we  generalize  the  algorithm  of  finding  limiting  operators,  bared 
on  factoring,  to  parameters  in  the  form  of  random  processes  with  stationary  in 
Let  us  substitute  in  equation  (6.6.53)  correlation  function  R(t,  r),  expressed  ac¬ 
cording  to  (6.8.19),  and  direct  in  this  expression  tQ  «•  to,  seeking  a  solution  in 
the  form  c(t,x)  >  c(t-r).  Then,  applying  to  both  parts  of  the  equation  Fourier 
transformation  and  using  relationship  (6.8.20),  one  can  prove  that  the  solution 
equation.  (6.6.53)  in  this  case  is  expressed  by  the  same  formula  (6.8.16)  ns  for 
stationary  processes.  The  pulse  response  of  the’saoothing  flTteF'Sr'a  slngle-lco 
circuit  g(t,x)a  g(t  -  t)  is  determined  through  the  Fourier  transformation  with  e 
help  of  relationship  (6.8.17),  and  maximum  error  of  measurement  is  given  by  formula 
(6.6.18). 

It  is  necessary  only  to  stipulate  that  factoring  of  (6.8.15)  in.  this  case  is 

Ok 

ba^ea  or,  presentation  of  the  factor  of  fora  ao  in  the  denominator  of  spectral 
density  5(go)  in  the  form  (ico)  (-l<a)  ,  where  1/iui  is  formally  considered  a  pole  ir. 
the  upper  half-plane,  and  l/(-icc)  is  considered  a  pole  in  the  lower  half-plane  of 
complex  variable  cu. 

For  the  purpose  of  illustration  of  the  method  of  factoring  we  again  consider 
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a  parameter  in  the  form  of  the  first  and  second  integrals  of  white  noise, 
first  case  spectral  density  of  the  parameter  according  (6.3.19)  -should  o- 
as  S(a>)  =  B^/cu  .  Here, 


*(!•)  V(- to)  =  1 +*$(-)  = 


YBXK  +  V'BtK  —  i* 


M 


In 

Jef 


t.U 


and  in  accordance  with  (6.8.l6)-(6.8.i8)  we  have 

Ctim\=—±  r  *d=Jal  1  1 _ 

'  1  y%K+t»  Y  K 

«<fa)  =  KxT V- 


l.e.,  results,  already  analyzed  by  us  above  (see  (6.8.S?6)-(6.&.?61  ]. 
For  the  second  example  we  have  S(a>)  *  Eg/cu’  and  factoring 


T(I.)T( 


.  hW-HhW-H 

<J — — r— i.»* - 


where  again  a?  »  (BgK)*/*.  From  this  we  f.nally  have  a  result,  coinciding  with 
(6.8.35).  A  most  interesting  circumst-P'  Is  cere* led  when  by  formula  •  ^’.  -‘.17) 
and  (6.8.35)  wv  find  the  filter  of  suo-  .hing  in  a  sirigl<— loop  system.  It  torts 


out  ‘hat 


L.e..  tne  filter  is  an  ideal  double  integrator  with  a  correcting  RC-circuit 
time  constant  ~KC^  *  (4/KBg)1^  (Fig*  6.37).  A  filter  with  frequency  •  use  of 

■ vp®  ’6.6.37)  is.  probably,  the  most  widespread  5n  pr^ctic®:  however  th®  conditions 
of  its  optimality  revealed  here  are  by  nr  means  universal,  17®  recall  that  th«f- 
conditions  require  presence  in  the  parameter  of  th®  first  time  derivative  and 
chaotically  varying  stationary  second  derivative,  whicn  it  is  possible  to  opproximat.® 
by  white  noise. 

Analogously  we  can  obtain  a  solution  of  equations  (6.6.53)  and  (6.6.54}  also 


for  a  parameter  in  the  form  of  the  integral  of  any  n-th  order  of  white  noise. 


In  particular,  for  the  third  order  we  have 

'  (  '  (W + (imy + ’ 

iCO(fa)=vTgr»  *  /f,)! , 


«.=(W^ 


(6.8.38) 


Calculation  of  an  ever  higher  order  of  smoothness  of  parameter  >.(t),  as  follows 
from  (0.8.36)-(6.8.38),  leads  to  even  greater  complication  of  smoothing  circuits. 

In  general  they  contain  n  integrators  and  circuits  of  correction  of  the  (n  -  l)-th 
order,  parameters  of  which  depend  on  an  ■  (KE^)1/2”.  The  gain  factor  of  an  open  * 

loop  taking  into  account  the  gain  factor 
of  the  discriminator  in  all  cases  is  propor¬ 
tional  to  which  qualitatively  coin¬ 

cides  with  the  case  of  a  stationary  param¬ 
eter  and  is  dictated  by  the  same  factors. 

All  synthesized  filters  provide  sta¬ 
bility  to  the  closed  system.  In  particular, 
in  a  system  of  the  second  order,  according  to  (6.8.36),  there  are  provided  condition.: 
of  stability  close  to  the  threshold  between  aperiodic  and  oscillatory  regimes.  This 
general  circumstance  is  characteristic  for  all  optimum  filters  knowingly  giving  0 
limited  response  to  disturbances.  It  is  convenient  in  that  the  question  of  stability 
during  synthesis  again  arises  only  when  there  arises  the  necessity  of  departing  in 
the  meter  from  characteristics  which  are  in  the  statistic? 1  sense  optimum. 

Let  us  give,  finally,  an  expression  for  variance  of  stationary  error  of  mens\!-''- 
mer.t  of  the  parameter  in  the  form  of  the  n-th  integral  of  white  noise  of  Intend t> 


Fig.  6.37.  Block  diagram  of  smoothing 
circuits  for  a  parameter  with  station¬ 
ary  increments.  1  —  high-gain  ampli¬ 
fiers. 


It  is  easy  to  prove  that  in  particular  cases  (n  =  1,  2,  3)  from  (6.8.39)  there 
ensue  the  corresponding  formulas,  given  above.  As  follows  from  formula  (6.8.39), 
the  potential  mean  square  error  with  growth  of  smoothing  of  the  parameter  all  the 
less  depends  on  the  intensity  of  t*he  parameter  (B  Is  taken  to  the  l/4n  power),  and 
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■  g.'V" 

o  as  total  error  is  close  in  value  to  its  fluctuating  component.  However,  to 
BoX 

guarantee  this  result  we  should  correctly  select  the  band  of  transmission  of  the 
closed  system  by  selection  of  the  corresponding- gain  factor. 

6.8.5.  '  Parameter  —  Linear  Combination  of  Known 
Functions  with  Random  Factors 

In  a  broad  class  of  practical  applications,  for  instance  during  measurement  of 
coordinates  of  bodies  flying  by  the  laws  of  ballistics,  the  character  cf  chance  of 
X(t)  is  known  with  an  accuracy  of  certain  parameters  a  ,  a  ,  ...,  a  ,  which  ■  xw-  \ 
time-dependent,  the  values  of  which  by  virtue  of  initial  conditions  of  observation 
one  should  consider  random.  It  is  possible  to  present  this  dependence  in  the  for*-- 

(6.8.4c) 

We  consider  that 

(6.8.41) 

where  —  mean  value; 

—  small  normally  distributed  deviation  from  the  mean  value. 

Then  function  (6.8.40)  can  be  approximately  tresented  in  the  form 


<•'.8.42) 


where 


W)  =*F(iia . rj.  ■•-*>>- 


•tre  known  functions. 

According  to  (6.8.42)  parameter  A(t)  -hen  is  a  norm'll  random  process.  Its  mean 
value  is  equal  to  F(t;  ...,  a^),  and  tne  correlation  function  is  determined  by 

rh?  '  i  .’i  -us  relationship 


Umt  i 

where  M  »  “  matrix  of  mixed  moments  of  quantities  p.(I,  k  *  1,  ...,  m); 

f(t)  »  {(ft^),  ...,  fm(t))  —  column  vector  with  elements  fR( t)  =  d/cSa^  F(t; 
al*  am^ ’ 

sign  "+"  signifies  transposition. 

In  general,  a  parameter  of  fora  (6.8.42)  is  degenerate  random  process,  com¬ 
pletely  determined  by  an  m-dimensional  distribution  of  probabilities,  so  that  a  re- 
ciprocal  matrix  H  for  any  n  >  m  (il  —  number  of  moments  of  observation)  does  not 
exix-t  for  it. 
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This  formal  difficulty,  allowing  one  to  doubt  the  applicability  in  the  given  case 
of  results  obtained  in  §  6.6,  can  easily  be  by  passed  if  we  add  to  X(t)  an  arbitrarily 
small  nondegenerate  random  process  Xi(t)  «  ex(t).  Then  the  correlation  function  of 
process  X(t)  +  ex(t)-  allows  inversion;  the  distribution  is  nondegenerate  for  any 
n  >  m,  and  in  equation  (6.6.53)  there  will  be  contained  correlation  function  R(t^, 
tjj)  +  e2Rx(t1,  t2).  Directing  e  to  zero,  we  obtain  an  equation  in  which  there  enters 
correlation  function  (6.8.45). 

We  start  to  find  smoothing  circuits  with  the  very  simple  case  of  m  =  1: 


i(/)=i<i)+rf(0. 


(6.8.44) 


where  X ( t )  and  f(t)  —  known  functions; 


—  o  p 

U.  —  normally  distributed  quantity,  for  which  u  -  0,  u~  -  c0, 
so  that  R(t,  t)  -  OQfit)f('r). 


Equation  (6.6.53)  takes  form 


(6.8.4r>) 


l.e. ,  is  an  integral  equation  with  a  degenerate  kernel.  Seeking  its  solution  In 


the  form  c(t,  x)  -  cp(t)f(x),  it  Is  simple  to  obtain  finally 

. 

1  + 


(6.8.46) 


from  which  error  of  measurement  c^-^t)  is  equal  to 


•L<o> 


t 


(6.8.47) 


a.U  when  the  value  of  the  parameter  does  not  grow  faster  than  the  power  of  t,  it 
always  seeks  zero  as  t  -*  co.  For  instance,  when 


we  have 


m=E« p 


(6.b.4fc) 


The  tendency  of  error  of  measurement  to  zero  Is  a  specific  peculiarity  of 

the  considered  case  and  is  caused  by  the  fact  that  the  law  of  change  of  X(t)  is 

* 

known  with  an  accuracy  of  a  constant  factor  u*  The  problem  of  filtration  actually 
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consists  6fv  measurement  (estimation)  of  this  constant  factor.  From  the  theory  cf 
estimation^weyknow  (§  .6.6)  that  measurement  of  a  constant  parameter  can  be  perform 
with  error pending  to  zero  with  .Increase  of  the  number  of  measurements,  where 
during  measurement  of  the  coefficient  of  an  m-th  order  parabola  mixes  with  w'rl  t* 
noise. with  spectral  density  1/K  the  variance  of  error  ir.  the  absence  of  any  a 
priori  data  about  this  coefficient  is  exactly  (2m  +  l)/(Kt). 


frm  9o>!  ilt<t«r 


Fig.  6.38.  Smoothing  circuits  for  a  quasi -reg¬ 
ular  parameter  (single-loop  variant  o:  a  nor): 

1#  3  —  variable-gain  amplifiers;  2  —  integrator. 

Seeking  a  solution  of  equation  (6.6.5*'  In  th«*  form  g(t,  t)  «  f(t)i( *)  t  r 
c(t,  r),  determined  according  to  (6.8.46),  we  have 


•2r<ofw 


% 


(6.fi.4-i) 


According  to  (6.8.49)  the  smoothing  ''liter  of  a  single-loop  system  posse.: 
variable  parameters  for  any  time  of  ct  e;  .-•ri--i.  Smoothing  (Fig.  6.3*)  consists 
of  multiplication  of  the  output  signal  of  the  discriminator  by  function  ft)/ 

r  ?t  ,,  -1 

U  '  Koo;  I£(S)  dsl,  subsequent  Integra L l  .u:  and  multiplication  by  rune or  f(r). 
The  output  signal  of  the  integrator  is  the  current  estimate  of  parameter  u  end  Is 
use!  as  a  factor  for  the  law  of  change  cf  parameter  '(t),  generated  in  the  circui* 
At  ter  Introduction  of  \('t)  there  will  form  estimate  "(t). 

Characteristic  for  a  filter  with  characteristic  (6.8.4g)  is  gradual  :,-  _-f 

MSC!  tmlnator  output  or,  in  other  words,  "freezing"  of  the  estimated  •  : rJclent, 

ocen. ring  faster,  the  less  the  equivalent  spectral  density  i/K.  is  explained 

by  the  fact  that  the  law  of  change  of  X(t)  Is  known  a  priori  so  that  the  fir-ite 
interval  of  the  realization  permits  us  with  good  accuracy  to  predict  behavior  of 
parameter  \(t)  in  all  subsequent  moments  of  time.  Upon  the  expiration  of  this 
interval  error  of  measurement  already  becomes  small,  and  only  specially  noticeable 
peaks  of  output  voltage  of  the  discriminator  correct  estimate  p. 


With  equal  success  smoothing  can  be  conducted  by  a  double-loop  system  of  the 
type  of  Fig.  6.13V  where  pulse  response. of  the  filter  c(t,  x)  is  given  by  relation¬ 
ship  (6.8.46).  As  Fig.  6.39: illustrates,  in  this  case  output  voltage  of  the  adder 
of  the  loop  of  internal  coupling  which  is  approximately  an  additive  mixture  of  the 
measured  quantity. and  white  noise,  is  multiplied  by  function  f(t),  and  then  is 
Integrated. 


Fig.  6.39.  Smoothing  circuits  for  a  quasi-regular 
parameter  (double-loop  variant  of  a  meter):  1,  3  ~ 
variable-gain  amplifiers;  2  —  integrator;  4  —  con¬ 
stant  amplifier. 

Thereby  there  will  be  formed  correlation  between  the  input  (for  the  system  of 
smoothing)  realization  and  the  expected  form  of  "signal."  Further  processing  reduces 

which 

simultaneously  normalizes  the  output  voltage  of  the  integrator,  compensating  for 
the  effect  of  constant  accumulation,  and  forms  the  measured  quantity.  Both  methods 
of  smoothing  are  absolutely  equivalent. 

Now  let  us  turn  to  the  general  case  of  process  (6.8.42)  for  an  arbitrary  m. 
Substituting  (6.8.43)  in  (6.6.53),  we  again  have  an  equation  with  a  degenerate 
kernel,  solution  of  which  is  best  sought  in  the  form 

c(*,i)  =  ?+(*)f(T).  (6.8.50) 


to  multiplication  of  the  formed  quantity  by  function 


As  a  result  we  have 


C(t,  -0=1+ 


(6.8.55) 


where  the  square  (m  X  m) -order  matrix  U(t)  is  determined  by  expression 


(6.8, 52) 


U(0=  1 1/„(0  ll  w*|- 

Expression  (6,8.51)  is  a  natural  generalization  of  relationship  (6.8.47).  Analo¬ 
gously  we  have  generalizations  for  pulse  response  of  the  filter  and  variance  of 
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'errors  ......  . 

*(«.-i)i==it».(0IM->  if  KU(,)1‘I  W.  (6.3.53) 

According  -to  (6. 8.'55)  -smoothing  circuits  in  the  single-loop  “variant; consist  of 
m  parallel  channels.  In  the  k-th  channel  there  is  produced  multiplication  of  z(t)  by 
functions  which  depend  on  all  f^(t)  (i  =  1,  2,  ....  in)  and  on  K,  then  results  of 

multiplication  are  integrated,  as-  a  result  of  which  there  "are  'farmed  estimates  of- 
m  unknown  coefficients.  Then,  jf'rom  the  estimates  there  it;  formed  the  value  of  the 
parameter  according  to  formula  (6. 3.^2) .  - 

The  shown  method  of  smoothing  has  the  following  peculiarities : 

1.  In  it  both  the  e.  priori  accuracy  of  measurement  of  the  unknown  factor 

and  also  accuracy  properties  of  an  optimum  discriminator,  processing  newly  arriving 
data,  are  accounted  for. 

2.  Any  curvature  of  the  functions  which  depict  change  of  parameter  Y(t)  in 
time  is  accounted  for.  For  the  purpose  of  minimizing  errors  during  smoothing  of 
especially  nonlinear  functions  we  use  known  laws  of  change  of  parameter  f  (t)  with- 

K 

out  any  increase  of  the  number  of  series-coupled  integrating  networks. 

3.  With  increase  of  the  time  of  observation  thp  operators  of  smoothing  and 
also  the  potential  error  of  measurement  all  the  less  depend  on  a  priori  conditions, 
seeking  magnitudes 

(6.3.53) 

c(t,%)-»-jrt+(t)U-'(t)n*h  (6.3.56) 

•LW-x,+  (,)U',(°,(/)*  (6.3.;:r  ; 

Formula  (6.8.57)  is  met  in  literature  devoted  to  measurements  of  coordirrr.  ,.a  of 
ballistic  targets  [14].  Here,  the  measured  quantity  is  usually  considered  the 
constant  parameters  of  the  trajectory,  but  not  the  actual  coordinated  and  they 
apply  the  theory  of  the  maximum  likelihood  estimate,  considering  a  priori  information 
about;  the  parameters  generally  absent.  Let  us  explain  this  in  greater  detail. 

We  assume  that  radio  processing  in  the  discriminator  is  considered  assigned, 
and  it  is  assumed  that  the  object  of  optimization  is  fixture  x(t)  of  the  law  ofmotion 

'i 

x(t,  p),  depending  on  constant  parameters  p,  and  noise  disturbances  n(t)  with 
Guassian  distribution.  As  results  of  §6.6  show,  assuming  linear  work  of  the 
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discriminator  and  ignoring  parametric  fluctuations,  by  addition  of  the  discriminator 
output  (divided  by  its  gain  factor)  to  the  measured  value  of  the  parameter  it  is 
Indeed  possible  to  obtain  voltage  having  the  properties  of  an  additive  mixture  of 
equivalent  "signal"  and  "noise."  In  conditions  of  §  6.6  noise  is  white,  so  that 
its  distribution  by  virtue  of  inertia  of  subsequent  circuits  can  be  considered 
Russian.  Then  the  likelihood  functional  of  u  is  recorded  in  the  form 

*  I  . 

#*<*<0!*)— C«p{— [x (*)- i(x, 

If  the  a  priori  distribution  of  p.  has  large  variance,  and  for  X(t;  p.)  expansion 
v  (6.8.43)  is  approximately  valid,  then  for  determination  of  p  we  have  a  system  of 

linear  equations  of  maximum  likelihood 

m  t  * 

(6.8.58) 


Solution  of  the  system  in  matrix  representation  has  the  form 


(6.8.59) 


by  which  it  is  possible,  according  to  (6.8.43),  to  express  the  value  of  X(t,  u): 


X(t,  P) = f ^ (/) p = | [-i- 1+  (0 U * ' (/) I (t)]  KxWdz 


(6.8.60) 


Comparing  (6.8.56)  with  (6.8.60),  we  note  that  for  a  large  time  of  observation 
the  operator  of  smoothing  studied  earlier  coincides  with  the  operator  obtained  by 
the  maximum  likelihood  method.  If  we  have  the  a  priori  distribution  of  p,  the  esti¬ 
mates  should  be  formed  by  the  method  of  maximum  a  posteriori  probability.  Analogous! 
to  how  we  obtained  a  solution  for  (6.8.60),  we  can  obtain  a  solution  coinciding  with 
(6.8.51)  for  any  time  of  observation.  This  circumstance  established  one  more  inter¬ 
connection  between  the  theory  of  optimum  filtration  and  the  theory  of-  the  maximum 
likelihood  estimate. 

The  given  results  on  measurement  of  coordinates  of  objects  with  a  ballistic 
law  of  motion  do  not  give,  however,  an  exhaustive  solution  of  the  problem.  The  fact 
is  that  when  accounting  for  different  disturbing  factors  the  differential  equations 


describing  variation  of  the  parameters  in  time  become  nonlinear,  and  an  exact  law 
of  motion  in  the  form  of  elementary  functions  cannot  be  obtained  from  them.  In 
these  conditions  finding  of  functions  x( t )  and  fi(t)  is  hampered,  and  simultaneously 
with  the  problem  of  smoothing  on,e  should  somehow  solve  the  problem  of  current 
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integration  of  equations  of  motion.  Simple  rules  of  carrying  out  the  operation, 
especially  in  complicated  cases,  are  absent  here,  and  the  important  problem  of 
synthesis  of  a  convenient  algorithm  of  smoothing,  ensuring  minimum  errors  and  easily 
realized  technically,  remains  open.  Furthermore,  complication  of  such  algcrit: .re¬ 
occurs  due  to  the  need  for  accounting  for  additional  components  of  errors  (~ce 
§  C.  2).  Regardless,  however,  of  the  complexity  in  construction  of  the  algorithm 
of  smoothing,  sometimes  hindering  direct  use  of  the  above  mentioned  results,  the 
latter  nevertheless  can  also  be  used  In ‘complicated  cases  if  v.e  are  ta  IV  •  -..g  about 
calculation  of  errors  of  measurement.  In  this  calculation  less  accuracy  ol  cal¬ 
culation  than  during  synthesis  of  smoothing  circuit  ;  is  permissible,  so  that  *.'<■»• 
equation  of  motion  can  be  integrated  approximately,  after  which  we  conduct  ex^rufi.  :r. 
of  type  (6.8.43)  and  find  errors  of  measurement  by  formula  (6.8.37). 

The  considered  case  of  a  quasi-regular  parameter  easily  permits  us  to  study, 

*.< :o ,  the  case  of  self-tuning  of  smoothing  circuits  for  correction  of  unequal  aeov* avy 
of  measurements,  or  which  is  the  same,  th>.-  influence  of  parametric  fluctuations.  Let 
us  analyze  the  most  simple  C9se  of  one  unknown  parameter.  We  note  that  equation 
(6.8.45)  in  variable  K(t)  is  replaced  according  -.0  (6.6.31)  by 

c(t . 

As  an  equation  with  degenerate  kernel,  it  is  easily  solved: 

4fWfW 

t  »  (6.8.6?') 

from  which,  using  equation  (6.6.32),  we  obtain 


s)f(s)K(s)dsf(x)=olf(t)f{i). 


'  1 


>+•; 

Error  of  measurement  should  be  calculated  according  to  (6.6.43)  by  averaging 
(6.8,62)  over  random  variables,  determined  by  input  signal  y(t1  the  random  factor. 
We  note  that  randomness  of  c(t,  t)  is  connected  only  with  function  £(t),  which  is 


•2/<ofw 


(6.-'y 


a  random  of  modulation  factor  K(t): 

JC(/)=/C(l +£(/;),  K=W). 

According  to  §  6.6  £(t)  has  the  properties  of  white  noise: 


(^1  ^*)*  (6.8.64) 

Considering  fluctuations  of  the  gain  factor  of  the  discriminator  small,  it  is 
possible  to  expand  (6.8.62)  in  powers  of  £ ( t )  and  after  averaging  to  obtain 
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« 

'<#•[  P(s)d, 

^ - i+- - 4 - - 

*+*2ir^PWrf* 


(6.8.65) 


which  for  a  large  time  of  observation  gives 


xfPM* 


f  • 

[■(/*<»)*  I 

,  +  _<pH\f 


(6.8.66) 


Consequently,  parametric  fluctuations  increase  error  of  measurement.  However, 


this  increase  is  much  more  considerable  if  we  do  not  allow  for  these  fluctuations 


during  synthesis  of  the  circuit,  when  they,  in  fact  exist.  (Let  us  remember  that 
in  the  past  these  fluctuations  were  not  accounted  for  either  during  synthesis  or 


during  calculation  of  accuracy.)  Then  calculation  of  accuracy  of  measurement  con¬ 
ducted  by  the  method  of  §  6.2  gives 


4rio 


rods 


9 

•fafrwds  ~ 
ft 

t 

i +  4*  [rots 


(6.8.67) 


or  for  a  large  time  of  observation 


tt*  m-  Ho 

xjrod, 

ft 


i+— A - 

j^rods  J 


(6.8.68) 


Inasmuch  as  for  a  constant  or  little-varying  dimensionless  function  f(t)  inte¬ 


grals 


r. =5r|Vw*.  r 


are  quantities  of  the  same  order,  comparison  of  the  second  component  in  brackets  in 


relationships  (6.8.66)  and  (6.8.68)  shows  that  in  the  case  of  allowance  for  paramet¬ 
ric  fluctuations  during  synthesis  this  addition  decreases  approximately  according  to 
the  Law  V(t  -  tQ),  and  in  the  case  of  disregard  it  passes  to  a  constant  limit, 
approximately  equal  to  oQy<K.  Rememberingv  that  n  and  1/K  are  equal  to  the  spectral 
densities  of  tha  nondimensional  qodulatiru  coefficient  of  the  gain  factor  and  equiv¬ 
alent  input  noise  of  an  optimum  discriminator,  respectively,  and  producing 


,  p 

multiplication  and  division  of  oqhK  by  a  certain  transmission  band  Af,  we  prove-  in a l 


i.e.,  increase  of  error  of  measurement  is  determined  by  the  ratio  or  a  priori 


ance  q.  to  the  variance  of  equivalent  noise,  multiplied  by  the  variance  of  the  modu¬ 


lation  coefficient  of  the  gain  factor  of  the  discriminator.  In  the  care  of  Iruy;- 
signal- to-noise  ratios  the  magnitude  of  (6.8.69)  will  be  i« o  ♦-  V-  -r\  y*  •-*  d  3. .  *T  ^  *■* & } ' 

from  this  simple  example  we  proved  that  disregard  of  parametric  fluctuations  during 


synthesis,  i.e.,  rejection  of  an  accuracy  unit  and  self-tuning  of  smoothing  circuits, 
leads  to  growth  of  errors  of  measurement,  in  general,  very  undesirable.  This  .JucM- 
fies  the  continuing  interest  in  parametric  fluctuations  in  the  present  and  subsequent 
chapters. 


6.8.4.  Mixed  Cases 

in  the  most  general  case  the  measured  quantity  contains  component:;  of  diffe-ent 
origin,  possessing  therefore  various  correlation  properties.  Let  us  study  measure- 
men!  of  a  parameter  in  the  form  of  the  sum  of  a  nondegenerate  (purely  random)  process, 
for  concreteness,  of  a  stationary  (see  Paragraph  6.8.1)  and  a  quasi-regular  random 
process  in  the  form  of  a  linear  combination  of  known  functions  witn  m  factors 

(see  Paragraph  6.8.5).  In  principle  the  results  obtained  can  be  generalised  to 
more  complicated  cases. 

Writing  the  correlation  function  of  the  stationary  and  quasi-regular  processes 
in  the  form  r(t,j  -  tg)  and  R(t^,  tg)  =  f+  (t^)ltf(tg),  respectively,  we  have  for  pulse 
response  of  the  smoothing  filter  of  a  double-loop  variant  of  a  meter  the  integral 

eou.-j  Mon 


c((,*)+Kj c{t,  s)[t+  (s) Mf (x) -fr(s-x)]ds= 


(6.6.70) 


:t  us  assume  that  the  solution  of  (6.8.70)  can  be  presented  in  the  form 


c(t,  x)  =  £,(/,  x)-f- <?,(/,  x), 


(6.8.71) 


where  cQ(t,  t)  repeats  the  solution  of  the  corresponding  equation  for  a  stations] 
process  (see  Paragraph  6.8.1): 


r 

p«(*.  s)r(^x)<fj  =  r(/_T)t 


(6.8.72) 


Methods  of  solution  of  this  equation  were  studied  in  detail  above. 

I  . .  ■ ;  *  .  '  . 

Then  for  c^(t,  t)  we  nave  equation 

ct(i,  *)+Kj'Ct(t,  s) ft* (s) Mf («) -f-  r (s —  *)1 ds = 

i 

=t+(/)Mf(*)  — c,(t,  s)t(s)dsM(i). 


(6.8.75) 


Let  us  assume  that  variance  of  the  purely  random  component  of  the  parameter 
is  less  than  the  variance  of  the  quasi-regular  component  so  that  in  equation  (6.8.7 5) 
it  is  possible  to  seek  out  solution  by  the  method  of  successive  approximations: 

Ct(i,  *)=£»•(*•  *)+*».(*•  *)  +  •••  (6.8.74) 

Consequently,  for  the  first  approximation  we  have  equation 

CA‘.  *)+kU.(I.  i) l+  (l) Ml(,) * =[!(() (-),  (6.8.75) 

where 

*)f(5)rf5  (6.8.76) 

is  a  column  vector  which  is  the  result  of  processing  of  column  vector  f(s)  by  a  linear 
filter-operator,  designed  for  a  purely  random  parameter. 

For  the  following  approximations  we  have  equations  of  the  same  kind: 

*  t 

ctk(‘,  *)+K\clk(t,  s)l+(s)Mf(x)rfs== — %  *)r(s-x)rfk  (*=!,  2,...). 

*  (6.8.77) 

Seeking  the  solution  of  equation  (6. 8.75) ,  analogously  to  Paragraph  6.8.3,  in 

the  form  a+(t)f(-r),  we  have 

*)=tl(0-«<mt!M"+W(/)|-*f<,),  (6.8.76) 

where  U(t),  *(t)  are  expressed  by  relationships  (6.8.52)  and  (6.8.76),  respectively. 

For  further  approximation  it  is  necessary  to  introduce  into  consideration  quantity 
^(t,  t),  equal  to 


,  x)  ==  K  J c„ (<,  s)r(*- dss=  [f (0 - ? (0!+  (M  -  ‘  +  tf U  (/)j  *  ’ i (s) r(s-  x) ds. 


Then  equation  (6.8.77)  for  k  -  1  wi]l  take  form 

C„(/,  ^)  +  ^  j'C„(/.  s)f+(s)Mf(x)rfs=  —  f(<.  x). 


(6.8.79) 


-179- 


'i»w»Nsr*r?r 


Seeking  Its  solution  in  the  form 

cM(f,  *)=i+ (Of  (*>—♦(*►  O. 

as  a  result  we  have  . 

ett(l,  *) = Kj * (/, *) f +(S) ds [M- ‘-f  KU (0! *  *  f  (0  -  * ('. *h= 

= [f  (0 -*(0]+  fM- + iCU(0l*  X 

t  i 


X  {«  £  |t  fr)  r  (st  -  sj  f*  (5j  dstdst  X 
X  [M-*+MJ(/))-*f(x)-l[  f(»)r(s- 1)*}. 


i.  ±i£ 


(o.fe.bi 


Let  us  explain  the  physical  neaping  of  the  obtained  solution 
to  cfo  in  the  next  approximation: 

c{t,  *)**,(/,  x)+r„(/,  x). 

According  to  relationships  (6.8.72)  and  (6.8.75)  the  smoothing  filter  consists 
in  this  u:.u..  '.wo  basic  channels  (Fig.  6.10).  The  first  exactly  repeats  t(>~ 
smoothing  filter  for  a  stationary  parameter.  The  second  repeats  the  smoothing  filter 

for  a  quasi-r-gnlar  parameter  in  that  part  which 
concerns  formation  a  estir-.t*-.;  .  f  unknown  r-n- 
dom  factors.  However,  during  forming  c:  .  • 

lin-  ir  combination  of  functions  with  measured 
V' lues  of  coefficients  known  functions  f^(  t) 
decrease  by  quantities  equal  to  the  output  re¬ 
sponses  of  the  first  channel  upon  feeding 
f^(t)  to  its  input.  This  is  explained  by  the 
fact  that  the  linear  combination  of  known  r 
tions  to  some  extent  passes  through,  the  nr- 


Kip.  i  ,4o.  Smoothing  circuits  for 
.  > rameter  in  the  form  of  a  mix¬ 
ture  of  a  purely  random  and  a 
qua .*1- regular  parameter:  CQ  — 

■ha:.  i.  Per  tracking  the  purely 

•  ■  par-ame!  er:  —  channel 

;■•••!  ‘  •••!..:  ■ling  the  quasi-regular 


for  ur  .'king  the  purely  random  process,  causing  necessity  for  correction.  K*.  1  .  tion- 
.,h  i  i  r  i';:  tween  f(t)  and  <p(t)  may  differ.  If  the  channel  for  tracking  th*'  stationary 
or  is  wide-band,  it  to  a  considerable  extent  also  traces  the  linear  combin¬ 
ation  of  functions,  so  that  estimated  values  of  factors  will  be  used  only  for  com¬ 
pensation  of  dynamic  errors  of  the  first  channel.  In  the  case  of  narrow-  bandwidth 
of  the  first  channel  its  influence  on  the  tracking  channel  for  the  quasi-regular 
parameter  in  slight,  so  that  each  of  the  smoothing  channels  is  designed  for  its  own 
component. 
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2,  . . . )  give  a  more 


Successive  approximations  to  pulse  response  clfc(t,  t)  (k  -  1, 
precise  definition,  ever  better  compensating  the  influence  of  the  two  tracking 
channels  on  one  another.  Usually  these  additions  play  a  small  role.  This  is  con¬ 
veniently  estimated  in  the  case  of  a  rapidly  varying  stationary  component,  when 
this  approximation  is  permissible: 


Formulas  (6.8.75)  and  (6.8.81)  in  these  conditions  give 

<?*(<.  t)=lf(0-f(/)l+[M-*+W(/)]-,f(t), 
C„(l.  *) = - 1»  (0  -  f<01+  [M-  ‘ + (01  - '  X 


(6.8.82) 


(6.8.83) 


As  it  is  easy  to  prove  by  comparing  (6.8.82)  and  (6.8.83)  the  order  of  c^1(t,  t) 
with  respect  to  c10(t,  t)  is  characterized  by  matrix 

§[■11  (/). 

For  a  constant  or  slowing  varying  parameter  analogously  to  Paragraph  6.8.3  it 

i 

is  possible  to  consider  matrix  U (/)  =| J * 1 M < (,) d$ ||  little  time-dePen- 

dent .  Then  for  A fx  (/  —  we  have 

influence  of  c1±  is  practically  disregarded. 

1  2 

In  particular,  for  one  unknown  factor  with  variance  oQ 

c„  (/.  <) _ _ 


I +  K«o| /•<»>* 

•x/«o 


as  ►  OO. 

Inasmuch  as  here  c  (t,  i)  =  cQ(t  --T)  is  also  a  rapidly  varying  function 

s)f{s)ds~f(1)  j'Ct(x)dx, 

and  then  the  channel  for  tracking  the  regular  part  of  the  parameter  has  response 
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<„(<,  »)=  **,w/w  [l-Jf  Jc.W<fa], 


P<*>* 


differing  .from  the  case. of  absence  of  a  stationary  part  only  by  factor  1  — 

Its  meaning  becomes  completely  clear  if  we  consider  that  the  integral  is  the  value 


of  the  transmission  factor  of  the  filter  for  a  stationary  parameter  at  zero  frequency. 


Error  of  measurement  according  to  (6.8.82)  and  (6.8.83)  is  expressed  in  the 


general  formula 


0+  [f  (t)-Kjc.(t,  s)f(*)rfs]+  X 
XlM-’+KU  (0J-  + K*  1 1  f  (s,)r  (st  -  st)  f +  (st)  dsjs,  X 

X IM-1  +/CU (Ol-’j [t (0 -Kjc. (t,  s) f (s) ds ], 


(6.8.84) 


valid  in  that  approximation  when  for  pulse  response  we  use  relationship  (6.8.81). 


In  particular ,  for  rapidly  varying  r(t^  -  t2) 


*\ut  <*> = f •  V'  .0. + 1 *(*)-*  <01  MM- 1 + w  (or 1  x 

X  {l+^/CU(0[M-J+/CU(/)l-|}[f(0-«P(01- 

-+c.(t.  0+(l-«(0),(l  +  ^)«o(/). 


where  a(t)=[c,(t,s)ds;  *l(t)  —  variance  of.  measurement  of  the  quasi-regular  part  of 


the  parameter,  if  it  was  measured  separately. 


/  \ 

Inasmuch  as  (!_*.)[  l  +  JLJLUi, 

then  in  this  case  variance  of  error  is  equal 


to  the  sum  of  variances  during  measurement  separately  of  the  two  components  of  the 


parameter. 


0.3.5.  Smoothing  Circuits  for  Linear  Functionals  of  Parameters 


In  §  6.6  it  was  shown  that  during  measurement  of  linear  functionals  of  a  param- 

» 

P?. nr  primary  processing  of  the  input  mixture  of  signal  and  noise,  carried  out  b.v 
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discriminator,  remains  the  same  as  during  measurement  of  the  actual  parameter.  Only 
there  are  added  two  special  filters  to  the  smoothing  circuits.  One  of  them  will  form 
the  assigned  functional  from  the  a  priori  mean  value  of  the  parameters,  and  the  second 
is  used  for  processing  data  from  the  discriminator  output.  The  latter  filter  is 
the  only  interesting  element.  Its  concrete  form  depends  on  what  variant  of  meter 
of  the  basic  parameter  we  are  calculating  single  or  double-loop.  Pulse  responses 
in  these  two  cases  are  determined  by  relationships  (6,6,106)  and  (6.6.108),  res¬ 
pectively.  Basically  below  we  consider  the  case  of  a  double-loop  system.  Naturally 
we  consider  a  correlation  function  of  the  same  type  as  in  Paragraphs  6.8.1  -  6.8.3. 

a)  If  the  parameter  is  a  stationary  process,  and  the  linear  functional  also 
possesses  stationary  properties,  i.e.,  can  be  presented  in  the  form 

— « 

where  t  -  the  last  moment  of  observation,  equation  (6.6.106)  for  a  sufficiently 
large  time  of  observation  will  take  form  (b(t,  t)  =  b(t  -  t)): 

+  F(t-x)R(x)dx  (/>  0). 

•  -*  (6.8.85) 

As  also  in  the  case  of  measurement  of  the  actual  parameter,  equation  (6.8.85)  is 
an  integral  equation  of  the  Wiener-Hopf  type,  solution  of  which  is  found  by  the 
factoring  method.  Considering  again 

1  -f  /CS(<u)  =  (-  fa). 


we  have  the  Fourier  transform  of  function  b(t)  in  the  form 

=  T  Q~lml(tl  J  -FV{,iSiu))  e '<*«• 

9  -« 

>{m)==+jV(0e-'“'<W. 


whe  re 


(6.8.8b) 


Formula  (6.8.86)  for  finding  the  limiting  operator  is  completely  preserved  If 
the  parameter  is  a  process  with  stationary  increments.  Here,  during  factoring  of 
S(oj)  one  should  remember  the  generalizations  of  Paragraph  6.8.2.  Accuracy  of  measure¬ 
ment  of  the  parameter  in  both  cases  is  expressed  according  to  (6.6.109)  by  a  formula 
analogous  to  (6.8,18): 
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•*MI—  lira  [i<*B  (im)  F (i  «)]. 

I»^Q9 


As  an  example  we  shall  consider  measurement  oi'  the  first  derivative  ot'  the 
second  integral  of  white  noise,  where 

From  Formula  (6.8.86)  we  have 

B (/*)  —  Y X  (<•)*  + V'2  (/«*)«,  +  tff  •  pt  —  KBf 

Very  graphic  in  this  case  3s  the  Form  of  the  filter  for  forming  of  Uio  l'viticf i  .n:il. 
in  a  single-loop  system: 

H  (im)  «  B  (im)  [1  +  ICO  (im))  =  . 

The  smoothing  filter  here  has  the  same  form  as  in  the  case  of  measurement  of 
a  Wiener  process  by  a  single-loop  system. 

b)  If  the  parameter  is  a  linear  combination  of  functions  with  random  factors', 
the  problem  is  simply  solved  without  any  assumptions  about  the  form  of  the  functional 
(it  oar:  be  of  any  form). 


from  mol'iinior 

Fig.  6.41.  Smoothing  circuits  for  a  linear 
functional  of  a  qua  si-regular  parameter  (  in 
the  single-loop  variant):  1,  4  —  variable- 

gain  amplifiers;  2  —  integrator. 


hquation  ('  '.(•.  lOo)  takes  in  this  case  the  form 

t 

b(t„  +  s)  f +  (s)  rfsMf  (%)  = 

=^F(/„  s)i*(s)dsM(x). 

Peeking  its  solution  in  the  form  b(t^  ,  t )  =  gft^,  t.)f(i). 


b(t. ,  ■’.  )  and  h(t, ,  i ) 


b(tlt  *)=( F(tv  «>  1+  («) <f* (M->  +  JCU {OI"’* (■*). 


t„  *)=( 

"-i 


rinnJLy  li/r/c  m*' 


[i  ,  o .  «”'r  - 


F  (tv  s)  1+  (s)  rfs  [M  -  -f  KU  (x)l'  M  (*), 


(■  ■) 
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where  U(t)  is  expressed  by  formula  (6,8.52). 

According  to  (6.8.88)  and  (6.8.89)  the  circuit  for  formation  of  estimates  of 
proportionality  factors  remains  the  same  as  for  measurement  of  the  actual  parameter, 
but  then  the  formed  set  of  estimates  is  multiplied,  not  by  original  functions  f^(t), 
but  by  functions  f^(t),  processed  by  linear  operator  F(t,  s),  characterizing  the 
linear  functional.  These  operations  are  illustrated  for  one  coefficient  u  in  the 
single-loop  variant  in  Fig.  6.41. 

Error  of  measurement  accordin'*  to  formula  (6,6.109)  is  equal  to 


In  the  particular  case  of  a  linearly  varying  parameter 


%(t)=V  i,  V'=o) 

nnd  an  advance  (delay)  operator 

we  have  ‘  ‘ 

a1  (t  t)  _  *■*«  _y  l(±  _  A  fh.y 
•“*'  ••  ;  ‘  14-/C«Je/3  Kf-Kl  \  t  ) 


as  /  •*  00. 


(6.8.90) 


Thus,  error 
current  value  of 


by  a  factor  of  approximately  t./t  exceeds  error  of  measurement  of  the 
the  parameter. 


§  6 . y .  Synthesis  of  Meters  with  a  Markovian  Parameter  and  with 
Limited  Knowledge  of  the  Statistics  of  the  Parameters 

In  j'ii  6. 6-6. 8  vie  considered  questions  of  synthesis  of  radar  meters  for  a  Gaussian 
distribution  of  the  measured  quantity  X(t) .  This  case  is  very  interesting,  but  is 
not  all-embracing.  Therefore  results  obtained  with  other  assumptions  about  the  sta¬ 
tistics  of  \(t),  and  also  with  limited  knowledge  of  the  statistics  attract  our  atten¬ 
tion.  In  the  class  of  completely  assigned  a  priori  distributions  besides  the  Gaussian 
case  in  the  literature  there  is  considered  the  case  of  synthesis  for  Markovian  parame¬ 
ters,  which  we  touched  on  in  §  6.5.  for  the  case  of  limited  a  priori  knowledge 
investigations  are  extremely  scanty  (see,  for  instance,  [62]) .  Below  we  give  certain 
results  on  the  synthesis  of  meters  with  a  Markovian  parameter  and  with  limited 
knowledge  of  statistics  of  the  parameter,  generalizing  and  supplementing  the  known 

works.  Results  of  solution  with  limited  statistics  are  far  from  complete  and  can 

■  f  *  | 

only  serve  as  a  basis  for  further  investigations.  '  \ 

<t  ' 

6,9.1.  Optimum  Meter  of  a  Markovldn  Parameter 

Passing  to  synthesis  of  a  meter  of  a  Markovian  parameter,  it  would  have  been 
possible  to  compose  its  a  priori  distribution  for  all  moments  of  observation  and, 
multiplying  by  the  Gaussian  approximation  of  likelihood  function  (6.6. 3),  find  the 
conditional  mathematical  expectation.  More  convenient,  however,  will  be  methods, 
based  on  the  results  of  Paragraph  6.5.6. 

We  shall  start  with  the  case  of  discrete  observation  (or  of  an  incoherent  pulse 
signal),  when  it  is  permissible  to  use  relationship  (6.5.24),  Assuming  low  a  posteri¬ 
ori  inaccuracy  we  approximate  the  a  posteriori  probability  density  of  the  value  of 

/(t)  at  time  t  of  the  Gaussian  curve 
'  '  n 


(6. .ml) 


who  re  —  a  posteriori  variance  at  the  n-th  moment: 

bHX  n  1 

Xr  —  point  of  maximum  a  posteriori  probability,  according  to  results  of 
‘  Paragraphs  6.5.5  and  6.5.6  coinciding  with  the  current  optimum  estimate. 

We  also  take  the  Gaussian  approximation  for  likelihood  function 


(6.9.2) 


where,  analogously  to  (6.6.4),  we  expand  the  maximum  likelihood  of  X  at  the  current 
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moment,  and 


.*  f  V' 

9*=[ - Hf?  J 


(6.9.3) 


—  variance  of  error  of  the  k-th  measurement. 

Finally,  we  shall  consider  the  parameter  a  Markovian  process  of  diffusion  type, 
for  which  in  small  time  Intervals  A  the  transition  function  is  expressed  by  a 
Gaussian  curve 


+i  —  —  <»  (*■»)!* 

2*1  (M 


(6.9.4) 


o 

where  a(X^) ,  o^(Xk)  are  determined  through  the  coefficients  of  drift  A(X)  and  diffu¬ 
sion  B(X)  in  the  form 


«(*)  =  /*(*)  A.  (*)~-5  (A)  A,  A  =  /*+l-/fc 

and  have  the  physical  meaning  of  systematic  bias  and  variance  of  random  change  of 
the  parameter  in  the  interval  A  between  two  successive  measurements.  In  view  of  the 
low  a  posteriori  inaccuracy,  functions  A(X)  and  B(X)  vary  little  within  the  bounds 

A 

of  the  width  of  the  a  posteriori  peak,  so  that  it  is  possible  to  consider  B(\)  ~  B(A) 
and 


A  (A)  ~  A  (i)  +  A’  (A)  (X  —  i). 


(6.9.5) 


The  essential  difference  from  the  case  of  a  Gaussian  parameter  is  the  fact  that 

the  Gaussian  approximation  for  the  transition  function  W(X)u)  is  valid  only  for 
* 

small  Intervals  between  the  moments  of  precise  definition  of  values  of  X(t)  and  that 
variance  and  the  mean  value  of  W(X|p.)  even  in  the  Gaussian  approximation  depend  on 
the  concrete  value  of  the  measured  quantity.  Substituting  in  these  conditions  (6.9.1), 
(6,9.2)  and  (6. 9.4)  in  (6.5.24),  integrating  and  equating  coefficients  for  different 
powers  of  Xn+^  in  logarithms  of  the  right  and  left  members,  we  obtain 


^n+i  _  +  _ j_  *«+! 

+  Q*  (*•)  »Jy  *«+*/  (*»)  *n+l 

..  j  , _ L _ _ _ j — ! — . 

S»M»(/!  +  l)  o  +  (*»)  S«+l 


As  (6.9.6)  shows,  the • (n  +  1) -th  estimate  will  be  formed  by  the  weighted  addi- 
tion  of  the  n-th  estimate,  anticipated  one  step  with  the  help  of  component  a(X^), 

v * 

and  the  result  of  the  newly  performed  measurement  xn+^.  Weights  are  determined  for 
the  first  component  by  the  a  priori  variance  at  the  n-th  moment,  increased  by  the 
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variance  of  the  expected  measurement  of  the  parameter,  and  for  the  second  component 
—  by  variance  of  the  (n  +  l)-th  measurement.  According  to  (9.6.7)  the  sum  of  these 
weights  determines  variance  of  the  a  posteriori  distribution  in  the  (n  +  l)-th  step. 

We  intentionally  did  not  make  a  distinction  between  variance,  calculated  according  to 
(6. 9. 6)  and  (6. 9*7)  and  true  a  posteriori  variance,  since  with  an  optimum  procedure 
of  measurement  they  coincide  with  high  accuracy.  Here,  it  is  possible  to  consider 

O  ^  O  A 

o^('x)  -  o^(XH),  Q,(  A.)  =  Q(Xh),  where  —  true  value  of  the  parameter. 

It  remains  only  to  explain  the  appearance  in  front  of  the  expression  for  variance 

2  A 

of  measurement  on  the  preceding  step  a  (  of  factor  Q,  (X^),  where 


®(^")  ~ 1  +  ~sr  dC  +  A*  ».  =* 


(6.9.7)) 


is  a  partial  derivative  of  the  value  of  the  parameter  extrapolated  to  the  (n  +  1) -th 
moment  with  respect  to  the  value  of  the  parameter  at  the  n-th  moment.  This  factor 
is  needed  because  systematic  change  of  parameter  A(X)A  depends  on  X,  and  depending 
upon  its  value  inside  the  peak  of  the  a  posteriori  probability  parameter  it  will 
obtain  various  mean  Increments  in  the  interval  of  extrapolation.  Change  of  variance 
of  the  expected  value  is  proportional  to  variance  in  the  preceding  step.  Variance 
increases  if  to  the  large  coordinate  there  corresponds  (algebraically)  high  speed, 
since  this  leads  to  ever-increasing  dispersion,  and  conversely.  Formally,  we  calcu¬ 
late  increment  A>n  to  increment  AXn+i  with  the  help  of  partial  derivative  (6.9.8). 

How,  analogously  to  (6.6.3),  we  expand  the  likelihood  function  at  a  point  of 

A  A 

estimation  anticipated  one  step  Xn  +  a(Xn)  [before  carrying  out  the  (n  +  1) -th 
measurement  no  more  successful  approximation  to  the  value  of  the  parameter  Xn+,j 
exists ] j 


^O/n  +  i  |  +  |  (^m))  X 

Xe*p(z..+»  ( Xn+t  -  -fl(A.))-<^±LZ:k-^-)),|< 


(6,9.9) 


*■*«— ur*'(a»+fl  (*»•)) 


(6.9.10) 


is  the  output  signal  of  an  optimum  discriminator,  and 


_i_f  3,i(C+«(b)V 

**—[ - w* — J 


(6.9.11) 


is  again  variance  of  the  n-th  measurement,  practically  coinciding  with  (6,9.3). 
Substituting  (6.9.1),  (6.9,4),  (6.9.5)  and  (6.9.6)  in  (6.5,24)  and  pe  rf  ormitig 
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calculations ,  we  have 


*  *  A  |  ) 

*»+‘==i«T'a(A»)-r9»wx(/«+l)?«+„  (6.9.12) 

O 

where  a^ux  (n+j_)  is  given  by  relationship  (6,9.7).  The  algorithm  of  formation  of 
the  (n  +  1) -th  estimate  in  this  case  is  still  simpler:  to  the  expected  value  we 
add  the  output  signal  of  the  discriminator  with  a  weight  equal  to  the  current  a 
posteriori  variance.  The  more  exactly  smoothed  the  data,  the  less  we  use  the  new 
information  zn+±t  °n  the  average  proportional  to  current  mismatch. 

In  both  considered  cases  circuits  of  estimate  formation  are  simple  and  possess 
the  convenient  quality  that  in  the  next  step,  besides  the  result  of  the  new  unit 
measurement,  it  is  necessary  to  know  only  two  magnitudes  stored  in  the  memory  from 
the  preceding  measurement:  the  former  result  and  its  variance,  in  every  step  of 
the  operation  measurements  are  conducted  by  uniform  recursion  formulas.  This  is  a 
result  of  the  assumption  that  the  measured  parameter  is  a  Markovian  process  of  the 
first  order. 

Let  us  consider  how  the  above  mentioned  relationships  change  with  transition 
to  continuous  observation.  Remembering  the  definition  of  the  output  signal  z(t)  of 
an  optimum  "continuous  discriminator"  (6.6.26),  taking  into  account  (6.9.4)  we  can 
rewrite  (6.9.12)  in  the  form 

«+* 

W  +  A)  -  A(01/A  m  +  4,  (/  +  A)  X  J  Z  (X)  <h. 

i 

from  which,  passing  to  the  limit  A  -*■  0,  we  have 

=  W  (0)  +  (0  *(0.  (6.9,1?) 

Considering  relationship  (6.9.4)  and  the  fact  that  cn  =  K(tn)A,  it  is  possible, 
analogously,  to  transform  (6.9,7): 

==  —  k(/)  0^,  (0  —  (A  (/))  </).  (6.9.14) 

The  first  components  in  (6,9.13)  and  (6.9,14)  are  the  a  priori  known  components 
of  the  rate  of  change  of  the  parameter  and  variance' of  its  random  component,  respec¬ 
tively.  Second  components  reflect  the  influence  on  the  estimate  and  its  variance 
of  newly  arriving  data.  Let  us  note  that  in  (6.9.14)  the  first  component  is  always 
positive,  and  the  second  is  always  negative.  Conditions  with  constant  (or  close  to 
constant)  variance  occur  with  approximate  equality  of  these  two  components,  since 
the  third  component  normally  has  little  Influence,  Then  the  newly  arriving  data 
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approximately  compensate  the  decrease  in  accuracy  due  to  change  of  the  parameter. 

The  set  of  relationships  (6.9.12)  and  (6, 9.14)  is  simulated  by  the  block  diagram 
of  Fig.  6,42.  The  input  realization  of  y(t)  is  fed  to  discriminator  1  and  accuracy 

unit  2,  the  functions  of  which  were  already 
explained.  Smoothing  is  produced  by  rather  com¬ 
plex  circuits,  in  which  it  is  possible  to  separate 
two  basic  groups  of  elements  (divided  by  the  dotted 
line) . 

The  first  group  smooths  estimate  x(t)  and 
consists  of  multiplier  5,  adder  4,  a  nonlinear 
converter  5  with  '  aracteristic  A(X)  and  inte¬ 
grator  6,  directly  carrying  out  accumulation. 

The  second  group  smooths  the  measure  of  a  posteriori 
o 

variance  c*BHX(t)  and  consists  of  multipliers  7, 

9,  square-law  generator  8,  nonlinear  converters 

10,  li  with  characteristics  a' (1)  and  B(X),  adder  x 

12  and  integrator  12.  The  second  group  plays  the  auxiliary  role, of  controlling  the 

/N 

gain  factor  in  2  during  smoothing  of  the  estimate.  The  measured  value  >(t)  is  fed 
to  1  and  2  to  maintain  selection.  As  we  see,  in  distinction  from  a  Gaussian  parameter, 
the  smoothing  networks  are  nonlinear,  but  the  general  idea  of  smoothing  in  a  closed 
loop  is  preserved  here. 

'Transition  to  the  continuous  case  in  relationship  (6.9.6)  will  lead  to  equation 

=  A(X  (t))  4-  021UI(/)  K  ( t )  WO  -  i(0).  (6.9.15) 

Operations,  determined  by  (6.9.12)  and  (6.9. 15) >  tan  be  performed  by  the  block 
diagram  of  Fig.  6.42.  The  nonlinear  estimator  unit  1  issues  the  maximum  likelihood 

A 

estimate  X(t).  Further  circuits  again  are  divided  into  two  groups.  The  first, 
intended  for  smoothing  the  estimate,  consists  of  subtractor  2,  two  multipliers  2>  4, 
adder  lj>  nonlinear  converter  6  and  integrator  7.  Unit  2  controls  gain  in  the  smoothing, 
oop  taking  into  account  current  unequal-accuracy  of  measurements,  taking  with  greater 
weight  the  segments  of  the  realization  with  a  high  signal  level.  Unit  4,  as  in  the 
scheme  of  Fig,  6.42,  decreases  gain  with  increase  of  resultant  accuracy.  In  every¬ 
thing  else  this  group  of  elements,  as  also  the  second  group,  smoothing  the  a  posteriori 
variance,  repeats  part  of  the  scheme  of  Fig.  6.42.  It  is  important  only  to  note 

) 


Fig.  6.42.  closed-loop  optimum 
meter  for  a  Markovian  parameter; 
1  —  discriminator;  2  —  accuracy 
unit;  1,  7j  9  —  multipliers; 

4,  12  —  adders;  5,  10,  11  —  non¬ 
linear  converters;  6,  1J>  —  in¬ 
tegrators;  8  —  square-law 
generator. 
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that  closing  of  the  meter  by  the  estimator 


Fig.  6.43.  Open-loop  optimum  meter  for  a 
Markovian  parameter;  1  —  estimator  unit; 
2  —  subtractor;  3,  4,  8,  10  —  multipli¬ 
ers;  5,  1?  —  adders;  6,  11,  12  —  non¬ 
linear  converters;  7,  14  —  integrators; 

9  —  square -law  generator. 


\ 

unit  ia  not  produced.  This' again  permits 
us  to  call  such  a  variant  of  a  meter 
open-loop. 

Comparing  (6.9.15)  and  (6.9.14)  with 
(6.5.35)  and  considering  that  according 
to  definitions  l’(x0,  t)  =  z(t),  l' ' (\q, 
t)  =  -K(t) ,  we  with  interest  prove  the 
coincidence  of  these  equations.  Although 
we  did  not  use  diffusion  equations,  the 
equations  for  characteristics  of  the  a 
posteriori  distribution  during  continuous 
observation  were  the  same  as  in  the  works 
of  R.  L.  Stratonovich  [16,  17],  by  virtue 
of  using  the  same  approximations. 


It  would  have  been  possible  to  continue  our  investigation  here  and  consider  a 
parameter  in  the  form  of  a  Markovian  process  of  the  k-th  order.  However,  this  leads 
to  a  problem  so  similar  to  measurement  of  several  Markovian  parameters  that  it  is 
better  to  postpone  its  investigation  until  Chapter  XIX. 


6.9.2.  Synthesis  of  a  Meter  with  Statistics  Unknown. 

Minimax  Solution. 

The  theory  of  statistical  solutions  usually  has-  something  to  do  with  two  extreme 
cases  —  complete  a  priori  knowledge  and  complete  a  priori  ignorance.  The  first  of 
these  cases  was  considered  in  detail  above.  In  the  last  case  synthesis  of  optimum 
resolvers  is  carried  out  on  the  basis  of  the  minimax.  principle. 

In  reference  to  the  problem  of  synthesis  of  an  optimum  meter  we  will  consider 
as  the  case  of  complete  a  priori  ignorance  such  a  case,  when  with  respect  to  function 
X(t)  we  know  only  that  it  remains  practically  constant  for  certain  intervals  of 
time  A.  We  have  here  no  information  about  the  law  of  change  of  the  measured  parameter 


from  one  discrete  value  X^  to  another  X^+^, 

The  minimax  solution  is  constructed  in  the  following  way.  For  every  possible 
estimate  X(y)  we  determine  conditional  risk  as  a  function  of  X,  its  maximum  for  all 

A  A 

X,  and  then  select  sucn  an  estimate  X  =  XM,  for  which  this  maximum  would  be  minimum. 
The  minimax  estimate  Is  determined  by  relationship 


r(**,  Jt)=minmaxr(>.,  X). 
i  1 


(6.9.16) 
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The  character  cf  its  optimality  consists  in  the  fact  that  it  minimizes  the  maximum 
value  of  conditional  mathematical  expectation  of  the  loss  function. 

At  present  direct  methods  of  construction  of  minimax  solutions  have  not  been 
developed,  and  finding  them  is  based  on  Walde's  [?]  theorem  [65],  The  minimax  solu¬ 
tion  is  the  Bayes  solution  relative  to  a  certain  a  priori  distribution,  which  gives 
a  maximum  magnitude  of .  Bayes  risk,  i.e.,  satisfies  relationship 

*  (K »  p'j— raax  a  i*«  (**•)•  p«i  »  (6.9.17) 

where  X^(Pq),  X(-  are  the  Bayes  estimates  with  respect  to  a  priori  distributions 

Hr 

PQ(X)  and  Pq(X),  and  gives  conditional  risk  with  a  quantity  not  depending  on  X  for 
all  values  of  X  which  have,  according  to  distribution  P*(X),  non-zero  a  priori  proba¬ 
bility,  The  actual  distribution  with  density  Pq(X)  is  called  the  least  preferable, 

*‘s  *  ^ 

and  X^(y)  =  Xjvt(y)  is  the  minimax  estimate,  satisfying  (6.9.17).  This  theorem, 
especially  its  second  part,  has  fundamental  importance,  although  its  effective  use 
for  producing  minimax  solutions  is  rather  difficult. 

Let  us  consider  one  important  case;.  Let  us  assume  that  the  loss  function  is 
simple  (6.5.5).  Let.  us  consider  the  Bayes  estimate  for  a  "uniform"  a  priori  distri¬ 
bution.  Mean  risk  in  this  case  will  ’oe  defined  as 

$P(y|i)dy,  (6,9.18) 

/\ 

from  vrhich  It  follows  that  the  optimum  estimate  X  (y)  is  that  value  of  X  which  turns 
like! j hood  function  P(y|X)  into  a  maximum.  Thus,  we  arrive  at  the  maximum  likelihood 
estimate  for  vector  parameter  X,  which  with  observance  of  conditions  of  analyticity 
is  determined  from  the  system  of  likelihood  equations 

^77p(ylx)=°.  0  =  1 . n). 

a 

If,  then,  the  conditional  risk  r(X,X)  for  the  maximum  likelihood  estimate  turns 
out  not  to  depond  on  X,  this  estimate  on  the  basis  of  the  Walde  theorem  is  the  mini¬ 
max  estimate.  It  is  not  difficult  to  prove  that  the  sufficient  condition  of  this 
is  the  possibility  of  presenting  the  likelihood  function  in  the  form 

W)=-f(X-X.)F.(  y),  (6.9.19) 

where  XQ  =  XQ(y); 

F(x)  —  an  oven  positive  function  of  the  vector  argument; 

i-1(y)  —  a  function  integrable  with  respect  to  y,  which  by  virtue  of  P(yjX)  a  0 
and  F(X  -  XQ)  £  0  is  nonnegative. 
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Then  the  maximum  likelihood  estimate  is  equal  to  X^(y)  =  X0(y)  .  Furthermore, 
vector  Xq  (y)  is  the  minimax  estimate  for  any  symmetric  loss  function,  which  Is  proved 
analogously  to  Paragraph  6,5,5. 

Thus,  the  minimax  solution  of  the  problem  of  filtration  under  certain  conditions 
consists  of  formation  of  a  set  of  maximum  likelihood  estimates  for  values  of  X^  at 
intervals  of  constancy  of  measured  parameters  A.  Condition  (6.9.19)  leads  actually 
to  the  existence  of  efficient  estimates  for  parameters  X^  at  intervals  of  time 
[(tQ  +  (i  -  1) A,  tQ  +  iA) ]  of  duration  A.  Practically,  of  course,  it  is  sufficient 
to  obtain  approximate  efficiency  and,  correspondingly,  the  possibility  of  presenting 
the  likelihood  function  in  the  form  of  (6.9.19)  with  a  satisfactory  degree  of  approxi¬ 
mation. 

Let  us  consider  one  useful  example.  Let  us  assume  that  at  the  resolver  input 
there  is  an  additive  mixture  of  the  useful  parameter  X(t)  and  interference  n(t): 

*<0-M0+n<0. 

and  the  loss  function  is  quadratic.  Such  a  mixture  can  be  considered  the  output 
signal  of  the  discriminator  of  the  meter  with  which  we  sum  the  measured  value  of  the 
parameter.  Conditions  of  the  validity  of  such  a  presentation  were  explained  above, 
Then  the  optimum  estimate  of  vector  X  for  any  a  priori  distribution  has  the  form 


l  _  _  fxPQ  -  X)/>,  (i)<a 

JP(y  lX)P,(>,)dX  —  X)P#(X)dX’  (6.9.20) 


where  P  (y|x)  -  p(y  -  x)  —  density  of  distribution  of  vector n  . 

Let  us  assume  that  a  priori  distribution  PQ(X)  is  "uniform"  in  the  whole  infin¬ 
ite  region  of  existence  of  X.  Then,  replacing  the  variable  of  integration  in  (6.9,20) 
y  -  X  =  n ,  we  obtain 


I  nP  (n)  dn  - 

JP(n)rfn  y 


(6.9.21) 


l.e.,  estimate  X,  with  accuracy  of  a  constant  component  not  depending  on  y,  coincides 
with  signal  y.  Conditional  risk  for  estimate  (6,9.21)  with  uniform  distribution  is 
equal  to 

r  (£,  X)  =  J  (i  -  X)+  (k  -  X)  P  (y  -  k)  dy  = 

==  S  (n  —  n)+  (n  —  n)  />(n)  dn  =  spur  r, 


(where  r  —  correlation  matrix  of  interference)  and  turns  out  not  to  depend  on  X. 
Consequently,  the  solution  of  (6.9.21)  is  the  minimax  solution  of  the  problem  of 
filtration  of  signal  X(t)  from  an  additive  mixture  with  interference  n(t) . 
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The  obtained  solution  has  a  clear  physical  meaning.  Actually,  in  the  absence 
of  any  a  priori  information  about  X(t),  realization  of  the  input  signal  as  estimate 

A 

\(t)  will  be  the  best  that  can  be  offered.  Error  of  measurement  here,  as  it  should 
be,  is  simply  equal  to  variance  of  interference  n(t) .  Using  the  a  priori  assumed 
constancy  of  x(t)  in  intervals  of  length  A,  it  is  possible  to  decrease  error  of 
measurement  somewhat.  Nevertheless,  the  conclusion  that  in  the  absence  of  any  infor¬ 
mation  about  trajectory  properties  of  the  target  effective  smoothing  cannot  be 
realized  remains  valid,  and  error  of  unit  measurements  are  wholly  recalculated  into 
resultant  errors. 


6,9.3.  Description  of  a  Parameter  with  Limited 
Knowledge  of  Its  Statistics 

Assignment  of  a  multi-dimensional  distribution  of  probabilities  of  X(t)  requires 
sufficiently  detailed  statistical  evidence  about  the  law  of  change  of  target  posi¬ 
tion  data.  Frequently  in  practice  such  information  is  inaccessible ;  however  certain 
statistical  characteristics  of  X(t)  nevertheless  exist.  Such  a  case  is  intermediate 
between  the  above -considered  cases  of  complete  a  priori  knowledge  and  complete  a. 
priori  ignorance.  With  incomplete  statistical  description  there  appears  a  very 
great  variety  of  cases,  which  in  general  reduce  to  the  fact  that  we  assign  certain 
limitations  on  characteristics  of  X(t) .  The  latter'  permit  us  to  determine  a  certain 
set  A  of  permissible  functions  X(t)  and  subsequently  in  problems  of  analysis  and 
synthesis  to  limit  ourselves  to  consideration  of  only  such  l(t)  as  belong  to  this 
cot  (>(t)£  A).  Those  limitations  can  be  given  in  statistical  form,  and  also  in 
normal  form. 

We-  first  consider  the  first  case. 

The  simplest  characteristic  of  X(t)  is  mathematical  expectation  > (t) .  In  most 
probi-.-rau  it  is  naturally  assumed  assigned.  A  more  detailed  description  will  be. 
alUiinf.il  if  we  assign  the  variance  at  any  moment  of  time  and  the  moments  of  highest 
order  right  up  to  assignment  of  a  one-dimensional  law  of  distribution  of  probabilities. 
Further  precise  definition  of  the  behavior  of  X(t)  occurs  with  assignment,  for 
instance,  of  variances  of  derivatives  of  X(t)  up  to  a  certain  order  at  any  moment 
of  time.  All  those  characteristics  are  more  or  less  available  in  practice. 

Very  important  both  from  the  practical  point  of  view,  and  also  from  the  point 
of  view  of  theory,  is  the  case  when  there  is  assigned  the  correlation  function  of 
>(t).  As  we  shall  subsequently  prove,  under  certain  conditions  of  its  assignment 
it  is  already  sufficient  for  synthesis  of  an  optimum  meter.  A  still  more  detailed 
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description  of  \(t)  is  attained  with  assignment  of  moment  functions  of  higher  order. 
Limitations  of  this  type  in  general  permit  us  to  assign  a  set  A  of  permissible 
realizations  of  X(t)  as  the  set  described  by  the  a  priori  distribution  of  probabili¬ 
ties  PQ(X) ,  obeying  conditions 

=  (*)<«.  7=11,  (6.9.22) 

and  otherwise  being  arbitrary.  In  (6,9,22)  integrals  are  taken  over  the  whole  range 
of  values  of  X:  t (X)  —  certain  multicomponent  function  of  X;  p.  -  the  assigned  value 
of  the  same  structure.  In  the  particular  case  when  we  are  assigned  variance  of 
X(t)  at  any  moment  of  time  t^,  we  take  f^(X)  =  X^,  =  cr^,  and  for  simplicity 

is  considered  equal  to  zero.  With  assignment  of  the  correlation  matrix  we  assume 


l *u  =  Ri}  (i,  /  =  «), 


(6.9.23) 


with  assignment  of  moments  of  the  third  order  f^k  =  ^ijk  =  etc. 

Other  examples  of  partial  statistical  description  are  cases  when  multi-dimen¬ 
sional  laws  of  distribution  of  probabilities  are  assigned  with  an  accuracy  to  certain 
unknown  parameters,  or  there  are  assigned  distributions  of  probabilities  of  lowest 
orders  —  first,  second,  etc.  Of  special  importance  is  the  a  priori  rssumption  of 
a  Markovian  character  of  change  of  coordinates  without  indication  of  the  form  of 
the  initial  distribution  and  transition  probabilities.  Actually,  movement  of  radar 
targets  is  described  by  second  order  differential  equations,  so  that  the  assumption 
of  a  Markovian  process  of  the  second  order  corresponds  to  ignorance  of  the  concrete 
form  of  the  equation  determining  the  form  of  transition  probabilities,  and  charac¬ 
terizes  that  minimum  a  priori  information  which  we  always  have. 

Sometimes  statistical  evidence  about  the  character  of  change  of  X(t)  is  completely 
lacking,  So  that  the  problem  of  measurement  has  meaning,  it  is  necessary  to  impose 
on  x(t)  some  limitations,  determining  the  set  A  of  permissible  realizations  of  X(t). 

The  simplest  limitation  of  this  type  is  assignment  of  a  certain  interval  of  time  A, 
during  which  X(t)  remains  practically  constant,  so  that  |X(i  +  A)  -  X(i) [  «  X(t) 

(see  Paragraph  6.9.2).  Analogous  intervals  can  be  assigned  with  respect  to  deriva¬ 
tive  — etc.  More  detailed  limitation  is  obtained  if  we  know  that  X(t)  and 
certain  of  its  derivatives  are  limited  by  certain  limits  of  variation,  i.e.. 


M0< (A  — 0,  1,  2,  ...), 


(6.9.24) 


where  fk(t),  T^(f)  —  assigned  functions, 


oUi:h  a  method  of  assignment  is  frequently  used  in  practice.  From  it,  in  parti¬ 
cular,  we  can  obtain  necessary  intervals  of  constancy  A  l’or  X  (t)  and  a  certain 
quantity  of  derivatives. 

Iii  a  number  of  problems  there  is  passible  still  more  detailed  assignment  of 
X(t).  For  instance,  during  measurement  of  coordinates  of  a  ballistic  target  it  is 
possible  to  assign  X(t)  with  the  help  of  known  functions  depending  on  certain  unknown 
parameters,  which  in  distinction  from  §  6.8  have  an  unknown  probability  distribution. 
Equivalent  to  this  case  is  assignment  of  A(t)  with  the  help  of  differential  equa¬ 
tions  depending  on  a  series  of  unknown  parameters  (for  instance,  unknown  initial 
conditions).  The  difference  is  only  in  the  fact  that  frequently  solution  of  these 
equations  and  explicit  expressions  for  X(t)  cannot  be  obtained. 

6.'..). 4.  Synthesis  of  a  Meter  with  Limited  Knowledge  of  the  Statistics 
Along  with  the  Bayes  solution,  giving  as  it  were  an  absolute  optimum,  of  extra¬ 
ordinary  interest  from  tile  practical  point  of  view  is  solution  of  the  problem  of 
synthesis  of  a  meter,  optimum  in  conditions  of  limited  a  priori  knowledge.  Problems 
of  this  type  in  the  theory  of  statistical  solutions  have  generally  not  been  forinu l.ated. 
A  certain  exception  is  the  Wiener  theory  of  filtration  and  its  nonlinear  generali¬ 
sation  in  the  works  of  Zadeh  [15],  in  which  the  optimum  operator  of  filtration  is 
found  when  there  are  assigned  only  correlation  functions  of  X(t)  and  n(t) ;  however 
this  operator  is  considered  beforehand  to  belong  to  an  assigned  class  —  linear  in 
W Luih’ i  theory  —  and  a  definite  type  of  nonlinear  ones  in  [15].  This  last  limitation 
naturally  causes  criticism,  since  it  remains  vague  how  close  the  synthesized  circuits 
are  to  indeed  optimum  operators  which  one  should  obtain  from  the  general  theory  of 
solutions  without  preliminary  assignment  of  their  structure.  Certain  results  rela¬ 
tive  to  solution  of  problem  of  synthesis  with  limited  a  priori  knowledge  are  con¬ 
tained  in  [62],  Here,,  along  with  them,  we  will  try  to  develop  a  general  formula¬ 
tion  and  consider  either  particular  cases. 

/**> 

Thus,  let  us  assume  that  about  X(t)  we  have  certain  a  priori  statistical  evidence, 
for  instance  of  the  type  considered  in  Paragraph  6.0.4,  which  permits  us  t,u  assign 
fuu  set  of  permissible  realizations  of  X(t).  This  set  is  described  by  an  a  priori, 
probability  distribution  with  density  Pq(X),  belonging  to  a  given  class  of  distri¬ 
butions,  which  we  designate  by  PQ.  A  particular  case  is  the  total  absence  of  • la- 
tistical  evidence,  when  P  q  is  the  set  of  all  normalized,  positive;,  ir,  teg  rub  in  in  -in 
infinite  range,  values  X  of  the  function. 


msaae? -rtmtm&MMMmim ■nimmnnwir-"  run  m 
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The  rule  for  finding  estimates  X(y)  in  this  case  can  be  ontained  by  proper 
generalization  of  the  rule  based  on  the  least  preferred  distribution.  Here,  we 
naturally  consider  that  the  least  preferred  distribution  also  obeys  the  limitations, 
and  we  seek  it  among  distributions  of  class  PQ.  The  general  rule  for  selection  of 
the  optimum  solution  can  be  formulated  as  follows: 

R  (*., .  A>*)  =  max  rain  /?a(Xo(/>.),  P*)>  (6.9.25) 

t 

where  PQ(X)  —  distribution,  belonging  to  the  assigned  class  P0(PqCF0)j 
* 

Pq(X)  —  least  preferred  distribution  of  this  class; 

A 

Xg  —  Bayes  estimate  with  respect  to  P*(X). 

During  construction  of  the  solution  of  equation  (6.9.25)  we  first  for  any  density 

A  A 

Pq(X)CPq  find  the  Bayes  estimate  X  =  X(Pq)  ,  which  minimizes  mean  risk  and  is  a 

functional  of  PQ.  Then  by  selection  of  function  PQ  =  P*  we  maximize  mean  risk.,  cal- 

* 

culated  for  this  estimate.  This  function  Pq  is  the  density  of  the  least  preferred 

A 

distribution  from  class  P^.  Substituting  it  in  the  expression  for  estimate  X(PQ), 

A  ff.  A  jf. 

we  obtain  the  optimum  solution  X(PQ)  =  Xg. 

The  direct  method  of  finding  the  least  preferred  distribution  and  the  correspond¬ 
ing  solution,  as  we  can  see,  is  extraordinarily  difficult  since  it  requires  skill 
to  solve  the  Bayes  problem  for  a  sufficiently  broad  class  of  partially  assigned  a 
priori  distributions  and  to  calculate  for  every  solution  the  mean  risk.  However,  in 
a  number  of  cases  it  is  possible  to  formulate  the  rule  for  finding  the  least  pre¬ 
ferred  distribution  by  generalizing  the  rule,  which  follows  from  the  the  Walde  theorem 
(Paragraph  6.9.2)  for  the  case  of  complete  a  priori  ignorance. 

Let  us  assume  that  some  statistical  characteristics  of  X(t),  allowing  us  to 
determine  the  class  of  assigned  a  priori  distributions  Pq(X),  are  assigned  by  condi¬ 
tions  (6,9.22),  Let  us  renumber  components  of  function  f(X)  and  of  the  given  quantity 
4  so  that 

i  (X)={ /j(x), n={i», , fiW 

are  functions  which  depend  on  all  or  certain  values  of  X^(i  =1,  ...,  n) ,  and  index 
j  runs  through  as  many  values  as  conditions  assigned. 

Let  us  assume  that  My>  p0)  is  the  Bayes  estimate  with  respect  to  distribution 
PQC  Pq,  which  is  the  solution  of  equation  (6,9.25).  We  use  the  Lagrange  method  for 


finding  the  least  preferred  distribution  of  P^(X),  Here,  function  Pq(X)  is  determined 
from  the  condition  of  the  maximum  of  functional 

/ = R (X‘(y, pt),  p9) -X'jP'Mcn-ZKjSf; (k)P, (X) dx= 


=  f  (J » (X  -  X)  P  (y|X)dy  j  M]P.(X)dX, 

i 

where  n,  K  •  —  indefinite  factors,  found  from  conditions 
J 

fP.(X)dX  =  l,  =  n  (/=  1,2,...). 


(6.9.26) 


(6.9.27) 


CaJ.culating  variation  of  functional  I  =  I(Pq)  with  respect  t.o  function  P^,  we  obtain 

*/../==J U® (*■ -  >-)P(y| X) dy -  x.~  Vx./. (X) 6/->0(X) dX - 


“J]J  [ P.  (X)  rfXJ  S^My, 


(6.9.28) 


where  b  X.  —  variation  of  the  vector  component  of  the  estimate  with  respect  to 

*0 

distribution  Pq. 

The  second  component  in  (6.9.28)  turns  into  zero  by  virtue  of  equality  — 


*=  -  -rr— ,  the  evident  independence  of  A,  and,  consequently,  of  bT.  x,  from  A  and  eciua- 
0Ai  1  p0  x 

tions  (6.5.121).  Therefore,  from  the  requirement  of  equality  to  zero  of  variation  bp  I 


for  an  arbitrary  6PQ  there  follows  the  equation  for  conditional  risk 


r  (X;  X)~J  w  (X  —  X)  P  (y  |  X)  dy  =  x.+Xxi/i  (*). 


(6.9.29) 


which  permits  us  to  formulate  the  following  rule  for  finding  P  Q(>). 

* 

do  that  the  a  priori  distribution  with  density  P  q(X)  is  the  least  preferred  in 
the  class  of  distributions  PQ,  satisfying  assigned  conditions  (6.9.22),  the  bay a a 

A 

solution  built  with  this  distribution  should  give  conditional  risk  r(X,  X),  the 
functional  dependence  of  which  on  X  is  determined  by  expression  (6,9.29). 

This  rule  generalizes  the  requirement  of  independence  of  conditional  risk  from 
X,  valid  for  total  absence  of  a  priori  Information,  The  concrete  form  of  Pq(X) 
besides  the  assigned  a  priori  information  depends  on  the  method  of  coding  X(t)  and 
y(t)  and  statistics  of  y(t),  i.e,,  on  the  form  of  likelihood  function  P(y|X). 

An  important  particular  case  is  assignment  of  the  correlation  matrix  R  of'  vector 

A 

X.  Here  f(X)  =  (x. A.)  and  the  equation  for  r(X,  X)  has  the  form 
1-  J 


r  (X.  X)  =  J»  (X  -  X)  P  (y  |  X)  dy  =  x.  -f  £  x,,*^ , 

i.  y=i 


(0.9. 50) 
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(6.9.31) 


where  factors  hq  and  are  determined  from  conditions 

JP%(X)<fx=l,  5MiP*.(X)rfX  =  P0, 

A 

and  My)  —  the  Bayes  estimate  with  respect  to  distribution  P  (\) . 

A 

Thus,  estimate  My),  corresponding  to  assignment  of  only  the  correlation  matrix 
of  the  measured  parameters,  is  optimum  when  it  is  the  Bayes  estimate  with  respect 
to  the  a  priori  distribution  of  probabilities  for  which  the  correlation  matrix  is 
equal  to  the  assigned  one,  and  conditional  risk,  for  this  estimate  is  the  sum  of  a 
constant  and  the  quadratic  form  of  X  of  form 

(6.9.32) 

1.7  . 

We  shall  show  that  under  certain  conditions  the  least  preferred  distribution 
for  the  given  case  is  a  Gaussian  distribution.  Let  us  assume  that  the  loss  function 
is  quadratic  (6.5.8),  and  likelihood  function  P(y|X)  is  presented  in  the  form  of 
(6.9.19),  v;he re  function  F(X  -  XQ)  is  approximated  by  a  Gaussian  curve 

F  (X-  X,)=exp  (-1  (X-*X4)+ A(*.  ~\)\,  (6.9.33) 

where  A  =  ||A^||  —  matrix  of  order  (n  x  n),  similar  in  structure  to  matrix  R. 

Let  us  note  that  function  F(X  -  XQ)  in  (6. 9. 19)  with  the  corresponding  normali¬ 
zation  is  the  density  of  the  probability  distribution  for  vector  XQ  ==  XQ(y)  which 
is  the  maximum  likelihood  estimate  for  X.  Let  us  consider  the  Gaussian  a  priori 
distribution  of  X(t)  with  correlation  matrix  R  and  find  the  estimate  of  conditional 
mathematical  expectation  corresponding  to  the  quadratic  loss  function.  Then 


My)=  * 


jxexpj— 5(Jl-l,)+A(X-X,)-|x+Vx|  rfX 

jtxpj - ^  (x — M + A(x  - x+ vaj  t/x 

=  cx.(y), 


(6.9.34) 


where  matrix  C 


'U' 


is  determined  from  equation 


CIR-f-  A-‘]  =  R,  (6.9.35) 

A 

i.e.,  estimate  My)  is  expressed  linearly  in  terms  of  vector  XQ(y).  Substituting 
(6.9.34)  in  the  expression  for  conditional  risk,  we  obtain 


r(£,  X)=Ja>(X  —  X)P(yjX)dy  = 

=J(X  -  CXf)+  B  (X  -  CX.)  F(X—  X,)dX0  = 
=J[X  —  CX  +  Cxi J  B  (X  -  CX  4-  Cx]  F(x)dx  — 


(6.9.36) 


=  X+(I-C)+B(i-C)).Jf(x)dx-f;x+C+BCxF(x)rfx=  Q 

=  X+xX -{- X#.  con4  '  d 

As  we  see,  conditional  risk  has  the  required  form  (6,9.50),  i.e.,  the  Gaussian 
distribution  indeed  is  the  least  preferred,  and  the  optimum  estimate  itself  nas  the 
form  of  (6,9.54-)  . 

Representation  (6,9.19)  is  strictly  satisfied  for  an  additive  mixture  y(t)  = 

A 

=  X(t)  +  n(t) ;  in  this  case  Xq  =  y  and  X  =  Cy.  This  result  permits  us  to  comprehend 
the  character  of  optimality  of  solutions  of  the  linear  theory  of  filtration.  It 
turns  out  that  if  measured  parameter  X(t)  is  additively  mixed  with  Gaussian  inter¬ 
ference,  and  we  are  given  the  correlation  function  of  X(t),  there  is  no  better 
(from  the  point  of  viev;  of  a  quadratic  loss  function)  operator  of  filtration  than 
the  linear  operator,  determined  by  the  Wiener  theory  of  filtration,  and  only  more 
detailed  statistical  evidence  can  lead  to  change  of  the  structure  of  the  optimum 
ope  rator. 

Representation  (6,9,19)  is  approximately  realized  in  a  rather  large  number  of 
cases,  of  which  we  already  spoke  in  Paragraph  6.5.1,  and  which  occur  in  problems  of 
radar  measurement.  This  circumstance  emphasizes  the  importance  of  <  aussian  a  priori 
distribution,  which  turns  out  to  be  interesting  not  only  for  itself,  but  as  the 
least  preferred  distribution  from  the  class  of  distributions  with  an  assigned  correla¬ 
tion  function.  In  this  connection  we  paid  the  greatest  attention  above  to  Gaussian 
a  priori  distribution. 

One  more  interesting  example  of  a  problem  with  partially  assigned  statistical 
characteristics  is  the  case  when  we  are  assigned  the  value  of  only  the  matrix  of 
second  moments  of  the  derivative  of  X(t)  at  any  moment  of  time.  To  this  case  we  can 
approximately  reduce  the  case  when  there  are  assigned  a  priori  limits  of  variation 
ol-  the  derivative  at  any  moment  of  time.  In  the  given  example 

I  (A)  =  {(K  -  Xi _  ,)*},  p  =  {(*,  -  Xt  _  ,)>}  =  {Mi} 

and  equation  (6.5.29)  for  conditional  risk  has  the  form 

n 

r(kt  k)  =  »(,-{- —  *<_,)’  (6.0.57) 

<=2 

If  there  is  also  assigned  the  second  moment  for  the  value  of  X(t)  at  the  initial 

2  2 

moment  of  time  cu  -  XQ,  to  the  right  side  of  (6.9.57)  one  should  add  component  X,jH^. 
One  can  prove  that  under  certain  conditions,  similar  to  those  considered  abo/",  the 
least  preferred  distribution  for  the  given  case  is  the  distribution  for  a  MarK.wvJ.ari 
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Gaussian  process  with  transition  probability 


(6.9.38) 


and  with  uniform  distribution  for  X^  when  is  not  assigned.,  or  with  a  Gaussian 

2  2 

distribution  for  X^  with  variance  for  an  assigned  a^. 

Analogous  results  are  obtained  also  when  along  with  statistical  characteristics 
of  first  derivatives  there  are  assigned  statistical  characteristics  of  the  second 
derivatives,  so  that  the  following  moments  are  determined: 

Af'"’ M™  =  (i<  —  1*  ,)  (l<  -  2A< _ ,  + 


—  (*<  —  2  ,), 


(6.9.39) 


In  this  case  the  least  preferred  distribution  turns  out  to  correspond  to  a 
Markovian  Gaussian  process  of  the  second  order  with  Gaussian  transition  probability, 
depending  only  on  the  quadratic  form  of  variables  X^,  X^g,  completely  deter¬ 

mined  by  assigned  M^11) ,  M^12),  m[21) ,  m[22' . 

Therefore,  the  optimum  operator  of  estimation  obtained  for  such  a  distribution 
is  simultaneously  optimum  in  the  case  of  assignment  of  only  the  matrix  of  second 
moments  for  the  first  and  second  derivatives  of  measured  parameters  \(t) ,  These 
statements  show  that  the  examples  of  measurement  of  Markovian  and  simultaneously 
Gaussian  parameters  given  in  Paragraph  6.8.2  have  more  universal  meaning  than  sup¬ 
posed  earlier. 


§  6,10.  Conclusion 

Basic  results  of  the  theory  of  radar  meters  developed  in  Chapter  VI  reduce  to 
the  following. 

1.  In  the  analysis  of  tracking  meters  it  is  convenient  to  divide  their  circuits 
into  discriminators  and  smoothing  circuits.  Discriminators  are  completely  described 
by  two  functions  of  mismatch  —  discrimination  and  fluctuating  characteristics.  The 
minimum  parameters  of  these  functions  necessary  for  analysis  of  accuracy  of  meters 
are  equivalent  spectral  density  the  gain  factor  of  the  discriminator  K_,  and  In 

a  number  of  cases  spectral  density  of  parametric  fluctuations  ,  If  wc  know 

these  characteristics  and  statistical  properties  of  the  measured  quantity,  error  of 


measurement  usually  can  be  calculated  easily.  Formulas  for  ealeu Lating  error.;  f  v 
cases  of  rapid  and  slow  fluctuations  of  the  signal  are  given  in  §  6.;:. 

2,  Breakoff  of  tracking  can  be  characterized  by  two  characteristics  —  average 
time  to  breakoff  and  magnitude  of  variance  of  errors  of  measurement  in  steady-state 
operating  conditions,  which  in  the  presence  of  breakofl’3  of  tracking  increases 
sharply,  la  any  case  it  turns  out  that  breakoff  is  a  threshold  phenomenon,  the 

p  robubility  of  vmich  increases  with  the  ratio  of  mean  square  error  (in  a  Ituearl '.eel 
system)  to  tim  width  of  the  discriminator  curve,  exceeding  a  certain  number  which 
depends  only  <>n  the  type  of  smoothing  circuits.  This  gives  us  the  possibility  of 
finding  critical  intensities  of  noises  and  interferences,  which  lead  to  break;,  ff 
of  tracking. 

3,  In  tne  analysis  of  nontracking  meters  it  is  convenient  to  divide  teem  into 
estimator  units  and  smoothing  circuits.  In  §6.3  we  obtained  formulas  for  calcula¬ 
tion  of  accuracy  of  measurement  of  nontracking  circuits  on  the  simplified  assumptions 
of  rapid  fluctuations  and  a  slowly  changing  measured  quantity. 

4,  Tiie  most  adequate  means  of  synthesis  of  optimum  meters  at  present  um: 
should  consider  tho  theory  of  nonlinear  filtration.  By  application  of  this  theory 

wo  solved  the  problem  of  synthesis  of  an  optimum  meter  of  a  slowly  changing  parameter 
with  Gaussian  approximation  of  the  likelihood  function. 

ror  a  parameter  with  Gaussian  distribution  we  found  three  variants  of  const, ruc- 
’.i  'i.'  of  optimum  meter:  single-loop  and  double-loop  circuits  of  -a  tracking  meter  and 
a  nontracking  meter.  All  of  them  are  identical  in  performance  in  identical  corulltioris 
of  work,  but  the  tracking  variants  are  usually  more  convenient  technically, 

optimum  tracking  meters  as  basic  elements  contain  nonlinear  units  (a  disc  Timl¬ 
in  tor  and  an  accuracy  unit)  and  smoothing  circuits  which  for  Gaussian  statistics  of 
tin  parameter  urn  linear.  An  optimum  discriminator,  just  as  analogous  devices  known 
in  practice,  issues  the  measure  of  mismatch  between  current  and  measured  values  of 
tii"  parameter,  and  the  accuracy  unit  issues  the  measure  of  current  accuracy  of 
separate  measurements,  which,  after  smoothing,  form  the  final  result  of  mou..uremont. 
The  type  of  discriminator  and  accuracy  unit  is  determined  by  statistics  of  the 
input  sign'll  and  Ui<>  method  of  encoding  the  measured  parameter  in  it.  Therefore, 
without  coiiereti  .'.at  Lon  of  the  form  ol'  this  parameter  we  could  only  find  certain 
general  rules  peculiar  to  discriminators,  and  we  discussed  pussibh  typo:;  of  teem, 
i-'inal  synthesis  of  optimum  discriminators,  just  as  analysis  of  d  i  rent  e  lose  i,v 
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related  circuits,  will  be  conducted  in  subsequent  chapters,  in  which  we  concretize 
the  measured  parameter  (distance,  speed,  angles). 

The  form  of  smoothing  circuits  is  determined  by  statistics  of  the  measured 
parameter  and  a  certain  generalized  characteristic  of  accuracy  of  the  discriminator. 
Therefore,  synthesis  of  smoothing  circuits,  and  also  analysis  of  accuracy  of  the 
optimum  meter  as  a  whole  could  be  conducted  in  Chapter VI  in  sufficiently  general 
form, 

5.  It  should  be  noted  that  an  optimum  discriminator  constructed  with  applica¬ 
tion  of  the  developed  theory  coincides  in  certain  assumptions  with  the  discriminator 
found  by  the  theory  of  estimation.  Thus,  we  defined  the  meaning  of  optimality  of 
devices  synthesized  by  the  theory  of  estimation. 

6.  Characteristics  of  optimum  smoothing  filters  v/lth  a  Gaussian  lav/  of  distri¬ 
bution  of  measured  parameters  obey  essentially  the  same  equations  as  follow  from 
filtration  theory,  which  indicates  the  meaning  of  optimality  determined  by  this 
wide -spread  theory. 

7.  The  developed  method  of  synthesis  is  very  universal.  Thus,  it  remains  in 
force  for  parameters  v/ith  unknown  statistics,  if  v/e  are  only  given  the  correlation 
function  of  the  parameter.  V/ith  small  changes  it  can  be  transfered  to  the  case  of 
a  Markovian  parameter.  Here,  the  discriminator  and  accuracy  unit  remain  constant, 
and  only  the  smoothing  circuits  are  subjected  to  certain  complication. 

Although  the  above  findings  concerning  general  rules  of  radar  measurements 
pertain  to  a  very  broad  class  of  radar  systems,  they  nevertheless  require  further 
development.  Besides  problems  of  simultaneous  measurement  of  several  parameters  and 
resolution  of  signals,  to  which  v/e  devote  Chapters  XII  and  XIII,  it  is  possible  to  out¬ 
line  the  following  directions  for  further  investigations. 

During  the  analysis  of  meters  above  we  considered  fluctuating  errors  (due  to 
noises,  interferences  and  fluctuations  of  the  signal)  and  dynamic  errors.  Meanwhile, 
in  precision  radar  systems  of  importance,  too,  may  be  errors  of  different  origin, 
for  instance  instrument  errors.  It  would  be  desirable  subsequently  to  expand  the 
class  of  errors  considered  during  analysis  and  synthesis. 

if  v/e  are  concerned  with  nonlinear  phenomena  in  motors  (phenomena  of  breakoff), 
results  given  in  §  6,5  indicate  a  promising  mathematical  technique  of  investigation 
and  give  practical  results  for  cases  of  systems  with  small  astaticism.  Solution  of 
the  problem  of  breakoff  for  more  complicated  forms  of  smoothing  circuits,  including 
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those  with  variable  parameters,  runs  into  greater  mathematical  difficulties,  inasmuch 
as  method vi  solution  of  multi-dimensional  diffusion  equations  have  not  been 
developed.  'This  then  poses  a  task  for  mathematicians,  important  in  its  appli. cation, 
hero  fully  permissible  are  formulations  of  problems,  differing  from  these  considered 
in  fj  G.3,  inasmuch  as  actual  definition  of  the  concept  of  breakoff,  obviously, 
depends  on  the  purpose  of  the  meter. 

It  is  also  important  to  consider  that  meters  can  be  equipped  with  failure  indi¬ 
cators,,  for  instance,  in  the  form  of  threshold  circuits  ana  "insuring"  devices  with 
"matehguurd"  channels,  detuned  relative  to  the  measured  value  of  the  parameter. 
Questions  of  analysis  of  joint  work  of  meters  and  such  circuits  remain  practice  l.Y 


unconsidered. 

Further  development  of  the  theory  of  Bayes  synthesis  in  the  direction  of  uon- 
Gaussian  parameters,  and  also  synthesis  on  the  basis  of  the  minima*  method  with  limit c  I 
statistics  and  the  game-theory  method  is  desirable.  As  initial  propositions  it  ir 
possible  to  consider  in  this  case  the  material  of  §  6.9. 

During  coneretisation  of  the  form  of  discriminator;;  it  is  practically  useful 
to  consider  non-Gauss ian  signals  and  interference  of  a  fairly  broad  class,  and  also 
the  case  of  slow  fluctuations  of  the  signal .  Although  the  method  of  coupling  ouch 
di. ■.criminatory  in  optimum  meters  is  known,  their  circuit  construction  at  present  is 
.■ft  completely  clear.  Analogous  questions  of  concrete  realization  of  circuit  ■■nn- 
■■  true t ion  for  noh-Gaussian  parameters  are  important  also  for  smoothing  circuits. 

Although  the  direction  “  synthesis  of  smoothing  circuits  for  quasi-regular 
parameters  arc  outlined,  it  is  necessary  to  generalize  them  :'or  the  real  case  wue u 
laws  of  variation  of  parameters  are  unknown  and  we  are  assigned  only  comp  lor.  dii'fv-r- 
en c  1  *i.l  equations,  when  properties  of  errors  are  complicated,  and  from  smoothing 
devices  there  is  required  maximum  accuracy  in  combination  with  technical  coir'en i •  -uu ■ . 

kosults  of  analysis  and  synthesis  of  radar  meters,  unboubtedly,  may  be  useful 
•i.  I  ju  Ln  those  regions  of  technology  where  there  are  used  information-bearing  signals: 
in  optics,  infrared  engineering,  ultrasonic  engineering,  communications,  broadens  ting 
and  television.  In  those  places  where  the  idealizations  made  above  arc  not  full,/ 
sn  1  table  the  method  of  analysis  and  synthesis  developed  for  radar  systems  rciir- i.ns 
i.H  force;. 
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CHAPTER  VII 

RANGE  FINDING  WITH  A  COHERENT  SIGNAL 
§  7.1.  Introduction 

One  of  the  most  important  problems  of  contemporary  radar  systems  of  various 
assignment  is  measurement  of  the  distance  to  a  target.  The  need  to  measure  range 
appears  both  in  survey  radars  and  all  the  more  so  in  acquisition  and  guidance  radars, 
and  also  in  navigation  systems.  Range  finding  can  be  based  on  different  physical 
principles;  in  particular,  methods  based  on  Integration  of  velocity  and  the  tri- 
angulational  method  have  been  used;  however,  in  extent  of  application  and  importance 
of  greatest  significance  is  the  direct  radar  method,  based  on  encoding  distance  to 
target  in  delay  of  the  received  signal  and  measurement  of  this  delay  [1,  26,  27]. 

We  shall  consider  questions  connected  with  range  finding  by  this  last  method. 

The  first  two  methods  are  completely  based  on  measurement  of  velocity  and  angles, 
and  all  their  consideration  reduces  only  to  application  of  results  of  the  corre¬ 
sponding  chapte rs  of  this  book..  Furthermore,  of  all  systems  finding  range  by  delay 
j  ! 

i  of  a  reflected  signal  we  shall  be  interested  basically  in  the  most  widely  used 

I 

!  automatic  tracking  meters,  carrying  out  range  tracking  of  a  selected  target,  and 

]  only  to  a  smaller  extent  in  other  types  of  range  finders. 

Statistical  analysis  and  synthesis  of  systems  of  range  finding  are  the  subject 
j  of  a  comparatively  small  number  of  published  works.  Most  works  known  to  the  authors 

|  pertain  actually  only  to  analysis  of  the  influence  of  random  signals,  noises,  and 

certain  interferences  for  the  most  widespread  (until  recently)  pulse  incoherent 
automatic  range  finder  with  various  limiting  assumptions  [28-30],  To  a  considerably 
lesser  extent  they  have  touched  on  questions  of  analysis  of  range  finders  using 
other  forms  of  signals  [1,  31],  and  also  questions  of  synthesis  of  an  optimum  system 


Ll 
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of  range  finding.  Certain  particular  solutions  pertaining  to  the  last  question 
were  obtained  in  [12,32], 

Almost  simultaneously  with  works  on  analysis  of  the  fluctuating  accuracy  of 
range-only  radars  of  a  very  specific  type  under  the  influence  of  noises  and  inter¬ 
ferences  there  we re  undertaken  attempts  at  investigation  of  the  potential  accuracy 
of  range  finding  by  radar.  Apparently,  the  first  work  on  this  question  is  [4],  where 
for  very  limiting  assumptions  there  is  found  the  variance  of  the  efficient  estimate 
of  delay  of  a  reflected  signal  for  the  case  of  a  motionless  target.  The  same  prob¬ 
lem  with  less  limiting  assumptions  relative  to  the  received  signal  was  solved 
in  [3,3 ].  Further  advance  on  the  given  question  was  attained  with  application  of 
the  general  results  presented  in  Chapter  VI.  These  results,  in  particular,  give  the 
possibility  of  obtaining  a  sufficiently  correct  solution  of  the  problem  of  synthesis 
of  an  optimum  system  of  range  finding  for  a  very  broad  and  practically  important 
class  of  cases,  Vfhen  the  rate  of  change  of  the  measured  distance  is  snail  as  com¬ 
pared  to  the  rate  of  fluctuations  of  the  received  signal. 

As  already  shown  in  Chapter  VI,  the  optimum  meter  is  realized  here  in  the  form 
of  a  closed-loop  tracking  system,  including  a  nonlinear  discriminator  and  smoothing 

circuits,  controlling  tuning  of  the 
discriminator  (Pig.  7.1).  Solution  of  the 
problem  of  synthesis  permits  us  to  establish 
the  algorithm  for  finding  operations  or 

Pig.  7.1.  block  diagram  of  a  track¬ 
ing,  range  finder:  1  —  discrimlna-  tne  discriminator  and  characteristics  of 

Lor;  2  —  smoothing  and  control  cir¬ 
cuits.  smoothing  circuits  for  an  arbitrary  form 

of  modulation  of  the  received  signal  and 

a  broad  class  ol'  cases  of  statistics  of  the  change  of  distance,  and  also  to  conduct 
detailed  investigation  of  potential  accuracy  of  range  finding  without  the  limiting 
assumption  o f  immobility  of  the  target. 

Development  of  the  theory  of  statistical  solutions  permits  us  to  present 
statistical  questions  related  to  range  finding  by  the  deductive  method.  In 
accordance  with  this  we  shall  first  consider  questions  of  the  synthesis  of  optimum 
range  finders  and  of  the  potential  accuracy  of  range  finding  for  an  arbitrary  case, 
and  Lli'-n  also  in  general  investigate  basic  methods  of  approximate  realization  of 
optimum  operations  and,  finally,  analyze  more  specifically  concrete  circuits  of 
rang';  finders  for  the  most  wide-spread  and  characteristic  forms  of  signal  modulation. 
Inasmuch  as  all  results  have  great  mathematical  completeness  for  th--  case  of  a 
coherent  signal,  we  shall  start  namely  with  it,  and  in  the  next  chapter  wr  shall 
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consider  the  case  of  an  incoherent  fluctuating  signal. 

In  this  and  subsequent  chapters  both  from  the  point  of  view  of  analysis,  and 
also  from  the  point  of  view  of  synthesis,  we  shall  be  interested  basically  in 
discriminators  of  range  finding  systems.  This  is  explained  by  the  fact  that 
synthesis  of  smoothing  circuits  is  conducted  identically  for  any  measured  parameter 
of  the  signal.  The  structure  of  smoothing  circuits  is  determined  here  only  by  the 
statistics  of  change  of  the  parameter  and  does  not  depend  on  its.  physical  nature. 

Such  a  problem  of  synthesis  is  considered  in  detail  in  Chapter  VI,  and  here  we  can 
now  use  the  available  results.  If  we  have  determined  basic  characteristics  of  the 
discriminator  (discrimination  and  fluctuation),  further  analysis  of  the  measuring 
system,  and  in  particular,  determination  of  errors  of  measurement  also  no  longer 
depend  on  the  physical  nature  of  the  measured  parameter  of  the  signal,  in  which  some  ■ 
target  position  datum  is  coded.  This  gives  us  the  possibility  of  calculating  errors 
of  measuring  of  coordinates  by  a  single  method  using  previously  found  characteristics 
of  the  discriminator. 

For  instance,  in  the  case  of  linearized  consideration  of  the  tracking  system 
with  smoothing  circuits  with  constant  parameters  the  calculation  of  the  variance  of 
error  of  measurement  reduces  to  multiplication  of  the  equivalent  spectral  density 
of  the  discriminator  by  the  effective  passband  of  the  closed-loop  tracking  system. 

In  other  cases  these  methods  are  more  complicated,  but  in  general  they  have  already 
been  presented  in  Chapter  VI,  and  for  final  calculations  of  accuracy  of  range  finding 
systems  we  can  use  the  available  results.  In  contrast  to  this,  questions  pertaining 
to  the  construction  of  discriminators  and  their  analysis  have  a  specific  character, 
characteristic  to  range  finding  systems,  and  require,  of  course,  detailed  considera¬ 
tion. 

As  shown  in  Chapter  VE,  the  most  complete  characteristics  of  a  discriminator 
are  the  discrimination  and  fluctuation  c.hs.r3.cteristics .  Such  characteristics  in 
the  case  when  the  measured  distance  changes  slowly  as  compared  to  all  random  com¬ 
ponents  of  the  signal  completely  determine,  together  with  characteristics  of 
smoothing  circuits,  the  accuracy  of  range  finding. 

The  discrimination  characteristic  is  the  dependence  of  the  mathematical 
expectation  of  output  voltage  of  the  discriminator  on  the  magnitude  of  mismatch 
between  the  true  and  measured  value  of  delay;  the  fluctuation  characteristic  is 
the  dependence  of  the  spectral  density  of  the  output  voltage  of  the  discriminator 
at  zero  frequency  on  the  same  mismatch.  In  general  these  characteristics  are 
arbitrary  nonlinear  functions,  possessing  definite  symmetry,  and  in  accordance  with 
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this,  the  range  finder  is  a  nonlinear  system  with  feedback.  Only  with  small  mis¬ 
match,  when  with  high  probability  errors  of  measurement  are  sufficiently  small,  can 
this  system  be  linearized  (see  Chapter  VI). 

For  analysis  of  the  linearized  system  it  is  sufficient  to  have  simpler 
characteristics  of  the  discriminator  —  null  shift  AQ,  slope  of  the  discrimination 
characteristic  and  equivalent  spectral  density  S8Kg,  i.e.,  the  ratio  of  spectral 
density  of  the  output  voltage  of  the  discriminator  at  zero  frequency  with  zero 
mismatch  to  the  square  of  the  gain  factor.  Calculation  of  parametric  fluctuations 
in  the  measuring  system  requires  additional  calculation  of  their  spectral  density, 
which  is  determined  by  the  corresponding  formulas  of  Chapter  VI. 

Subsequently  in  most  cases  we  shall  limit  ourselves  to  linearized  consideration 
of  a  range  finder  without  taking  into  account  parametric  fluctuations,  in  accordance 
with  which  analysis  of  the  discriminator  and  comparison  of  various  discriminators 
lead  to  determination  of  magnitudes  An,  K  ,  S,_,_  and  their  comparison  for  various 

U  cxCB 

discriminators.  Such  factors,  as  the  signal-to-noise  ratio,  width  of  the  spectrum 
of  fluctuations  of  the  received  signal,  the  law  of  modulation  and  the  method  of 
processing  the  signal,  affect  accuracy  of  range  finding  only  through  these  three 
quantities . 

In  this  chapter  we  first  shall  consider  operation  of  a  discriminator  for  a 
fluctuating  arbitrarily  modulated  coherent  signal  in  noises  and  investigate  its 
characteristics,  determining  potential  accuracy  of  range  finding.  Then  we  shall 
generally  investigate  basic  methods  of  approximate  realization  of  these  operations 
and,  more  specifically,  final  circuits  of  discriminators  for  certain  of  the  most 
important  forms  of  modulation.  Then,  for  various  smoothing  circuits,  corresponding 
to  the  various  forms  of  statistics  of  change  of  the  measured  range,  we  shall  analyze 
the  range  finder  as  a  whole.  And,  finally,  at  the  end  of  the  chapter  we  shall 
consider  questions  connected  with  the  influence  of  organized  Interferences  on 
coherent  range  finders. 


§  7.2.  Optimum  Discriminator 

7.2.1.  Operations  of  an  Optimum  Discriminator 
In  accordance  with  the  definition  given  in  Chapter  I,  the  received  coherent 
signal  is  a  nonstationary  normal  random  process  with  a  correlation  function  which, 
according  to  (l.H.J),  is  equal  to 

R(tt,  <»)  =  />eReu(/l-«i)u#(*l“*)X 

<*>  JVt*  (*,-*,),  (7.2.1) 
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where  u(t)  =  u  (t)e^(^  —  complex  notation  of  the  law  of  modulation,  in  general 

describing  the  amplitude  (ua(t))and  phase  (tf'(t))  modula¬ 
tion  of  the  sounding  signal; 


t  =  2d/c  —  delay  of  the  reflected  signal; 

Fc  —  mean  signal  power; 

p(t)  —  correlation  coefficient  of  fluctuations  of  the  signal 
reflected  from  the  target; 

Nq  —  spectral  density  of  noise,  and  function  u(t)  is  normalized 
so  that 


T 


(7.2.2) 


With  periodic  modulation  in  (7.2.2)  it  is  possible  to  be  limited  to  averaging  over 
one  period. 

All  statistical  properties  of  the  received  signal  y(t)  are  characterized  by 
the  functional  of  the  density  of  the  distribution  of  probabilities  of  process  y(t), 
which  on  the  basis  of  (4.3.7)  in  the  case  interesting  is  presented  in  the  following 
form; 

(r  r 

\Q(Wd* 

0  0 

where  C  does  not  depend  on  y(t),  and  |Q(t,  t)|2  is  defined  as 

t 

|Q(*.  ■*)l*  =  |  £  A  (f  —  s)  (s  —  i)  y(s)  (7.2.4) 


)■ 


(7.2.?) 


The  pulse  response  of  the  filter  h(t)  is  given  by  its  own  Fourier  transform  HQ(ico), 
the  square  of  the  modulus  of  which  is  equal  to 

1".  <'•>!■=  iffvkp  <7.2. 5) 

where  h  =  P  /2Af  Nn  —  signal-to-noise  ratio,  repeatedly  used  in  the  preceding 
c  0  chapters; 

S^(oo)  —  normalized  spectral  density  of  fluctuations  of  the  signal 
°  (S0(0)  =  1); 

Af  —  effective  width  of  the  spectrum  of  signal  fluctuations. 
Function  h(t)  describes  the  pulse  response  of  an  optimum  filter  of  a  coherent 
receiver  and  appears  in  all  problems  of  optimum  detection  and  measurement  in  noises. 
Its  properties  were  already  discussed  in  sufficient  detail  in  Chapter  IV. 

Assignment  of  functional  P(y|t)  permits  us  to  find  operations  which  should  be 


performed  on  the  received  signal  y(t)  by  an  optimum  discriminator.  As  shown  in 
Chapter  VI,  these  operations  consist  of  formation  of  the  derivative  with  respect  to 
rc  of  the  integrand  in  the  exponent  of  P(y|T),  i.e.,  the  output  signal  of  an  optimum 
discriminator  z(t)  is  defined  as 


»  *1  Q{t,  *)|»  - 
N .  dx  ~ 

37I  f  A  </  -~j)u(s  — *){/(«)  e  KVs[*. 


(7.2.6) 


Derivative  I  *  T  '  *  -  is  taken  for  a  value  of  i,  equal  to  the  measured  value  of 
or 

delay  obtained  at  the  output  of  the  range  finder. 

The  latter  is  inserted  in  the  discriminator  by  feedback  and  controls  its 
tuning.  Quantity  7(t),  describing  the  output  voltage  of  the  optimum  discriminator, 
turns  out  here  to  be  a  function  of  the  mismatch  tq  -  t  between  the  true  value  of 
delay  of  the  signal  and  its  estimated  (measured)  value  t. 

Differentiating  in  (7,2.6),  we  obtain  the  following  final  expression,  deter¬ 
mining  the  operation  of  an  optimum  discriminator : 

l  t 

Xu(*l~x)u-(st  -  *)ew*‘~**V (*,)</(*,)  dstdst.  a  .2 .7) 


These  operations  can  be  realized  by  the  block  diagram  of  Fig.  7.2.  The 
received  signal  y(t),  possibly,  after  preamplification  in  amplifiers,  broad-band  as 

•  compare.d  to  the  width  of  the  spec¬ 
trum  of  modulation,  .proceeds  to 

4 ■ 

two  mixers.  As  reference  signals 

of  the  mixers  we  use  the  expected 

signal  and  its  derivative  with 

respect  to  delay.  Generators  of 

reference  signals  (modulated 

Fig.  7-2.  Block  diagram  of  an  optimum  dis-  local  oscillators,  strobing-pulse 

criminator:  1  —  preamplifier;  2  —  controlled 

coherent  local  oscillator;  5  —  mixer;  4  —  generators,  and  so  forth)  are 

narrow-band  filter;  rj  —  phase  detector  (mul¬ 
tiplier).  controlled  by  the  output  value  of 

measured  delay.  Converted  signals  from  the  output  of  the  mixers  enter  optimum 

filters  with  pulse  response  h(t)  cos  <nnp(t),  and  then  a  phase  detector,  whose 
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output  is  the  discriminator  output.  Processing  of  the  signal  in  the  first  channel 
of  the  discriminator,  obviously,  coincides  \fith  predetection  processing  of  a 
rapidly  fluctuating  coherent  signal  during  detection  (see  Chapter  IV),  and  processing 
in  the  second  channel  corresponds  to  calculation  of  correlation  between  the  received 
signal  and  the  derivative  with  respect  to  delay  of  the  expected  signal.  By  direct 
analysis  of  the  block  diagram  of  Pig.  7.2  it  is  simple  to  prove  that,  if  only  the 
magnitude  of  the  intermediate  frequency  satisfies  the  usual  requirement  of  elimina¬ 
tion  of  image  frequencies,  output  voltage  of  the  phase  detector  indeed  is  described 
by  formula  (7.2.7),  and,  consequently,  this  circuit  exactly  executes  optimum  opera¬ 
tions. 


7.2.2.  Discriminator  Characteristics 

Let  us  find  now  basic  characteristics  of  an  optimum  discriminator,  necessary 
for  consideration  of  the  measuring  system  as  a  whole.  Averaging  (7.2.7),  replacing 
s  -  T0  by  s,  introducing  designation  A  =  -  t  and  using  the  slowness  of  change  of 

function  h(t)  in  comparison  with  u(t),  we  obtain 


l  i 

5^-5)=-^ Re  j*  [  h(t-Sl)h{t~st)x 

—00  —00 

X  tt  (s,  +  A)  «*'  (S,  +  A)  [Re  Pcu  (*,)  X 

X  tf *  (s.)  ew,*-5,)p  (st  -  st)  +  JV,8  (s,  —  s,)]  dsxds,  = 

{T  T 

lim  y-^  «*(s)#(s-{-A)(/slimy-  Jw(s)  X 

t  t 

Xtt*(5+A)(/s-^-  J  j  h(t-sl)h(l~st)p(s-st)dsidst+ 

—00  —00 

T  i  \ 

-f-  2  lim  -y  f  u  (s)  a"  (s)  ds  J  ft*  (/  —  s,)  dsx  V  ^ 

4  ]  T4n*&Re<C*'(°>^ +  hC  (A)  C”  (A)  S.  (•)></•. 


(7.2.8) 


where  C(A)  —  autocorrelation  function  of  the  law  of  modulation,  determined  by 
relationship 

r 

C(A)  =  }ira8-4jM(s  +  A)«*(s)(/st  (7.2.9) 

o 

where  in  accordance  with  the  adopted  normalization  (7.2.2)  C(v)  ~  1.  Function  C(Z  ) 
from  (7,2,9)  is  equal  ,  obviously,  to  function  C(A,  0),  determined  by  formula 


For  convenience  we  shall  subsequently  use  the  shorter  notation.  With  a 
periodic  modulation  function,  C(A)  is  periodic.  However,  in  examining  range  finders 
mismatches  A  exceeding  the  period  of  repetition  of  the  signal  are  not  of  practical 
interest.  In  accordance  with  this,  subsequently,  in  examining  all  concrete  ex¬ 
amples  it  is  sufficient  to  consider  only  one  period  of  function  C(L) ,  corresponding 
to  mismatches  close  to  zero. 

Function  0(A)  is  the  single  characteristic  of  modulation  of  the.  sounding 
radar  signal.  Through  it  we  find  a  description  of  the  dependence  of  accuracy  of 
range  finding  on  the  mode  and  parameters  of  modulation  of  the  signal  both  in 
optimal,  and  also  (we  will  prove  this  later)  in  nonoptimal  systems.  Furthermore, 
function  C(A)  is  the  characteristic  of  the  potential  resolution  capability  with  re¬ 
spect  to  distance  for  a  given  signal  [tj.  Let  us  note  certain  important  properties 
of  function  C(A) .  Separating  in  (7.2.9)  the  real  and  imaginary  part 


t  (s  +  A)  cos  ft  (s  +  A)  —  <J>  (s)]  dj  + 


C  (A)  —  lira  -yr  Ju»  ($)  «*  (s  4-  A)  cos  ft  (s  4~A)  —  <{>  (s)]  dj  ■ 

r 

4-  i  lira  4  f  «» (s)  (s  4~  A)  sin  ft  (s  4*  ■ A)  —  ♦  ($)]  ds, 

T-*oa  *  J 


it  is  simple  to  prove  that  Re  C(A)  is  an  even  function  of  A,  and  Im  0(A)  is  an  odd 
function.  Therefore,  C'(0)  is  a  purely  imaginary  quantity,*  and  the  final  expression 
for  the  discrimination  characteristic  x(t,A)  on  the  basis  of  (7,2.8)  takes  the  form 


(7.2.10) 


Furthermore,  thanks  to  the  fact  that  C 1 ( 0 )  is  purely  imaginary,  z(t,  0)  =  0, 
i.e.,  there  is  no  null  shift  of  the  discrimination  characteristic  in  an  optimum 
circuit . 

Important  parameters  of  function  C(A)  are  values  of  its  first  and  second 
derivatives  at  zero.  Determining  them  by  (7.2.9),  we  obtain 


T 

C (p)t= -Ha =4- Him -i  f«*(0f(0<tt= 

T  too  J 

■  =+xj.ta».. 


(7.2.11) 


‘Here  and  henceforth  C'(x)  —  derivative  of  function  C(x). 
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(7.2.12) 


r 

C'<p)  =  -*  =  _iim-^  [{(*.(<)]•+«>) [*'</)]*} dt= 

— ±  ] ■%e?L<-. 


whe  re 


(7.2.13) 


is  the  spectrum  of  a  finite  segment  of  complex  signal  u(t)  .  u  OOeMW. 

With  periodic  modulation,  which  occurs  in  most  practical  cases,  it  is  sufficient 
to  produce  averaging  in  (7.2,11)  and  (7.2.12)  in  one  period  of  modulation  Tr.  Here 
Um(:Uo)  is  the  spectrum  of  one  period  of  modulation.  With  stationary  ergodic  random 


modulation  function  lim  - — — - — 1 —  coincides  with  the  soectral  density  of  modulation. 

t 

Positive  values  of  a  and  b  in  (7.2.11)  and  (7.2.12)  have  the  meaning  of  the 
mean  frequency  and  the  mean  square  of  the  frequency  of  the  spectrum  of  modulation 
[4],  and  quantity  -  a2,  which,  as  we  shall  see  presently,  determines  the  accuracy 
of  range  finding,  constitutes  the  mean  square  width  of  the  spectrum  of  modulation, 
characterizing  the  rate  of  change  of  the  modulating  function.  Quantity  a  differs 
from  zero  only  with  an  asymmetric  spectrum  of  modulation.  In  most  real  cases,  for 
instance  with  only  amplitude  or  only  phase  modulation,  with  simultaneous  modulation 
in  amplitude  and  phase  by  symmetric  modulating  functions,  and  in  certain  other 
cases,  a  =  0,  Here,  accuracy  of  range  finding  is  determined  only  by  the  parameter 
of  the  law  of  modulation  —  quantity  b. 

For  analysis  of  a  linearized  measuring  system  without  taking  into  account 
parametric  fluctuations  (see  Chapter  VI)  the  sufficient  characteristic  of  the 
discriminator  is  the  equivalent  spectral  density  with  zero  mismatch,  determined  by 


|  UT(io>)  |  ‘ 


coincides  with  the  spectral  density  of  modulation. 


relationship  (6,2.6): 


OO 

=  j  [z(t,  0)2(/+t,“0)- 

*  -60 

-IlTO)  *(<  +  .,  0)1*  /[— 


In  Chapter  Vi  we  show  that  for  an  optimum  discriminator  the  magnitude  of  the  equiva¬ 
lent  spectral  density  S  j:. 


-yg  -.i— nasStsgK.":  V; 
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(7.2.14) 
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where  KQnT  —  slope  of  the  discrimination  characteristic  of  an  optimum  discriminator. 

Substituting  in  (7.2.14)  z( t,  A)  from  (7.2.10)  and  using  (7.2.11)  and 
(7.2.12),  we  obtain 


A»Sj(«)  db> 
1  +  AS.(«*) 


2Af  e(6  —  a’)  * 


(7.2.15) 


where  F(h)  is  a  dimensionless  function  of  the  signal-to-noise  ratio  h,  depending 
only  on  the  form  of  spectral  density  of  fluctuations  of  the  received  signal 
(h  =  Pc/2Af  c  Nq). 

Thus,  the  dependence  of  SQnT  and  potential  errors  of  range  finding  on  the 
parameters  of  the  law  of  modulation  and  the  signal-to-noise  ratio  has  a  fairly 
simple  character.  Quantity  SonT ,  and,  consequently,  variance  of  fluctuating  error 
of  measurement  with  linear  smoothing  circuits  are  proportional  to  Sg^,  are 
inversely  proportional  to  the  mean  square  width  of  the  spectrum  of  the  modulating 
signal.  This  signifies,  in  particular,  that  from  the  point  of  view  of  accuracy 
of  range  finding  all  other  characteristics  of  the  modulating  signal  besides 
spectrum  width  do  not  play  a  role,  and,  applying  various  modulating  signals  with 
identical  spectrum  width,  we,  in  principle,  should  obtain  identical  accuracy  of 
range  finding.  Therefore,  being  interested  only  in  accuracy  of  range  finding,  it 
is  impossible  to  give  preference  to  one  or  the  other  form  of  sounding  signal, 
of  course,  with  identical  spectrum  width,  and  final  selection  of  the  method  of 
modulation  of  the  sounding  signal  requires  us  to  turn  to  other  considerations, 
such  as  uniqueness,  resolution  capability,  possibility  of  simple  measurement  of 
Doppler  frequency,  technical  realizability,  and  so  forth. 

The  dependence  of  SQnT  on  the  signal-to-noise  ratio  is  described  by  function 
F(n),  which  has  the  following  general  properties.  It  is  obvious  that  for  large 
values  of  h 
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since,  thanks  to  normalization  of  Sq(o>) 


and  for  small  h 


ao 


F(h) 


k-*0 


ok  I 


aA« 


(7.2.17) 


where  a  —  numerical  coefficient  of  order  (a  =  0. 5-1.0). 

The  exact  form  of  function  F(h)  depends  on  the  form  of  spectrum  Sq(co);  however, 
this  dependence  is  not  very  essential,  especially  with  such  magnitudes  of  h,  which 

can  be  considered  working  magnitudes 
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Fig.  7.3.  Dependence  of  function  F(h)  on 

the  signal-to-noise  ratio.  -  square 

spectrum  of  fluctuations}  exponential 

correlation  function  of  fluctuations. 


in  measuring  systems,  i.e., 
h  >  5-10,  For  the  two  extreme 
cases  (of  the  spectral  density 
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most  slowly  to  ±co,  corresponding 
to  exponential  correlation  function, 
and  a  rectangular  spectrum  of 
fluctuations  with  the  same  effective 
width  Lf  )  in  Fig.  7.3  there  are 
given  dependences  which  have  the 
form: 

for  the  first  case 


(7.2.18) 


for  second  case 
\ 

F(h)^  1±A  (7.2.19) 

These  curves  simultaneously  show  the  dependence  of  fluctuating  error  of  rangt 
finding  by  a  system  with  an  optimum  discriminator  on  the  signal-to-noise  ratio. 

We  shall  also  discuss  the  influence  of  the  width  of  the  spectrum  of  fluctua¬ 
tions  of  the  signal  on  accuracy  of  measurement.  It  is  obvious  that  for  a  suffl- 

ciently  large  h,  when  F(h)  =  1/h,  ratio  1  »  —  does  not  depend  on  Af(, . 


However,  for  not  very  large  h  expansion  of  the  spectrum  of  fluctuations  worsens 
accuracy  of  measurement,  since  components  of  equivalent  spectral  density,  caused 

O 

by  beats  of  noises,  and  having  an  order  of  1/h  ,  increase  with  growth  of  Af  , 

Let  us  now  find  the  fluctuation  characteristic  of  an  optimum  discriminator. 
Here,  we  recalculate  fluctuations  of  output  voltage  of  the  discriminator  into 
fluctuations  of  the  measured  parameter  (delay)  by  dividing  the  output  spectral 
density  by  the  square  of  the  slope.  Then,  in  accordance  with  (6.2.8) 
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A )*(*  +  *•  Aj- 

A°*t  Jo, 

—  2  (t,  A) 

Substituting  (7.2.7)  in  this  expression  and  averaging  analogously  to  (7.2.8),  we 


obtain 
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(7.2.20) 


From  this  expression  it  follows  that  when  A  ^  0  quantity  S„__(A)  no  longer 

w  riT 

tends  to  zero  as  h  -♦  oo,  i.e.,  ever,  with  zero  noises  the  output  voltage  of  the 
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Fig,  7.4,  Fluctuation  characteristic  of  an 
optimum  di jcrimlnator. 


discriminator  contains  random 
components,  caused  by  fluctua¬ 
tions  of  the  reflected  signal 
and  depending  on  mismatch.  For 
illustration  in  Fig,  7  A  there 
is  constructed  a  family  of 
fluctuation  characteristics, 
corresponding  to  a  rectangular 
spectrum  of  fluctuations  of  the 
signal  and  the  autocorrelation 
function  of  the  law  of  modulation 


-  if  ‘  TJi 


i  1  p  I 

C(A)  =  exp  { -^bA  J  for  various  values  of  h.  Prom  the  figure  it  is  clear  that 
irregularities  of  the  fluctuation  characteristic  start  to  appear  when  h  ~  1.  A 
stationary  level  of  equivalent  spectral  density  is  attained  already  when  >^bA  = 

=  1.5-3>  i.e.,  with  mismatch  exceeding  the  width  of  the  basic  lobe  of  autocorrelation 
function  by  a  factor  of  one  and  a  half  to  three.  ' 

Besides  of  greatest  practical  interest  for  analysis  of  a  range  finder  is 

the  spectral  density  of  equivalent  parametric  fluctuations  Sn£lp,  which  determines 
parametric  error  of  measurement  (see  Chapter  $])  and  is  equal  to  the  coefficient  of 

p 

A  in  the  expansion  of  %KB(A)  in  powers  of  A.  Then,  as  follows  from  (7.2.20),  this 
quantity  is  equal  to 
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and  depends  only  on  beats  of  signals  in  the  two  discriminator  channels.  The  presence 
of  noises  does  not  Increase  parametric  fluctuations  in  an  optimum  discriminator. 

The  influence  of  parametric  fluctuations  on  accuracy  of  the  range  finder  as  a  whole 
and  on  the  relationship  between  usual  and  parametric  fluctuating  errors  we  shall 
consider  subsequently. 

In  conclusion  let  us  discuss  one  more  interpretation  of  quantity  SonT.  In 
Chapter  VI  it  is  shown  that  if  one  were  to  assume  constancy  of  the  measured  parameter 
throughout  an  Interval  of  observation  of  duration  T  and  construct  some  estimate  of 
the  parameter  from  values  of  the  accepted  realization  of  the  signal,  variance  of 
this  estimate,  characterizing  accuracy  of  measurement  of  the  parameter,  cannot  be 
less  than  a  certain  quantity,  called  variance  of  the  efficient  estimate.  Here, 
for  Instance,  estimation  of  the  parameter  by  the  maximum  likelihood  method  ([18], 
Chapter  VI)  ensures  variance,  practically  equal  to  variance  of  the  efficient  estimate. 
In  Chapter  VI  it  is  shown  that  variance  of  the  efficient  estimate  is  connected  with 
quantity  SonT  in  the  following  way: 


(7.2.22) 


Consequently,  maximum  accuracy  of  measurement  of  delay  of  the  signal  received 
from  the  target  (assuming  its  constancy  during  the  time  during  which  we  produce 
this  measurement)  for  the  case  when  we  make  no  assumptions  with  respect  to  statistical 
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characteristics  of  measured  delay,  but  produce  a  simple  estimate  from  the  functional 
of  likelihood,  is  determined  by 


(7.2.23) 


This  formula  is  valid  when  Af  T  »  1.  In  the  opposite  case,  when  the  time  of 
observation  is  small  as  compared  to  the  time  of  correlation  of  the  signal(Af  T  « 
«  1),  which  may  be  of  interest  for  survey  radars  in  which  range  finding  is  produced 
during  every  cycle  of  survey  for  a  small  time,  we  must  return  to  the  general 
formula  for  variance  of  the  efficient  estimate  (6.7.33),  from  4hich  it  follows  that 


(7.2.24) 


where  R(t.,  t 2;  t)  —  function  of  correlation  of  the  signal  with  noise  (7.2.1); 
W(t±,  tg;  t)  —  its  reciprocal  in  interval  (0,  T)  (Chapters  I,  IV). 

In  accordance  with  (4.3.9)  for  Af  Q  T  «  1 


W  (f„  x)  =  4-  lit,  —  t.)  —  - 

1  *  N*  1  Nl(l+P*TI2N,) 

x  Re  tt  (*,  -  x)  a*  (/,  -  x) 


Performing  the  calculation  in  (7,2,24),  we  obtain 
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(7.2.25) 


where  the  signal-to-noise  ratio  p.  =  PcT/2Nq  is  equal  to  the  ratio  of  energy  of  the 
received  signal  during  the  time  of  observation  T  to  the  physical  (one-way)  spectral 
density  of  noise  2NQ.  Let  us  note  that  formula  (7.2.25)  formally  coincides  with 

O 

the  expression  for  o0^  from  (7.2.23),  if  we  consider  the  spectrum  of  fluctuations 
of  the  signal  rectangular,  with  width  Af  Q  =  T 

§  7.5«  Discriminator  with  Two  Channels  Detuned 
with  Respect  to  Range 


7,3.1.  Block  Diagram  of  the  Discriminator 
Exact  technical  fulfillment  of  an  optimum  discriminator  circuit  is  hardly 
possibly.  In  practice,  modulation  of  the  reference  signal  utilized  in  the  discrim¬ 
inator  will  somewhat  differ  from  modulation  of  the  sounding  signal,  the  frequency 
response  of  the  filter  will  differ  from  the  optimum,  etc.  In  this  and  subsequent 
paragraphs  we  shall  consider  the  influence  of  different  deviations  from  optimum 
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processing  of  the  signal  on  accuracy  of  range  finding. 

One  approximate  method  of  realizing  an  optimum  discriminator  is  directly 
Indicated  by  formula  (7.2.6)  and  consists  of  replacement  of  the  derivative  in  the 
expression  for  z(t)  by  a  finite  difference.  Since 

-|Q£ T)l*  Hr<l Q(<>  *+8)ll-  IQ('.  *“«)!*}. 

output  voltage  of  the  optimum  discriminator  with  an  accuracy  of  an  immaterial 
constant  coefficient  is  approximately  determined  by  the  following  quantity: 

z(t,  A)»i Q(t,  x -}“ 8)|*  —  | Q (/ ,  x  —  8)|*  = 

*=|  j  h(t  —  s)u{s  —  x  —  i)y  (s) t'^ds |  — 

~oo 

|  j  h(t  —  s)u(s~  •  (7.3.1) 

—00 

It  is  obvious  that  the  degree  of  approximation  in  general  is  better,  the  less  the 
magnitude  of  detuning  6;  quantitative  characteristics  of  the  degree  of  approximation 
of  operation  (7.3.1)  to  (7.2.6)  can  be  obtained  in  the  course  of  analysis. 

Operations  (7.3.1)  are  realized  by  two  channels,  each  of  which  is  built  just 
as  an  optimum  receiver  of  a  rapidly  fluctuating  signal  in  conditions  of  detection 

(Chapter  XV).  Reference  signals 
utilized  in  the  channels  have  a 
difference  in  delays  of  25.  The 
corresponding  block  diagram  is 
shown  in  Fig.  7.5.  The  received 
signal  y(t)  is  fed  to  two  mixers, 
in  which  it  is  multiplied  by  the 
expected  signal,  shifted  in 
frequency  the  magnitude  of  inter¬ 
mediate  frequency  a>np  and  in 
delay  by  quantities  tq  -  A  +  5 
and  t0  -  A  -  6,  respectively 
(A  =  t0  -  t).  In  practice  heterodyning  of  the  signal  and  its  multiplication  by  a 
modulating  signal,  for  instance,  a  delayed  strobe  in  pulse  modulation,  can  be 
carried  out  separately,  but  for  analysis  this  is  not  Important.  Output  signals  of 
mixers  are  filtered  in  narrow-band  filters,  tuned  to  the  intermediate  frequency, 
and,  after  detection  by  square-law  detectors,  they  are  subtracted.  The  physical 


Fig.  7.5.  Block  diagram  of  a  discriminator 
with  two  staggered  channels:  1  —  preampli¬ 
fier;  2  —  controlled  modulated  coherent 
local  oscillator;  3  —  mixer;  4  —  narrow-band 
filter;  5  —  square-law  detector;  6  —  sub¬ 
tractor. 

»,(/)=  •»•«.(< =  Re  «,(/- t+»)e‘(**+"i»P,<. 
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essence  of  all  these  operations,  besides  subtraction,  obviously,  is  the  same  as 
during  detection  (Chapter  IV),  and  needs  no  further  discussion. 

In  practice,  reference  signals  in  such  a  circuit  may  differ  somewhat  from 
sounding  signals  (for  instance,  noncoincidence  of  the  form  of  the  strobe  and  the 
pulse),  and  also  due  to  any  kind  of  nonidentity  may  differ  among  themselves, 
Therefore,  in  general,  in  one  of  the  channels  there  is  used  reference  signal  u^(t)  j- 
^  u(t),  and  in  other,  Ug(t)  £  u(t).  Furthermore,  the  frequency  response  of  the 
narrow-band  filters  may  also  differ  from  optimum  (7.2.5).  Taking  into  account 
these  circumstances  output  voltage  of  the  discriminator  of  Fig.  7.5,  in  general, 
is  described  by  the  following  expression: 

z(t,  A)=|  J  ht(t  -  s)  ut  (s  -  X.  +  (5)  tlm»ds  |*~ 

HJP 

- 1 K  V  -  *)  «,  (s -<.+  *  +  t)y  (s)  e'-ds  f. 

where  to  pulse  responses  h^(t)  and  h2(t)  there  correspond  frequency  responses 
H^itn)  and  H2(iai),  and  the  true  value  of  delay  in  the  formula  for  the  correlation 
function  of  y(t)  (7.1,1)  is  designated  t^. 

7.5.2.  Identical  Modulation  of  the  Reference  and  Sounding  Signals 
Of  all  idealizations  of  real  discriminators,  probably,  the  most  fundamental 
is  the  difference  of  the  frequency  responses  of  narrow-band  filters  from  optimum, 
although  quantitlvely  this  distlnctio?i  is  not  necessarily  the  most  important.  The 
fact  is  that  in  an  optimum  system  the  frequency  response  of  the  filter  depends  on 
the  magnitude  of  the  signal-to-noise  ratio  and  should,  in  principle,  be  corrected 
in  the  course  of  operation  as  the  latter  changes. 

It  is  of  considerable  interest  tc  consider  a  discriminator  with  filters  not 
depending  on  the  signal-to-noise  ratio  h,  and  to  investigate  its  behavior  during 
change  of  this  ratio.  In  particular,  it  is  interesting  to  consider  that  case 
when  for  a  certain  h  we  achieve  coincidence  of  the  frequency  responses  of  optimum 
and  real  filters,  but  for  all  others  they  differ. 

In  order  to  investigate  the  influence  of  the  difference  of  frequency  responses 
of  filters  from  optimum  we  shall  first  consider  a  somewhat  idealized  case,  when 
u^(t)  -  u2(t)  -  u(t),  h^(t)  -  h2(t)  ^  h(t),  Presenting  in  (7.5.2)  the  squares  of 
moduli  in  the  form  of  the  product  of  complex  conjugate  integrals  and  averaging  the 
the  product  y(s1)y(s2),  we  obtain  the  following  expression  for  the  discrimination 
characteristic : 
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from  which  it  follows  that  null  shift  A0  ■=  0,  and  steepness  of  the  discrimination 
characteristic 
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This  equality  is  satisfied  thanks  to  properties  of  the  real  and  imaginary  parts  of 

#  f  *-  t 

0(A),  which  guarantees  that  C(-A)  =  C  (L)  and  C  (-A)  =  -C  (A). 

Likewise,  we  can  obtain  an  expression  for  the  correlation  function,  and 
through  it  an  expression  for  the  spectral  density  of  the  output  voltage.  We  shall 
do  this  in  some  detail: 

R*  (f|,  ~  7  {^n  A)  2  (^j,  A)  —  z  (/,,  A)  z  {tv  A)  = 

=  5  J  1  l*,*i,''‘+''~,X(ti-Si)hi(tt-St)X  . 
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X  «(«.-%  +  A  -  8)  a*  (*,-*.+ A-  8)1  - 
-la(s,-t,4-  A  -f8)a«(s4  — T.  +  A-f-  8)]  X 
XI y  (si)  y  (st)  y  (s>)  y  (*«) — y  (st)  y  (s,)  y  (s,)  y  (sjj  ds^ds^s^  (7.3.5) 

Further  calculations  can  be  made  with  the  help  of  the  known  expression  for  the 
fourth  mixed  moment  of  a  multi-dirnenslonal  normal  disuribulion 

7(Si)  y  (St)  y(Sj)T(s*) = ylsjy  (s,)  y  (st)y  (st)  + 

+y(Si)y  (S,)  y  (St)  y  (s4)  -\-y(sx)y  (s4)  y  {st)  y  (s,)  = 

=  R  (s,,  $|)  R  (st  1  s4)  R  (s,,  s,)  R  (Sg,  $«)  -j- 

+  /?(«,.  sJR(sv  st),  (7.3.6) 
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During  calculation  of  statistical  characteristics  of  quantity  z(t.  A)  one 

should  consider  the  following  circumstance,  appearing  due  to  use  of  complex  nota¬ 
tion,  and  essentially  simplifying  the  calculations.  Output  voltage  of  the 

discriminator  z(t.  A)  in  optimum  and  nonoptimal  circuits  Is  in  the  form  of  the  sum 
of  a  product  of  form  £(t)q*(t),  where  £(t)  and  q(t)  are  complex  high-frequency 
normal  random  processes,  whose  total  spectrum  width  is  small  as  compared  to  the 
magnitude  of  the  carrier  frequency,  identical  for  both  processes. 

A  known  property  of  such  processes  is  equality  to  zero  of  the  mathematical 
expectation  of  products  4(t1)4(t2)  and  ^(t^T^tg)  for  any  t1  and  t...  Then  from 
(7.3.6)  it  follows  that 

TO  V  (',) « (*«)  n*  ('.) =*(<,)  V  (/,)  6  (<•)  ^  (U  + 

This  circumstance  gives  us  the  possibility  during  substitution  of  (7.3.6)  in 
(7.3.3)  to  reject  product  R(s1,  s^)R(Sg,  s^),  integration  of  which  with  factor 
exp  { id^Q ( -  Sg  +  s^  -  3^))  all  the  same  gives  zero  thanks  to  rapid  oscillation 
of  the  integrand.  Sul stitu ting  the  remaining  terms  in  the  integral,  replacing 
s  -  tq  by  s,  and  rejecting  the  remaining  high-f requency  terms,  we  obtain 
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Averaging  in  this  expression  modulating  functions  u(t)  over  the  time  under  the 
sign  of  the  integral,  integrating  the  expression  for  Rz(t.^,  tg)  over  tg  -  t^, 
and  dividing  the  obtained  expression  for  spectral  density  at  zero  by  the  square  of 
steepness,  for  the  fluctuation  characteristic  of  the  discriminator  we  have 


S...(4)=i  ]  l«,(i-)r{j[|C(4+«)|'- 

00 

- 1  c  (A  -  8)|*|  h'Sl  (•)  +  H  c  (A  +  8)1*  -H  C  (A  -  8)|*  - 

-2ReC*(28)C*(A-  8)C(A  +  8)]  AS,(«)+[l-iC(26)|*]  }<** : 

00 

: 8A* ^Re C (8) C* (8)  —  j*  |//l(i®)|*St(«,)^]9.  (7.3.7) 

— ao 

It  is  not  difficult  to  prove  that  with  small  detunings  5  and  optimum  frequency 
response  this  expression  completely  coincides  with  (7. 2. 20).  From  (7.3,7)  for 
equivalent  spectral  density  ^  (0)  for  zero  mismatch  we  can  obtain  the 

following  expressions 

m 
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Investigating  the  dependence  of  this  expression  on  6,  it  is  simple  to  prove 

A  O 

(this  is  easily  done,  considering  small  6,  when  C(6)  ■»  1  +  ia5  -  -^bb  ) ,  that  S3HB 
monotonically  decreases  with  decrease  of  6,  passing  to  the  limit  as  6  -*■  0,  which 
for  |H1(ico)|2  =  | HQ ( ioo) |  2  from  (7,2,5)  is  equal  to  SonT  from  (7,2.15).  This 
fact  leads  to  the  requirement  of  realization  of  small  detuning  between  channels  of 
the  discriminator.  However,  with  decrease  of  5  proportionally  to  (b  -  a  )6 
steepness  of  the  discrimination  characteristic  decreases.  This  means  that  to 
preserve  the  required  high  speed  operation  of  the  closed  measuring  system  it  is 
necessary  proportionally  to  decrease  of  6  to  increase  gain  in  the  open  circuit  of 
the  range  finder.  This  circumstance  forces  us  to  take  in  real  systems,  built  on  the 
considered  scheme,  such  5  for  which  steepness  is  not  very  small  or  is  even 
maximum.  Fortunately,  as  we  shall  subsequently  prove  in  concrete  examples,  the  value 
of  with  increase  of  5  up  to  values  of  6,  turning  into  a  maximum  the  steepness 
K„,  differs  little  from  the  value  of  S_,_  with  zero  detuning  5.  This  gives  us  the 

Oiu3 

possibility,  without  specifying  the  form  of  modulation,  to  investigate  the  depend¬ 
ence  of  on  characteristics  of  filters, 

oKB 

For  5,  close  to  zero,  using  the.  expansion  for  C(6),  from  formula  (7.3.8) 
we  obtain: 
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(7.5.9) 


Let  us  calculate  the  magnitude  of  S„_  for  certain  of  the  most  commonly  used 

3  KB 

forms  of  spectral  density  of  fluctuations  and  frequency  response  of  a  filter.  If 
spectral  density  S0(co)  is  uniform  in  band  AfQ  ,  and  the  filter  has  a  rectangular 
frequency  response  with  band  Af^,  then 


2  (*-<£) 


<$•*» — {  Mi 


2(b  —  a*)t f,k'  * 


(7.5.10) 


If  the  correlation  function  of.  the  signal  is  approximated  by  an  exponential  func¬ 


tion,  l.e., 


$.<•)— 


■(-at 


(7.5.H) 


and  narrow-band  filtration  is  carried  out  by  an  LRC-filter  with  the  response  of  a 


low-frequency  equivalent 


J/f»  (<•)!* —  77  m  vj» 

,+w 

where  Af  —  effective  width  of  the  spectrum  of  fluctuations ; 
c 

Af  a  —  effective  pass  band  of  the  filter,  then 


(7.5.12) 


Sin  — 


(l+xff)+A(l+2$f) 

:  4(*-a*)  h'&ft 


(7.5.15) 


If  spectral  density  S0(<n)  has  the  form  (7.5.11),  and  filtration  is  carried 


out  by  a  filter  with  a  rectangular  frequency  response,  then 


«A/* 

*  _  ■2s£  +  *,tcl«l U7 

Sm  —  ”4F~T - ~( - n&U  \2  • 

~AM*-a^.rctg-2M77 


(7.5.14) 
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with 


This  expression  practically  coincides  for  all  values  of  Af^  /Af  Q 
(7.3.10). 

Let  us  further  consider  the  case  of  a  spectrum  of  fluctuations,  approaching 
±oo  somewhat  more  rapidly  than  (7. 3.11),  when 


» 


and  that  of  the  corresponding  filter 


In  this  case 


[Ht  (/•)!■= 


['+(w)T' 


(7.3.15) 


(7.3.16) 


c  _  B(l+jc)«  +  /k|5+20x  +  29x*+ 16x*l 
•"*  16  (6  -aWf'jr  (I  +2*)* 


(7.3.17) 


where  x  -  J  . 

c 

Comparing  these  expressions  with  formulas  for  the  case  of  an  optimum  filter 

(7.2.15)  for  a  uniform  spectrum  of  fluctuations  in  band  Af  and  a  rectangular 

c 

frequency  response,  we  obtain 


S»Kt _ 

Son 


X  ' 

h  x 
1  +  h 


x<  1, 
*>1. 


(7.3.18) 


For  spectrum  (7.3.11)  and  filter  (7.3.12)  this  ratio  is  equal  to 

e==  (l+*«)  +  A(l+2x) 

2x^1  +  A(l  +  +  h)  UO.  y 

Dependences  (7.3.18)  and  (7.3.19)  are  shown  in  Fig.  7.6,  Analysis  of  them 
shows  that,  as  one  should  have  expected,  ratio  ^KB/SonT  for  a  certain  x  = 

Af, 

=  T-**!-  attains  a  minimum,  equal  to  one.  For  a  rectangular  spectrum  this  minimum 


c 

is  reached  at  x  =  1,  and  for  the  spectrum  of  (7. 5. 11)  it  is  when  x  =  +  h .  Ex¬ 

pansion  of  the  passband  of  the  filter,  which  is  most  Interesting  from  the  technical 
point  of  view,  leads  to  especially  unpleasant  consequences  for  a  small  si.gnal-to- 
noise  ratio.  When  h  «  1  ratio  has  the  order  of  x,  i.e.,  fluctuation 

error  grows  proportionally  to  the  passband  of  the  filter.  For  larger  values  of  h 
expansion  of  the  band  plays  a  considerably  smaller  role.  Ratio  ^  here  has 
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the  order  1  +  (0.5  to  1)— ,  and  with  growth  of  h  it  approaches  one.  At  working 
signal-to-noise  ratios  (h  ~  3  to  10)  and  expansion  of  the  band. to  x  ~  10  increase 
of  S  does  not  exceed  50%  for  the  spectrum  of  (7.5.11)  and  '5%  for  a  rectangular 

spectrum. 


Fig.  7.6.  Influence  of  the  pas eland  of  the  fil¬ 
ter  on  accuracy  of  range  finding;  -  rectangu¬ 

lar  spectrum  of  fluctuations  and  rectangular 

frequency  response  of  the  filter;  -  exponential 

correlation  function  of  fluctuations  and  exponen¬ 
tial  pulse  response  of  the  filter. 


Let  us  give  another  expression  for  the  spectral  density  of  parametric  fluc¬ 
tuations.  Expanding  ^^(A)  from  (7.5.7)  in  the  vicinity  of  &  =  0,  we  obtain 
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w  *«  {( C'  (»)  |*  +  C»  (<)  C*  (2»)  +  C  (8)  \C*"  <»)  -  C*  (24)  C"  («)]}  ,,  , 


This  expression  shows  that,  in  distinction  from  an  optimum  circuit,  in  the 
given  ease  parametric  fluctuations  increase  without  limit  with  decrease  of  h; 
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however,  since  as  h  -*•  0  normal  fluctuations  grow  as  1/h  ,  they  play  a  considerably 
large  role.  With  high  signal-to-r.oise  ratios  h,  when  the  influence  of  paramexrlc 
fluctuations  is  substantial,  the  term  with  1/h  in  Sn  is  small  and,  does  not  play 
a  role.  Furthermore,  the  coefficient  of  this  term,  depending  on  6,  for  not  very 
large  values  of  8  is  small.  As  6  -*  0  it  has  the  order  of  6“",  increasing  with 
increase  of  8  up  to  values,  ensuring  maximum  steepness  of  the  order  of  one.  Let 
us  note  that  the  tendency  of  Sn&p  for  small  6  to  reach  a  finite  limit,  not  depend¬ 
ing  on  h,  is  one  more  basis  for  selection  in  real  circuits  of  sufficiently  small 
detunings . 

It  is  interesting  to  note  that  the  main  component  of  parametric  fluctuations, 
not  depending  on  the  slgnal-to-noise  ratio  in  the  two-channel  circuit,  depends 
neither  on  the  magnitude  of  detuning  nor  the  form  of  modulation  in  general.  This 


component  is  equal  to 


lltn  Snln - 


m 

j  |  H, 

-00 _ (< _  . 


(7-5.21) 


where  coefficient  a  has  the  order  of  one,  insignificantly  changing  with  change 
of  spectral  density  of  the  signal  and  of  frequency  respond  of  the  filter.  In 
particular,  for  rectangular  Sy(w)  and  [ ( ioo ) | 2  (Af^  2  Af  c  )  coefficient  a  =  1, 
and  for  SQ(co)  and  |  ( Ico )  |  2  from  (7.5.11)  and  (7-5.12) 


*=-+-r-+rh  <*=»/*/*/.>• 


7.5.5,  Influence  of  the  Finite  Magnitude  of  Detuning 
Without  specifying  yet  the  form  of  modulation,  we  can  make  certain  important 
conclusions  about  the  influence  of  the  finite  magnitude  of  detuning  5  on  character¬ 
istics  of  the  discriminator.  Turning  to  formula  (7.5.8)  for  S  with  arbitrary 
detuning,  it  is  easy  to  see  that  it  reduces  to  formula  (7-5-9)  for  equivalent  spec¬ 
tral  density  with  zero  detuning  if  we  introduce  certain  equivalent  magnitudes  of 
the  cignal-to-noise  ratio  h  and  mear.  square  spectrum  width  (b  -  a  )0R^  and  takes 
the  form 
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(7.5.22) 


(7.5.23) 

(7.3.24) 


Thereby,  the  nature  of  the  dependence  of  accuracy  of  measurement  on  character¬ 
istics  of  narrow-band  filters,  on  the  ratio  of  bands  of  fluctuations  and  of  the 
filter;  studied  at  zero  detuning,  completely  is  preserved  with  arbitrary  detuning, 
and  quantitative  calculations  for  the  last  case  reduce  to  substitution  in  the 
formulas  (7.5.9),  (7-5.10),  (7.3.13),  (7.3.14)  and  (7.3.1?)  obtained  above  of  quan- 

o 

titles  h^^g  and  (b  -  a  )aKB.  Similarly  we  can  also  use  graphs  giving  the  dependence 
of  ^g/SonT  and  S9{(E  the  ratio  of  bands  Af  ^  /Afc  and  the  signal-to-noise 
ratio  h. 

Selection  of  a  finite  magnitude  of  detuning  leads  to  a  certain  change  of  the 
frequency  response  of  the  filter,  ensuring  minimum  equivalent  spectral  density.  If 
from  formula  (7.3.9)  for  the  case  of  zero  detuning  this  characteristic  is  equal 
to  the  optimum  (7.2.5),  which  it  is  possible  to  show  by  direct  variation  of  expres¬ 
sion  (7.3.9),  with  finite  detuning  the  minimum  of  S0HB,  obviously,  is  at 


i'wwr= 


4i«.St  (>) 

1  + *»..$.<«)  ? 


(7.3.25) 


In  particular,  for  a  spectrum  of  form  (7.3.11)  this  .leads  to  change  of  the 
optimum  band  to 

Afeoru  —  Mo  |/ 1  ^8K»* 

The  nature  of  the  dependence  of  h  and  (b  -  a  )9KB  on  the  magnitude  of  detuning  we 
shall  study  in  examining  concrete  forms  of  modulation.  However,  it  is  possible  to 
indicate  that,  in  general,  the  magnitude  of  ratio  *1a^/h  <  1,  and  ratio 
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mim  v  -v  vist 


op  2  2 

(o  -  a  ^^/(b  -  a  )  may  be  larger  or  less  than  one,  where  (b  -  a  ^^/(b  -  a  )  <1 
only  for  such  signals  for  which  C(5)  does  not  have  zeroes  for  finite  S  and  function 

C(Q)  decreases  to  infinity  no  faster  than  its  derivative  C’(6).  In  most  real  cases 

2 ) 

(b  -  s2)gKB/(ti  -  a2)  >  1,  but  so  that  the  product  -  inversely  proportional 

b-a^  h 

to  which  spectral  density  increases  due  to  finite  detuning  for  laige  h,  and  all 

(b-a2 )  h2 

the  more  so  product  - .  ■  — ■___j  characterizing  this  increase  for  small  h,  is 

b-a^  n 

always  smaller  than  one. 

As  we  shall  subsequently  prove,  in  working  conditions,  i.e.,  for  6,  smaller 

p  p 

or  of  the  order  of  6MaK^  both  ha<g/h,  and  also  (b  -  a-t'^{B/(b  -  a  )  in  many  cases 
differ  so  insignificantly  from  one  that  it  is  unnecessary  to  talk  of  any  influence 
of  detuning. 


7.3.1*.  Noncoincidence  of  Modulations  of  Reference  and  Sounding  Signals 
Let  us  consider  now  the  difference  in  the  forms  of  modulating  voltages  of  the 
sounding  and  reference  signals.  It  is  obvious  that,  assuming  u^Jt)  f  ug(t),  we 
cover  also  the  most  simple  case  of  imbalance  of  gain  in  two  channels,  for  which 
u^(t)  and  ug(t)  coincide  in  form,  but  differ  in  amplitude.  Returning  to  formula 
(7,3.2)  for  output  voltage  of  the  discriminator  in  general,  considering  again 
h^(t)  =  hg(t)  (the  most  important  nonidentity  of  filters  —  the  difference  in  gain 
factors  —  we  already  allowed  for,  considering  u^(t)  ^  ug(t))  and  producing  necessary 
operations  of  averaging  and  integration  just  as  in  the  preceding  paragraph,  it  is 
possible  similarly  to  (7.3*3)  to  obtain  the  following  expression  f'-r  the  discrimina¬ 
tion  characteristic: 


whe  re 


2(t,  A)  =  ^/*lCll(0)-Ctl(0)H- 
4-  II  c„  (A  —  8)  1*  - 1  Cm  (A  +  8)  1*1  X 


(7.3.26) 


(7.3.27) 


and  uQ(t)  =  u(t),  i.e.,  subscript  0  pertains  to  the  sounding  signal.  From  (7. 5. 26) 
we  can  obtain  the  following  formulas  for  steepness  and  systematic  error: 


-229- 


(7.3 .28) 


X  Re  K?,.  (-  «)  C* .  (-  8)  -  C\.  (8)  C*„  (8)] , 

A,—  |  c,.(-  8)  |*  - 1  C,.(8)  P 

U  J  ^ //,(<«*)  l’S.(«»)^- 

:  rTiC„(-  8)  C*ti<-  8)  -  CM  (8)  C\t  (8)].  (7.3.29) 


Likewise,  we  can  find  the  expression  for  equivalent  spectral  density  (we  shall 
limit  ourselves  to  the  formula  for  zero  mismatch): 

i//l(|«)r  nc„<o)r-Hcli<o)r- 

- 1  (28)  p  - 1 C* (28)  P  +  2hSt  (•)  (C„  (0)  |  Cl#  (-  8)  p  + 

+  CM  (P)  |  C„  (8)  P  -  Re  C„  (-  28)  C*lt  (-  8)  C\.  (-  8)  - 
-  Re  Cu  (28)  C*„  (8)  C*w  (8))  +  A*S*  («)  ( |  Cl#  (-  8)  |*  - 

- 1 CH  («)  P  PI  <*•  j :  |4  RelC^-S)  C*l,(-8)-C'^8)C*I,(8))X 

Xjl*MMI*  $.(<“)*“  V-  (7.3.30) 


These  results  cover  a  broad  class  of  cases  and  permit  us  for  all  concrete 
examples  to  investigate  the  dependence  of  systematic  and  fluctuating  errors  on 
the  form  of  the  reference  signals.  Le:  us  consider  certain  particular  cases.  We 
separate  first  of  all  conditions  in  which  there  is  no  systematic  error.  As  follows 
from  (7.3.29),  A(J  =  0  for  all  h,  if 

1)  C„(p)*C„<P);  2)  IC1.(~S)1«  =  |C,.(B)1*.  (7-3.31) 

The  first  condition  requires  equality  of  powers  of  reference  signals  and 
includes  the  condition  of  equality  of  gain  factors  in  the  channels,  The  second 
condition  requires  symmetry  of  reference  signals,  expressed  in  equal  correlation 
of  "lagging"  and  "leading"  reference  ‘signals  with  the  expected  signal.  Both 
conditions  are  normal  specifications,  fulfillment  of  which  should  be  sought  during 
practical  developments. 

If  (7.3.31)  Is  satisfied,  in  the  formula  for  S„„_  the  component  not  depending 

oKB 

on  the  signal-to-nolse  ratio  turns  into  zero,  and  3  —■  0  as  h  -*■  co,  as  o,lso  for 

oKE 

coinciding  modulation. 

The  formula  for  is  considerably  simplified  if  we  assume  that  laws  of 
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modulation  of  reference  signals  are  identical.  If  the  second  of  conditions  (7.3.31) 
is  simultaneously  satisfied  (the  first  is  always  satisfied  when  u^(t)  =  Ug(t)), 
from  (7.3.50)  there  follows: 


=  {i  J  |  • Hx  («»)  r  II  cu  (0)  I*  - 1  C„  (25)  I*  4- 
4~  2AS,  (•)  (Cu  (0)  |  C„  ( —  5)  |*  — 

—  Re  Cu  (—25)  C* .(-  5)  C,.(5) )]  rf.J: 

:  2A*  [C  „( —  5)  C*l#(—  5)  —  Ct,#  (5)  C*„  (5)1  X 

(7.3.32) 

-«o  ' 

If  detuning  of  reference  signals  with  respect  to  delay  is  so  small  that  it  is 
possible  to  be  limited  to  first  terms  in  the  expansion  of  functions  0^(6),  i.e., 

C«(»)H^°)l(l+ta<**- |M*), 


from  (7.3.30)  we  can  obtain  a  formula  generalizing  (7.3.9)  for  the  case  of  noncoin' 
cident  modulation: 


■Sim  —  * 
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(7.3.33) 


|  //,  (iw)  1*S,  («»)  do 


Analysis  of  formulas  (7.3.30),  (7.3.32)  and  (7.3.33)  shows  that  the  presence 
of  any  nonidentities  and  noncoincidences  leads  to  increase  of  the  equivalent  spectral 
density.  In  general  there  appears  a  component  cf  caused  only  by  fluctuations 

of  the  signal  and  not  vanishing  with  infinite  increase  of  the  signal-to-noise  ratio. 

If  this  component  is  absent,  the  presence  of  nonidentities  changes  the  distri¬ 
bution  between  components  of  SgK^  caused  by  be 'ts  of  the  signal  with  noise  and  of 
noise  with  noise.  In  the  simplest  case,  when  v'bF  «  1  and  bli  «  Re  b^Q«  b,  a^  « 

*  a^0  ~  a,  the  presence  of  nonidentities  reduces  to  equivalent  decrease  of  the 
signal-to-noise  ratio  to 


(7.3.34) 


and  (7.3.33)  passes  into  (7.3.9)  with  replacement  of  h  by  h^. 

In  the  more  general  case  we  are  able,  Just  as  in  Paragraph  7.3>3,  to  reduce 
formulas  (7.3.32)  and  (7.3«33)  to  a  very  simple  formula  for  the  case  of  coinciding 
modulations  and  zero  detuning  (7.3,9)  by  introducing  the  equivalent  signal-to-noise 

p 

ratio  hgKBand  the  mean  square  spectrum  width  (b  -  a  Then  for  arbitrary  modula¬ 

tion  of  reference  signals  u^(t)  =  u£(t)  4  u(t)  and  arbitrary  detuning  we  again  have 
formula  (7.3.22),  where 


.  U  ^ II  C„  (—*)!*—  Re  C„  (-  2$)  C*„  (-  4)  Cu  (4)| 
n* “  ~~  n  I  — !  C„  (—  M)  |* 


(7.3.35) 


(b - 0*))KB - 

{  Re  [C'tt  (- «)  C*h  (-  9)  -  C'u  («) C*„  (8)1}*  lt-lC„  <  -  28)  |’J 

4 tT<r„ r- a)  i*~  Re c„  (- 28)  C*„  (- 9)  C„  («))"  '  (7.3-36) 


Reference  signal  u^(t)  for  simplicity  of  recording  in  these  formulas  was 
normalized  so  that 


T 

C„  (0)=lira  — -  «,  (0 1’  —  1- 


(7.3.37) 


Thus,  the  already  considerably  more  complex  case  of  noncoincident  modulations 
and  finite  detuning  reduces  to  the  very  simple  case  of  zero  detuning  with  coinciding 
modulation.  This  gives  us  the  possibility  of  using  for  calculation  of  final  quanti¬ 
tative  results  the  same  few  formulas  and  graphs  of  Paragraph  7.3.2,  which  together 

Q 

with  calculation  of  quantities  (b  -  a  )„,,.  and  h___  permit  us  actually  to  answer 
all  questions  related  to  analysis  of  accuracy  of  a  discriminator  with  detuned 
channels  in  linear  approximation, 

§  7.4,  Discriminator  with  Switching  of  Reference  Signals 

7.4.1,  Block  Diagram  of  the  Discriminator 
Solution  of  the  problem  of  identification  of  channels  in  a  two-channel  circuit 
is  connected  with  great  technical  difficulties.  Therefore,  preserving  the  principle 

o 

of  approximate  replacement  of  the  derivative  of  functional  |Q(t,  t)|c  by  a  finite 
difference,  it  is  possible  to  try,  instead  of  simultaneous  formation  in  the  meter 
of  quantities  j  Q,  ( t ,  t  +  B )  j  2 ,  |Q(t,  t  -  6)j2  and  their  difference,  to  form  the  shown 


-Sidil 
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quantities  consecutively,  periodically 


Fig.  7.7.  Block  diagram  of  a  discrim¬ 
inator  with  switching  of  reference 
signals:  1  —  preamplifier:  2  —  con¬ 
trolled  coherent  local  oscillator;  3  - 


mixer;  4  —  narrow-band  filter;  5  — 
square-law  detector;  6  —  phase  commu- 
tator  w 

=  R<  ii|  t— M (01®*  *  ■p  • 


changing  tuning  of  the  discriminator  relative 
to  the  measured  value  of  t .  This  is 
attained  by  application  of  the  one  channel 
of  Fig.  7.5,  to  the  mixer  of  which  there 
is  alternately  fed  "leading"  and  "lagging" 
reference  signals,  and  the  sign  of  output 
voltage  of  the  detector  correspondingly 
is  changed  by  a  phase  switcher  (Fig.  7*7). 

During  analysis  of  the  discriminator 
of  Fig.  7.7  we  naturally  assume  that 


reference  signals  are  identical,  although  they  may  differ  from  the  sounding  signals. 


and  that  the  time  constant  of  the  narrow-band  filter  is  small  as  compared  to  the 
period  of  switching  Tn.  Nonfulfillment  of  last  condition  would  lead  to  averaging 
of  the  error  signal  in  the  filter  and  to  sharp  decrease  of  the  gain  factor  of  the 


discriminator.  With  these  assumptions  output  voltage  of  the  discriminator  will  be 


1 

r(J,  A)  —  J  h,  (t  -  s) «,  l)y(s)  e,m*ds 
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where  f(t)  is  a  sequence  of  meanders  with  period  Tn. 

Voltage  z(t,  A)  constitutes  a  nonstationary  random  process  with  periodic  non- 
stationariness.  In  smoothing  circuits  of  the  servo  system  of  a  range  finder,  due  to 
their  inertia,  there  occurs  averaging  of  this  nonstationariness .  In  connection  with 
this  the  magnitude  of  fluctuating  error  is  determined  by  the  spectral  density  corre¬ 
sponding  to  the  time -averaged  correlation  function  of  voltage  z(t,  A).  Then,  in 
accordance  with  (6.2.4)-(6.2.5),  the  discrimination  characteristic,  the  gain  factor 
and  the  fluctuation  characteristic  are  determined  by  the  following  expressions: 


z(t,  A)=.  jr-J  L)di^\z(t,  A), 


a>  (t,  a)  1 


4A 


U=o 


6K 


4=0 


.•  % 


(A)  =  ^  f  dx  ±  f  [z  (<  -f  T,  A)  z  («,  A)  - 

A  jL  0 


—  A )z(i,  A)j dt. 


(7.4.2) 
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where  z(t,  A)  corresponds  to  the  case  of  a  two-channel  discriminator  where  u^(t)  = 

=  u2(t)  and  h^t)  =  hg(t)  (7.3.15). 

7.4:.2,  Characteristics  of  the  Discriminator 

'  -  i 

Formulas  (7.4,2)  peimit  us  to  directly  use  for  a  discriminator  with  switching 
of  channels  the  results  obtained  earlier  for  a  two-channel  discriminator.  In 
particular,  the  .discrimination  characteristic  and  the  gain  factor  differ,  other 
things  being  equal,  by  only  a  factor  of  1/2.  Systematic  error  is  absent  when  there 
is  symmetry  of  the  reference  signal,  where 

In  other  cases  A0  is  determined  by  formula  (7.?.l8)  with  C10(&)  =  C20(&). 

Thus,  as  in  preceding  paragraphs,  with  the  given  assumptions  with  respect 
to  the  frequency  of  switching  we  can  obtain  an  expression  for  the  equivalent,  spec¬ 
tral  density. 

«o 

i  j  I VW  0  C„  <0)  I*  +  24  S,  («)  I  C,t  (-  »)  |*J  rf«  + 

Sw,B  =  {fe  K*'..  (-  •> <>,.  (-  «)  -  («))  X 

4-  **Af ,A  ^  0  £>•  ( —  *)  i*  + 1 C  u  (®)l  *1 


X  2k  JlW 


,<<•)!»  5*  (-)  dm 


where 
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a  f-U\^JL  V  B{2'  -fr) . 
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(7.4.4) 


E(cd)  -  a  quantity,  proportional  to  the  spectral  density  of  fluctuations  at  the 
detector  output, 


*30 

a  W  =  J 1  -  to)  p  5.  (—  *) !  //,  (is)  I*  S,  (s)ds. 


(7.4.5) 


An  essential  peculiarity  of  the  considered  discriminator  is  the  presence  in 
SgKB  of  a  component  not  depending  on  the  signal-to-noise  ratio  but  proportional  to 

A(tr — j-* - ).  This  means  that  in  a  range  finder  with  such  a  discriminator  fluctua- 

1  n  1  c 


ting  error  does  not  approach  zero  with  unlimited  decrease  of  noises.  Physically 
this  is  explained  by  incomplete  correlation  of  those  components  of  output  voltage 
of  the  discriminator  in  various  half-periods  of  frequency  switching  which  are 


*1 
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I 
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caused  by  the  presence  of  fluctuations  of  the  reflected  signal,  and  the  related 
impossibility  of  their  compensation,  as  occurs  in  a  two-channel  system  carrying  out 
instantaneous  comparison  with  "lagging"  and  "leading"  reference  signals.  Such 
components  of  S__  occur  in  all  measuring  systems  where  the  discrimination  character- 
istic  is  created  by  consecutive  measurement  of  correlation  between  the  received 
and  expected  signals  for  various  values  of  the  measured  parameter.  A  characteristic 
example,  as  we  shall  subsequently  see,  is  angle  measurement  by  scanning.  The  presence 
of  such  components  is  a  serious  deficiency  of  such  systems. 

With  slow  switching,  when  Af c  Tn  »  i, 


The  case  of  switchings,  rapid  as  compared  to  signal  fluctuations,  when 

a(7*_ _ )  -♦  o,  can  be  presented  only  if  the  band  of  the  filter  exceeds  by  many 

c  n 

t im>" s  the  width  of  the  spectrum  of  fluctuations  Af.  .  Here,  the  period  of  switching 


0  0,i  1,0  if  It  2,f  AO 

*ftT» 


Fig.  7. a.  Dependence  of  the  relative  mag¬ 
nitude  of  the  residual  equivalent  spectral 
density  on  the  product  Afc  Tn  . 


may  be  small  as  compared  to  the  time 
constant  of  the  filter,  but  large 
as  compared  to  the  time  of  correla¬ 
tion  of  fluctuations.  For  exponen¬ 
tial  correlation  and  an  LRC-filter 
with  band  Af  ^  calculation  of 

function  A(AT  1  m  -■)  can  be  conducted 
ai  c  n 

for  an  arbitrary  switching  frequency 

p  =  — i— .  In  the  case  interesting 
n  T  n 

us  X=F7  >>  1 : 


A 


With  increase  of  F  n  function  A  for  1  f— )  decreases  rather  slowly.  Its  graph  is 
n  m  c  n 

constructed  in  Fig.  7.8. 

With  slow  switchings  and  fulfillment  of  the  condition  of  the  absence  of 
systematic  error  the  formula  for  S3KB  is  simplified  and  takes  the  form 
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where  we  again  normalized  u^(t)  so  that  C^(0)  =  1.  With  coinciding  modulations 
function  C10(6)  is  replaced  by  C(6).  Noncoincidence  of  modulations  of  the  reference 
and  sounding  signals  again  can  be  described  by  introduction  of  the  equivalent  signal- 


to-noise  ratio,  depending  on  0: 


*.  tICM(*)l* 

—  n  TZ'WF* 


(7-4.9) 


Then,  if  we  introduce  for  the  case  of  coinciding  modulation  the  special 


designation 


m 

-g  J \Hi  (to) I* (t  +  A |  C  (8)  |* 5. (•)!* dm 

— PO _ 
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the  equivalent  spectral  density  with  noncoincident  modulations  is 


where 


I ( —  4)  I*  |Re  C'  (4)  C*  (8))* 


C'„  (—  4)  C*i,  (—  4)J* 


(7.4.11) 


(7.4.12) 


is  the  equivalent  change  of  the  square  of  the  slope  of  the  discrimination  charac¬ 
teristic. 

In  formulas  (7.4.8),  (7.4.9),  (7.4.11)  and  (7.4.12)  and  henceforth  we  assume 
that  the  condition  of  the  absence  of  systematic  error  is  satisfied. 

We  also  give  an  expression  for  the  fluctuation  characteristic  and  spectral 
density  of  parametric  fluctuations  for  the  case 
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(7.^.1?) 


Formulas  (7.4.8)  and  (7.4.14)  show  that  both  nonparametric  and  parametric 
fluctuations  essentially  depend  on  the  form  of  signal  modulation  and  the  magnitude 
of  detuning  6,  For  any  finite  values  of  h  and  any  C^0(6)  quantity  S9HB  changes 
monctonieally  depending  upon  5,  turning  for  a  certain  6  into  a  minimum.  The  magnitude 
of  this  optimum  value  of  detuning  essentially  depends  on  the  form  of  the  signal  and 
the  magnitude  of  the  signal-to-noise  ratio  u.  For  small  values  of  h  the  minimum 
of  is  attained  at  value  of  6.,  which  turns  the  slope  of  the  discrimination 
characteristic  into  a  maximum;  for  larger  h  the  optimum  value  of  6  increases.  We 
shall  Investigate  the  character  of  the  dependence  of  SgKB  on  &  in  more  detail  when 
we  examine  concrete  forms  of  modulation;  however,  in  general  it  is  possible  to 
indicate  that  in  circuits  with  switching  there  are  all  grounds  on  which  to  select 
detuning  equal  to  that  value  of  It  which  maximizes  the  gain  factor,  or  somewhat 
larger. 

In  distinction  from  (7.?.-'i‘),  in  ♦’his  ??s»  both  components  of  Sn&p  depend  on 
the  form  of  modulation  and  detuning  5.  This  dependence  is  such  that,  for  small  6, 


S  may  be  negative,  l.e,, 
nap 


in  the  vicinity  of  A  =  0. 


the  fluctuation  characteristic  may  have  its  maximum 
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Such  a  character  of  the  dependence  SgK^(A)  means  that  in  the  considered  case, 
if  S^p  <  0,  there  is  no  sense  in  talking  about  parametric  fluctuations.  In 
examining  linearized  conditions  we  should  consider  fluctuations  not  to  depend  on 
mismatch.  If,  however,  we  try  to  allow  for  the  dependence  of  SgKB(A)  on  mismatch, 
then,  even  being  limited  to  small  A,  we  have  to  solve  a  nonlinear  problem,  consi¬ 
dering  also  the  dependence  of  the  discrimination  characteristic  on  A.  For  large 
6  the  dependence  of  S^B(A)  on  A  has  a  normal  character,  and  analysis  of  the  range 
finder  as  a  whole  can  be  conducted  by  the  usual  means.  As  follows  from  (7.4.10), 
for  6,  turning  the  gain  factor  into  a  maximum,  the  component  of  S  nfip  of  the  order 
1/h  disappears,  just  io  the  addition  to  the  basic  term,  and  S;;ap  turns  out  to 
coincide  with  (7.3.14),  i.e.,  Snap  =  .  For  a  certain  smaller  value  of  6 

depending  on  h,  the  magnitude  of  S_QT,  turns  into  zero.  The  considered  character  of 

iTa-p 

change  of  SgKB  and  Snap  from  6  is  rather  unique  a.nd  essentially  distinguishes  a 
circuit  with  switching  from  the  optimum  and  two-channel  circuits. 

7.4.3*  Optimum  Filter  for  a  Discriminator  with  Switching 
The  dependence  of  S_.„on  the  form  of  frequency  response  of  the  filter  has  an 
interesting  character.  Let  us  consider  this  dependence  for  the  case  of  low  fre¬ 
quency  switching.  Composing  the  variation  of  S3KB  from  (7.4.8)  with  respect  to 
| ( loo ) | 2  and  equating  it  to  zero,  we  obtain  the  following  equation,  determining 
the  optimum  frequency  response: 

I  Ht  ( irn )  P  It  +  A I  C„  (8 )  I*  s.  («)1  J  I  ,  (*'*)  r  S.  (*>  dx  - 

— CD 

- (•)  J I (ijc)|* It  -f  h | C,.(5) |2 S.(Jf)|* dx -0,  (7.4.15) 

which,  obviously,  is  satisfied  when 


ih.(»)i-=iw...  (*■>!■=  i, ■ 


(7.4.16) 


This  result  shows  that  an  optimum  filter  for  a  discriminator  with  switching,  ensur¬ 
ing  a  minimum  equivalent  spectral  density,  may  substantially  differ  in  its  charac¬ 
teristics  from  the  usual  optimum  filter  (7.2.5).  With  fulfillment  of  (7.4.16) 

= - 


f  si  («)</«• 

J  +  (7.4.17) 
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For  any  real  spectrum  of  fluctuations  [Sq(q)  is  different  from  a  rectangular 
function]  S3KB-*-  0  as  h  -*•  co.  The  order  of  decrease  of  depends  on  the  form  of  the 
spectral  density  and  is  always  slower  than  i/h. 

The  difference  between  optimum  filter  (7,4,16)  and  a  usual  one  from  the 
theoretical  point  of  view  is  explained  by  the  fact  that  in  this  case  during 
synthesis  of  the  optimum  discriminator  we  impose  an  additional  technical  condition. 
This  condition  is  that  at  every  moment  of  time  we  can  form  the  likelihood  functional 
[actually  functional  Q(t,  t)]  for  only  one  value  of  t.  In  principle  in  an  optimum 
system  values  of  this  functional  should  be  formed  for  all  t;  however,  as  we  proved 
in  the  example  of  a  discriminator  with  staggered  channels,  with  observance  of 
certain  conditions  it  is  practically  sufficient  to  form  this  functional  simultaneously 
only  for  two  differing  values  of  parameter  r.  The  additional  technical  limitation, 
naturally,  leads  to  change  of  the  form  of  the  optimum  system  and,  as  any  limitation, 
leads  to  loss  in  characteristics  of  the  synthesized  system.  This  loss  may  be  slight, 
but  it  always  exists  in  principle,  being  the  cost  of  the  attained  technical  simpli¬ 
fication. 

Let  us  investigate  in  .more  derail  the  frequency  response  of  an  optimum  filter. 

For  small  ^ | q ( & ) | 2  this  characteristic  coincides  with  the  form  of  the  spectrum  of 


»A 


Fig.  7.9.  Frequency  response  curve  of  an 
optimum  filter. 


fluctuations  and  with  the  usual  optimum 
frequency  response  for  small  h.  With 
growth  of  h|  f)(& )  |  “  the  difference 
between  (7.4.16)  and  (7.2.5)  becomes 
essential.  For  frequency  response  curve 
(7.4.16)  there  is  a  dip  at  o>  =  0,  the 
depth  of  which  decreases  as  l/h| q(5) | ^, 
and  two  maxima,  the  separation  of  which 
increases  with  increase  of  h]C^0(6)|  . 

In  the  particular  case  of  an  exponen¬ 
tial  correlation  of  fluctuations 


Fig.  7.-LC.  Fundamental  circuit  of 
an  optimum  filter. 


A|C1.<«)|'/l+“^ 

I #•«(*») I*  =  - - - sHr.  (r.4. 18) 

I +A|C„  (•)!•+— J 

The  graph  of  this  function  is  constructed  in 
Fig.  7.9.  Frequency  response  (7.^.l8),  taking 
into  account  transfer  to  intermediate  frequency 
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u^p,  can  be  formed  by  the  circuit  of  Fig.  7.10  when 

t  1  1  I  _ OAf 

KTEtT 


In  a  system  with  optimum  filter  (7.4.18)  S3KB  is  expressed  by  the  formula 

«  __  i  n±*i£i»gij!^ 

_  2Ajf7  A*  (Re  C'„<«)  C*  „  (ajp'  (7.4.19) 


This  expression,  as  also  (7.3.8),  for  a  certain  6  turns  into  a  minimum,  but  in 
distinction  from  the  general  case  it  approaches  zero  as  h  -►  oo  as  l/-/h.  Thus,  even 
with  an  optimum  l liter  the  circuit  with  switching  for  a  large  signal-te-noise  ratio 
has  a.  loss  as  compared  to  a  two-channel  circuit,  growing  as  v^h.  Detailed  comparison 
of  circuits  with  detuning  and  with  switching  requires  specification  of  the  form  of 
function  C10(6),  and  therefore,  we  postpone  it  to  subsequent  paragraphs.  Here  we 
can  only  note  that  in  general  both  for  an  optimum  filter  (7.4.16)  and  for  an 
arbitrary  one  loss  In  accuracy  during  use  of  a  circuit  with  switching  with  respect 
to  an  optimum  and  a  two-channel  one  is  greater,  the  greater  h.  For  small  h  it  may 
be  moie  or  less  immaterial,  but  for  large  h,  when  fluctuating  error  of  the  range 
finder  is  caused  basically  by  the  randomness  of  the  signal,  it  attains  considerable 
magnitudes.  For  a  normal  filter  loss  grows  proportionally  to  h;  for  an  optimum 
filter  it  is  somewhat  slower,  for  instance,  for  filter  (7,2.18),  as  Vh.  This 
peculiarity  is  an  unpleasant  property  of  a  circuit  with  switching. 

Let  us  estimate  now  what  gain  application  of  an  optimum  filter  gives  in  a 
circuit  with  switching.  Let  us  consider  for  this  again  the  spectral  density  of  a 
signal  of  form  (7.3.11)  and  frequency  response  of  form  (7.3.12).  Substituting  Mv.v. 
in  the  formula  for  (7.4.8),  we  obtain 
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(1+  *)*+  4  |  Ci«  («)  |*  (i  f  2x)  +  4*  |  C„  (9)|«  (2*+  yqp^) 

'  24/ c  -Wx  (Re  C'„(«)C* „  (3)1*  ’ 


(7.4.20) 


where  x,  as  before,  is  Af ^  /Afc. 

Then  ratio  7  of-  equivalent  spectral  densities  during  use  of  LKC-filter  (7.3.12) 
and  optimum  filter  (7.4.18)  is 

(l  +  *)•+  4  |  C„  («)  |*(l  +  2*)  +  4’  1  C„  (9)  |*  (ix  +  jgM 

- - - - - - ~.  (7.4.21) 
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Dependence  "y(x)  for  various  h|c1(^(&)|2  is  shown  in  Fig.  7.H*  For  small 

p 

h I c±o ( 6 ) i  tflls  dependence  has  a  clearly  expressed  minimum  at  x  »  1,  where  the 
magnitude  of  the  minimum  is  close  to  one,  which  is  naturally  explained  by  practical 
coincidence  when  h|c10(8)[2  «  l  of  characteristics  of  an  optimum  and  an  LKC-filter 

p 

when  x  =  1.  With  increase  of  h|G^g(6)|  the  minimum  is  shifted  in  the  direction 
of  large  x,  and  curve  ■y(x)  in  the  vicinity  of  the  minimum  is  all  the  more  shallow, 
so  that  there  appears  a  zone  within  which  change  of  the  band  of  the  LRC-filter 
practically  does  not  affect  S^.  The  loss  as  compared  to  an  optimum  circuit  in 
this  zone  comprises  approximately  a  factor  of  Width  of  the  zone  grows 

rapidly  with  increase  of 
h|C10(5)|2.  If  for  h|C10(6)|2  = 

=  10  error  of  measurement  almost 
does  not  change  with  triple 
change  of  band,  then  for 

p 

h|C10(6)|  =  100  error  remains 

practically  constant  with  change 
of  the  band  by  a  factor  of  200. 

The  gain  during  use  of  an 
optimum  filter  is  explained  by 
the  fact  that  in  a  circuit  with 
switching  useful  components  of 
the  spectrum  are  transferred  to  the  frequency  of  switching,  and  therefore,  suppression 
of  signal  fluctuations  concentrated  near  zero  frequency  and  playing,  at  low  noises, 
the  basic  role  in  formation  of  fluctuating  error,  which  is  attained  by  use  of  a 
frequency  response  curve  with  a  dip  near  zero,  turns  out  to  be  useful.  The  magnitude 
and  width  of  the  dip  by  formula  (7.4.16)  is  automatically  selected  in  such  a  way 
as  to  ensure  minimum  equivalent  spectral  density. 

§  7.?.  Discriminator  with  Differentiation  of  the  Reference  Signal 

7,5.1.  Block  Diagram  of  the  Discriminator 
In  §  7.2  we  already  saw  that  an  optimum  discriminator  can  be  built  by  the 
circuit  of  Fig.  7.2  and  consist  of  two  channels,  to  one  of  which  there  proceeds  tne 
reference  signal,  and  to  the  other,  its  derivative  with  respect  to  t.  The  advantage 
of  the  circuit  with  differentiation  of  the  reference  signal  as  compared  to  a  circuit 
with  staggered  channels  is  that  operations  performed  by  it  can  be  made  identical  to 
optimum  operations  without  decrease  of  the  slope  of  the  discrimination  characteristic. 


Fig.  7,11.  Influence  of  nonoptimality  of  the 
filter  on  equivalent  spectral  density. 
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One  of  the  basic  difficulties  connected  with  realization  of  such  a  circuit 
consists  in  forming  reference  voltage  for  the  channel  in  which  the  received  signal 
should  be  mixed  with  the  derivative  of  the  sounding  signal.  However,  in  certain 
cases  this  difficulty  is  surmountable.  For  instance,  with  frequency  modulation 
reference  signals  of  the  local  oscillator  are  equal,  respectively,  to 

Re  u  (t  —  t)  e  = cos  ((«„  -j-  «„„)  *  +  <!*(/  —  ,)], 

—  (*  —  *)  sin  IK+®ni.)  t  -f-  q  (/  —  x)J. 

It  is  possible  to  form  these  signals  with  the  help  of  the  circuit  of  Fig,  7.1'-'-',  - 
The  signal  of  the  master  oscillator,  delayed  t,  enters  the  frequency-modulated  local 

oscillator  at  whose  output  there  is  obtains 
the  first  reference  signal.  The  second 
reference  signal  is  obtained  from  the 
first  as  a  result  of  a  shift  of  rr/2  and 
amplitude  modulation  by  the  law  ZVa(t  -  t). 
In  the  case  of  sinusoidal  frequency  modula¬ 
tion  (Aco(t)  =  cos  Sit)  the  second  re¬ 
ference  signal  is  obtained  by  simple- 
shift  of  the  first  in  frequency  by  and 

by  phase  shift. 

During  technical  realization  of  the  block  diagram  of  Fig.  7.2  there  arc-  possible 
all  sorts  of  deviations  from  optimum  operations,  the  influence  of  which  we  snail  / 
now  estimate.  Denoting,  as  in  §  7.?,  by  u^.(t)  and  u^(t)  the  laws  of  modulation ''of 
the  reference  signals  in  the  first  and  second  channels  and  considering  the  filters 
identical,  we  obtain  the  following  expression  for  discriminator  output,  generalizing 
(7.2.7): 

z(t,  A)--=Re  J  J  —  s.Kto—S  —  AJX 

X  u\ (s,  - -  A)y  (, st)y  (s.) 

7.5.2.  Characteristics  of  the  Discriminator 

Averaging  expression  (7.5.1)  as  usual,  we  obtain  the  following  formula  l'oi-  the 
discrimination  characteristic : 


m 


Fig.  7.12,  Block  diagram  of  forming 
of  reference  signals  with  frequency 
modulation:  1  —  controlled  master 
oscillator;  2  -  frequency-modulated 
local  oscillator;  J>  -  tt/2  phase 
shifter;  4  —  amplitude  modulator. 
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(7.5.2) 


i(M)  =  ■ £  J  i  Hx  (i«)  I*  Re  [C„  (0)  + 

+  AS,  (.)  Cj£-A)C*„  (-  A)]  dm, 

where  Cj^A)  are  determined  by  formula  (7.3.16),  from  which  it  follows  that 

K *  -  -  J  |  Ht  <»•)  |*S,  (•)  dm  X 

x  Re  |C'„  (0)  C*„  (0)  -I-  C*„  (0)  C',*  (0)1, 

OO  v 

-L  j  | //,(/•)  |*d« 

— ReC„(0)C*1^0)-f-ReC„(0)  - \ : 

;Re  (C'„  (0)  C*„  (0)  -j-  C*t,  (0)  C'„  (0)]. 


A,= 


(7.5.3) 


From  the  last  expression  it  follows  that  systematic  error  is  absent  for  any  h,  if 

Re  Cu  (0)= Re  C„  (0)  C*„  (0)  =0.  (7.5.4) 


These  conditions,  obviously,  lead  to  the  requirement  that  when  there  is  a  symmetric 
sounding  signal  one  reference  signal  be  symmetric,  and  the  other,  antisymmetric. 
Determining  the  correlation  function  of  voltage  z(t,  A)  and  subjecting  it  to 
the  required  transformations,  it  is  possible  to  obtain  an  expression  for  equivalent 
spectral  density 


S.m  =  {4j  J  l^(‘*)nC„(0)CM(0)  +  ReC^(0)  + 

.  +  AS,  (-)  (C„  (0)  1  C„  (0)  |3  +  C„  (0)  |  C„  (0)  |J  + 

-f  2  Re  C„  (0)  C„  (0)  C*„  (0))  -f  haS20  (®)  (j  C0l  (0)  C0il(0)  |*  -f 

+  Re  Cq,(0)  Cl  (0))  dm) :  2A*  {  Re  [C ..  (0)  C*„  (0)  + 

CO 

+  c*„ (0) C„ (0)1  —  j  |//, (no) I* s, («) dmj*.  (7.5.5) 

—  GO 


Prom  this  expression  it  again  follows  that  the  presence  of  nonidealnessrs  leads 
to  the  appearance  of  a  component  of  no!,  depending  on  h.  As  also  in  the  circuit 

of  Fig.  7.5,  this  component  disappears  together  with  disappearance  of  systematic 
error,  i.e.,  with  fulfillment  of  conditions  (7.5.4).  In  general,  formula  (7.3.5) 
with  an  accuracy  of  coefficients  coincides  with  the  corresponding  formula  (7.3.19) 


-243- 


for  a  discriminator  with  staggered  channels.  If,  in  particular,  differentiation 
of  the  reference  signal  is  sufficiently  accurate,  which  in  certain  cases  is  fully 
practicable,  i.e.,  Ug(t)  =  u'^(t),  and  the  main  reference  signal  u^(t)  differs 
from  the  sounding  signal  u(t)  due  to  the  difference  of  modulation  characteristics 
of  the  local  oscillator  and  the  transmitter,  with  fulfillment  of  (7.4.4)  the  spec¬ 
tral  density  of  is  determined  by  a  formula  which  coincides  with  (7.3.5?)  for 
a  discriminator  with  staggered  channels  with  small  detuning.  Obviously,  expression 
(7.3.9),  satisfied  for  u^t)  =  u(t),  also  remains  valid. 

All  these  circumstances  indicate  that  the  dependence  of  equivalent  spectral 
density  for  the  considered  discriminator  on  the  signal-tc-noise  ratio  h  and  the 
band  of  the  filter  actually  has  already  been  investigated  earlier  in  §  7.3,  and  ii 
remains  for  us  only  to  repeat  the  conclusions  presented  there. 

It  is  essential  that  in  the  considered  circuit  nonidentity  of  gain  factors  In 
channels  does  not  lead  to  the  appearance  of  stationary  error,  and  that  density 
of  phase  responses  plays  the  basic  role.  If  u.,  (t)  and  Ug(t)  coincide  with  u(  ■.  )  and 
u'(t)  with  an  accuracy  of  constant  phase-  shift,  for  instance: 

MO  =  «<0e\ 

where  9  —  phase  delay  in  one  channel  relative  to  the  other,  then,  as  it  is  easy  to 
prove, 


a  a  sin  ■ 


C|*  (0)  C*„  (0)  -C,,  (0) = <ae'?, 

00 

^  J  |//.<l«)i»[l  +AS.(w)ld« 


Op 

'iflH.il. 


(7.<3.h) 


>)  |»S,  («)  d  « 


The  contrition  of  the  absence  of  systematic  error  consists,  thus,  of  the  equality 
to  7.eio  of  quantity  a,  i.e,,  the  requirement  of  symmetry  of  the  power  spectrum  of 
modulation.  Phase  shift  leads  also  to  increase  of  equivalent  spectral  density. 

When  a  -  0  quantity  increases  as  compared  to  (7.3.9)  by  a  factor  of  1/cos'-  <p. 

In  conclusion  let  us  give  the  expression  for  the  fluctuation  characteristic 
of  a  discriminator  with  d i f fe rent iat ion  of  the  reference  signal.  Limiting  oursolve 
to  the  case  u^ ( t )  =  u(t),  Ug(t)  =  u'(t),  we  obtain,  completely  analogously  to 


This  expression,  obviously,  differs  from  (7.?. 20)  only  by  replacement  of 

O 

hSQ(ui)|[l  +  hSQ(<»)]  by  an  arbitrary  frequency  response  j ( ico )  |  .  Calculating  the 
second,  derivative  of  £^KB(A)  from  (7.5.7)  when  A  =  0,  it  is  simple  to  prove  that 
spectral  density  of  parametric  fluctuations  of  Snap  is  determined  by  the  very  simple 
formula  (7.3.21),  occurring  for  a  circuit  with  staggered  channels  as  h  — »•  co. 

With  this  we  complete  our  general  consideration  of  time  discriminators.  In 
the  following  paragraphs  we  shall  turn  to  concrete  forms  of  modulation  of  the  sound¬ 
ing  signal.  Inasmuch  as  the  dependence  of  characteristics  of  discriminators  on  the 
signal-to-noise  ratio  and  characteristics  of  filters  was  considered  in  general  form, 
subsequently  we  shall  be  interested  basically  in  the  dependence  of  SgHB  and  on 
detuning  of  channexs  with  respect  to  delay  and  on  nonidentity  of  the  reference  and 
sounding  signals.  Characteristics  of  filters  we  consider  optimum.  Corrections 
for  noncoincidence  of  bands  and  frequency  responses  of  filters  with  the  optimum 
can  be  introduced  by  the  above  results.  Furthermore,  we  subsequently  consider  that 
spectral  density  of  the  fluctuating  signal  is  determined  by  formula  (7.?. 11). 


§  7.6.  Pulse  Radiation 

Pulse  radiation,  thanks  to  a  series  of  well-known  technical  advantages,  is 
widely  used  in  contemporary  radar.  With  pulse  radiation  we  can  use,  obviously,  all 
the  schemes  for  construction  of  a  discriminator  considered  earlier.  Furthermore,  >  , 

this  case  there  is  one  more  possibility  —  multiplication  of  the  received  signal  by 
the  expected  can  be  replaced  by  transmission  of  it  through  a  filter  physically 
realizable  due  to  finite  pulse  duration,  with  frequency  response  conjugate  with  the 
spectrum  of  the  signal,  and  with  subsequent  gating  by  a  very  short  delta-shaped 
pulse.  Equivalence  of  these  methods  of  processing  was  proven  in  [4]  and  at  present 
is  well-known.  An  advantage  of  replacement  of  multiplication  by  filtration  with 
subsequent  gating  is  that  one  filter  can  be  used  both  in  the  channel  of  detection 
and  in  tracking  channels  for  measurement  of  coordinates  of  one  or  several  targets. 

In  more  detail  questions  of  realizing  an  optimum  coherent  receiver  on  the  basis  ol' 
the  principle  of  filtration  were  discussed  previously  in  Chapter  IV  in  examining 
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the  problem  of  detection. 

The  circuit  of  a  coherent  time  discriminator  with  two  detuned  channels,  using 
filtration,  has  the  form  shown  in  Pig.  7.1J.  After  the  mixer,  the  signal  enters  a 

filter  with  frequency 

A 

response  {U*(iu>  -  ia>n,. )  + 

+  U(-ico  -  iu^v  ))  and  is  gated 
by  two  gate  pulses,  detuned 
±5  from  the  measured  ya lu 
of  delay.  After  gating,  the 
signals  are  filtered  by 
narrow-band  filters,  'lut'-'otc:-! 
and  subtracted.  Analogously, 
we  can  convert  a  circuit  with 
differentiation  of  the  refer¬ 
ence  signal,  date  pulses 
in  this  case  coincide,  and  the  filter  corresponding  to  the  channel  with  the  deriva¬ 
tive  has  frequency  response 

1  {j  («  —  «„„)[/*  (fa  —  imni>)  —  I  (®  -f-  0Dnp)  U  (—  »®  —  /»„„)}. 

Likewise  we  realize  a  circuit  with  switching.  In  the  case  of  pulse  signals  without 
additional  inbrapulse  modulation  it  is  sufficient  that  the  band  of  the  filler  coineiue 
with  the  band  of  the  signal. 

from  equivalence  of  circuits  with  filtration  and  with  multiplication  by  the 
expected  signal  (such  a  realization  of  an  optimum  circuit  for  processing  is  often 
called  a  correlation  receiver),  it  follows  that  analysis  of  their  accuracy  can  lo 
perform"'!  by  the  same  formulas.  In  this  paragraph  we  investigate  accuracy  of  rung 
finding  during  pulse  radiation  without  additional  modulation  for  different  forms  o’: 
the  pulse  and  gate  pulse  (or,  which  is  the  same,  for  different  signal  spectra  and 
frequency  response  of  the  filter  in  circuits  using  the  principle  of  optimum  filtra¬ 
tion).  In  the  absence  of  intrapulse  modulation  and  with  arbitrary  forms  of  pulses 
and  gate  pulses  all  functions  0.^(6)  are  real,  and  general  formulas  of  the  ; recoding 
paragraphs  are  somewhat  simplified. 

Most  practicable  for  pulse  modulation  are  circuits  with  detuned  channels  and 
with  switching;  therefore,  we  shall  basically  consider  discriminators  of  th'-so  forms, 
but  at  the  end  of  the  paragraph  we  shall  briefly  discuss  the  application  of  a 
d iscrJ  ir  inator  with  differentiation  of  the  reference  signal. 


Fig.  7.  ±2.  Block  diagram  of  an  optimum  discrimina¬ 
tor  with  a  matched  intermediate-frequency  amplifier 
(L'PCh)s  1  —  pi oamplif ier;  2  —  coherent  local  oscil¬ 
lator;  J  —  mixer;  4  —  controlled  generator  of  gate 
pulses;  5  —  filter  (UPCh)  with  a  frequency  response 
matched  with  the  spectrum  of  modulation;  6  —  gated 
amplifier;  7  —  narrow-band  filter;  8  —  square-law 
detector;  9  —  subtractor. 
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7.6.1.  Square  Pulse 

Let  us  consider  first  modulation  of  the  signal  by  square,  periodica  ly  repeated 
pulses  of  duration  t..  .  It  is  obvious  that  the  autocorrelation  function  for  such  a 


signal  is 


C(*)=I  — lit.  |«|<v 

C(«)  =  0,  |«|>V 


(7.6.1) 


A  characteristic  feature  of  such  a  signal  is  infinite  .root  mean  square  spectrum 
width  vT,  which  formally  leads  to  infinite  accuracy  of  pange  finding  for  any  signal- 
to-noise  ratio.  Actually  this  does  not  take  place,  since  the.  pulse  edge  always  has 
finite  duration  t^.  Thanks  to  this  the  vertex  of  function  0(6 )  does  not  have  a 
break  and  the  magnitude  of  b  is  finite.  In  examining  an  optimum  circuit  and  its 
characteristics  allowance  for  these  circumstances  is  necessary;  however,  during  the 
analysis  of  a  circuit  with  detuned  channels  and  a  circuit  with  switching  we  with  full 
right  can  use  function  C(6)  in  form  (7.6.1),  calculated  without  taking  into  account 
the  edge,  if  we  always  consider  that  detuning  5  exceeds  the  edge  duration,  and  equal¬ 
ity  of  6  to  zero  is  understood  in  the  sense  that  6  «  rK ,  but  5  >  .  If  we  consider 

the  hypothetical  case  of  a  square  pulse  of  strictly  zero  edge  duration,  then,  in 
general,  the  approach  utilized  by  us  becomes  inapplicable.  In  this  case  the  logarithm 
of  the  likelihood  functional  does  not  have  a  finite  second  derivative,  and  operations, 
calculated  on  the  basis  of  replacement  of  this  functional  by  first  terms  of  a 
Taylor  expansion,  do  not  have  meaning.  Such  a  nonanalytical  case  requires  special 
consideration,  which  leads  anew  to  finite  accuracy  of  measurement.  Such  a  considera¬ 
tion,  however,  does  not  have  any  essential  practical  interest. 

Substituting  (7.6.1)  in  the  corresponding  general  formulas  for  and  for 

the  gain  factor  and  equivalent  spectral  density  we  obtain  the  following  expressions: 


(7.6.2) 


where  D  =  2P  /l  +  h/ [  1  +  vl  +  h]  —  designation,  which  we  introduce  to  shorten  nota- 
c 

tion ; 

for  a  two-channel  circuit 


,=B“  77^/7(7rx)  ~  < ; 


(7.6.3) 


for  a  circuit  with  switching 


alLs.-^ ^ , 


s...= 


h) 


rvv 


(7-6.ii ) 


Let  us  remember  that  characteristics  of  filters  are  considered  optimum.  In  order  to 
pass  in  expressions  pertaining  to  the  two-channel  circuit  to  the  esse  of  an  LRC- 
f liter  with  an  arbitrary  band  Af  ^  =  xAffi  here  and  subsequently  one  should 

replace  in  the  formulas  A  4  h  by  x. 

The  dependence  of  on  6  is  very  simple;  the  gain  factor  decreases  proportion¬ 
ally  to  b.  Dependences  (7-6-3)  and  (7-6.4)  are  constructed  in  Figures  7.14  and  7-A'n 
respectively.  For  6  close  to  th,  spectral  density  in  both  cases  increases  without 
limit;  as  6  -*  0  for  a  two-  hannel  circuit  it  approaches  zero  (actually  a  value,  detej 
mined  by  the  duration  of  , ne  edge);  and  for  a  circuit  with  switching  it  approaches 

V(  /o  O  p 

(1  +  h)'>  i"x^/2Af  h  .  For  the  last  circuit  ^(6)  has  a  minimum,  the  existence  of 
which  one  should  use  ’when  selecting  parameters  of  the  discriminator.  This  question 
already  was  discussed  in  §  7.4.  For  the  considered  case  the  minimum  is  reached  when 


».=,.(!  _/4). 


sxt&fc 


(7-6-6) 


fO 1 


gpgp 


Fig.  7.14.  Dependence  of  equivalent 
spectral  density  on  detuning  for  a 
two-channel  discriminator. 


Fig.  7.15.  Dependence?  of  equiva¬ 
lent  spectral  density  on  detuning 
for  a  discriminator  with  switching 
of  reference  signals. 


When  h  <  ?  quantity  5„  <  0.  This  means  that  when  h  <  2  one  should  select 
detuning  close  to  zero.  When  h  >  2  the  magnitude  of  optimum  detuning  is  greater, 
the  larger  h.  All  this  confirms  the  conclusions  of  Paragraph  7.4.P  slow,  the  chai as¬ 
ter  of  the  dependence  of  optimum  f>  on  the  sigual-to -noise  ratio.  In  normal  condi¬ 
tions  (when  h  =  10  to  .30 )  detuning  should  comprise  (0.4-3  to  0.8)  zy .  If  ■>  -  f<(J, 
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»*s 

’  6f7iT‘ 


(7.6.6) 


Now  let  the  duration  of  gate  pulses  t_  differ  from  pulse  duration.  We  shall 
consider  for  definitiveness  rc  >  (the  opposite  case  if  not  of  interest  for  prac- 
5  t 

tice).  Designating  —  =  z,  and  — —  =  p>  in  accordance  with  (7.2.16)  we  obtain 

®  M  - .  . 

C«  (*) — 1  — 17= 1  ~  *pr  •  C,.  (*) = (i 

s=|/"~Ch(8),  (7.6.7) 


Substituting  these  expressions  in  formulas  (7.3.17)  end  (7.5,21)  for  the  two-channel 
circuit,  we  prove  that  the  gain  factor  decreases  as  compared  to  (7.6,2)  by  a 


factor  of  p,  and 


5,k.— 


<l+|6l  +A)«^|_^-^4-ft(i+2^r+/i)(l_z)* 


4W/,rT+ii(l-z)' 


(7.6.8) 


The  dependence  of  ratio  S  (p,  z)/S  (1,  z)  on  p  for  various  relative  detunings 

oKB  9KB 

z  is  constructed  in  Pig.  7.16.  This  ratio  varies  little  with  change  of  h  in  a 


Sj mtht.t)/S}K$(t.l) 
io  i - r 


?ig.  7.16.  Influence  of  duration  of 
the  gate  pulse  on  for  a  square 
pulse , 


sufficiently  wide  range,  especially  if 
detuning  is  small.  From  the  graph  it  is 
possible  to  establish  the  expansion  of  the 
gate  pulse  and  under  what  conditions  it  can 
be  considered  permissible.  With  sufficiently 
good  approximation  the  loss  in  magnitude  of 
spectral  density  SgKB  can  be  considered  equal 
to  p  in  al3.  operating  conditions. 

Results  for  the  circuit  with  switching 
are  still  simpler.  Since  coefficient  M(6 ) 
from  (7,4.12)  for  C10(6)  from  (7.6.7)  is 
equal  to  one  for  all  6,  and  hlgKB  from 
(7.^.9)  is  h/p,  everything  reduces  to 
equivalent  decrease  of  the  signal-to-noise 


latio  by  a  factor  of  p.  Here,  the  magnitude  of  optimum  detuning  decreases  to 


and  equivalent  speesral  density  for  any  p,  as  before,  is  characterized  by  formula 
(7.6.4)  and  the  graph  of  (7. 15)  with  replacement  of  h^  =  h/p  for  h. 

7.6.2.  Gaussian  Pulse 

Very  often  the  shape  of  the  pulse  essentially  differs  from  rectangular.  le 
o.  convenient  approximation,  corresponding  well  to  reality  in  many  cases,  is  a 
Gaussian  curve  of  form 


«(')=/! 


«<■ 

S*2 


(7.I..V 


where  t,,  —  duration  of  the  equivalent  square  pulse  of  the  same  amplitude  u^  -  i  , 
introduced  generally  by  the  following  relationship: 


(7.6  JC) 


Quantity  is  connected  with  the  duration  of  a  pulse  at  level  0.5  by  the 
obvious  relationship 


We  shall  consider  that  gate  pulses  (reference  signals )  u  (t )  also  have 


(70  Ml) 


Gaussian  form  and  duration  t  k  iit  ,  i .  e  .  . 

C  K 


«<« 

'•sr  *»? 


«  <» 

K 


(7.6.12) 


Then 


C„(*)  =  C(8)  =  e’  '  ,  C„(8)  =  e  •?. 


15) 


when  ,  as  before,  z  --  6/r^. 

Th'-  mean  square  spectrum  width  for  a  Gaussian  pulse,  obviously,  Is  equal  to 


b  —  ~  C"(0)  —  . 


(Y.i-,14) 


The  slope  of  the  discrimination  characteristic:  for  a  l wo- channel  circuit 
according  to  (7-r.2b)  is  determined  by  the  following  express  Ion: 
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K  —  n  1  l/  «*  e  «  +  i*\ 

A*  — £>  ,,  y  ,+|fctl4 

Its  maximum  is  attained,  obviously,  when 

_  _ /»+»»' _ /  1  +  (** 


(7.6.15) 


(7.6,16) 


which  increases  with  growth  of  q,  Substituting  (7.6,15)  in  (7.2.55)  and  (7.2.26), 
we  obtain  expressions,  determining  h^  and  b31ffi  for  a  circuit  with  detuned  channels 


*  e 

h  “1+1*'  _ii!i 
1  +  e  •*» 


2*z*  1  +  e  ►* 

(i  +  ***)•  =?*. 

1  — e  I" 


,  1  +  (*" 


,.,0  0  +  J*.*)"’ 


(7.6.17) 


(7.6.18) 


The  dependence  of  ratios  Kfl(6  )/Kfl  M0KG,  hM(6)/ii,  t>aKB(6)A  and  d3Iffl(6)/SonT  (for 
small  and  large  h)  on  detuning  is  shown  In  Fig.  7.17  for  the  case  of  coinciding 

signal  and  gate  pulses  (p  =  1), 
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Fig.  7.17.  Influence  of  detuning  on  charac¬ 
teristics  of  a  two-channel  discriminator  with 
Gaussian  rounding  of  the  sounding  pulse: 

- <•)/*:,„,«: - *.,.<«>/*: - *„.<»>/* 

— at  A>l;  X  X 
at  A^l. 


This  figure  graphically  chows  cow 
weakly  the  finite  quantity  of 
detuning  affects  accuracy  of  range 
finding  in  this  case.  Actually, 

for  z  =  W  b3KB/b  =  1>09'  Wh  - 
=  °*88'  bhAKBh3KB  "  h’04' 

O  P 

bh  /h9MB!)gKB=  1.1b,  i.e.,  in  the  most 
unfavorable  case  the  equivalent 
spectral  density  is  increased  by 
not  more  than  20%,  and  at  working 
signal-to-noise  ratios  this 
increase  does  not  exceed  5%. 


For  q,  differing  from  one  (we 
are  interested  in  practically  realizable  values  of  q  >1),  the  nature  of  the  depend¬ 
ence  of  b3K&/b  and  h^/h  on  detuning  does  not  change,  and  we  are  equally  justified  for 
values  of  z  s  ^-n  uslnS  the  formulas  for  zero  detuning,  Ratios  bg^/b  and  hg^h 

are  given  here  by  limiting  forms  of  expressions  (7. 6. 17)  and  (7.6.18),  allowing  us 
easily  to  analyze  the  influence  of  mismatch  of  durations  of  the  pulse  and  gate  pulse 
on  accuracy  of  range  finding.  In  particular,  for  small  h  ratio 

_  <)+(**)*  (7.6.19) 

S...0)  ~  16|*«  ' 
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fur  suffiei 


:iently  large  hQKB  =  2hu/(l  +  p.1-)  the  spectral  density  inere.t 


eases  m 


accordance  with 


$.»<!)“  **  *  (  •  • 

Dependences  (7.6.19)  and  (7.6.20)  are  shown  in  Fig.  7.16.  Formulas 
(7  .o.20)  and  Fig.  7 .18  show  that  In  this  case  expansion  of  the  gate  pulse  leads  t. 


Smt(ft)/SKt(l) 


l  Z  J  3  10 

*  • 

T'g.  7.18.  Influence  of  duration  of 
t.ne  gat'--  pulse  on  SvjKB  with  a  daussian 

• ! *  1  -'3* ■  envelop'':  -  two-channel  dis¬ 
criminator;  -  discriminator  with 

switching  of  reference  signals. 


considerably  more  unpleasant  conse¬ 
quences  than  in  the  case  of  n  square 
and  gate  pulse.  For  suffi  eb'rttly 
largo  u  spectral  density  inure,:;  "::  s 

i| 

p.  /16  for  small  h  and  ae  g'/i  for  in: 
h,  whereas  for  a  square  pulse  wo  iro.i 
an  approximately  linear  dependence  o 
p.  The  physically  stronger  <iepenu"n 
S3KB(;1-)/SaKB(l)  for  a  Gauss  i  an  pulo- 
and  gate  pulse  is  explained  by  the 
fact  that  along  with  ineroa-v:  cf  p_>vr 
of  noise  proceeding  to  the  input  of 
the  narrow-band  filter,  wnid;  occur.; 
with  expansion  of  the  gate  pulse,  -i. 
simultaneously  occurs  a  sharp  doer'  a 


of  the  gain  factor  ,  leading  immediately  to  increase  of  equivalent  spectral  d.»n«i 
All  this  imposes  more  stringent  requirements  on  duration  of  gate  pulses  in  the 
of  n  deuce inn  pulee. 

Analogous  dependences  arc  simply  obtained  for  a  circuit  with  switching,  and 
this  consideration  leads  to  analogous  conclusions.  Being  limited  to  the  case  <>•' 
tii‘  spectrum  of  (7.3.11)  and  of  optimum  filter  (7.Jt.l8)  for  n  circuit  witii  :-wi  •  <:ii 
we  obtain  the  following  expression  for  equivalent  spectral  density: 


,,  [.+rf^r<.+w>- 

,_S4f-  . . »p(-T^.)  / 


(V.-  .•  ’ 


The  dependence  of  Sg^/S^ni  on  z  for  various  values  of  h  ami  u  is  shown  in 
Fig.  r'.iy.  It  turns  out  that  the  optimum  value  of  ,  minimising  cot-para  i  i  v>e 

cKif 

v/eahly  d-pends  on  h  and  approximately  coincides  with  the  value  of  rb  tuning  v/hi-.-i. 
ensures  the  maximum  gain  factor  (7.6.16).  None o  ini:  1  dene  e  of  durations  of  the  pr 
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and  gate  pulses  leads  In  a  circuit  with  switching  approximately  to  the  same  con¬ 
sequences  as  In  a  two-channel  circuit, 

SnlfSttm  '  _  5 

In  general,  if  only  detuning  z  =  — 

th 

is  selected  close  to  the  optimum  for  any 
u,  spectral  density  increases  as: 
for  small  h 


5...  (n)  _(l  +  t*V  . 


for  large  h 


Sm  ((*■)  _  « 


(7.6.22) 


(7.6.23) 


i-f/ta  These  dependences  are  shown  in  Pig,  7.16  by 

Fig.  7.19.  Influence  of  parameters  dotted  line 

of  a  discriminator  with  switching  ao1it’ea  LXne  ‘ 

of  the  reference  signal  on  S3K^ 

-  i l  -  1; - u  =  3 •  7.6.3.  Discriminator  with  Differentiation 

of  the  Reference  Signal 

Technical  realization  of  such  a  dis¬ 
criminator  during  pulse  radiation  will 

cause,  obviously,  serious  difficulties.  If  narrow-band  filtration  of  the  signal  is 
carried  out  at  intermediate  frequency,  multiplication  by  the  differentiated  reference 
signal  u'(t),  always  having  positive  and  negative  values  (Fig.  7.20a),  can  be  carried 

out  by  means  of  multiplication 

I  of  the  signal  from  the  output 

/  \|  /  \  i  of  the  mixer  by  function  ju'(t)| 

"  \  f  (Fig.  7 .20b)  and  change  of  the 

/  phase  of  the  amplified  signal 

,  at  the  time  of  passage  of 

»>  •  b) 

Fig.  7,20.  Derivative  of  the  modulating  signal  function  u  (t)  through  zero, 

and  its  modulus.  Possibly  simpler  from  the 

technical  point  of  view  will  be 


F If.  7,20.  Derivative  of  the  modulating  signal 
and  its  modulus. 


the  circuit  of  a  discriminator  with  sine  and  cosine  channels  and  filtration  of  the 
received  signal  at  low  frequency,  analogous  to  the  corresponding  circuits  of  detectors 
(Chapter  IV).  This  circuit  is  shown  in  Fig.  7.21,  and  in  the  operations  executed  by 
it.  is  completely  equivalent  to  the  circuit  of  Fig.  7.2.  Formation  of  correlation 
integrals  (multiplication  by  reference  signals  and  filtration)  is  carried  out  in  it 
at  low  frequency.  The  necessity  of  using  two  channels  with  quadrature  mixers  was 
discussed  in  Chapter  IV.  In  each  of  these  channels  a  discrimination  characteristic 
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can  be  created,  of  course,  both  with  the  help  of  two  delay- detuned  channels  and 


with  the  help  of  switching  of  ; 

I 

reference  signals.  The  ad¬ 
vantage  of  this  Kind  of  cir¬ 
cuit  for  the  case  of  coherent 

j 

radiation  as  compared  to  the  j 

-  - 1 

circuit  of  Fig.  7.2  arid 

V'l 

approximations  to  it  can  bo  d 

possibility  of  measurement 
of  the  distance  simultaneously  — 

of  several  targets  using  on.lv 
one  filter  in  each  channel. 

Such  a  filter,  carrying  out 
accumulation  of  thn  signal 
immediately  for  all  distances  may  be  realized  by  a  charge-storage  tube. 

Since  operations  of  the  circuits  of  Figures  7.2  and  7.21  completely  coincide, 
for  the  latter  there  are  preserved  all  results  obtained  earlier.  This  pert  flirts 
also  to  all  possible  methods  of  approximate  realization  of  the  circuit  of  Fig.  7.21 
analogous  to  those  considered  earlier  for  the  case  of  filtration  in  oru.  channel  at 
Intermediate  frequency.  Let  us  consider  for  illustration  of  a  circuit  with  differ¬ 
entiation  the  case  when  the  signal  pulse  has  cosine  form 

«(0-/£cos£.  (7.6.24) 


Fig.  7.21.  Block  diagram  of  an  optimum  discrimina¬ 
tor  with  quadrature  channels:  i  —  preamplifier; 

2  —  coherent  local  oscillator;  3  —  phase  detector; 

4  -  v/2  phase  shifter;  5  —  controlled  generator  of 
reference  signals;  6  -  multiplier;  7  -  narrow-band 
low-frequency  filter;  8  —  circuit  of  addition. 


v/i.’j'  -t  —  duration  of  the  equivalent  square  pulse,  connected  with  the  duration  of 
a  pulse  of  zeroes  tq  by  relationship 

■*«=  y  V  ('■•  ••o) 

wle  assume  that  the  reference  signal  of  the  first  channel  u^t)  coincides  in 
form  with  the  signal  pulse  u^(t)  =  u(t),  and  the  reference  signal  of  the  second 
channel  constitutes  two  adjoining  identical  square  pulses  of  duration  t  /k,  one  of 
which  has  positive,  and  the  other,  negative  polarity.  In  the  variant  of  construction 
of  a  discriminator  with  filtration  at  interne  a  i  at. .?  frequency  such  a  signal  is 
generated  in  the  form  of  a  square  pulse  of  duration  Tp,  in  the  middle  of  which  there 
is  carried  out  change  of  phase  of  the  filtered  signal,  or  of  heterodyne  voltage, 
by  rr ,  If  the  reference  pulses  of  the  second  channel  have,  not  rectangular  form, 
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but  are  two  adjoining  quarters  of  a  sine  wave,  then,  obviously,  we  have  complete 
matching  of  the  form  of  modulations  of  the  reference  and  sounding  signals. 

In  the  considered  case  functions  Cik(6)  have  the  form 


C„<*)=C<*)=(l 

+i«  ^  stolil-C,.  (*)=  C..(S), 

C»(«)==l— 3^*  C„(*)=C„(«)= 
“T^K^S- 


(7.6.26) 


The  mean  square  spectrum  width  b  for  a  cosinusoidal  pulse 

L—  «* 
b 

and  quantities  necessary  for  substitution  in  the  formula  for  spectral  density  are 

C..<0)=1,  c„<0)  =  cu<0)=0,  CM(0)  =  1,  C„(0)  =  1. 

C,.(0)=0t  CM(0)=-±=sin*^. 

Kvi  "*■ 

As  follows  from  (7.5.3)»  there  is  no  systematic  error  in  this  case,  and 
equivalent  spectral  density  according  to  (7.5.5)  is 


5rjl  *»<*• 


>>ni+A$.  <•»»** 


'HI* 


_  _ 


'****'  j  \H, (/«•) |*S,  («•)</«•  j* 


(7.6.27) 


Expression  (7.6.27)  differs  from  E^g  for  the  case  of  coinciding  modulations 
only  by  factor 


b 

IC'fW] 


64x.*ln«^* 


(7.6.28) 


characterizing  the  decrease  of  the  slope  of  the  discrimination  characteristic  and 
the  related  increase  of  equivalent  spectral  density.  The  dependence  of  S^/S  onT 
Tc 

on  •—  =  u  is  shown  in  Fig.  7.22.  With  sufficiently  good  selection  of  duration  of 
the  gate  pulse  [tc  =  (2  to  5)^]  the  loss  caused  by  noncoincidence  of  modulations  is 
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.-practically  immaterial,  and  -with  selection  -of  the  proper  frequency  response  of  the 
filter  the  considered  circuit  almost  does  not  differ  from  the  optimum. 


§7.7.  Continuous  Radiation 

i>rr - - - - - —  In  the  case  of  a  coherent  signal  of 

jy  \ _ ■. _ _v_  special  interest  is  application  of  eontin- 

"•v  \  uous  radiation.  This  is  caused  by  the 

fg _ . .  fact  that  in  a  number  of  cases  it  may  be 

V  ’  the  most  profitable  in  terms  of  power, 

0 - ^ - - - - - 

since  it  permits  us  for  a  fixed  peak,  power 

9  — — — - - of  the  transmitter  to  ensure  maximum 

j  average  power  and,  consequently,  the 

*  \  ~  greatest  accuracy  of  range  finding.  An- 

I  I  .  I  other  advantage  of  continuous  radiation 

U  U  U  *V  .*4 

is  simplicity  of  realization  of  frequency 

Fig.  7.22.  Influence  of  mismatch  of 

the  reference  signal  with  the  sound-  selection,  which  is  the  most  effective 

ing  signal  on  S  . 

means  of  combatting  passive  Interferences 
[3^].  During  continuous  radiation  we  can  use  the  most  diverse  forms  of  modulation: 
amplitude,  frequency,  phase-code  manipulation,  random  amplitude,  phase  or  frequency 
modulation  [1,  12,  27,  35-37].  Below  we  shall  consider  some  of  the  possible  forms 
of  modulation. 


7.7.1.  Frequency  Modulation 

Let  us  consider  first  a  signal  with  periodic  frequency  modulation  according  to 
the  law  &u(t) (sinusoidal  and  triangular).  We  shall  consider  the  amplitude  of 
function  Aa>(t)  equal  to  u)m,  so  that  deviation  (maximum  change)  of  frequency  is 
equal  tc  2r^.  The  corresponding  laws  of  modulation  are  shown  in  Fig.  7.23.  A 

discriminator  with  frequency 
yk  4  - r  modulation  can  be  constructed 

/  \  «•  /  \  **m 

X  \  |  /  \  |  on  any  of  the  previously  con- 

VI  sidered  circuits.  It  is  possible 

*  _  fl T  _  lw  I  that  the  most  suitable  from  the 

h - - H  h - - H 

technical  point  of  view  will 

a}  b) 

Fig.  7.23.  Change  of  frequency  during  frequency  be  circuit  with,  differen- 
modulation:  a)  triangular  modulation;  b)  sinus¬ 
oidal  modulation.  tiation  of  the  reference  signal. 
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Fig.  7.23.  Change  of  frequency  during  frequency 
modulation:  a)  triangular  modulation;  b)  sinus¬ 
oidal  modulation. 


We  consider  first  the  case  when  modulation  of  reference  signals  is  not 
distorted.  Autocorrelation  functions  c(5)  for  FM  signals  are  determined  for  values 
of  6  which  are  small  as  compared  to  the  period  of  modulation  by  the  following 
relationships: 

for  sinusoidal  modulation 

C(l)=/.(*JS);  (7.7.1) 

for  triangular  modulation 


C(9)—~ 


(7.7.2) 


where  JQ(x)  —  Bessel  function. 

Equivalent  spectral  density  for  a  circuit  with  differentiation  is  determined 
by  formula  (7.3.9)/  where  in  both  cases  a  =  0,  and  b  =  ■£=  for  sinusoidal  modulation 


CD 


and  b  -  for  triangular  modulation.  Thus,  frequency  modulation  by  triangular  law 
in  principle  by  a  factor  of  Vi. 5  gives  greater  fluctuation  error  than  sinusoidal 
modulation  with  the  same  deviation  of  frequency.  Remaining  dependences,  essential 
for  a  circuit  with  differentiation  (dependences  of  on  the  signal-to-noise  ratio, 
bands  and  frequency  response  of  filters)  were  already  studied  earlier  and  need  no 
further  discussion. 

We  shall  investigate  new  how  qualities  of  a  discriminator  change  depending  upon 
detuning  6  when  we  use  a  two-channel  circuit  and  a  circuit  with  switching.  The  slope 
of  the  discrimination  characteristic  in  both  cases  is  proportional  to  Jo(®mB)Ji(a>mB) 


for  sinusoidal  FM  and  to 


o 

sin 


“5® 


(sgr  -  ««  v) 


Ctg  for  triangular  FM.  For  a  circuit 


with  two  detuned  channels  quantities  hg^  and  characterizing  change  of  proper¬ 
ties  of  the  discriminator  with  finite  detuning,  in  accordance  with  (7.3.23)  and 
(7.3.24),  are  expressed  in  the  following  way: 
with  sinusoidal  modulation 


1+/.  (2».«V 


(7.7.3) 

(7.7.4) 


with  triangular  modulation 


/ 


■  -/«*■«»*  V 

,  —  A  l  l 

kma  —  n 


l+s&~ 


iflli  —  • 


u 


«  ,1*f.  ,  *in  2»«*  I 

I  firsts 

1 — ».« 


(7-7.5) 


(7.7.6) 


The  magnitude  of  equivalent  spectral  density  is  determined  here  by  formula 
(7.3.22)  with  substitution  in  it  of  (7.7.3)-(7.7.6).  In  particular,  for  small  h 
for  sinusoidal  PM 


for  triangular  FM 


Sot 


***  l— igO»J>  . 

"  w?  <•«*>  '2  («-*)  ’ 


(7.7.7) 


-(WT 


(7.7.8) 


With  sufficiently  large  hm  the  corresponding  formulas  have  the  form 


(7.7.9) 

(7.7.10) 


The  dependence  of  ratios  W6)A>  hara(6)/n»  Kc(6)AaUaKc  “><*  W8)/scnT 
according  to  (7.7.7)  and  (7.7.9)  on  detunihg  6  with  sinusoidal  FM  Is  3hown  in 
Fig.  7.24.  Analogous  dependences  for  triangular  FM  are  shown  in  Fig.  7.25.  From  these 
graphs  it  is  clear  that  the  magnitude  of  detuning  plays  practically  an  identical 
role  in  both  cases.  Selection  of  detuning,  just  as  in  the  previously  considered 
case  of  modulation  by  Gaussian  pulses,  is  best  produced  from  condition  of  a  max¬ 
imum  gain  factor  i.e.,  50  »  i-  for  sinusoidal  FM  and  5&  *  for  triangular  FM. 

m  ja 

The  equivalent  spectral  density  increases  here  to  a  still  smaller  degree  than  in 
Paragraph  7.6.2. 

For  large  hg^  in  both  cases  is  practically  equal  to  one,  but  for 

small  h  spectral  dersity  S^with  such  detuning  is  increased  in  all  by  4-6£.  To 
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find  the  character  of  relationship  Sg^Sj/SonT  for  intermediate  values  of  h  in 
Fig,  7.26  we  show  this  ratio  during  sinusoidal  FM  for  various  h.  The  frequency 
response  of  filter  H^iaj)  is  assumed  to  coincide  with  the  optimum  (7.2.5)  for 
spectrum  (7.5.II).  It  is  obvious  that  here  2^(0)  =  SonT. 


#  ui  P  w  if  w  a 

¥ 

Fig. 7.24.  Influence  of  detuning  on  the 
characteristic  of  a  two-channel  discrimi¬ 
nator  with  sinusoidal  FM: 


9  55  u  Tn  a as  ~ vs 

¥ 

Fig. 7. 25.  influence  of  detuning  on  the 
characteristic  of  a  two-channel  discrimi¬ 
nator  with  triangular  FM: 


•."-...is,,, <tysMV at  *>':  -x~x-sOT.<*ys#if  at  »>»:  -x-x-»iB,<»VS„, 


at  *<*• 


at  *<»• 


U5  u  vs  a  as  ts  as 

Fig.  7.26.  Influence  of  detuning  on 
for  a  two-channel  discriminator 

with  sinusoidal  FM. 


Thus,  the  examples  considered  here 
once  again  confirm  the  fact  that  with 
any  reasonable  selection  of  detuning 
a  two-channel  circuit  practically  does 
not  differ  from  the  optimum  when  there 
are  coinciding  laws  of  modulation  of 
the  reference  and  sounding  signals. 

To  find  the  character  of  Sg^O) 
in  a  circuit  with  switching  we  shall 
limit  ourselves  to  the  case  of  spectrum 
(7.3.11)  and  the  corresponding  optimum 
filter  (7. 4.18).  Then,  in  accordance 
with  (7. 4.19),  with  sinusoidal  modulation 


(7.7.11) 


Ratio  Sgj^ 8 )/SonT  for  the  given  circuit  is  shewn  for  various  values  of  h  in 
Fig.  7.27.  This  dependence  is  more  substantial  than  with  modulation  by  Gaussian 
pulses  and  an  analogous  discriminator  circuit.  The  minimum,  occurring  for  a  certain 
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•  us  IF  m  a  of  cr  t» 

Fig.  '(.21.  Influence  of  detuning  on" 

for  a  discriminator  with  switching  of 
reference  signals  during  sinusoidal  FM. 


ya&ue  V:  is  rather,  deep..  The  optimum  value  of  6.  equal  to  5Q,  as  follows  from  the 

*  ifc-'  '  *•  f  .  ~  -  •  '  r  *  .  1  -  .  v 

|  graph,  increases  with  increase  of  the 

y  — V  I  .  — • — —  ~n  signal-to-noise  ratio  h.  For  small 

'  ^ ^  >  jni  .  h  this  value  coincides  with  6,  for  which 

, JV  ■ — - — — \^j  ~n - l  \\  the  6ain  factor  wiH  maximum;  for 

"y  ™  \  ^ . .  if\  ''  larger  h  it  increases,  approaching  a 

*  \  >  ~  ■  ff  III  r  value,  corresponding  to  the  first  root 

*  .  r  S  of  function  Jq(x). 

*  |  v  cSy-  J"  -  Presence  of  a  mini  mum  for  ) 

.  Ml  .  -  I 

. I  should  be  allowed  for  during  practical 

f  m  '*  ’  I 

W  OJ (I  tS  U  tW  construction  of  a  system.  Incorrect 

-  Jjgf 

selection  of  detuning,  as  follows  from 

Fig.  1.27.  Influence  of  detuning  on  S~ 

for  .  discriminator  with  .witching  of  Fle'  T‘27’  le“ds  to  1"pcrmleslbly 

reference  signals  during  slnueoldal  PM.  losses  of  accuracy.  inasmuch  as  norm- 

ally  the  sane  system  should  be  used  for 

different  values  of  signal  power  (at  different  distances),  one  should  select  5  equal 

to  Oq,  corresponding  to  such  a  value  of  h  at  which  the  most  stringent  requirements 

are  made  on  accuracy  of  the  system;  this  usually  takes  place  at  maximum  ranges  to 

the  target,  when  the  value  of  h  has  the  order  of  5-10.  The  optimum  value  of  6., 

here  is  about  1.5/a^,  and  fluctuation  error  is  1.5-2  times  larger  than  the  minimum. 

The  dependence  of  £*KB(6)/SonT  on  h  has  a  normal  character.  For  small  h  the  loss 

is  comparatively  small;  with  growth  of  h  quantity  &^(0)/3nn,  increases,  which  is 

caused  by  a  different  order  of  decrease  of  for  large  h  in  an  optimum  circuit 

and  In  a  circuit  with  switching. 

Results  for  triangular  FM  turn  out  to  be  cceiple tely  analogous;  optimum  values  cf 
5,  at  which  Sg^S)  will  be  minimal,  and  the  actual  curves  for  £*wp(6)/S r.,.  practically 
coincide  with  the  curves  for  sinusoidal  FM. 

In  real  circuits  with  FM  the  reference  and  sounding  signals  are  obtained  by 
means  of  frequency  modulation  of  separate  generators.  With  such  a  construction 
due  to  noncoincidence  of  modulation  characteristics  of  the  transmitter  and  local 
oscillator  the  laws  of  modulation  may  not  coincide.  A  very  simple  case  of  not.- 
coincidence  is  difference  in  frequency  deviations.  The  influence  of  this  phenomenon 
on  accuracy  can  be  calculated  by  the  formulas  of  the  preceding  paragraphs.  We  shall 
limit  ourselves  to  circuits  with  two  channels  and  with  differentiation  of  the 
reference  signal.  In  §  7.6  with  the  example  of  pulse  radiation  we  already  proved 
that  tne  influence  of  nonidentity  in  the  two-channel  circuit  practically  does  not 
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depend  on  detuning  for  not  very  large  values  of  6.  Then,  considering  sufficiently 
small  detunln^s  6,  with  the  help  of  formulas  (7.3.33)  and  (7.5.5)  we  can  simply 
prove  that  ait  results  for  both  circuits  are  identical. 

If  the  difference  of  frequency  deviations  of  the  sounding  and  reference  signals 
is  equal  to  with  sinusoidal  FM 


C|*(0) — 1*  |CM(0)[_J/.(|»)|.  a,, — a,, — 0, 

k  ——  b 


(7.7.12) 


Am  Am  J 

where  u  »  »  — 5^  —  ratio  of  the  difference  of  deviations  to  the  frequency  of 

r 


repetition  of  modulation. 
With  triangular  FM 


CM0)=1,  c„= Jew «„=«„=! 

a  _<  A _ 4 

4 — | — . . 

Jew^p(l  —  **)4r 


(7.7.13) 


Substituting  (7.7.12)  and  (7.7.13)  in  (7.3.33)»  we  can  obtain  the  dependence 
of  equivalent  spectral  density  on  u.  This  relationship  is  shown  in  Fig.  7.28  on  the 


SmlfSmm 

Mi - 


Fig.  7.28.  Influence  of  the  differ¬ 
ence  of  frequency  deviations  of  the 
sounding  and  reference  signalsi  on 
Sajg  in  a  two-channel  discriminator: 

-  sinusoidal  FM,  -  triangular  FM. 


assumption  that  the  frequency  response  of 
the  filters  is  optimum.  As  follows  from 
the  graphs,  when  u  >  1  there  occurs  rapid 
increase  of  spectral  density.  When  u  » 
•2.4  for  sinusoidal  FM  and  u.  =*  2  for 
triangular,  the  reference  and  sounding 
signals  become  orthogonal  and  53{Cg  turns 
into  infinity.  Deviations  >  (1  to 
1.5)c°r*  apparently,  already  are  imper¬ 
missible.  Roncoincidence  of  deviations 
is  somewhat  more  evident  for  triangular 
modulation  and,  as  in  the  general  case  of 
any  noncoincidences,  leads  to  greater 
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bhe  l$ss  ,^he  ^sigpfi&L=tto-H6i'Be  Fatio-. 

7.7.2.  Phase-Code  Manipulation  (FKM) 

Vr  ,  . 

,  Characteristics  of  different  forms  of  FKM  are  considered  in  Chapter  I.  In  the 
Sarte  place  it  is  shown  that  with  any  reasonable  selection  of  the  code,  ensuring  a 
sufficiently  low  level  of  side  lobes,  the  autocorrelation  function  of  a  phase-code- 
manipulated  signal  within  the  main  lobe  with  a  properly  selected  code  is  described 
by  the  following  approximate  expression: 

!*!<%.  (7.7.14) 

which  becomes  more  exact,  the  larger  the  numbers  of  code  intervals  n  in  the  period 
of  repetition  of  the  signal.  Here  Tjj  —  duration  of  the  code  Interval.  For  certain 
codes  (e.g.,  for  binary  code  with  values  of  phase  0  and  v  —  arccos  HZl)  this 
expression  Is  exact. 

Function  (7.7.14)  for  values  of  8  from  -tr  to  tr,  which  are  only  of  interes* 
for  the  work  of  an  automatic  range  finder,  coincides  with  the  autocorrelation  func¬ 
tion  for  square  pulse  modulation.  Since  all  dependences  of  characteristics  of  the 
discriminator  on  the  form  and  parameters  of  modulation  are  completely  determined  by 
function  C(8),  it  is  obvious  that  it  remains  for  us  only  to  repeat  everything  call 
in  Paragraph  7.6.1  with  respect  to  range  finding  with  modulation  by  square  pulses 
with  duration  tK  ■»  tk  and  with  coincidence  of  forms  of  the  sounding  and  reference 
signals.  With  FKM  there  can  be  used  either  a  two-channel  discriminator,  or  a 
discriminator  with  switching,  and  In  both  cases  all  results  of  Paragraph  7.6.1  arn 
simply  repeated. 

*e  consider  that  duration  tn  of^switching  of  phase  of  an  FKM  signal  from  one 
value  to  the  otner  is  finite.  This  is  necessary  when  the  magnitude  of  detuning  i; 
less  than  the  duration  of  switching.  The  coefficients  of  the  expansion  of  function 
C(5)  in  a  series  of  powers  of  6  are  equal  to 

T.  Tr 

where  l  —  number  of  changes  of  phase,  and  the  integral  in  the  final  formula  is 
taken  over  the  edge  of  a  code  pulse. 

'  ~  2  r, 

j.f  phase  changes  by  linear  law,  0'(t)]c  =  and  taking  into  account  l  =  ^ 
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‘  :  i" .  ,;^u  ‘  ^  v-*  ~ ' 


.  >■'!  ;  -'■'**  V 


D 


ijtes**,  'r?  •<r* 


A—  **  *«  _L 


(7.7.15) 


It  ia  interesting  to  note  that  the  maximum  value  of  b  is  reached  when  the  phase 
changes  at  the  end  of  every  interval,  i.e.,  I  =  n.  Quantity  b  here  is  increased 
by  a  factor  of  2;  however,  simultaneously,  in  function  C(5)  there  appear  large 
side  lobes.  Thus,  increase  of  fluctuation  error  is  the  price  we  pay  for  the  high 
resolution  capability  provided  by  FKM. 


7.7.3.  ‘  Noise  Phase  Modulation 

Let  us  consider  a  signal  whose  phase  changes  proportionally  to  the  instantaneous 
value  of  a  normal  stationary  random  process 

♦(!)=««(/). 

If  process  |(t)  is  ergodlc,  time -averaging,  produced  during  calculation  of 
function  C(6),  is  equivalent  to  ensemble -averaging  and 


Ci»=*'!W0=*=m  =e-'l (7.7.16) 

p 

where  a*  and  pm(5)  —  variance  and  correlation  coefficient  of  modulating  process  £ (t ) . 

The  mean  square  spectrum  width  of  modulation  in  accordance  with  (7.2.11)  and 
(7.2.12)  is  equal  to 


»a-6~i0)— eJbrp)  (a=oj.  (7.7.17) 

2  2 

i.e.,  is  a‘o‘  times  greater  than  the  mean  square  spectrum  width  of  the  modulating 

process  £(t).  In  particular,  if  the  spectral  density  of  £(t)  is  uniform  in 

frequency  band  (-o»  ,  ®  ), 
m  «xi 


cm 


“«  v — % 


A— «*o*  — 
■  m  3  • 


(7.7.18) 


A  characteristic  feature  of  the  considered  form  of  modulation  is  the  aperiodlcity 

of  function  C(5)  and  the  related  absence  of  ambiguity,  and  also  the  fact  that  C(6) 

,2  2 

docs  not  decrease  to  zero  as  5  —  cd,  but  has  a  finite  limit  C(oo)  =  e  .  The  mag¬ 
nitude  of  this  limit,  determining  the  possibility  of  resolution  of  targets,  suffi¬ 
ciently  removed  in  distance,  depends  on  the  magnitude  of  product  aa^.  For  instance. 
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-0.86(acm) 


This 


for  C(5)  from  (7.7.18)  the  first  spurious  maximum  has  magnitude  e 

means,  .that  for,  a,  fixed  magnitude  of  b  it  is, more  expedient  to  use  narrow-band 

modulating  voltage  with  a  larger  magnitude  of  adm  than  broad-hand  modulating 

voltage  with  smaller  ac_ . 

m 

In.  the  considered  case  the  slope  of  the  discrimination  characteristic  changes 
proportionally  to 


and  all  formulas  necessary  for  calculations  (hg^,  %kb(6)/%hb(0))  are  obtained. 

for  instance,  by  replacement  in  the  formulas 
for  sinusoidal  FM  of  by  (7.7.18), 

and  of  ‘VJ1(ajm&)  by 


Fig.  7.29.  Dependence  of  the 
gain  factor  on  de timing  with 
noise  phase  modulation. 


or  by  the  general  formulas  of  §§  7. 3-7. 6. 
Dependences  of  and  of  yfj)/y°) 

on  detuning  for  various  values  of  h  for  the 
two-channel  circuit  and  the  circuit  with  switching  are  shown  in  Figures  7.29-7.31, 
respectively.  Quantity  aoa  in  the  graphs  is  taken  equal  to  five.  In  accordance 
with  general  affirmations  of  Paragraph  7.3«?  the  influence  of  detuning  for  a 
two -channel  circuit  in  this  case  is  more  substantial  than  in  those  considered 

earlier.  When  5  *>  5^^  «■  — j—  the  equivalent  spectral  density  is  increased  by  a 

a 

factor  of  1.3  when  h  *  100  and  a  factor  of  2  when  h  »  O.i.  In  the  circuit  with 
switching  the  dependence  of  Syn/ & )/S8B  on  detuning  has  a  rather  complicated  charac¬ 
ter;  minimum  values  of  this  ratio  are  rather  large,  and  increase  of  it  for  6,  differ 
ing  from  5Q,  occurs  comparatively  rapidly.  The  optimum  value  5Q  essentially  depends 
on  the  signal-to-noise  ratio  and  for  large  h  greatly  differs  from' 

1ft*  KC 
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Fig.  7.; 50.  Influence  of  detun¬ 
ing  on  S3Kg  in  a  two-channel 

discriminator  with  noise  phase 
modulation. 


Fig.  7.31.  Influence  of  detun¬ 
ing  on  SgQ  in  a  discriminator 

with  switching  of  reference  sig¬ 
nals  with  noise  phase  modulation. 


7.7.4.  Noise  Signal 

We  next  consider  range  finding  with  purely  noise  radiation.  Such  a  signal 
can  be  formed  by  transmission  of  broad-band  noise  through  a  bandpass  filter  with 
subsequent  amplification,  transfer  to  the  frequency  of  radiation  and  amplification 
at  this  frequency.  Modulating  voltage  u(t)  here  is  a  normal  stationary  random 
process,  and  the  autocorrelation  function  C(6)  coincides  with  the  correlation  func¬ 
tion  of  this  process,  so  that 


C  <«)  =  1-  }  S.  (») .«  i.  =  ±  f  e'-' 


(7.7.19) 


where  S)(i(o))  —  sPectral  density  of  process  u(t) 


m 

(‘ST  = 


H  i  (ico)  —  frequency  response  of  the  low-frequency  equivalent  of  the  shaping 
V  filter; 

Afg^  —  its  passband. 

In  spite  of  the  fact  that  technical  methods  of  delaying  such  a  signal,  just  at 
the  signal  with  phase  noise  modulation  considered  in  Paragraph  7.7.3,  at  present 
are  far  from  clear,  it  is  of  definite  Interest  both  from  the  point  of  view  of  sim¬ 


plicity  of  generation,  and  also  from  the  point  of  view  of  absence  of  ambiguity. 


In  the  optimum  system  and  in  a  circuit  with  differentiation  accuracy  or  range 
finding  is  determined  by  the  mean  square  spectrum  width 

00 

-oo 

and.  the  influence  of  finite  detuning  in  the  two-channel  circuit  and  in  the  circuit 
with  switching  is  determined  by  the  form  of  function  C(B).  If  ..the  spectral  density 
of  modulation  Sm(a>)  is  described  by  a  Gaussian  curve  or  has  rectangular  form, 
function  C(5)  has  the  form  of  (7.6.12)  or  (7.7.2),  and  all  results  of  Paragr-apne 
7  •'  •  and  7.7.J,  pertaining  to  pulse  modulation  by  Gaussian  pulses  and  frequency 
Modulation  by  triangular  law,  remain  in  force.  We  next  consider  the  case,  when 
the  shaping  filter  is  a  sequency  of  two  decoupled  LRC- filters,  i.e. ,  frequency 
response  Hi  (iu>)  has  the  form  of  (7,3.16).  Substituting  (7.3,16)  in  (,.7.19), 
we  obtain 

C(8)— (l  +  4&/»#l®|)e  **  ,  (7 

*= 0,  6  =  -C*<0)  =  16A/^. 

Dependences  o.t  & )/Kjj  ^aHo >  0 )/b'  ht)HB(&)/h  and  S3KB( 5 )/SgKS(0 )  on  detuning, 

calculated  for  a  two-channel  circuit  by  formulas  of  §  7.3,  pertaining  t.c  the  cam 
of  coinciding  modulations  of  autocorrelation  determined  by  formula  (7.7.20),  are 
constructed  in  Fig,  7.32,  The  influence  of  detuning  in  this  case  is  somewhat  mure 

substantial  than  for  other  forms  uf 
c(o).  when  &  »  bWKC,  ,sa®(  'l&jcc 
increases  already  by  1.7  times  for 
large  h  and  by  2.3  times  for  small  h 
This  difference  is  explained  by  i! 

fact  that  due  to  the  slowness  of 

"^31® 

decrease  of  C(6)  ratio  — , —  1  for 

all  5. 

7.7.5.  Amplitude  Modulation 
Amplitude  modulation  during  con 
tinuous  radiation  has  the  deficiency 
that  for  a  fixed  peak  powT  of  t  In- 
Bounding  signal  it  provl-P  oth-  r 
things  being  equal,  low-:-  nr  .-an 


nator  with  a  noise  signal: 

- *,<«>/*,  - - 

*—  . .  —  . Su%f  i^il^oa t  '*  X  X--*%„#  (If/l’oat 

at  *-<l. 
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power  and,  consequently,  lower  accuracy  of  measurement  than  frequency  or  phase 
modulation.  However,  in  certain  cases  its  application,  possibly,  is  sensible, 
and  we  shall  briefly  discuss  it,  limiting  ourselves  to  the  very  simple  case  of 
sinusoidal  modulation  by  one  frequency.  The  modulating  signal  u(t)  here  has 
the  form 


u(t) 


_ 1  4-  m  cog 


V 


!  + 


m* 


and  its  autocorrelation  function  and  mean  square  spectrum  width  are 


C(6): 


.  .  m‘  . 
I  +  ~2~  cos 

<+T 


m*  i 


(7.7.21) 


(7.7.22) 

(7.7.23) 


The  most  reasonable  scheme  of  construction  of  a  discriminator  in  this  case  is, 
in  all  probability,  a  circuit  with  differentiation  of  the  reference  signal.  Mul¬ 
tiplication  by  reference  signals  reduces  to  heterodyning  the  received  signal  with 
the  signal  amplitude-modulated  by  law  (7.7.21)  in  the  first  channel  and  with  signal 
sin  [  (cOq  +  onp  +  o)m)t  -  o>raT)  -  sin  [  (u>0  +  o>np  -  a>m)t  +  in  the  second  channel. 

The  required  coincidence  of  laws  of  modulation  in  this  case  can  be  ensured  without 
great  difficulties.  The  magnitude  of  the  equivalent  spectral  density  is  determined 
here  by  expression  (7.3.9). 

The  form  of  formulas  (7.7*22)  and  (7.7.23)  already  indicates  the  essential 
defl.ciences  of  such  a  signal.  It  is  characterized  by  low  resolution  capability  and 
great  ambiguity.  The  period  of  ambiguity  and  accuracy  of  range  finding  are  determined 
by  cue  3ame  magnitude  —  the  frequency  of  modulation  ,  where  1/Vb,  having  the  mean¬ 
ing  A  a  certain  equivalent  pulse  duration,  for  small  m  is  even  larger  than  the 
period  of  ambiguity.  Accuracy  of  range  finding  with  sinusoidal  AM  essentially 
depends  on  the  modulation  percentage.  For  small  m  fluctuation  error  is  proportional 
to  1/m,  and  with  increase  of  m  to  infinity  it  approaches  a  finite  limit,  determined 
only  by  the  frequency  of  modulation.  Physically  the  signal  with  m  >  1  signifies 
radiation  at  three  frequencies  o)q,  o>q  -  o>m  and  +  u>m,  where  with  increase  of  m  the 
relative  Intensity  of  the  center  frequency  decreases,  while  that  of  the  sidebands 
increases.  The  case  m  =  cd  signifies  radiation  at  two  frequencies,  2tom  apart  and 
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having  '■Identical.*  intensity.,  As  m.-*  co.  autocorrelation  function  C  (5)  =  cos  a>m5  and 
2 

b  ®  CD  .  •, :  .  . 

in  <  . . 

>  §  7.8.  Pulse  Radiation  with  Additional  Modulation 

The  effort  to  ensure  high  power  potential  in  pulse  radars  leads  to  the  require¬ 
ment  of  decreasing  the  off-duty  factor.  At  the  same  time  in  certain  cases  the  only 
method  of  eliminating  ambiguity  remaining  is  selection  of  a  sufficiently  low  fre¬ 
quency  of  repetition.  These  two  requirements,  in  turn,  lead  to  the  necessity  of 
increase  of  pulse  duration  to  such  limits  that  in  a  number  of  cases  It  is  impossible 
to  ensure  the  needed  accuracy  of  range  finding.  With  selection  of  a  high  frequency 
of  repetition  with  ambiguity  with  respect  to  range  pulse  duration  can  be  so  great 
that  the  requirements  on  accuracy  of  measurement  and  resolution  capability  with  respec 
r-  to  range  are  not  satisfied.  Therefore,  it  is  of  interest  to  consider  intrapluse 

modulation.  Use  of  pulse  signals  with  additional  modulation  permits  us  to  immediately 
obtain  high  power  potential,  great  accuracy  of  range  finding,  and  good  resolving 
power  [38-39]. 

As  additional  modulation  we  can  use  all  those  forms  of  modulation  which 
were  considered  for  continuous  radiation.  We  shall  limit  ourselves  to  only  two 
examples  —  linear  frequency  modulation  and  phase-code  manipulation  within  limits 
of  a  pulse.  Signals  with  such  forms  of  modulation  possess,  apparently,  the  greatest 
advantages.  As  discriminators  here  we  can  use  all  the  circuits  considered  earlier, 
both  discriminators  of  correlation  type  of  three  forms,  and  also  discriminators 
with  optimum  filtration  and  pulse  shortening  (§  7.5). 


7.8.1.  Linear  Frequency  Modulation 

In  the  given  case  additional  modulation  consists  of  linear  change  of  frequency 
within  the  limits  of  a  pulse.  Without  loss  of  generality  one  may  assume  that  this 


change  occurs  symmetrically  with  respect  to 
the  center  of  the  pulse  with  speed  a  *= 

(Fig.  7-33).  Then  signal  u(t)  has  the  form 

lof  • 

*r(0=ff»(0e  2  ,  (7.8.1) 

where  ua(t)  is  a  function,  describing  the  pulse 
shape,  where,  as  before. 


[r 

T7  J  «;(')</'-- j,  UtKOy^yiL,  (7.8.2) 
_r. 
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—  duration  of  an  equivalent  square  pulse  of  the  same  energy. 

Subsequently  we  assume  that  u&(t)  is  a  function  symmetric  with  respect  to  zero. 
Furthermore,  we  consider  that  the  width  of  the  spectrum  of  the  modulated  pulse  is 

p 

much  greater  than  the  width  of  the  spectrum  of  the  unmodulated  pulse,  i.e.,  atH  »  1. 

d 

This  condition  means  that  in  practice  u  (t  -  — — -)  =  u  (t).  Then  the  autocorrelation 

a  a  -jj  a 

function  of  the  signal  is 


'  -V* 

V 

«  J  u\  (t) cosao/  dt,  (7.6.3) 

-r,/2 


or,  introducing  frequency  deviation  for  pulse  duration  2tom  =  at  and  considering 
finiceness  of  pulse  u  (t),  v/e  have 

CO  oo  ' 

C(>.)-~--f  =  J«2(0c  ,M  dt.  (7.B.4) 

—oo  -oo 


Let  us  consider  several  examples  for  modulation  by  pulses  of  different  shapu. 
If,  for  instance,  ua(t)  is  a  square  pulse, 


C(«)  = 


at  ,4 

2 


tin 

’ 


(7  • 


which  coincides  for  identical  deviations  with  (7.72)  for  triangular  KM  during  con¬ 
tinuous  radiation. 

During  modulation  by  Gaussia.n  pulses  (7.6.9) 


C  (*)=--  c 


(7.6.'.; 


which  coincides  with  the  case  of  absence  of  intrapulse  modulation,  If  pulse  duration 
has  equivalent  magnitude 


__  w  * 


(7.6.7) 


In  this  case  it  is  also  possible  to  easily  obtain  an  exact  expression  for  '.'(h)  with¬ 
out  the  above-indicated  assumption  about  the  relationship  of  spectrum  width  of 
modulated  and  unmodulated  pulses.  Expressions  for  :: ( !> ) ,  1  and  .a(ii  here  h»v<»  t.iv  fv,rm 
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(7.3.8) 


< _  ft  i  **\  _  «  1 

•  V  +  «-K/'  r— g- 

r  4«ix* 


Thus,  from  the  given  example  it  is  clear  that  corrections  to  results  (7.3.*.  ) 


and  (7.6,7)  have  the  order 


'  JT": 2  =  2  4  ■ 

aS„ 

m  H  M 


If  we  require  that  duration  of  the 


pulse  be  less  than  the  duration  of  the  basic  pulse  by  at  least  a  factor  of  :j~l , 
the  correction  for  allowance  for  finite  duration  of  the  basic  pulse  v/i.il  have  t h-- 
order  (1-5)10  and  can  be  considered  immaterial. 

From  comparison  of  (7.8.5)  and  (7.8.6)  it  follows  that  the  shape  of  this  pulse 
envelope  comparatively  weakly  affects  accuracy  of  range  finding.  With  a  given  i>j i 
of  change  of  frequency  a  and  effective  pulse  duration  -t  or  with  assigned  fr>.  queue, v 
deviation  for  a  pulse  duration  2oum  =  coefficient  b  is  approximately  identical 
both  for  the  Gaussian  and  for  the  square  pulse.  However,  the  shape  of  the  pulse 
envelope  essentially  affects  behavior  of  function  0(b)  with  large  o,  i.e,,  the 
resolving  power  with  respect  to  distance.  With  a  square  envelope  w»  ■Mte'n  compara¬ 
tively  largo  side  lobes  of  C(6),  and  with  a  Gaussian  envelope  C(&)  monof on icai iy 
decreases.  For  pulses  of  sufficiently  great  duration  to  recreate  a  Gau s :i an 
enve  Lope  which  ensures  high  resolving  power  may  oe  difficult.  Therefore ,  it  is 
useful  to  consider  a  more  realistic  envelope  shape,  which  at  the  same  time  would 
ensure  good  resolving  power.  If,  for  instance,  the  envelope  has  the  shape  of  a 


::o.iinf*  wave  i). 


C(*)  = 


•In  2«mi 


l <a« 

H  m 


(2®m 


sin  cd  6 

This  function  decreases  in  the  vicinity  of  zero  somewhat  faster  than  - —  ^  ,  and 

m 

more  slowly  than  Gaussian  (7.8,7),  Its  first  zero  coincides  wi4*  the  first  zero 
of  sin  u^b/jj^b  when  b  =  7r/(Om<  and  further  zeroes  occur  with  twine  the  frequency. 
Already  the  first  spurious  maximum  of  this  function  comprises  in  absolute  va me 
only  2.7$  of  C(0)  in  distinction  from  the  case  of  a  square  envelope,  wher<-  this 
maximum  is  22$.  hua,  modulation  by  cosinusoidal  pulses  ensures  practically  the 
same  resolving  power  as  with  a  Gaussian  envelope. 
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It  should  be  noted  that  relationship  (7.8.4)  permits  us  to  find  the  shape  of 
the  pulse  envelope  necessary  for  producing  a  signal  with  any  assigned  autocorrela¬ 
tion  function  C(6),  Therefore,  we  have  the  possibility  of  assigning  any  shape  of 
shortened  pulse  and  here  must  only  correctly  select  the  shape  of  the  envelope  of  the 
fundamental  pulse.  Froducing  in  (7.8.4)  reverse  Fourier  transformation,  we  obtain 
the  following  expression,  establishing  the  relationship  between  the  assigned  func¬ 
tion  C(b)  and  the  required  form  of  the  pulse  envelope  u&(t) 


/H 


C(S)e~'aMd8. 


(7.8.9) 


It  is  necessary,  of  course,  to  assign  C(6)  in  such  a  manner  that  it  indeed  is  an 
autocorrelation  function  and  possesses  the  required  properties  for  this  (the 
Fourier  transform  of  C(6)  should  be  positive  everywhere).  Furthermore,  for  an 
assigned  power  and  effective  pulse  duration  u  (t),  i.e.,  with  fulfillment  of  (7.8.2), 
function  C(5)  should  obey  normalizing  condition 


J  C  (8)  (7.8.10) 


which  for  an  assigned  rate  of  change  of  frequency  a  fixes  the  effective  dur-nion  of 
C ( 6 ) ,  and  for  an  assigned  duration  of  C(d)  assigns  the  required  magnitude  of  a. 

For  instance,  if  we  require  that  C(5)  be  a  triargular  function  of  form  (7.6.1), 
condition  (7.8.10)  gives 

C(8)=l  —  |8|<,JLt  (7.8.11) 

and  the  shape  of  the  pulse  envelope  has  the  form 

*.(()=/£ 


«ln 


_ 


(7.8.12) 


■  r.  described  by  a  curve  of  form  (sin  x)/x.  Then  a  signal  with  such  an  envelope 

and  linear  change  of  frequency  will  t(  equivalent  to  a  square  pulse  of  duration  — 

m 

Fund  Ions  0(d),  corresponding  to  (7.8.5),  (7.8.6),  (7.8.8)  and  (7. ''.12),  aro 
shown  in  Fig,  7.?4.  Questions  of  range  finding  for  a  signal  with  linear  change  of 
frequency  and  a  Oaussian  envelope,  and  for  a  square  signal  and  of  a  shape  of  form 
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(7*8. 12)  we  considered  earlier.  A  signal  with  a  cosinusoidal  envelope  ha.,  a- 

follows  from  Fig.  7.3*1  <  &u  auto- 

U  - - - - - - - - -  correlation  function  u^o)  so 

v\  close  in  form  to  the  OaussJ  an  that 

ATS  S  SfcV - - 

without  essential  differences  f.n 

AS - r-^r - : — • . .  . .  it  we  have  all  the  results  of 

VA  Paragraph  7.5.2, 

as - ^  - - 

S_\  N.  7.8.2.  Pulse  Radi  at  tor.  with  "ft- 

pi - - - jU - =*fc=a*uttsMJ— - - _S 

•  f  f  *  f*  I*  ft  2*  Phase-code  manipulation  of  a 

*wf 

Fig,  7.3*1.  Autocorrelation  functions  for  a  signal  can  also  he  used  h-ring 

pulse  signal  with  linear  frequency  moaula-  ,  ..  . . 

^ ^on .  pulse  radiation.  Hero,  on  coo-.-s 

/■yr" 

we  make  the  same  requirement  oi' 

/YI  /  «/*\.  high  resolving  power  as  during 

_ _  .  "  continuous  radiation.  Dlfforen: 

1 \  I  «<"  *'!'* 

S  I  I*  only  is  selection  of  the  code,  ru.d 

this  is  caused  by  the  fact  that 
to  -’xtrome  code  intervals  in  a  shifted  signal,  occurring  beyond  the  limits  of  the 
■initial  pulse,  tiiere  correspond  in  the  initial  signal  empty  places,  and  not  the 
start  of  the  next  or  the  end  of  the  preceding  period,  as  in  the  continue  . :  .■  , 

With  a  sufficiently  large  number  of  code  intervals  in  a  pulse-  th<-  autocorrela¬ 
tion  function  practically  coincides  with  the  autocorrelation  function  of  a  continued 
signal  (rue  Chapter  I),  and  all  results  in  the  study  of  accuracy  completely  coincide 
with  results  of  Paragraph  7.6,1. 


§  7 . 9 .  Multifrequency  Radiation  Without  Modulation 
As  know  [11,  range  finding,  in  principle,  is  possible  in  the  presence  i  \ 
t He  spectrum  of  the  sounding  signal  of  only  two  frequency  components,  lien  ,  i.Uh  n- 
is  measured  by  tin-  difference  of  phase  advances  of  these  frequency  components.  A 
deficiency  of  such  a  method  is  low  accuracy.  It  can  be  Improved  by  Inc leasing  the 
number  of  radiated  sine  waves  and  rational  selection  of  frequencies.  In  the  process 
of  measurement  one  should  use  here  difference  of  phases  of  all  sine  waves,  where  the 
minimum  difference  is  used  for  rough  but  also  unambiguous  range  finding,  and  other 
differences  .larger  in  magnitude,  are  for  more  exact  measurement.  Ir,  order  to  ensure 
tuning  of  frequency  away  from  passive  Interference  the  frequencies  shouiu  be  selected 
sufficiently  far  from  each  other,  and  for  simple  range  finding,  oik;  should  use  a 
difference  of  phases  of  the  second  order  (the  difference  of  differences  of  phases). 
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of  phases). 


In  the  general  case  of  m  radiated  oscillations  of  different  frequencies  with 
arbitrary  amplitudes  a^  and  phases  V'j  sounding  signal  u(t)  can  be  presented  in  the 
form 

*(<)=£  4, e'V,  (7-9.1) 

;=i 


whe  re 


AJ  ~  ajei^  ; 

o>.  —  difference  between  the  j-th  radiated  frequency  and  an  arbitrarily  selected 

<J 


carrier  frequency  and 


It  is  obvious  that  all  results  obtained  earlier  are  applicable  to  a  signal  of 
such  form,  and  for  range  finding  using  a  multifrequency  signal  we  c.an  use  all  the 
above  considered  discriminator  circuits.  The  mean  square  spectrum  width  of  the 
signal,  determining  accuracy  of  range  finding,  is  equal  to 


/=»! 


(7.9.2) 


and  function  C(6)  is  recorded  in  the  form 

C(*)  =  £Mj  1‘e'V. 

/=« 


(7.9.?) 


Resolving  power,  ensured  with  use  of  a  set  of  a  small  number  of  sine  waves,  is 
very  low.  As  an  example  we  shall  consider  the  case  of  three  sinusoids  of  identical 
amplitude,  Here, 


|  C  (8)  |*  ==  ~  jl  -f-  -J-  [cos  (u),  —  »,)  5  -f- 
-f  cos  K  —  •,)  8  -f  cos  (•,  —  ®.)  8]J. 


(7.9.4) 


Tii 


O 

s  dependence  of  |  C ( 5 )  j  on  product  (tOg  -  ui^)6  for  various  values  of 


a  = 


|  — d — I 

1  cd2-cd1  I 


is  shown  in  Fig,  7.35.  As  can  be  seen  from  the  figure,  the  considered  relationship 
has  spuriou.v  maxima,  attaining  a  magnitude  of  0.6-0. 8. 

Thus,  ’ ue  advantage  connected  with  the  possibility  of  tuning  frequency  away 
from  pa-ri'  -  interference  with  simultaneous  simple  measurement  of  large  distances 
(as  compared  to  the  case  when  tuning  is  achieved  by  increase  of  the  frequency  of 
repetition),  is  accompanied  for  a  given  signal  by  considerable  impairment  of  resolving 
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power,  with  increase  of  the  number  of  frequencies  utilised  and  proper  selection 


iwr 

u 


mimfi 


9w  Or 

(Uf-vjf 

Fig.  7-35.  Autocorrelation 
function  of  a  three-frequency 
signal : 

— • — a  =  0.8; - a  =  1.2. 


of  them  the  resolving  power  can  be  increased, 
and  here  in  its  properties  the  signal,  apparently, 
inevitably  nears  normally  considered  forms  if 
modulation. 


7.9.1.  Case  of  Arbitrarily  Correlated 
Frequency  Components  of  the 
Reflected  Signal 

Till  recently,  in  examining  different  Verm.-, 
of  modulation  of  the  sounding  signal  we  implici  iy 
assumed  that  the  width  of  the  spectrum  01  lm..--!.: :  - 
tion  is  limited  from  above  by  the  court: lion 
complete  correlatedness  of  the  most  distant 
frequency  components  of  the  spectrum.  Physi¬ 
cally,  this  means  that  the  interval  of  roroiut -  n 


with  respect  to  distance  exceeds  the  distance  to  the  irradiated  target.  Here,  oil 
frequency  components  of  the  reflected  signal  fluctuate  harmoniously,  and  we  have 
its  usual  presentation  in  the  form  of  a  normal  nonstationary  random  ;.!•••*<: **ss  wi'-ii 
correlation  function  (7.2.1).  ...  t 

For  signals  presented  in  the  form  of  (7.9.1)  it  is  possible  to  out. ’in  a  nuj  .  r 
of  results  pertaining  to  the  case  of  nonha rmoniously  fluctuating  frequency  -.urn.:.' 
ents.  It  should  be  noted  that  presentation  (7.9.1)  is  possible  for  a  very  breed 
class  of  signals.  In  particular,  these:  can  be  periodic  signals  or  signals  of  any 
form,  considered  in  a  finite  time  interval  and  represented  in  this  interval  by  •• 
Fourier  scries.  Therefore,  results  obtained  for  a  signal  of  form  (7.9--0>  arc  very 


gene ral . 


Nonharmonious  fluctuations  of  separate  spectral  components  of  the  refl"<:i.»u 
signal  are  caused  by  target  extent  and  start  to  appear  when  the  wavelength  'he 
difference  frequency  for  the  considered  components  becomes  comparable  with  dimensions 
of  the  target.  If  the  considered  frequencies  are  sufficiently  close,  so  that  it  is 
possible  to  disregard  the  difference  of  spectral  properties  of  fluctuation  at  those 
frequencies,  then,  as  it  is  easy  to  show,  the  correlation  function  of  the  signal 
reflected  from  an  extended  target,  considered  as  a  set  of  "brilliant"  points,  is 


recorded  in  the  form 


where  p(t)  —  correlation  function  of  fluctuations,  which  was  used  in  all  the  pre¬ 
ceding  cases; 

t  —  delay,  determined  by  distance  to  a  certain  median  point  of  target; 

Pc  —  mean  power  of  the  reflected  signal; 

p —  coefficient  of  mutual  correlation  of  oscillations  with  frequencies  0. 
0  and  u^  J 


Pj»  =  J  a(x)el<m^)xdx, 

— 00 


(7.9.6) 


o(x)  -  normalized  density  of  distribution  of  reflectors  making  up  the  target  with 
respect  to  distance  (pjj  =  1). 


Q 

Functional  |Q(t,  t)|  ,  determining  the  character  of  optimum  operations  and 
accuracy  of  range  finding,  is  obtained  for  the  given  case  by  a  certain  generalization 
of  results  from  the  case  of  harmoniously  fluctuating  frequency  components  and  has  the 
following  form  (see  (4.9.9)  and  (4.2.11)): 


•=  y  a,a\  (  ( 

/.*=*  I  —CO  —00 

X  hik  ( t  -  st)  Kih  ( t  -  s ,)  ds.ds,,  (?  • 9  • 7 ) 

where  hjk(t)  and  h'jk(t)  -  pulse  responses  of  filters,  frequency  responses  of  which 
satisfy  relationship 


Q(U  i)| 


and  functions  V 


J* 


(to)  are  determined  from  the  following  equation 


Vi,  (•)  (?,»  +  AS .  (•)  I  At  |«  PJ*1  =  AS, (■>)  Pi*, 


(7.9.8) 


(7.9.9) 


during  derivation  we  use  the  practically  always  realized  assumption  that  the 
difference  of  any  two  frequencies  if  great  as  compared  to  the  width  of  the  spectrum 
of  fluctuations. 

The  discriminator  of  a  range  finder,  carrying  out  exact  or  approximate  forma- 

p 

tion  of  the  derivative  of  |Q(t,  t)|  with  respect  to  t,  can  be  realized  by  any  of 
the  previously  considered  methods.  In  particular,  with  exact  fulfillment  of  optimum 
operations  the  output  of  the  discriminator  is  defined  as 


^-~^"lvr~»*nhllwwr^TwwnOTWitffirw,'Ti[inTrTiii  Tnt-itrrr 
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*(*.  A)  =  j^Re  .  JJ  l(*i— f  f  hjh (t—  s,) X 

y.*=i  -oo  -« 

X*ik(ts,)  (st)y(st)  dsldsi 


and  can  be  realized  by  a  complicated  set  of  filters  and  phase  detectors,  where  ohai ac¬ 
ta  ri  Stic  of  the  filters  for  all  pairs  of  frequencies  are  different.  The  equivalent 
spectral  density  in  the  optimum  case,  determining  potential  accuracy  cf  rang-  ii.n!r. 
is  found  from  (7.2.14)  and  is  determined  by  expression 


- Kant  — 


=  A  Re  J  (•!—*)•  |  AMMVj*  ±  j  Vifc(.)  S,(«)  dt 


(V.S.U) 


With  harmonious  fluctuations  (p.^  =  1  for  all  j,  k)  (7 .9 . 10 )- (7 . 9- 1  1 )  pass  into  tin- 
corresponding  formulas  of  §  7.2  with  coefficient  b  -  a2,  determined  by  formula 
(7.9*2).  With  independently  fluctuating  signals  (p^  =  0  when  j  £  k)  K, -  u  anu 
S3KE  =  in,  i.e.,  range  finding  becomes  impossible.  Since  squares  of  differences  of 
frequencies  in  (7*9*11)  enter  Into  a  sura  with  factors,  proportions 1  to  ccol'f ic lento 
of  mutual  correlation  p*jfe,  those  components  for  which  p^  =  0  drop  out,  ;uu:  ■ 
presence  of  corresponding  pairs  of  frequencies  in  no  way  affects  accuracy  of  meai’sure- 
ment  of  distance  to  a  target. 

The  simplest  results  are  obtained  for  a  low  signal-to-noise  ratio  h.  In  this 
case,  as  follows  from  (7.9.9), 

V j*  (*) »  h?)kS»  (®).  ( ( .  9  ■  i  '2  'i 

and  frequency  responses  of  all  filters  turn  out  to  be  identical  with  an  aceur <  \v 

JV^  factor  J p j ^ .  One  possible  bl.-ck 

^  diagram  of  such  a  dis  riminator 

"—•>  pi-,  p—  “•  f  \  is  shown  in  Fig.  7 . 36  for  the  case 

—  i%M)  i  —  ♦  —  S  Jiii 

I  _  |  — 1  when  o(x)  is  an  even  function  and 

_ I  I  .  ___  p,,  are  real  numbers.  The  received 

•  u  ^ 

signal  enters  m  mixers,  where  it 

Fig.  7 •  .  Block  diagram  of  a  discriminator  ,  .  ,  .. 

with  multifrequency  radiation:  1  —  mixer;  is  mixed  with  radiated  oscillations, 

2  —  narrow-band  filter;  3  —  phase  detector;  ,  .  ,  .  , 

4  —  amplifier  with  gain  factor  Pj^j  5  —  adder.  delayed  and  shLfted  in  frequency. 

Si  =  B«  A.  e1*"*  +  **c  +  “*)(<“  .  After  filtration  oscillations  -u- 


Fig.  7.3b.  Block  diagram  of  a  discriminator 
with  multifrequency  radiation:  1  —  mixer; 

2  —  narrow-band  filter;  3  —  phase  detector; 

4  —  amplifier  with  gain  factor  p,.  ;  5  —  adder. 

i  <_  .  -  W|  .|  J 
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fed  to  )  phase  detectors,  outputs  of  which  after  multiplication  by  are 

summed  and  form  the  output  voltage  of  the  discriminator. 

Formula  (7.9.11)  for  h  «  1  will  be  transformed  to 

3^7-S-  (7.9.13) 

-1»  y.tSi 

Coefficient  of ■ correlation  pj^,  as  follows  from  (7.9.6),  depends  on  difference 
| ok  -  o^| ,  decreasing  with  increase  of  this  difference.  If  pj^  decreases  faster  than 
1/ 1 u i j  -  cDjJ  ,  there  exists  an  optimum  value  of  difference  |um  -  osjj  ,  at  which  pro- 

O 

duct  (cij^  -  ua^)  is  maximum.  We  can  find  the  optimum  form  of  spectrum,  ensuring 
the  greatest  accuracy  of  range  finding.  It  is  obvious  that  the  best  result  will  be 
obtained  if  all  differences  of  frequencies  have  optimum  value,  but  in  this  case 
there  can  be  only  two  frequencies,  ^ower  should  be  distributed  equally  between 
these  frequencies,  as  one  may  see  from  (7,9.13). 

The  obtained  result  cannot,  of  course,  serve  as  a  basis  for  selection  of  the 
shape  of  the  sounding  signal,  since  here  accuracy  of  measurement  presents  the  latter 
with  requirements  of  uniqueness  and  resolving  power  with  respect  to  distance.  How¬ 
ever,  this  result  permits  us  to  conclude  that  the  width  of  the  spectrum  of  modulation 
of  the  signal  should  be  taken  close  to  2ttc /l,  where  l  is  the  linear  dimensions  of 
the  target,  and  c  is  the  speed  of  light. 

§  7*10.  Analysis  of  Accuracy  of  Radar  Range  Finders 

The  above  analysis  of  discriminators  of  various  types  and  general  results  of 
Chapter  VI  permit  us  to  investigate  accuracy  of  range  finders  as  a  whole.  As  it 
was  shown  in  Chapter  VI,  with  linearized  consideration  and  disregard  of  parametric 
fluctuations,  total  error  of  a  tracking  meter  can  be  broken  down  into  three  compo¬ 
nents  —  fluctuation,  dynamic  and  systematic.  Calculation  of  the  dependence  of 
spectral  density  of  noise  at  the  discriminator  output  on  mismatch  leads  to  additional 
error,  owing  its  origin  to  parametric  fluctuations.  Corresponding  expressions  for 
errors  of  measurement,  which  we  shall  use  subsequently,  are  given  in  §  2,  Chapter  Ml. 
In  this  section,  from  a  series  of  examples  of  smoothing  circuits  and  discriminators 
we  shall  calculate  errors  of  range  finding  giving  quantitative  examples. 

7.10.1,  Influence  of  a  System  of  Automatic  Gain  Control  (AGC) 
on  Discriminator  Characteristics 

The  presence  of  an  AGC  system  in  general  does  not  lead  to  essential  change  of 
our  analysis  of  a  discriminator.  As  it  was  shown  in  Chapter  II,  with  good 
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approximation  an  AGC  system  can  be  described  as  a  linear  inertial  amplifier  of  the 
received  signal  envelope  with  parameters  which  depend  on  signal  level,  basically, 
its  action  reduces  to  normalization  of  the  output  signal  of  the  preamplifier,  covc-iv 
by  ,nn  AGO  loop.  Such  an  amplifier  always  is  present  in  circuits  uf  dj scr u.iinato'-s 
of  distance  and  usually  precedes  the  narrow-band  filter.  Its  band  width  Af,  ,  :u 
a  rule,  substantially  exceeds  bandwidth  of  fluctuations  of  the  signal  (Afy  •- 
=  C?-20)Afc)  and  at  the  same  time  is  small  as  compared  to  spectrum  width  of  mu.ju.l-i 
lion. 

In  two-ehannol  discriminator  circuits  amplifiers  are  used  in  both  channels, 
but  the  AGC  system  is  common  and  works  from  the  output  of  one  of  the  amplifier;-. 
Another  factor  which  must  be  accounted  for  in  circuits  with  automatic  gain  cun’ j  .. .. 
is  demodulation  of  amplitude  fluctuations  of  the  signal,  leading  in  out-  -_-qu  i.  valon'. 
consideration  to  a  steep  slope  of  low  frequencies  in  the  signal  an.pl i in. a-  envoi- .p-  . 
This  factor  leads  to  decrease  of  parametric  fluctuations  at  the  discriminator  outs  ■■ 
ana  do-creases  errors  of  measurement  for  small  noises.  Furthermore,  the  Add  sycl  ..., 
in  general,  produces  modulation  of  the  signal  by  noises,  which  pass  througn  s  i- 

back  circuit.  This  phenomenon  significantly  increases  the  difficulty  of  an-uysis. 
However,  with  a  demodulation  band  which  is  not  too  broad  (AdC  is  not  too  high-speed) 
they  can  be  ignored. 

Although  all  these  factors,  in  practice,  do  not  influence  discriminatui  charac¬ 
teristics,  during  the  analysis  of  dynamic  uroperties  of  a  closed-loop  measuring 
system  they  must  be  accounted  for  inasmuch  as,  due  to  the  presence  of  an  h  r.1,  system, 
its  parameters  (gain  factor  of  the  open  loop  and  its  fluctuations  caused  by 
parametric  noises,  the  band  of  the  closed  system,  etc)  become  functions  of  the 
signal-to-noise  ratio  and  vary  together  with  changes  of  it.  In  view  of  the  great 
complexify  in  completely  accounting  for  the  influence  of  AGC  (modulation  of  th 
signal  by  noise,  cross  modulation,  nonlinear  effects  of  high  order,  etc)  and  Ck-uiK... 
to  the  fact  that  in  normal  circumstances  these  phenomena  arc  weakly  manifested ,  wo 
shall  limit  ourselves  to  a  very  simple  description  of  the  AGC  system  and  shall 
henceforth  consider  only  changes  of  discriminator  gain  factor  due  to  the  normalizing 
actLon  of  AGC  and  decrease  of  the  level  of  parametric  fluctuations. 

In  accordance  with  the  results  of  Chapter  II  tor  sufficiently  groat  inertia  of 
tue  filter  in  the  feedback  network  the  AGC  system  reduces  the  mean  value  of  voltage 
at  the  output  of  the  amplifier  covered  by  the  AGC  loop  to  a  constant  level.  As  a 
result  the  gain  factor  of  the  receiver,  and  consequently,  the  discriminator  gain 
factor,  Vary  with  change  of  the  mean  input  signal  level .  The  law  of  change  ut  th 
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gain  factor  is  determined  from  conditions  of  normalization  of  the  output  voltage, 
which  for  receivers  with  a  linear  and  a  square-law  detector,  respectively,  have  the 
following  form: 


KxE(t)  —  const,  I 
/CJW)- const,  | 

whore  K.  —  gain  factor  of  the  amplifier  covered  by  the  AGC  loop; 
E(t)  —  amplitude  of  input  signal. 

Since 

£(?j«]/r|(2^/y  +  p7),  1 

-£*(0-=2(2WtA/y-j-  P0),  J 


(7.10.1) 


(7.10.2) 


from  either  of  these  relationships  it  follows  that 


(7.10.5) 


where  K10  —  gain  factor  in  the  absence  of  noise. 

In  the  considered  circuits  with  square-law  detectors  or  phase  detectors, 
realizing  multiplication  of  signals,  the  discriminator  gain  factor  Is  proportional 
to  K^.  Therefore, 


(7.10.4) 


where  y  =  Afy  /Afc  —  ratio  of  amplifier  bandwidth  to  signal  bandwidth; 

Kfl0  —  nominal  value  of  discriminator  gain  factor,  corresponding  to 
the  case  of  no  noise. 

The  influence  of  all  other  discriminator  parameters  on  gain  factor,  studied  ii 
the  preceding  paragraphs,  is  unchanged;  relationship  (7.10.4)  should  be  understood 
in  the  sense  that  the  gain  factor  of  the  open  system  depends  on  the  signal-to-noise 
ration  h  according  to  the  law  (7.10.4),  decreasing  with  strong  noises  and  approaching 
a  limit  with  increase  of  the  signal.  Expressions  (7. 10. J>)  and  (7.10.4)  are  valid, 
of  course,  only  for  sufficiently  large  values  of  h,  since  for  small  signal  levels 
it  does  not  reach  the  delay  level  of  AGO,  the  AGC  system  is  opened  and  produces  no 
normalization.  Thus,  for  h  smaller  than  a  certain  value  hQ,  corresponding  to  the 
delay  level,  =  const  and  does  not  depend  on  the  signal-to-noise  ration. 
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Decrease  of  parametric  fluctuations,  caused  by  the  demodulating  effect  of  ago. 
can  be  calculated  with  the  help  of  resultaof  Chapter  II.  As  is  clear  from  analysis 
ot  dlscrimators,  parametric  fluctuations  are  caused  by  random  variations  uf  the 
envelope  of  the  useful  signal,  the  spectral  density  of  which  in  the  low-f roquen* \ 
range  at  the  output  of  an  amplifier  with  AGO  are  determined  by  expression  (2 .  V.  <-:3 ) . 
Considering  that  the  spectral  density  of  parametric  fluctuations  is  proportional 
to  the  spectral  density  of  the  signal  amplitude  envelope  in  the  low-frequency  isngc 
from  expression  (2.7.23)  we  obtain  the  relationship  between  spectral  dn:i"i:.ic s  i 
parametric  fluctuations  with  and  without  (S  )  AGO 

_ !_  c  , .  .  , 

—  ^napi  v '  ■  • 

where  —  coefficient  depending  on  parameters  of  AGO  and  the  signal-to-nulor  ratio 
According  to  (2.7.23)  this  coefficient  is  presented  in  the  form 


where  hQ  —  the  signal-to-noise  ratio  which  corresponds  to  the  delay  Invel  K(f  )  ---  K 

h0  «  bkn  En  (b  —  slope  of  the  controlled  characteristic,  k.  —  gain  f.-.  .tor  li:  ■ 
feedback  network  of  AGO).  'l 

The  value  of  nQ  in  practice  is  normally  great  as  compared  with  unity,  and  thus 
even  for  signals  close  to  the  delay  level  parametric  fluctuations  caused  by  ciiat^y 
of  signal  amplitude  substantially  decrease, 

7.10.2.  Smoothing  Circuits  with  Constant  Parameters 

Until  recently,  in  smoothing  circuits  of  radar  range  finders  they  almost 
exclusively  used  linear  filters  with  constant  parameters  of  a  fairly  low  level.  Th 
most  widely  applied  types  of  such  filters  are  the  single  integrator  and  the  double 
integrator  with  correction.  Furthermore,  when,  for  a  number  of  reasons,  it  : 
impossible  to  obtain  ideal  integration,  they  use  smoothing  filters  in  the  form  of  o 
single  RC-circult  and  two  series-coupled  RC-circuits  with  correction. 

According  to  (6.2.20)  fluctuation  error  of  measurement  in  smoothing  circuits 
with  constant  parameters  is  determined  by  the  simple  relationshij 

— 2S„.Af,*t  (7.10.7) 

where  —  determined  by  the  previous  analysis  of  discriminators; 

Af  —  effective  band  width  of  the  closed-loop  servo  system,  determined  by 
'  expression  (6.2.19). 

For  smoothing  circuits  in  the  form  of  two  RC-circuits  with  correction  the 
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transfer  function  of  the  closed  circuit  is 


Hip) 


_  KV  +  pT,) 

~~(i  +  *rl)(i +!*•,>• 


(7.10.8) 


■where  K  —  gain  factor  of  the  smoothing  filter; 

T ^ ,  '1'0  —  time  constants  of  the  RC-circuits; 

-  time  constant  of  the  correcting  circuit. 
The  effective  band  width  in  this  case  is 


KiH(lm) 


dm  — 


(7.10.9) 


Tliis  approximate  equality  is  valid  for  normal  relationships  of  parameters  of 
the  m.* r vo  system,  since  the  gain  factor  of  the  open  system  K^K  usually  is  very 
groat.  Quantities  in  expression  (7.10.8)  have  the  following  order: 

KaK~  10*+  10s,  TJ»~  104- 100  ■», 

where  02ie  of  the  time  constants  is  larger  than  the  other  by  a  factor  of  5-10,  and 

-2  -1 

~  10  tu  10  sec.  Selection  of  the  time  constant  of  the  correcting  circuit 
is  sometimes  carried  out  in  such  a  manner  that  for  assigned  K^K,  T^Tg  it  ensures  a 
minimum  effective  bandwidth 
He  re, 


Tt 


i flZ* 

V  2 KaK 


u  _  9 


This  selection  is  produced  at  the  nominal  gain  factor  of  the  open  circuit,  i,e., 
when  Kjj  =  Kfl0,  Then  tha  dependence  of  effective  bandwidth  on  the  signal-to-noise 
ratio  approximately  has  the  form 


i'+(t  + 


t)/T'+T*' 


KMKTtTt 


(7.10,10) 


where  Af  ^ q  —  effective  bandwidth  with  the  nominal  gain  factor. 
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The  dependence  of  Af /Af  ^  Q  on  h  with  y  =  3,  T\  =  4T0  and  for  various  valu 


of  product  Af 


*f>*j*f*f 


3$  0^2 


T0  is  shown  in  Pig.  7.37. 


width  of  the  servo  system  on  the  signal- 
to-nolse  ratio  h. 


With  noises  which  are  not  too  weak  and 
sufficiently  large  Afs(j,0i?  this 
dependence  Is  not  very  essential. 

Formula  (7.10.9)  also  permits 
us  to  find  effective  bandwidth  for 
other  types  of  smoothing  filters, 
enumerated  above.  In  particular,  l\»: 
a  double  integrator  with  correction, 
i.e.,  when 


such  a  mariner  that  K/T^Tg  =  Kk  ,  where  K  .. 
integrators.  Considering  also  that  =  T  K  ,  we  obtain 


the  expression  for  Af  3(j,  is  obtain'd 
by  driving  T^  and  T r  to  infinity  in 
gain  factor  (measured)  of  the  tv.-. 


Af«*= 


i+KnKmT*. 

47-. 


(7 .10. i:.’) 


Minimum  Af  ^  is  attained  when 


(7.10.13) 


and  is  equal  to  K^/?. .  The  dependence  of  effective  bandwidth  on  the  signal- to- 

noise  ratio  with  selection  of  TK  in  accordance  with  (7,10.13)  for  =  K^()  has  the 
form : 


i ''or  illustration  in  Pig.  7.38  there  is  sho wn  the  dependence  of  fluctuation 
error-  of  measurement  of  delay,  referred  to  pulse  duration,  on  the  r. Ignai-to-noise 
ratio  h  for  a  range  finder  with  modulation  of  the  signal  by  square  pulses  and  a 
discriminator  with  two  detuned  channels  for  Hfp)  from  (7,10,11),  5  =  0.3,  -tE  and 
for  different  values  of  y  and  Af  -  , /Af  .  S1nr<=  effective  bandwidth  Af.*  depends 

v  v  Vsj- 

on  h,  the  path  of  curves  in, Fig.  7.38  differs  from  dependence  SgK^h).  Bands  of 
filters  of  the  discriminator  in  accordance  with  (7.6.3)  are  assumed  to  be  matched 
with  signal  spectrum  width. 
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Fig.  7.5^.  Dependence  of  fluctua¬ 
tion  error  of  measurement  on  the 
signal-tu-noise  ratio: 

~  --1  &<f-0  /“*  c  ’ 

c/A1  C  '  10 


By  means  of  further  simplifications 
from  formula  (7.10,9)  we  obtain  the 
expression  for  effective  bandwidth  of  a 
system  with  smoothing  circuits  in  the 
form  of  one  RC-filter 

mpi=Tnrfr-  (7-50.15) 

and  a  single  integrator 

H(p)=~:  (7.10.16) 


Corresponding  expressions  have  form 

At  KKn 

A/»*=~4 TT*  (7.10.17) 

(7.10.18) 


In  both  cases  the  dependence  ol'  Af  ^ 
on  the  signal-to-noise  ratio  has  the  form 


Af#*  — -  Af»#» 


k 

h+y 


(7.10.19) 


This  dependence  is  more  sharply  expressed. 

o  o  Af  c 

As  another  example,  in  Fig.  7. 59  we  show  the  dependence  of  (b  -  a'')sr^j— 
on  h  for  an  optimum  discriminator  with  signal  spectrum  (7,5,11),  various  y  and 


noise  ratio. 


smoothing  circuits  of  form  (7,10,15) 
or  (7.10.10). 

We  shall  no w  consider  other 
components  of  error  of  measurement. 

In  tracking  meters  there  exists 
double  interpretation  of  dynamic  error 
of  tracking.  In  the  statistical 
approach  to  measured  quantities  by 
dynamic  error,  in  accordance  with 
Chapter  VI,  we  understand  the  mean 
square  wf  the  component  of  error 
caused  by  random  changes  of  measured 
parameter.  Its  magnitude  i s  determined 


by  formula  (6.2.14).  Along  with  this  in  such  a  consideration  there  is  introduced 


the  concept  of  systematic  errror,  which  Is  caused  by  Inaccuracies  of  input  of  the 
mean  value  of  the  measured  parameter,  known  a  priori.  Let  us  remember  that  in  sn 
optimum  measuring  system  such  Insertion  ii.  obligatory,  and  the  tracking  loop  is 
designed  to  process  a  priori  unknown  random  changes  of  the  parameter.  The  rationale 
for  such  input  is  obvious,  too,  for  a  normal  tracking  systems.  The  magnitude  of 
systematic  error  is  determined  by  formula  (6.2.14). 

In  the  absence  of  statistical  evidence  about  the  measured  quantity  determination 
of  dynamic  error  in  accordance  with  Chapter  VI  is  impossible.  In  this  case  dynamic 
error  Is  determined  by  the  widely  known  method  as  the  error  of  processing  a  certain 
model  disturbance  —  an  input  varying  linearly,  by  square-law,  etc.  Formal  mathema¬ 
tical  determination  of  such  error,  obviously,  coincides  with  the  expression  for 
systematic  error  (6.2.14)  with  replacement  of  AX(t)  by  the  corresponding  disturbance. 
Therefore,  calculation  of  systematic  error  for  various  AX(t)  gives  simultaneously 
the  magnitude  of  dynamic  error  corresponding  to  the  nonstat.istical  approach  to  the 
measured  parameter. 

Let  us  consider  several  examples  of  calculation  of  dynamic  error  in  a  system 
with  smoothing  circuits  of  form  (7.10.8),  (7.10.11),  (7.10.15).  and  (7.10,16),  If 
the  random  part  of  the  measured  distance  changes  in  time  as  a  stationary  random 
process  with  spectral  density  S((u),  the  stationary  value  of  dynamic  error,  on  the 
basis  of  (6,2,17),  Is 

*  i  7  s  (•)</« 

■am 2n  3  |l  +  Ka  H  (fw)r  (7.10.20) 

—oo 

Stationary  random  changes  of  distance  correspond  to  cases  when  the  target  carries 
out  random  maneuvers  or  experiences  certain  irregular  disturbances,  possessing  a 
stationary  character.  Examples  of  such  disturbances  may  be  random  oscillations  of 
engine  thrust,  change  of  drag  due  to  irregularity  of  the  atmosphere,  noises  in 
drive  assemblies  of  control  systems  of  the  target,  and  so  forth.  In  the  presence 
of  sufficient  damping  such  disturbances  lead  to  stationary  change  of  distance,  If, 
in  particular,  spectral  density  S(co)  has  the  form 

$(»)— (7.10.21) 

p 

where  —  variance  of  the  random  component  of  the  measured  distance; 

T  —  correlation  time,  and  the  smoothing  filter  is  a  single  integrator; 
dynamic  error  is  equal  to 
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(7.10.28) 


•  •«  _  '  > _ 

a*pr  ~~  1  +K*K*T  1  -f  4*f.*T  • 

This  error  wi 1 1  decrease  with  increase  of  product  T,  i.e.,  with  broadening 

of  the  effective  bandwidth  of  the  system.  With  decrease  of  gain  factor  due  to  low¬ 
ering  of  the  signal- to-noise  ratio  dynamic  error  increases,  approaching  a  limiting 

2 

value,  equal  to  the  a  priori  variance  of  the  measured  quantity  oQ. 

Likewise,  with  smoothing  filter  (7.10.11)  and  selection  of  in  accordance 

with  (7.10.13) 

l  +  KtK.T*  +  K\KlT*  l+4A^r*+16Aft/»  *  (7.10.23) 

In  this  case  the  magnitude  of  dynamic  error  also  Is  determined  by  product 
Af  s(j)T,  The  dependence  of  ,/cr0  on  this  product  is  shown  in  Fig.  7.40,  The 

dependence  of  dynamic  error  on  the 
signal-to-noise  ratio  can  be  estimated 
by  formulas  (7.10.3.1*)  and  (7.10.23). 

Of  essential  interest  is  the  case 
when  the  measured  distance  changes 
as  a  linear  combination  of  known 
functions  with  random  coefficients 
of  the  form 

<*(0-5>M0+*F).  <7-i0*24) 

1-1 

where  =  0;  =  Milc»  d(t)  —  mean 

value  of  distance. 

Change  of  distance  according  to  (7.10,21*)  is  realized  when  the  law  of  motion 
of  the  target  is  known  with  an  accuracy  of  certain  constant  parameters,  i.e., 

d(t)  =  F  (t;  . . . ,  am)  =  F  (/;  a,  -f-n,,  . . . ,  «m-j- j*w), 

where  a^(i  =  1  ,  . ..,  m)  —  unknown  parameters  with  certain  mean  values  and 
random  deviations  from  them  u^. 

In  the  overwhelming  majority  of  practically  interesting  cases  these  deviations 
are  sufficiently  small  to  permit  presenting  d(t)  in  the  form  of  (7.10,24),  where 


Fig.  7,40.  Dependence  of  dynamic  error  on 
effective  bandwidth. 
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d(t)  =  F(t;  a±J 
various  meaning. 


%),  and  f1(t )  = 


dF(t;cn , . .  .,an 


ai 


Parameters  can  nave 


With  change  of  d(t)  according  to  (7.10.24) 


£  AfltJ v(t,‘i)fi (*)d%j 

4t*i  i*  *» 


*  Af  (k*i  (0  **  (0. 

I,  Si 


(7.10.25.) 


where  v(t,  t)  —  pulse  response,  corresponding  to  the  transfer  function  of  error, 
which  is  determined  by  equation  (6.2.15). 

With  smoothing  circuits  with  constant  parameters  the  Fourier  transform 
from  v(t  -  t)  Is  determined  by  the  expression 

v  (*•)  =  !  +*,«(*«)•  (7.10.26) 

Expression  (7.10.25)  when  =  1  simultaneously  determines  the  square  of  dynamic 
error,  corresponding  to  the  nonstatistical  approach,  which  takes  place  with  influence 
on  the  servo  system  of  a  disturbance  assigned  by  relationship  (7,1.0.24)  when  =  1 
(i  -  1,  2,  ...),  and  also  the  square  of  systematic  error,  corresponding  to  the 
same  difference  between  the  real  and  introduced  mean  values  of  the  measured  distance. 
With  smoothing  circuits  with  constants  parameters  and  tQ  -  0,  function  e.j(t), 
obviously,  is  determined  by  relationship 

C+leq 

•i(0=sjS  f  V(p)Fi(p)^,dpt  (7.10.27) 

C— -to 

where  F.(p)  is  the  Laplace  transform  of  function  f,(t). 

0  J 

From  formulas  (7.10.26)  and  (7,10.27)  it  follows  that  with  a  smoothing  filter 
in  the  form  of  a  single  integrator  (7.10.16)  function  £j(t)  asymptotically  for 
sufficiently  large  valves  of  t  can  be  approximately  presented  in  the  form 

•J  <<)=]$;•  (7.10.28) 

where  fj(t)  —  derivative  of  fj(t). 

This  expression  shows  that  stationary  error  in  this  case  exists  only  if  all 
fj(t)  are  functions  with  a  bounded  derivative.  In  particular,  if  f^(t)  =  au  +  a^t, 
fj(t)  =  0,  J  >  1,  relationship  (7.10.28)  as  t  -*  co  is  exact  and 
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* 


(7.10.29) 


m 


=  lira  «,(<)= 

1-KX> 


«l 

K*/C«  ' 


Dynamic  error,  determined  by  formula  (7.10.29),  is  used  most  frequently  in 
practice  for  evaluating  the  servo  system. 

Likewise,  in  a  system  with  two  integrators  with  correction  function  e.(t) 
approximately  is  presented  in  the  form 

(7.10.  JO) 

1  O 

and,  in  particular,  when  f^(t)  =  aQ  +  a^t  +  ■gSg’t  we  obtain  exact  expression 

=  ton  •>(<)  =  OT-  “  <7.10.51) 


and  there  is  no  error  from  a  linear  disturbance  in  steady-state  operating  conditions. 

If  the  measured  distance  has  components,  growing  faster  than  t  in  the  first  case, 

2 

and  faster  than  t  in  the  second,  as  t  -*•  oo  dynamic  error  increases  without  limit. 

With  smoothing  circuits  in  the  form  of  a  single  RC-filter  and  two  filters  with 
correction,  a  stationary  value  of  error  exists  only  with  a  constant  disturbance  at 
the  input.  In  both  cases  it  is  equal  to 


! 


i J 


.  _ _ «• 


1 


(7 .10.52) 


Relationships  (7.10.28)-(7.10.52)  show  that  in  general  the  magnitude  of  dynamic 
error  is  inversely  proportional  to  the  gain  factor  of  the  open  circuit  uf  the  servo 

system  and  increases  with  decrease 


ratio . 


of  gain  factor  of  the  discriminator 
due  to  decrease  of  the  signal-to- 
noise  ratio,  In  Pig.  7.^1  there  is 
shown  the  dependence  of  on 

h,  characterizing  change  of  dynamic 
error  with  change  of  the  signal-to- 
noise  ratio.  The  magnitude  of 
error  in  the  range  of  working  values 
of  h,  depending  upon  selection  of 
the  magnitude  of  y,  may  vary  by  a 
factor  of  1.2  to  10.  With  wider 


LLaL^j 


bands  of  the  amplifier  with  AGC  the  influence  of  normalising  properties  of  the  AGO 
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.system,  naturally,  are  more  noticeable., 


Increase  of  the  gain  factor  of  the  open  loop  has  a  different  effect  on  magnitudes 
of  fluctuation  and  dynamic  error.  Therefore,  when  designing  smoothing  circuits  of 
a  range  finder  there  is  required  a  definite  compromise  selection  of  their  parameters. 
Let  us  consider  for  example  the  case  of  a  double  integrator  with  correction.  Since 
the  time  constant  of  the  correcting  circuit  does  not  affect  the  magnitude  of  dynamic 
error,  it  should  be  selected  in  accordance  with  (7.10.13),  i.e.,  from  the  condition 
of  minimum  effective  bandwidth.  Then  total  error  of  measurement  with  a  distance 
varying  in  time  by  square  law  will  have  the  form 

_ 

+  *'jm  =  VK*K*S,tst+  Tfckjr-  (7.10.3?) 

p 

If  mean  square  acceleration  is  unknown,  it  can  be  replaced  by  a  certain 
quantity  given  by  tactical  conditions.  From  (7.10.3?)  it  follows  that  the  optimum 
magnitude  of  gain  is 

/  V'5 

iKJC*U*  =  [-§±)  •  (7.10.34) 

Total  error  here  comprises 

V=1,68(^,/SS^.  CMO.35) 


where  fluctuation  error  is  approximately  4  times  greater  than  dynamic.  Inasmuch  as 
SaKB  depends  on  h,  the  gain  in  the  open  circuit,  according  to  (7. 10. 34),  should  vary 
with  change  of  the  signal-to-noise  ratio.  In  particular,  for  optimum  or  nearly- 
optimum  discriminators  and  a  square  spectrum  of  fluctuations  of  the  signal,  when 


SgKB  is  proportional  to 


i+h 

1?’ 


the  required  law  of  change  has  the  form 


(KbK*)q*t — K*  ^T'4- h)  ’  (7.10.36) 

By  proper  selection  of  the  amplifier  band  and  parameters  of  the  AGC  system  it 
is  possible  to  achieve  automatic  approximation  of  this  dependence  in  a  sufficiently 

wide  range  of  values  of  h. 

In  Fig.  7.42  is  the  dependence  of  the  optimum  gain  factor  on  h  and  curves  of 
change  of  gain  factor  for  various  y.  All  these  curves  are  joined  for  point  h  =  10. 
From  this  figure  it  is  clear  that  with  selection  y  =  20  the  required  dependence  of 
the  gain  factor  of  an  open  circuit  with  satisfactory  accuracy  is  reproduced  by  an 
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Fig.  7.42.  Dependence  of  the  optimum 
gain  factor  of  an  open  system  on  the 

signal-to-noise  ratio;  -  required 

dependence;  -  real  dependence  for 

various  y. 


of  errors  correspond  to  various  signal- 
accelerations  developed  by  the  target, 
optimum  gain  factor  of  an  open  circuit, 


AGO  system  in  the  range  from  h  ~  J  to 

h  ~  200. 

For  illustration  of  formulas 
(7.10.34 )-(7. 10. 35)  in  Table  7.1  we  give 
errors  of  range  finding  with  a  continuous 
signal  frequency  modulated  by  sinusoidal 
law  with  deviation  2com  =  2ir.lQb  rad/sec 
for  a  range  finder  with  a  two-channel 
discriminator  matched  with  spectrum 
(7.3.11)  by  a  filter.  Spectrum  width 
Af c  is  taken  equal  to  20  cps.  Values 
to-noise  ratios  and  different  mean  square 
In  that  same  table  there  are  given  values  of 


Table  7.1 


M*an  square 
acceleration 
of  the  target 

|/^ ,  m/sec2 

«.  M 

V'K  ' 

|  sec’4- 

9,  M 

K«V 

£.eo~2 

9,  M 

K,u  V-1 

sec*2 

»•  * 

i^* 

\  sec"2 

A  =3 

km 

ID 

k  = 

30 

It  = 

:  100 

0.1 

4.6 

0,05 

2.5 

0,1 

1.4 

0,16 

0.9 

0.25 

1.0 

7.3 

0,31 

4 

0,57 

2.2 

1,05 

1,3 

1,75 

3.0 

9.2 

0,74 

5 

1,37 

2.8 

2,44 

1,7 

4 

10 

11,6 

2.0 

6.3 

3.6 

3.5 

6.5 

2.1 

10,8 

30 

14,6 

4.72 

6 

8,55 

4.5 

15,2 

2.7 

25.4 

The  presence  of  parametric  fluctuations  in  the  servo  system  leads  to  Increase 
of  errors  of  measurement.  With  constant  smoothing  circuits  this  increase  is  ex¬ 
pressed  by  simple  relationship  (6.2.39),  proceeding  from  which  by  (7.10,5)  and 
previously  obtained  formulas  for  spectral  density  of  parametric  fluctuations 
(7.3.20),  (7.3.21)  and  (7.4.14)  we  can  be  easily  estimate  the  influence  of  these 
fluctuations.  In  the  most  interesting  case  of  fairly  large,  signal-to-nolse  ratios 
and  for  circuits  of  discriminators  with  detuned  channels  or  differentiation  of  the 
reference  signal,  increase  of  error-  due  to  parametric  fluctuations  is  determined 
by  the  following  simple  expression: 

+  (7.10.37) 

p 

whore  o0  —  variance  of  error; 

Af —  bandwidth  of  the  system,  calculated  without  taking  into  account 
v  parametric  fluctuations; 
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a  =  0. 5-1.0  —  numerical  coefficient  (see  Paragraph  7.5-2); 

n  —  coefficient  of  suppression  of  fluctuations  by  the  AGC  system. 

In  cases  of  practical  interest  ratio  Af  0(j,/Af  G  has  an  order  of  10"^  to  1 ; 
therefore,  already  at  n  ~  5-10  error  is  increased  by  no  more  than  10$,  and  inviiiosf 
cases  this  increase  is,  in  general.  Immaterial.  '  . 

7.10,5.  Optimum  Smoothing  Circuits  for  a  Randomly  Varying  Parameter 
In  ChapterVI  it  is  shown  that  when  the  measured  parameter  is  a  nondegenerate 
random  process,  stationary  or  with  stationary  increments,  the  smoothing  filter  is 
a  filter  with  constant  parameters,  depending  on  statistical  properties  of  the 
measured  coordinate,  the  signal-to-noise  ratio  and  parameters  of  modulation  of  the 
received  signal.  Let  us  consider  one  example  of  such  a  process.  Let  us  assume  in, 
the  radar  range  finder  is  designed  for  measurement  of  distance  to  a  target  moving 
with  random  uncorrelated  accelerations  with  spectral  density  (quantity  Bg  is 
numerically  equal  to  the  mean  square  of  the  speed  developed  by  the  target  in  1  sec 
and  has  dimension  [m  /sec-']).  Here,  the  distance  to  the  target  is  a  random  process 
in  the  form  of  the  double  integral  of  white  noise  of  spectral  density  B9,  and  the 
optimum  smoothing  filter  according  to  results  of  Chapter  VI  is  a  double  integrator 
with  correction,  the  transfer  function  of  which  is  given  by  formula  (7.10,11), 
Moreover,  in  the  optimum  circuit 

KaKu=VBJS  out  (A).  \ 

T*=y  4Soni  (h)/Bt,  ] 

and  total  error  of  measurement  is  given  by  formula  ; 

From  (7.10.58)  it  follows  that  quantities  K.  H  and  TK  should  change  with  chan;' 
of  h.  We  shall  consider  that  these  quantities  are  fixed,  and  change  of  the  trans¬ 
mission  factor  of  the  open  circuit  occurs  only  due  to  normalizing  properties  of 
AGC.  Furthermore,  we  shall  assume  that  the  real  spectral  density  of  the  target 
differs  from  that  used  during  synthesis  and  is  equal  to  Ll20, 

The  gain  factor  of  the  integrator  and  the  time  -constant  of  the  correcting 
circuit  we  select  corresponding  to  some  h  =  h^.  Then,  tutal  amplification  in  the 
open  loop  is  equal  to 

_ l+'jf 

KJCu^fBJSonM - j. 

>  +  T 


(7. 10. 58) 


(7.10.59) 


(7.10.40) 


where  y  =  Af y  /Afc  ,  and  the  effective  bandwidth,  according  to  (7.10.12),  is 


(7.10.41) 


Then,  variance  of  fluctuation  error 


.  S,«.(A) 


(A») 


L  |+* 


(7.10.42) 


and  variance  of  dynamic  error  is  obtained  from  (7.10,20)  when  S(co)  =  Bg^o  , 


.4  B,./4So«r(MNS/‘ri+  *1 

°An--r(  Bt  )  [1  +  fcj 


(7.10.43) 


We  select  hQ  =  5,  when  for  an  exponential  function  of  correlation  of  fluctua¬ 
tions  B2/SonT(hQ)  =  23.7B2bAf  G  /c2,  which  for  instance,  when  Bg  =  102m2/sec3,  rms 

modulation  spectrum  width  ■/b  =  2u,10 ^  sec  and  width  of  the  spectrum  of  fluctuations 

Af  _  30  cps.  gives  the  following  value  of  parameters  of  tne  servo  system: 

c 

^.=5,6-45-,  r„  =  0, 6  .eo.  A/,* (/»,)  =  1,25  zii, 

SflC 

and  error  of  measurement  for  h  =  h^  is  about  3*5  m.  The  dependence  of  the  ratio  of 

total  error  +  aflMH  to  quantity  aonT  from  (7.10.39)  for  values  of  hQ,  Bg,  b,  and 

Af  c  selected  above,  on  h  is  shown  for  various  values  of  Bg0  and  two  values  of 
y(y  -  20  and  y  =  100)  in  Fig.  7.43.  In  order  to  obtain  an  idea  of  the  absolute 
values  of  error  of  measurement,  in  Table  7.2  there  are  given  values  of  oonT  for 
various  h  with  the  same  values  of  parameters  Bg,  b,  and  Af'c. 


Table  7.2 


*  ! 

0.3 

1 

3  i 

10 

30 

100 

•opt,  M 

18 

8.4 

4,5 

2,5 

1.6 

0,95 

Figure  7.43  shows  that  in  general  the  investigated  radar  range  finder  with  a 
criterion  for  selection  of  its  discriminator  close  to  optimum  sufficiently  well 
approximates  properties  of  an  optimum  system.  With  coincidence  of  assumed  Bg  and 
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reel  Bg0  increase  of  error  occurs  practically  only  for  the  smallest  values  of  hi, 
which  actually  are  not  the  working  values.  In  the  working  range  Increase  of  error 

is  several  per  cent. 


If  the  real  value  of  E„,-  Is  less 

<’U 

then  the  assumed,  in  the  cunsiuereu 
circuit  for  certain  values  of  h, 
depending  on  selection  of  quantity 
y,  error  is  less  than  in  an  optimum 
circuit,  calculated  for  spectral 
density  of  accelerations  B*,,  This 

C 

circumstance  is  not  surprising, 
since  measurement  of  distance  of  a 
target  maneuvering  lees,  naturally, 
should  be  produced  with  less  error. 

If,  on  this  other  hand,  value  of 
the  spectral  density  of  accelerations 


during  synthesis  is  lowered,  error 

of  measurement  for  all  values  of  h  is  greater  than  oonT;  however,  in  the  working 
range  of  values  of  the  signal-to-noise  ratio  this  increase  dues  not  exceed  a  factor  of 
2-3.  Selection  of  y,  as  comparison  of  curves  in  Fig.  7.43  shows,  is  not  very 
critical.  Best  results  in  general  are  obtained  for  smaller  y  (in  this  case  it  is 
reasonable  to  select  y  approximately  within  the  range  from  10  to  30);  however,  if 
there  is  a  danger  that  during  synthesis  the  value  of  the  spectral  density  of  accelera¬ 
tions  is  understated  and  the  range  finder  is  designed,  basically,  for  work  at  a 
comparatively  high  signal-to-noise  ratio,  it  is  somewhat  bettor  to  increase  y, 
expanding  the  bandwidth  of  the  preamplifier. 


7.10.4.  Smoothing  Circuits  with  Variable  Parameters 
In  Chapter  VI  it  Is  shown  that  in  many  cases  requirements  of  optimality  of  u 
meter  lead  to  the  necessity  of  application  of  smoothing  circuits  with  variable 
parameters.  Most  characteristic  is  the  case  when  the  measured  quantity  is  presented 
in  form  (7.10.24).  The  pulse  response  of  optimum  smoothing  circuits  in  this  case 
is  given  by  formula  (6.8.53),  and  error  of  measurement  is  presented  in  the  form  of 
(6.8.54).  The  smoothing  filter  here  is  a  set  of  variable-gain  amplifiers,  integrators 


and  generators  of  known  functions  of  time  with  controlled  gain. 

A  characteristic  peculiarity  of  a  meter  designed  for  a  law  ol’  change  of  the 


parameter  of  type  (7.10.24)  is  the  asymptotic  tendency  of  error  of  measurement  to 
zero,  which  is  a  consequence  of  the  quasi -regularity  of  change  of  the  measured 
quantity.  Smoothing  circuits  of  the  meter  are  constructed  here  in  such  a  way  that 
the  range  finder,  with  the  help  of  suppression  of  output  signals  of  the  discriminator, 
with  the  passage  of  time  more  and  more  shifts  to  work  from  memory,  and  change  of 
the  output  quantity  become  smoother  and  smoother,  ever  more  exact  than  change  of  the 
measured  distance. 

The  pulse  response  of  an  optimum  smoothing  filter  designed  for  measurement  of 
distance  which  changes  according  to  the  law  (7.10.24),  according  to  (6.8.53),  is 
determined  in  the  following  way: 


G ((,*)=  V  Aik(f)fi(Ofk(xh 

1.4=1 


where  A^k(t)  =  A1k(t;  h)  —  matrix  elements; 


ik 


(7.10.44) 


(7.10.45) 

(7.10.46) 


According  to  (7.10.44)-(7.10.46)  parameters  of  the  optimum  smoothing  filter 
are  functions  of  the  signal-to-noise  ratio  and  should  be  corrected  with  change  of 
it.  Let  us  assume  first  that  such  correction  is  produced,  and  we  also  assume  that 
the  discriminator  is  sufficiently  close  to  optimum,  and  change  of  its  gain  factor 
is  by  the  law  required  in  an  optimum  meter,  K^(h)  =  l/S0nT  (h).  Then,  according  to 

equation  (6.8.53)  pulse  response  of  the  closed-loop  servo  system  is 

m 

g(f,  X)  ~  S-Jrlhj  Aik(t)fi(t)fk(*),  (7.10.47) 

44=1 

and  pulse  response  of  error,  according  to  (6.2.13),  is 

®(*.  =  —  x)  —  g(t,  %).  (7.10.48) 

If  real  changes  of  distance  correspond  to  law  (7.10.24),  used  during  the 
synthesis  of  smoothing  circuits,  then,  as  it  was  shown  in  Chapter  VI,  total  error 
of  measurement  is  expressed  by  the  simple  dependence 

o»(<)  =  G(M).  (7.10.49) 

Corresponding  examples  of  calculation  of  errors  of  measurement  of  a  general 
character  were  already  considered  in  ChapterVl  .  Here  we  give  one  more  concrete 


example.  Let  us  assume  that  the  target  moves  evcnlj  toward  the  radar,  so  that  the 
distance  to  it  is  equal  to 

J»-4.+M-(V+AV>l.  (T.tu.50) 

where  3q  —  distance  at  the  time  of  tracking  lock-on,  known  with  an  accuracy  of 
error  of  lock-on  Ad  of  the  order  of  the  magnitude  of  the  resolution  capability  with 
respect  to  distance. 

Target  velocity  V  is  also  known  with  certain  error  AV,  where  errors  Ad  and  AV 
are  normal  and  uncorrelated.  Designating  Ad2  =  a2  and  AV2  =  c2,  wc  obtain,  according 
to  (6,8,65),  for  the  pulse  response  of  the  smoothing  circuit  the  expression 


G(t,x)  = 


»0 

Sott (A) 


(7.10. ‘>1) 


which  when  t  =  t.  also  determines  variance  of  total  error  of  measurement.  In  formula 
(7.10.51)  and  subsequently  we  have  in  mind  equivalent  spectral  density,  recomputed 
to  values  of  distance  with  coeffi -tent  where  c  —  velocity  of  light.  This 

variance  changes  in  time  both  due  to  the  obvious  dependence  of  o(t,  t)  on  t,  and 
also  due  to  change  of  the  slgnal-to-noise  ratio  in  time,  which  occurs  according  to 
the  law 


A(0=  fit 


(7.10.5?) 


Considering  the  spectrum  of  signal  fluctuations  square,  and  using  expression 
(7.2.1‘i)  for  Sq,.,,,  (h),  we  obtain  the  following  expression,  characterizing  change  of 
error  of  measurement  in  time: 

,  ,  A*  (t)  ,  off* 

.»(<) _ I  +  1+M0  3ci~ + 

,  ,  **(<)  .  «?<•>.  lW(QAfh^6«.  (7.10.5?) 

+  l+A(<)  c*  +  3,2  J+~  3(1  -f-  A  (<))V 


The  dependence  of  o ( t )/o  Q  on  Af  c  t  for  various  xQ  =  d0Ar c  /V  =  TyAf  c> 


where  TQ  -  time  to  target  impact,  and  various  y  = 


=yfc2 


■/Ad^Af",  ,  is  shown 


in  Fig,  7.44,  The  curves  are  constructed  for  the  signal-to-noise  ratio  at  maximum 
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koa0 

range  h0  =  3  and  for  product  — =  0.5. 


Curves  of  Fig.  7.44  show  that  error  of  measurement  sufficiently  rapidly  decrease 
in  time.  Here,  there  first  occurs  decrease  of  error,  then  a  certain  increase  of  it, 
and  then  decrease  to  zero.  Maximum  error  is  attained  faster,  the  larger  y  » 

=  u^/o^Af  c»  i.e.,  the  greater  the  variance  of  velocity  V,  and  is  expressed  more 
strongly,  the  larger  the  magnitude  of  xQ,  i.e,,  the  smoother  the  change  of  the  signal 
to-noise  ratio.  For  small  values  of  xQ  and  y  there  is  no  maximum,  and  in  general 
its  magnitude  is  greater,  the  larger  y.  Here,  for  small  y  the  magnitude  of  this 

i 

maximum  is  less  than  one,  and  for  large  y  it  may  exceed  one j  however,  even  at  y  =  to 
it  doer  not  exceed  two, 

E.v  >  sion  (7.10.05)  characterizes  total  error  of  measurement  only  when  the 
mean  value  of  measured  distance  is  inserted  in  the  circuit  of  the  3ervo  system.  If 
such  Insertion  is  not  specially  anticipated  and  there  is  introduced  only  value  dQ, 
which  occurs  automatically  upon  lock-on,  there  appears  additional  error.  Let  us 
find  the  systematic  error,  appearing  due  to  the  difference  between  the  real  and 
inserted  values  of  distance.  Function  g(t,  t)  in  this  case,  as  it  is  simple  to 
prove,  is 


(7.10.54) 


Considering  that  difference  AA(t)  in  this  case  is  equal  to  Vt,  ;>.„h  the  help  of 


(6.2,14)  and  (7. 10.48)  we  obtain  the  following  expression  for  systematic  error: 

®e«ei  T=zVt 


* 

,+5s^; 


1  +  sa„  (°o‘  +  3  *■'*)  + 1 as2 


(7.10.35) 


This  expression  shows  that  systematic  error  for  small  t  grows  as  Vt.,  and  then 
rapidly  decreases.  Asymptotically,  it  changes  as 


6  VS, 


*  ' 


and  its  maximum  is  attained  for  times  t  of  the  order  of  1/Af  c  ,  i.e.,  practically 

during  the  time  equal  to  the  inertia 


I 

r* 

r* 

r* 

r'l 


PS 
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of  the  discriminator.  The  dependence 
of  systematic  error,  related  to  mag¬ 


nitude  d(J,  on  time,  with  the  same 


‘4* 


Fig.  7.45.  Dependence  of  systematic  error 
of  range  finding  in  a  system  with  variable 
parameters,  related  to  magnitude  d^,  on 


Af , 


t : 


-y  -  10 


■—  y  =  10-i ; - y  =  10. 


conditions  as  for  Fig.  7.44,  is 
shown  in  Fig.  7,45.  This  ana.lysis 
shows  that  in  this  case  the  Influ¬ 
ence  of  systematic  error  1.s  of  i.ittle 
substance . 

In  practice  sometimes  it  is 
not  possible  to  correctly  determine 
statistics  of  the  magnitude  to  be 
determined  and  it  is  necessary  to 
make  more  or  less  arbitrary  assump¬ 
tions,  Here,  it  may  be  that  smooth¬ 
ing  circuits  are  calculated  for  one 


law  of  change  of  the  parameter,  but  in  reality  another  takes  place.  Furthermore, 
it  may  be  that  the  real  law  of  change  of  parameter  is  so  complicated  that  from  con¬ 
siderations  of  technical  convenience  it  is  necessary  consciously  to  replace  It  by  a 
simpler  one.  The  general  case  of  measurement  of  a  nonstatlonary  parameter,  varying 
according  to  the  law 


*(0=  +*(/). 


(7.10.56) 


*=  i 
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where  =  Oj  =  A.j^>  a  system  whose  smoothing  circuits  are  designed  for  law 

of  change  (7.10.24)  is  considered  in  Chapter  VI,  We  shall  limit  ourselves  to  a 
simple  example,  when  smoothing  circuits  are  designed  for  law  of  change  of  distance 

p  p 

(7.10.50)  with  variances  and  <j|,  and  their  pulse  response  has  form  (7.10.51), 
while,  in  fact,  distance  changes  according  to  law 


d(Q=dt+idt~(V+wt)t-\-jtuie, 


(7*10.57) 


2  2 

where  Ad^,  AV^,  Aa  -  independent  normal  random  variables  with  variances  Ad^  «  cr^, 

A,r2  2  a  -2  -2 

AV1  “  °11»  A  “  a21* 

Fluctuation  error  remains  the  same  as  in  the  case  of  coincidence  of  the  assumed 
and  real  laws,  and  is  determined  by  expression  (6.2.14) 


—  $0**  jfif* 


(f.  •*)  dx, 


(7.10.56) 


and  its  magnitude  for  sufficiently  large  t  practically  coincides  with  the  magnitude 
of  total  error  of  (7.10.49)  and  (7.10. 55),  calculated  earlier. 

Let  us  find  dynamic  error  of  range  finding.  According  to  (6.2.14) 


•2.  ( 1  -T  £b~)  +,M<"(l  +  2fc7)  + 

|,+sir(9®<  +  '^9‘,,)  + 

1  &  L  ,  9‘<*  ,  V 

+  -4-(‘+l2S^+7<;) 

+>9i9>v 

'12  5* 

°onr  J 


(7.10.59) 


From  this  expression  it  follows  that  different  errors  in  the  hypothesized  statistics 

differently  affect  dynamic  error.  Inaccuracy  of  knowledge  of  corresponding  variances 

does  not  lead  to  change  of  the  character  of  the  dependence  of  dynamic  error  on  time. 

2 

If,  for  instance,  o^,  i.e,,  acceleration  of  the  target,  is  absent,  components  of 
dynamic  error  in  position  and  speed  change  correspondingly  by  a  factor  of  °Q-i/aQ 
and  i/°i • 

V  O 

The  expression  for  errokjin  speed  (component  with  coefficient  o^),  obviously, 
coincides  with  the  expression  for  systematic  error  (7.10.55)  studied  above  with 
replacement  of  V  by  o^.  We  already  proved  that  its  influence  on  total  error  of 


-297- 


measurement  is  immaterial. 

Error  in  position  (component  with  coefficient  o^(-.)  also  decreases  fairly  rapidly 

2 

in  time,  Asymptotic  error  in  position  is  determined  by  2o0;)  Son)r/o0t. 

10 

In  the  conditions  considered  above,  and  for  t  7-* - ,  its  values  are  given  in 

ai  c 

Table  7.3.  Influence  of  this  error  is  also  immaterial. 

Table  7.3 


More  essential  is  error  caused  by  incorrect  selection  of  the  degree  of  the 

2 

polynomial  describing  change  of  distance.  If  api  differs  from  zero,  dynamic  error 
increases  without  limit  in  time.  Its  asymptotic  value  is  given  by  expression 

(7.10.60) 

This  means  that  understating  of  the  degree  of  the  approximating  polynomial  is  per¬ 
missible  only  when  error  of  approximation  in  the  whole  interval  of  observation  is 
Included  in  limits  assigned  by  tactical  requirements. 

The  opposite  error,  connected  with  overstatement  of  the  degree  of  the  approxi¬ 
mating  polynomial,  does  not  present  any  danger.  From  formula  (7.10.59)  it  follows 
that  dynamic  error  consists  of  the  sum  c,  the  squares  of  components,  corresponding 
to  various  degrees  of  the  polynomial,  and  if  any  of  the  coefficients  Is  in  reality 
equal  to  zero,  dynamic  error  will  only  be  less  than  that  on  which  we  counted. 
Certainly,  here,  dynamic  and  fluctuation  errors  will  increase  as  compared  to  their 
values  with  correct  selection  of  the  degree  of  the  polynomial,  but  this  increase 
is  not  very  substantial,  since  both  errors  decrease  without  limit  with  passage  of 
time . 

Let  us  consider  one  more  example  of  smoothing  circuits  v/ith  variable  parameters, 
when  forced  change  of  their  parameters  with  change  of  the  slgnal-to-noise  ratio  is 
absent,  and  there  occurs  only  change  of  the  gain  factor  of  the  open  loop  due  to  the 
AQC  system.  We  shall  limit  ourselves  to  the  simple  case  when  the  measured  distance 
changes  according  to  tne  law 

=  (7.10.61) 

Considering  that  the  smoothing  filter  is  designed  for  a  certain  signal-to-noise 
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ratio  hn,  we  obtain 


_!« _ f  />( 

>««  (a.)  J 


Then,  from  equation  (6.?,  13), 


g(t,x)  = 


•"**(*)  4  now- 


I - - - -2-. - 


KA(h)S  ou1  (*.)-! 


(7.10.62) 


(7.10.63) 


Selecting  at  point  h  =  hQ  the  optimum  value  of  the  gain  factor  K^(h0) 
l/SonT(ho)>  we  obtain  the  final  expression 


g(t,  r)=a*K(h)f  (l)f(x) 


[t +  ••{/•(*)<**]* 

-  -  — 

+  /*(*)*]* 


*<*>-■ 


(7.10.64) 


where  K(h)  =  Kfl(h)/Kfl(hQ) j  a2  =  o^/SQnT(h0). 

Here,  fluctuation  and  dynajnlc  errors  are  determined  by  relationships 


.  S,.,(  A)  AC*  (A).1 
’♦*“  2*  (A) -l 


[  I  +  a*  f  PWa]**1 
V*(0  1  o  1 

'  [i  +  ^j /•<•>*] 


2*  W-l 


(7.10.63) 

(7.10.66) 


O  t  Q 

Asymptotic  change  of  fluctuation  error  when  a  J  f  (s)ds  »  1  coincides  with 

0 

the  case  of  optimum  selection  of  parameters  of  smoothing  circuits,  and  dynamic 
error  decreases  faster  when  K(h)  >  1  and  slower  when  K(h)  <  1. 

2  2  2 

The  dependence  of  variance  of  total  error  of  measurement  oBUX  =  o^  +  Oj^, 

p  O 

related  to  the  a  priori  variance  of  the  measured  distance  or.f  (t),  on  the  quantity 
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z  =  ac  /  f2(s)ds  when  hn  =  10  and  y  =  Af  /Af 
0  u  y 


Fig,  7. 46.  The  influence  of  nonoptimality  of  SQ  (h0)/ 

smoothing  of  circuits  of  a  range  finder  on 

accuracy  of  measurement.  when  f(t) 

z  =  oct2n+i/(2n  +  l)S0nl(h0),  and  when  l'(t)  =  sin  (u>0t  +  cp),  z 


JO  is  shown  in  Fig.  7.46. 

Quantity  z  can  he  considered 
dimensionless  time.  The  physi¬ 
cal  meaning  of  it  is  that  it 
is  the  ratio  of  variance  of 
measured  distance,  averaged  for 

.j  t  o 

time  t,  J  i  (s)ds  to  variance 
t  u  0 

of  the  efficient  estimate  of 

a  constant  parameter  during 

the  time  t  for  a  signal- to- 

noise  ratio  hQ,  equal  to 

S  (h~)/t.  For  instance, 
oirrv  0 11 

when  f(t)  =  tn  quantity 


JonT'd‘o; 


During  construction  of  the  graphs  of  Fig.  7.46  we  assumed  that  the  discriminator 
of  the  range  finder  is  sufficiently  close  to  optimum,  so  that  ~  JonT^h^*  A" 

can  be  seen  from  the  figure,  curves  corresponding  to  various  values  of  h  do  not 
differ  much  from  each  other,  and  on  the  whole  error  of  measurement  sufficiently 


rapidly  decreases  with  increase  of  z. 


§  7.H.  Nontci  :king  Radar  hange  Finders 
In  the  practice  of  radar  measurements  they  sometimes  use  nontr.ack.ing  range 
finders.  They  are  applied  usually  'when  there  is  not  required  high  accuracy  of 
measurement  or  when  there  is  required  measurement  simultaneously  of  coordinates  of 
a  large  number  of  targets  and  application  in  the  radar  station  of  a  large  number  o1' 
advanced,  but  complex  tracking  meters  is  connected  with  excessively  great  technical 
complications.  Such  situations  are  encountered  in  early  warning  and  target 
acquisition  radars  [1,  26,  27], 

In  nontracking  meters  the  estimate  of  the  distance  to  the  target  is  produced 
from  the  realization  of  the  received  signal  in  a  comparatively  small  time  interval. 

Further  data,  obtained  as  a  result  of  the  esti¬ 
mate,  either  are  used  directly,  or  arc  addition- 

Fig.  7.47,  Functional  diagram  ally  smoothed  to  decrease  fluctuation  errors  of 

of  a  nontracking  range  finder: 

1  -  unit,  producing  rough  esti-  measurement.  A  functional  diagram  of  the  con¬ 
nate  of  distance  2  — 

smoothing  circuits.  struct j.on  of  a  nontracking  range  finder  is  shown 
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in  Fig.  7.47.  Estimation  of  the  distance  to  the  target  can  be  made  by  various 
devices  or  by  the  operator,  reading  data  on  the  distance  to  the  target  from  the 
screen  of  the  radar  set. 

If  calculation  of  the  estimate  is  produced  by  a  method,  sufficiently  close  to 

optimum,  for  instance,  the  method  of  maximum  likelihood,  its  variance  is  determined 

by  formulas  (7.2.22)  for  the  case  Af  T  »  1,  and  (7.2.25)  for  the  case  Af Q  T  «  1, 

o 

where  T  is  the  time  during  which  the  estimate  is  formed,  Quantities  o3(j,  from 
(7.2.22)  and  (7.2.25)  characterize  accuracy  of  measurement  then  the  estimate  of 
distance  is  used  directly.  If  there  is  applied  additional  smoothing  of  data  obtained 
by  the  estimator  unit,  variance  of  the  estimate  characterizes  intensity  of  components 
of  interferences  at  the  input  of  smoothing  circuits.  Here,  if  the  time  for  formation 
of  the  estimate  T  and  the  time  of  correlation  of  the  received  signal  are  sufficiently 
small  as  compared  to  inertia  of  the  smoothing  circuits,  these  components  can  be 
considered  white  noise  with  spectral  density 


With  rapid  fluctuations  of  the  signal  It  is  obvious  that  S_,_  coincides  with 

-DA 

SQn  ^  Therefore,  tracking  and  nontracking  meters  with  identical  structure  of 
smoothing  circuits  (in  the  case  of  a  tracking  meter  we  have  in  mind  the  pulse 
response  of  the  closed-loop  servo  system)  will  give  identical  accuracy  of  measurement. 
Actually,  all  real  estimator  units  give  estimates  which  are  less  than  efficient. 
Furthermore,  real  estimates  are  not  unbiased.  All  these  circumstances  can  lead  to 
considerable  worsening  of  accuracy  of  measurement  by  nontracking  systems.  Neverthe¬ 
less,  for  a  number  of  applications  of  radar  results  obtained  here  may  be  satisfactory. 
Let  us  consider  more  concretely  several  examples  of  nontracking  meters. 

7.11.1.  Range  Finder  with  Frequency  Modulation 
In  radio  altimeters  and  certain  other  cases  there  is  applied  a  range  finder  con¬ 
structed  according  to  the  block  diagram  of  Fig.  7.48  [27,  31],  A  transmitter 
radiates  the  frequency  modulated  signal.  The  received  signal  is  mixed  with  the 
signal  -ji  the  transmitter,  is  passed  through  a  low-frequency  filter,  and  is  fed  to 
a  frequency  measuring  unit.  If  the  frequency  is  modulated  according  to  the  law 
Aoj(t),  frequency  of  the  signal  at  the  mixer  output  varies  according  to  the  law 

i-.-i1  small  t  frequency  ox^(t)  ) ;  therefore,  knowing  the  law  of  change  of 

frequency  and  measuring  the  frequency  of  the  signal  at  the  mixer  output,  it  is 
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possible  to  measure  dalay  of  the  reflected  signal,  For  any  periodic  frequency 

modulation  the  magnitude  of  dAu>(t )  changes  in  time.  For  Instance,  with  triangular 

at 

and  sawtooth  modulation  function  ^(l)  varies  in  accordance  with  Fig.  7.4y.  From 
the  figure  it  is  clear  that,  depending  upon  the  magnitude  of  t,  the  whole  shape  of 
curve  co^(t)  changes;  for  instance,  for  sawtooth  modulation  not  only  the  level  of 
flat  sections,  but  also  their  location  changes.  Usually  in  nontracking  radio  range 
finders  with  frequency  modulation  the  influence  of  delay  t  on  the  shape  of  the 
curve  is  not  taken  into  account,  and  measurement  of  distance  is  based  on  measurement 
of  frequency  in  the  flat  section  (Fig.  7.49). 


MD 


HD-GJ 


Fig.  7.48.  Block  diagram  of 
a  nontracking  range  finder 
with  frequency  modulation: 

1  —  transmitter;  2  —  nrtxer; 

3  —  low-frequency  filter;  4  - 
frequency  measuring  unit. 


Fig.  7.49.  Change  of  frequency  in  time;  a) 
sounding  signs?.;  h)  received  signal;  c)  signal, 
at  mixer  outfot;  1  —  section  utilized  for  mea¬ 
surement. 


With  triangular  modulation, 
for  instance,  bandwidth  of  the  filter  is  selected  such  that  frequencies,  correspond¬ 
ing  to  the  interval  of  time  from  kl’r  to  kT  +  t,  in  general,  do  not  pass  through 
the  filter.  Such  construction  of  a  meter  is  permissible,  obviously,  only  when  the 
required  range  of  change  of  delay  is  considerably  less  than  the  period  of  repetition 
of  the  signal.  Otherwise,  there  will  take  place  excessively  large  power  losses, 


which  are  proportional  to  t/1 


Subsequently,  we  shall  consider,  in  accordance  with 


the  way  this  is  done  in  practice,  that  Tm^/T  «  1,  and  we  shall  ignore  losses 
connected  with  this. 

With  fulfillment  of  condition  \BI{0/Tr  «  1  the  considered  range  finder  with 
triangular  and  sawtooth  modulation,  from  the  point  of  view  of  analysis  of  accuracy, 
is  equivalent  to  a  frequency  meter.  Fluctuation  error  of  measurement  is  determined 
here  by  the  following  expressions  for  variance: 
for  sawtooth  FM 


*  ^  • 
**  4»*  °m 


S 


(7.11.2) 


for  triangular  FM 
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(7.11,3) 


p 

where  —  variance  of  error  of  measurement  of  frequency; 

2co >  —  frequency  deviation. 

o 

During  calculation  of  one  should  consider  that  coherence  of  the  signal  from 
period  to  period  is  disturbed.  We  explain  this  by  the  example  of  sawtooth  modula¬ 
tion.  Since  the  filter  does  not  pass  frequencies  corresponding  to  negative  values 
of  “^(t)  (Fig.  7. 49 )>  the  signal  at  the  filter  output  in  every  period  has  a  new 
value  of  phase,  depending  on  the  duration  of  the  negative  section,  equal  to  t.  If  this 
advance  of  phase  from  period  to  period  is  not  compensated,  signals  in  various  periods 
will  be  incoherent.  Compensation  of  phase  advance  can  be  carried  out  only  using 
the  measured  value  of  delay,  which,  obviously,  signifies  anew  return  to  a  tracking 
meter.  In  the  absence  of  compensation  coherence  of  the  signal  is  disturbed,  which 
leads  to  lowering  of  accuracy  of  measurement.  Analogous  phenomena  take  place  also 
for  any  other  law  of  frequency  modulation.  This  means  that  for  any  method  of  mea¬ 
surement  of  frequency  accuracy  of  the  considered  range  finder  will  be  worse  than 
the  accuracy  of  a  tracking  range  finder. 

It  is  possible  to  show  that  with  an  optimum  method  of  measurement  of  frequency 
and  low  signal-to-noise  ratios  accuracy  of  the  considered  range  finder  is  approxi¬ 
mately  identical  to  the  precision  of  an  incoherent  tracking  range  finder  using  a 
signal  with  the  same  parameters. 

Actually,  as  is  shown  in  Chapter  IX,  variance  of  the  efficient  estimate  of 
frequency,  formed  over  one  period  Tr  for  not  too  large  a  signal-to-noise  ratio,  is 
approximately  equal  to 

(7.11.4) 


where  q  —  the  ratio  of  energy  of  the  signal  for  the  period  to  the  spectral  density 
of  noise  (q  =  PcTr/2N0). 

Then,  for  instance,  for  sawtooth  FM,  according  to  the  formula  (7.11.2) 


=ll+? 


(7.H.5) 


With  triangular  FM  measurement  should  be  produced  by  half -periods  T^/2,  and  we 

2  P 

again  obtain  the  same  expression  for  o^.  Quant? ty  o  from  (7.11.5)  characterizes 
accuracy  of  measurement  during  single  measurement,  if  measurements  are  produced 
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p 

aver  many  periods,  then  quantity  o~  determines  the  spectral  tensity  of  fluctuation 
error 


s 


'lTr 


3r,  I  +  q 

<  V  * 


o 

Since  ar^/3  is  equal  to  parameter  b  =  -c"(0)  lor  the  considered  forms  of  modulation, 
coincides  with  the  expression  for  equivalent  density  of  an  incoherent  range¬ 
finder  using  a  pulse  signal  with  the  same  mean  powe?r  and  with  linear  change  of 
frequency  with  deviation  within  limits  of  the  pulse  2a>  »  1/r,.  (see  Chapter  VIII), 

In  reality,  due  to  the  specific  dependence  of  accuracy  of  measurement  of  fre- 

P 

quency  on  the  signal-to-noise  ratio  [for  large  q  formula  (7.11.4)  is  invalid;  o' 
here  approaches  a  finite  quantity],  actual  accuracy  of  a  nontracking  meter  will  br 
still  worse.  Furthermore,  in  practice  in  such  range  finders  there  is  not  produced 
measurement  of  frequency  by  a  method  even  faintly  similar  to  optimum,  but  there 
is  carried  out  counting  of  zeroes  of  output  voltage  of  the  filter.  Since  the  pass- 
band  of  this  filter,  designed  for  the  range  of  measured  distances,  considerably 
exceeds  the  frequency  of  repetition,  and  counting  of  zeroes  is  produced  by  non¬ 
linear  transformations,  then  due  to  worsening  cf  the  oignal-to-ncice  ratio,  connected 
with  expansion  of  the  passband,  accuracy  of  meo.;u.-  •.•wont  sharply  decreases.  Cimul- 
taneously  with  increase  of  fluctuation  error,  the  method  of  counting  zeroes  1-ads 
to  the  appearance  of  systematic  errors, of  measurement. 


7,11.7,  use  of  a  Kan*..  Finder  wit!,  a  Fast  Tracking 
Loon  for  Jovmjng  an  Estimate 

In  the  beginning  of  this  section  we  .said  that  if  the  estimate  of  distance  in  a 
nontracking  range  finder  is  close  to  the  efficient  one,  its  accuracy  is  close  to  the 
accuracy  of  a  tracking  range  finder  with  identical  structure  of  its  smoothing 
circuits,  Optimum  estimator  units  can  be  synthesized  just  as  discriminators,  i'-.-w- 
ever,  a  satisfactory  solution  of  the  problem  of  optimum  formation  of  an  estimefr 
is  application  of  a  high-speed  tracking  range  finder  with  very  simple  structure  of 
its  smoothing  circuits.  The  output  of  this  range  finder  should  be  smoothed  in 
inertial  circuits,  matched  in  their  characteristics  witn  the  law  of  change  of  the 
measured  distance.  As  a  whole  such  a" range  finder  is  "nontracking"  in  the  sense 
that  for  control  of  tuning  of  the  discriminator  in  it  there  is  used,  not  the  final 
output  value  of  distance,  but  a  certain  intermediate  value,  which  may  repeat  the 
true  value  of  distance  with  considerably  greater  errors. 

Requirements  on  the  high-speed  range  finder  ensue  from  requirements  on  the 
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optimum  estimate.  This  estimate  should  be  unbiased  and  efficient.  Prom  the  require¬ 
ment  of  unbiasedness  there  follow  requirements  of  the  absence  of  systematic  and 
dynamic  errors  of  tracking.  These  requirements  will  be  carried  out  sufficiently 
satisfactorily  if  inertia  of  the  high-speed  range  finder  is  small  with  respect  to 
the  rate  of  change  of  the  measured  distance. 

The  requirement  of  efficiency  leads  to  the  requirement  of  optimality  of  the 
discriminator  of  the  high-speed  range  finder  from  the  point  of  view  of  minimum 
equivalent  spectral  density.  Then  the  output  of  the  high-speed  range  finder  in 
the  absence  of  noises  will  repeat  the  law  of  change  of  the  measured  distance,  and 
fluctuation  error  will  be  practically  equal  to  the  variance  of  the  efficient  estimate, 
built  from  the  realization  of  the  signal  during  the  time  T  =  l/2Af  ,  where  Af  - 
bandwidth  of  the  high-speed  range  finder.  These  variances  for  cases  when  the  speed 
of  action  of  the  closed-loop  system  is  low  or  high  as  compared  to  the  time  of 
correlation  of  fluctuations  (Af  g^/Af  c  «  i  and  Af  g[^/Af  c  »  1),  are  determined 
by  formulas  (7.. 2. 22)  and  (7.2.25),  respectively.  They  characterize  accuracy  of 
measurement  when  the  resultant  estimate  of  distance  is  used  directly. 

If,  however,  subsequent  smoothing  is  used,  these  variances  characterize  the 
intensity  of  interferences  at  the  input  of  the  smoothing  circuits.  Moreover,  due 
to  the  low  inertia  of  the  closed-loop  meter  forming  the  estimate  these  components 
may  be  considered  white  noise  with  spectral  density 


which,  for  rapid  fluctuations  coincides  with  quantity  SQnT  or  in  the  case  of 
a  nonoptimal  discriminator,  and  when  Af  ^/Af  Q  »  1  gives 


(»-«•)  P\  \  _t’  4JV'*/*/ 


(7,11.7) 


Further  analysis  of  the  meter  does  not  differ,  in  principle,  from  that  performed 


above.  Dynamic  and  fluctuation  errors  of  the  meter  as  a  whole  are  determined  by 
the  very  same  formulas,  in  which  by  g(t,  t )  we  mean  the  pulse  response  of  the 
open-loop  smoothing  filter.  Pulse  response  v(t,  t),  as  before,  is  determined  by 
formula  (7,10.42),  During  calculation  of  fluctuation  errors  one  should  use  the 
magnitudes  of  spectral  density  from  (7. 11. 6)  and  (7,11,7).  With  optimum  selection 
of  the  smoothing  filter  and  a  comparatively  low  level  of  noises  errors  of  range 
finding,  obviously,  in  this  case  coincide  with  errors  of  a  tracking  meter.  With  a 
high  level  of  noises  due  to  the  high  speed  of  operation  of  the  preliminary  meter. 


-505- 


forming  the  estimate,  in  the  considered  system  breakoffs  of  tracking  become  more 


probable,  the  influence  of  parametric  fluctuations  increases,  and  as  a  whole  errors 
of  measurement  increase,  Furthermore,  due  to  the  high  speed  of  operation  application 
of  a  single-channel  discriminator  with  switching  of  reference  signals  is  hampered, 
the  influence  of  all  sorts  of  intermittent  interferences  is  increased,  etc.,  which, 
due  to  inevitable  nonlinearities  and  parametric  connections,  may  lead  to  swinging  of 
the  system,  its  excitation  and  loss  of  the  target  in  the  unit  forming  the  estimate. 
All  this,  in  general,  leads  to  undesirability  of  application  of  such  meters  when  we 
require  from  the  radar  range  finder  the  very  highest  accuracy  of  measurement. 

§  7.12.  Range  Finder  with  Discrete  Measurement 

In  a  number  of  cases  requirements  on  the  width  of  the  spectrum  of  modulation 
are  dictated,  not  by  permissible  errors  of  range  finding,  but  by  the  resolution  capa¬ 
bility.  Modulation  in  certain  cases  is  so  broad-banded  that  potential  accuracy  of 
range  finding,  calculated  from  the  concept  of  a  point  target,  cannot  be  realized. 

The  resolution  range  here  is  comparable  to  or  even  less  than  dimensions  of  the 
target,  and  accuracy  of  range  finding  is  determined  already  practically  by  dimensions 
of  the  target .  In  these  conditions  it  is  sometimes  senseless  to  apply  complex 
range  finders  with  special  discriminators,  and  it  is  possible  to  limit  ourselves  to 
simpler  systems. 

Usually  radars  are  equipped  with  detection  channels  designed  for  a  certain 
range  of  distances,  where  often  doteei'en  is  produced  simultaneously  over  the 
whole  range  of  distances,  for  whU:.  there  ia  a  set  of  parallel  channels  of  identical 
type,  each  of  which  Is  designed  for  a  certain  distance.  Methods  of  construction  of 
such  channels  are  considered  in  Chapters  r.:  and  7. 

With  optimum  processing  the  output  voltage  of  such  a  channel  coincides  with  ti- 
logarithm  of  the  likelihood  ratio  of  the  received  signal  for  the  given  distance.  1 ‘ 
is  obvious  that  the  unit  of  target  detection  channels,  in  one  way  or  another  present 
in  a  radar,  can  be  used  for  range  finding  and  also  for  simultaneous  measurement  of 
the  distance  to  many  targets.  This  unit  can  be  used  for  various,  tasks,  including 
creation  of  discrimination  characteristics  of  normal  range  finders.  Here  we  consider 
a  case  where  taking  of  data  on  the  distance  to  a  target  .from  the  unit  of  detection 
channels  is  realized  discretely  with  accuracy  of  the  number  of  t.hi-  channel  .  Possi¬ 


ll 

1 


bilities  of  increase  of  the  accuracy  of  determination  of  the  distance  already  wen 
considered  in  Chapters  III  and  IV. 

One  very  simple  functional  circuit  of  such  a  range  finder,  designed  for 
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measurement  of  the  distance  to  one  target,  is  shown  in  Fig.  7.50.  The  received 

signal  passes  through  the  unit  of  range 
detection  channels,  at  the  output  of 
which  is  a  unit  which  selects  at  definite 
intervals  of  time  of  duration  Tq  the 
channel  whose  output  voltage  is  maximum. 
Then,  there  follows  a  unit  for  transforma¬ 
tion  of  the  number  of  the  channel  into  a 
discrete  distance,  and  there  occurs  smoothing  of  the  obtained  data  by  linear  smooth¬ 
ing  circuits.  If  there  arises  the  task  of  tracking  several  targets,  the  selection 
unit  should  determine  the  number  of  channels  in  which  voltage  attains  a  maximum, 
the  maximum  of  the  remaining  channels,  etc.  It  is  also  possible  to  select  all 
channels  in  which  output  voltage  exceeds  a  certain  threshold,  determined  by  the 
level  of  noises,  and  to  carry  out  smoothing  of  all  data  by  separate  smoothing 
filters.  The  circuit  of  Fig.  7.50  can  be  modified  and  turned  into  a  servo  system. 
Tracking  here  will  be  carried  out  not  by  zero  of  the  discrimination  characteristic, 
but  by  the  channel  number.  It  is  possible  to  carry  out  such  tracking,  for  instance, 
in  the  following  way. 

After  preliminary  determination  of  the  channel  with  the  target,  from  its  output 
voltage  the  output  voltages  of  the  two  adjacent  channels  are  subtracted.  If  one 
of  these  differences  is  less  than  a  threshold  selected  in  a  certain  definite  form, 
as  the  measure  of  distance  there  is  selected  the  channel  for  which  this  difference 
is  less  than  the  threshold,  and  its  voltage  is  compared  with  voltages  of  the  two 
adjacent  channels.  Discrete  data  are  smoothed  by  the  usual  method,  and  they  control 
switching  of  the  channels,  subsequently  selecting  the  number  of  the  channel  with 
the  target.  For  low  signal-to-noise  ratios,  when  errors  of  measurement  can  be 
great  and  exceed  the  magnitude  of  one  discrete  value  of  distance,  one  should 
anticipate  comparison  of  voltage  in  the  selected  channel  not  only  with  adjacent,  but 
with  more  distant  channels. 

Let  us  consider  in  more  detail  with  very  simple  assumptions  a  nontracking  meter 
of  discrete  type  with  a  fundamental  circuit  of  the  type  of  Fig.  7.50.  We  shall 
consider  that  adjacent  channels  of  the  detection  unit  do  not  overlap,  so  that 
signals  at  their  output  are  orthogonal  and  statistically  independent.  Furthermore, 
we  assume  that  selection  of  number  is  carried  out  In  such  a  time  Tq,  at.  which 
voltages  in  any  of  the  channels  at  the  end  of  adjacent  intervals  of  duration  Tq  are 

statistically  Independent.  We  note  that  formation  of  the  logarithm  of  the  likelihood 
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Fig.  7.50.  Functional  circuit  of  a 
range  finder  with  discrete  measure¬ 
ment:  1  —  unit  of  detection  chan¬ 
nels;  2  —  unit  for  selection  of  max¬ 
imum  voltage  at  the  output  of  the 
unit  1;  5  —  converter  of  channel 
number  into  distance;  4  —  smoothing 
circuits . 


ratio  may  occur,  not  for  all  time  TQ<  but  during  a  certain  part,  of  it. 

On  these  assumptions  the  input  signal  of  the  smoothing  filter  is  a  sequence  of 
random  variables  discretely  varying  with  period  T0,  which  can  take  one  of  the 

discrete  values  d^^,  corresponding  to  the  1st,  2nd,  rr-th 

channel.  Quantities  d^^,  . ..,  d^1^  in  every  period  Tq  have  the  probability 

distribution  depending  on  the  real  position  of  the  target  in  the  k-th  period 

of  Tq.  Probability  p(j)  is  the  conditional  probability  that  in  the  k-th  period  of 
Tq  maximum  voltage  will  be  in  the  i-th  channel  on  the  condition  that  the  target  in 
this  period  is  in  the  j-th  channel. 

/ 

The  mean  value  and  variance  of  the  input  signal  of  the  smoothing  filter  are 
determined  by  the  following  relationships: 


<=i 

-:</)=£  <«'»>■,- ■  -  ( //j’  y. 

1=1  j=i 


CM2.1) 


(7.12.2) 


Both  quantities  are  calculated  under  the  condition  that  the  target  is  at  distance 

d^. 

If  smoothing  circuits  are  a  discrete  filter,  fluctuation  error  of  measurement 
will  be  determined  by  expression 

£.**/=£  (7.12.5) 

where  —  response  of  the  filter  at  the  time  nlv  to  a  disturbance  applied  at 
t ime  kTf . 

Correspondingly,  dynamic  error  In  tne  nonstatistical  approach  is  equal  to 

—  <*.»  —  £  ^Vdl'  >/>{*’,  (7.3  :•! .  Ji ) 

4=1  1=1 

where  dQn  —  true  distance  at  time  nT0, 

With  the  statistical  approach,  when  we  know  the  probability  distribution  of 
real  distance  at  any  moments  of  time,  we  must  find  the  mean  square  dynamic  error 

eflviH  n* 

If  inertia  of  the  smoothing  filter  is  great  as  compared  to  the  interval  of 
quantization  TQ,  it  may  be  continuous,  and  then  fluctuation  error,  obviously,  is 
given  by  the  following  formula: 


-**► 
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°l *  =  (7.12.5) 

O 

where  a  (t)  —  value  of  variance  from  (7.12.2)  at  time  t  =  kT^. 

The  expression  for  dynamic  error  varies  analogously. 

Probabilities  p{^  with  the  accepted  assumptions  about  the  independence  of  out- 
put  voltages  of  various  channels,  as  it  is  simple  to  prove,  are  determined  by  the- 
following  expressions! 


J  ®«aW[  j  (2)d2y-'dx, 

—00  —00 


P\V  =  J  J  Wea(z)  [  J  Wm  (?)  dz]"*  3dx 

W  -OD  —00  —00 


(7.12.6) 


and,  as  follows  from  these  expressions,  depend  on  K  only  through  the  value  of  j, 
corresponding  to  true  distance  at  moment  kT0.  Functions  wcu,  (x)  and  w  (x)  are, 

probability  densities  for  output  voltage  of  the  detection  channel  unde  jj,  the 
condition  that  on  it  there  act  a  signal  mixed  with  noise  and  noise  alone,  respectively 
(see  Chapters  IV  and  V).  If,  at  the  output  of  each  of  the  detection  channels,  as 
in  practice,  there  is  also  a  certain  threshold  unit  allowing  us  to  eliminate  from 
consideration  those  channels,  voltage  in  which  in  the  given  period  does  not  attain 
its  trigger  level  C,  expressions  (7.12.6)  are  somewhat  changed  —  the  lower  limit  of 
integration  over  x  is  changed  in  them  from  -co  to  c,  Transforming  the  second  of 
expressions  (7.12.6)  by  integration  in  pares,  it  is  easy  to  prove  the  validity  of 
the  following  relationships 


which  gives  us  the  possibility  to  limit  ourselves  to  determination  only  of  probability 


With  fluctuations  which  are  slow  as  compared  to  the  period  of  duty  of  a  detec¬ 
tion  channel  in  one  period  distributions  wcu]  (x)  and  w  ^  (x)  are  equal,  respective¬ 

ly,  (see  Chapter  IV),  to 


,+l* 

Wm  (Jc)  =  e_*, 


(7.12,8) 
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■where  p  is  the  ratio  of  energy  accumulated  in  one  period  T0  of  the  signal  to  the 
spectral  density  of  noise, 

Then,  from  formula  (7.12.6),  we  have 

^/*>s==  5]  (—  V)‘  r+  k  ( If  |k)  ~  1  ~mvT'  (,.1 

*«=o 

The  approximate  expression  is  valid  when  u  »  1*  which  is  usually  realized  in  prac¬ 
tice.  Analogously,  probability  can  be  calculated  with  certain  approximations 

also  for  fluctuations  which  are  rapid  as  compared  to  the  period  of  duty  of  the 
detection  channel.  Probabilities  of  erroneous'  selection  of  the  maximum  on  the 
basis  of  (7.12.7)  are  equal  to 

(7.12.1.0) 

Due  to  the  equality  of  all  probabilities  pjj^  when  i  ^  j,  formulas  (7.12.1) 
and  (7.12.2)  can  be  simplified  and  reduced  to  the  form 

(7.12.11) 

d](i)  " i±^£’ </(/)•  +  (!_  24*  [tf*  +  j  ,  (7.12.12) 

where  Ad  —  interval  of  distances  covered  by  one  detection  channel; 

N  —  distance,  expressed  in  intervals  Ad,  corresponding  to  the  middle  of  the 
range  covered  by  the  unit  of  e.etec i j on  channels. 

Prom  formulas  (7.12.11)  and  (7.12,12)  it  follows  that  when  m  »  1 

(7.12.15) 


A  characteristic  feature  of  the  considered  range  finder  is  the  dependence  of 
errors  of  measurement  on  the  magnitude  of  the  real  distance  [see  formulas  (7,12,2) 
and  (7.12.15)].  This  peculiarity  is  inherent  to  a  certain  extent  in  all  nontracking 
meters,  but  in  the  given  case  it  is  manifested  especially  distinctly.  Fluctuation 
error  reaches  its  minimum  If  the  target  Is  In  the  middle  of  the  range  occupied  by 
the  detection  unit,  and  increased  with  shift  of  the  target  towards  its  edges,  As 
follows  from  (7.12.15),  this  InorensR  occurs  by  square  law.  With  probability  p\4' 
close  to  one,  variance  of  errors  on  the  edges  of  the  range  is  doubled  as  compared  to 


the  minimum  magnitude.  Here,  from  expression  (7,12.15)  it  follows  that  variance;  on 


the  edge  of  the  range,  with  accuracy  to  coefficient  1  -  p 


coincides  with  variance 


of  a  uniform  a  priori  distribution  of  width  AdQ  =  mAd. 

If,  in  particular,  probability  pjj)  is  determined  by  formula  (7.12.1^),  the 
magnitude  of  variance  is 

°* W = it* [ <rf <0  —'<'•)*  +  i Arfo  ]»  (7.12.14) 

where  dQ  —  distance,  corresponding  to  the  middle  of  the  range  (dQ  =  NAd); 
d(t)  —  true  distance  at  time  t. 

Then,  for  great  inertia  of  the  smoothing  filter  and  constancy  of  the  measured 
distance  d(t)  =  d,  and  considering  that  p  =  PcT(y/2N0,  we  obtain  in  steady-state 
operating  conditions  the  following  expression  for  variance  of  fluctuation  error: 


(7 .12.15 ) 


This  expression  shows  that  a  range  finder  of  the  considered  type  has  essentially 
worse  accuracy  than  a  tracking  range  finder.  The  magnitude  of  fluctuation  err^r  with 
such  a  method  of  range  finding  increases  by  ratio  Ad^Ad  and  is  no  longer  determined 
by  the  magnitude  of  the  resolution  capability,  but  by  the  magnitude  of  the  a  priori 
interval. 


As  it  was  shown  in  Chapter  IV,  to  increase  noise  immunity  with  respect  to  passive 
interferences  it  J.3  useful  to  increase  the  frequency  of  repetition.  Here,  the  ad¬ 
vantages  of  unmodulated  radiation  (speed  resolution)  can  be  combined  with  selection 
of  the  target  with  respect  to  distance.  However,  when  using  sufficiently  high 
frequencies  of  repetition  there  may  arise  ambiguity  with  respect  to  distance  and  a 
number  of  difficult  circumstances  connected  with  the  necessity  of  suppressing  powerful 
signals  from  closely  located  local  objects  and  the  necessity  of  work  of  the  receiver 
and  transmitter  on  one  antenna.  In  the  last  case,  when  the  transmitter  is  operating, 
its  signal  proceeds  to  the  input  of  the  receiver,  and  even  if  the  tuning  frequency 
of  the  receiver,  due  to  Doppler  shift,  is  different  from  the  transmitter  frequency, 
due  to  transmitter  noises,  occupying  a  wide  frequency  range,  at  the  input  of  the 
receiver  during  this  time  there  will  be  powerful  interference,  essentially  exceeding 
signal  level  [40],  This  circumstance  leads  to  the  nec«s'j.ty  of  cutoff  of  the  receiver 
during  radiation,  which  in  turn  causes  the  appearance  of  "blind"  zones  with  respect  to 


distance.  The  number  of  these  zones  with  a  high  frequency  of  repetition  may  be 
great,  and  the  total  extent  depends  on  the  off-duty  factor.  In  particular,  with 
an  off-duty  factor  equal  to  two,  half  the  range  is  covered  by  "blind"  zones. 

With  movement  of  the  target  the  signal  from  it  alternately  passes  through  "blind" 
zones.  Therefore,  for  a  significant  part  of  the  time  it  is  inaccessible  for  observa¬ 
tion,  and  the  radar  works  with  interruption  equal  to  the  time  of  passage  through  the 
"blind"  zone.  In  such  Interruptions  there  are  power  losses  and  essential  impairment 
of  accuracy  of  measuring  of  distance  and  other  coordinates.  In  order  to  eliminate 
these  losses,  it  is  useful  to  produce  an  abrupt  or  smooth  change  of  the  frequency 
of  repetition,  reducing  to  a  minimum  the  times  when  the  target  is  in  a  "blind"  zone. 
Most  useful  is  continuous  change  of  the  frequency  of  repetition,  which  permits  us 
in  principle  to  shift  the  interval  between  "blind"  zones  right  behind  the  target 
and  reduce  the  time  of  signal  cutoff  to  zero.  Here,  by  change  of  frequency  we 
realize  target  tracking. 

In  the  course  of  such  tracking  of  the  target  the  system  should  change  its 
period  of  repetition  Tr(t)  in  such  a  manner  that  error  is  minimal: 

j)rr(0-~*(0.  (7.i?.i) 

where  t(t)  —  changing  magnitude  of  delay; 

Tr(t)  —  period  of  repetition; 
n  —  integer. 

This  system  can  consist  of  a  discriminator  and  smoothing  circuits  the  same 
type  as  in  an  ordinary  range  finder.  It  is  possible  to  show  that  the  optimum  system, 
ensuring  minimum  mean  square  error  e^(b),  remains  in  this  case  the  same  as  the  circuit 
of  an  optimum  range  finder.  The  difference  is  that  in  the  given  case,  not  the 

4 

magnitude  of  delay,  but  (n  +  -g)Tr(t)  should  be  controlled.  We  note  that  it  is 
sometimes  more  convenient  technically  to  control  proportionally  to  control  voltage, 
not  the  period,  but  the  frequency  of  repetition  fr> 

It  is  easy  to  prove  that  with  use  of  the  error  signal  for  control  of  f  and 
linear  smoothing  circuits  the  system  does  not  ensure  the  required  quality  of  tracking: 
with  movement  of  the  target  the  equation  of  the  system  does  not  have  a  solution  in 
the  form 

„  +  l 

MO +*</), 


where  ?(t)  —  small  error  which  does  not  increase. 


4 

In  practice  the  quantity  permitting  control  is  not  (n  +  ^)Tr(t),  but  the  period 
of  repetition  Tr(t).  In  this  connection  there  arises  the  necessity  of  controlling 

4 

the  gain  factor  of  the  open  circuit  proportionally  to  l/(n  +  -j).  Such  control  is 
especially  necessary  if  the  distance  changes  in  the  course  of  tracking  by  a  factor 
of  several  times.  Inasmuch  as  linear  change  of  the  period  is  possible  only  in  a 
limited  range,  in  this  case  jumps  of  period  Tr  by  a  nominal  amount  after  passage  by 
the  target  through  several  "blind"  zones  with  respect  to  distance  are  inevitable. 
Thus,  quantity  n  changes  in  the  course  of  tracking,  and  in  order  to  keep  the  speed 
of  operation  of  the  range  tracking  system  constant  it  is  necessary  to  change  the 
gain  factor  of  the  open  circuit  KQ. 

To  realize  control  of  KQ  and  to  properly,  i.e.,  without  losing  the  target, 
choose  moments  of  jumps  it  is  necessary  to  measure  the  distance  to  the  target. 
Unambiguous  measurement  of  distance  can  be  effected  with  the  use  of  outputs  of  the 
period  control  and  speed  tracking  systems.  The  latter  always  is  present  in  coherent 
single-target  radars.  Let  &(t)  =  QJ  then  from  (7.13*1)  (n  +  ^)T  (t)  =  r(t)  - 
Differentiating  both  parts  of  this  equality,  we  obtain 

+  - £  MO.  (7.13.2) 

where  V(t)  —  speed  of  approach; 
ffl(t)  —  Doppler  frequency. 

Eliminating  n,  we  can  obtain 


Calculation  of  range  by  formula  (7.13.3)  can  be  done  by  analog  or  digital  com¬ 
puters.  To  decrease  fluctuations  of  voltage  proportional  to  Tr(t)  one  can  use 
additional  smoothing  circuits  after  differentiation  of  voltage  at  the  output  of  the 
period  control  system. 

Let  us  find  the  magnitude  of  fluctuation  error  of  range  finding,  We  shall 
consider  fluctuations  of  functions  Tr(t),  Tr(t)  and  V(t)  small  as  compared  with 
their  mean  values.  Then  error  of  unamblgous  measurement  of  distance  is 


j  n\  r^r,  in  a t,m  ,AV  <<)!__ 

=d(()  [7^-  vm  J- 

where  e^t)  —  fluctuation  error  of  the  system  for  range  tracking  of  a  target; 
AV(t)  —  fluctuation  error  of  the  speed  tracking  system. 
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Random  variables  (t),  e^t),  and  AV(t)  can  be  considered  uncorrelated: 

(t)  and  e^,(t)  are  uncorrelated  with  one  another  in  view  of  the  symmetry  of  the 
spectrum  of  fluctuation  error  e^(t)  with  respect  to  zero  frequency;  while  (t)  and 
(t)  are  not  correlated  with  AV(t)  in  view  of  the  uneonnectedness  of  coding  of 
distance  and  speed  in  the  received  signal. 

As  a  result  the  variance  of  fluctuation  error  is  equal  to 

*»-$[<  +  <!«.( ■J  +  J'4)].  (7.13.5) 

where  t~(t)  =  d(t)/V(t)  —  time  remaining  until  target  impact. 

p 

Error  of  tracking  of  distance-  ag  can  be  calculated  from  the  results  of  the 
preceding  paragraphs;  error  of  measurement  of  speed  can  be  defined  by  formulas  of 

p 

Chapter  IX,  and  o£  is  equal  to 

m 

*'=i  (7.15.6) 

—OQ 

where  H^ics)  —  frequency  response  of  the  range  tracking  system; 

H„ (io>)  —  frequency  response  of  the  filter  intended  for  decreasing  fluctuations 
"  Tr(t); 

S3KB  -  equivalent  spectral  density  of  the  discriminator  of  the  range  tracking 
system. 

O 

Quantity  during  speed  tracking  can  comprise  0.1-0. 5  m/sec  or  more,  and  o<t 

4  2 

with  correct  choice  of  smoothing  circuit'.:  will  coincide  in  order  with  » 

C 

<“  4'io'1^  to  10" Then,  for  instance,  when  10  min 

T  4) « 25 “100  min. 

This  means  that  error  obtained  due  to  inaccuracy  of  measurement  of  speed  and  mag¬ 
nitude  T'r(t)  may  significantly  exceed  error  of  tracking  for  distance  o  . 

Thus,  in  the  considered  system  accuracy  of  unambiguous  range  finding  is  deter¬ 
mined,  basically,  not  by  the  usual  tracking  range  finder,  tracking  the  target,  but  by 
a  computer. 

§  7.14.  Influence  of  Interferences  on  Coherent  Radar  Range  Finders 
As  it  was  shown  in  Chapter  I,  application  of  contemporary  radar  means  may  be 
accompanied  by  the  influence  on  them  of  natural  and  man-made  external  interferences. 
The  presence  of  such  interferences  impedes  work  of  the  radar  and,  in  particular, 
decreases  accuracy  of  range  finding,  and  in  certain  cases  generally  leads  to  cessation 
of  work  of  a  radar  range  finder  [69-7O].  All  this  creates  the  necessity  to  consider 
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the  influence  of  external  interferences  on  range  finders, 

In  the  case  of  coherent  radio  range  finders  such  consideration  is  facilitated 
by  the  very  principle  of  their  construction.  Due  to  the  presence  in  discriminators 
of  range  finders  of  narrow-band  elements,  preceding  amplitude  or  phase  detection, 
any  interference  having  a  random  character  and  a  spectrum  width  relatively  large  as 
compared  to  the  transmission  bandwidth  of  the  narrow-band  filters  turns  out  to  be 
statistically  equivalent  to  normal  white  noise  with  the  corresponding  spectral 
density.  Therefore,  the  influence  of  interferences  can  be  described  by  means  of 
corresponding  increase  of  the  level  of  noises  at  the  input  of  the  receiver  of  the 
range  finder. 

Analysis  of  the  influence  of  Interferences  leads  then  to  determination  of  the 
spectral  density  of  such  equivalent  white  noise  and  calculation  of  the  new  signal- 
to-noise  ratio.  In  other  respects  all  results  obtained  in  the  preceding  paragraphs 
do  not  change.  It  is  necessary  only  to  substitute  in  ail  formulas  for  the  previously 
used  signal-to-nolse  ratio  h  its  new  magnitude 


h-  _ _ -•  _  A 

“  2Af ,  (N,  +  N,) 


'  l+7T. 


(7.14.1) 


where  h  —  signal-to-noise  ratio  In  the  presence  of  noise  and  interference; 


N  —  spectral  density  of  white  noise,  which  is  equivalent  to  interference 
recalculated  at  the  input  of  the  receiver  of  a  coherent  radio  range 
finder. 


Let  us  consider  now  examples  of  the  most  common  external  interferences. 


7.14,1.  Noise  Interference 

Active  noise  interference,  radiated  from  the  tracked  or  another  target,  by 
virtue  of  its  usual  broad-banded  nature,  obviously,  is  equivalent  to  white  noise  with¬ 
out  any  reservations.  The  spectral  density  of  it  at  the  input  of  the  receiver  is 
determined  from  the  power  of  the  Jamming  transmitter  Pn  and  width  of  the  spectrum 
of  interference  Af  by  the  distance  formula 
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(7.14.2) 


where  G  nn  —  antenna  gain  of  the  station  of  interferences; 

G  np  -  gain  of  the  receiving  antenna  of  the  radar  in  the  direction  to  the 

^  source  of  interference; 

X  —  wavelength; 

dn  —  distance  to  the  source  of  interference. 

Decrease  of  the  signal-to-noise  ratio  is  determined  by  relationship 


I  i  G«  pk* 

(4Kydi 


(7.14.3) 


and  is  stronger,  the  larger  the  ratio. of  the  spectral  density  of  radiated  inter¬ 
ference  Pn  Gnn  /Afn  to  the  spectral  density  of  internal  noise  and  the  larger 
the  ratio  of  the  area  of  the  receiving  antenna  to  the  square  of  the  distance  to  the 
source  of  interferences. 

Prom  formula  (7.14.3)  it  follows  that  the  signal- to-noise  ratio  h  is 

determined  in  many  cases  by  the  magnitude  of  external  interference,  and  not  the 

'  ■  •  *  internal  noises  of  the  receiver.  There feu- 


for  the  case  of  a  source  of  interference" 
combined  with  the  target  the  signal-to- 
noise  ratio  increases  with  approach  to  the 
target  approximately  proportionally  to 
l/d4-,  and  not  proportionally  to  l/d*4  as  in 
the  absence  of  interference.  Curves  of 
the  dependence  of  the  signal-to-noise 


ratio  on  G 


k2/(47r)2d2  for  various 
n  /2K0Afn  are  shown 


Pig.  7.51.  Decrease  of  the  signal- 
to-noise  ratio  under  the  influence 
of  active  noise  interference. 


values  of  Pn  Gnn 
in  Fig.  7.51. 


7.14,2.  Piu.se  Chaotic  Interference- 
Properties  of  such  interference  were 


considered  in  Chapter  I,  Here,  we  additionally  assume  incoherence  of  pulse  chaotic 
interference,  i.e.,  we  consider  that  separate  pulses  of  interference  have  independent 
random  initial  phases.  Then  the  signal  of  interference  proceeding  to  the  receiver 
input  can  be  recorded  in  the  form 


*  (0  — *■  —  **) cos  I(®»  4*  *p)  1 4* 


(7.14.4) 


where  un  (t)  -  function,  describing  the  shape  of  the  pulse  of  interference; 

tk  -  random  moment  of  appearance  of  the  k-th  pulse; 

—  random  phase  of  the  high-frequency  charge  of  the  k-th  pulse; 

tUp  -  frequency  separation  between  carrier  frequencies  of  the  radar  and 
p  the  Jamming  station. 

After  multiplication  of  interference  by  a  reference  signal  in  the  receiver 
(heterodyning  and  gating)  it  takes  the  form 
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n  (0  w*  (0  cos  l(«,  -f  ««p)  <  -f  *  (01  = 
= A  (0  cos  «np/  4-  B  (0  sin  ®Bp/, 


(7.1J+.5) 


where  A(t),  B(t)  —  periodic  nonstationary  random  processes  with  zero  mathematical 
expectation  and  spectral  density  corresponding  to  the  averaged  correlation  function 
at  zero  frequency,  equal  to 


w 

2W,  =  5  j  \Un(lm)\'  jC(t)e,(-VV,d«, 

— 00  —GO 


(7. 14.6) 


where  Un  (ico)  —  Fourier  transform  of  u  n  (t); 

C(t)  —  autocorrelation  function  of  the  sounding  signal  of  the  radar; 
v  —  average  frequency  of  interference  pulses. 

Quantity  Nn  is  the  spectral  density  of  equivalent  white  noise,  which  is 
contained  in  formula  (7.14,1)  and  characterizes  decrease  of  the  signal-to-noise 
ratio.  The  permissibility  of  the  idealization  of  pulse  chaotic  interference  by 
white  noise  during  action  on  a  coherent  radio  range  finder  is  determined  by  the  rela¬ 
tionship  between  the  prolonged  nature  of  the  interference  pulse  and  bandwidth  of 
the  narrow-band  filter.  If  Af  ^  t  n  «  1,  where  Tn  —  duration  of  the  interference 
pulse,  then  such  idealization  is  fully  justified. 

Formula  (7.14.6)  allows  certain  simplifications  with  the  proper  assumptions. 

If,  in  particular,  width  of  the  spectrum  of  interference  pulses  is  great  as  compared 
to  the  width  of  the  spectrum  of  modulation,  and  detuning  of  the  carrier  a)  is 
small  as  compared  to  the  width  of  the  spectrum  of  modulation,  from  expression 
(7.15.6)  it  follows  that 

•o  00 

j  |t/« (0) | •  jCWefa,rfW-  =  v|{/B(0)|*C(0)  = 

-00  -m 

*=  v|  t/*(0)|*  =  J Un (0 dt  ]' __ =  Vt*  Pn%  (7.14.7 ) 
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where  Pn  —  power  of  Interference  in  the  pulse, 
uQ  —  pulse  amplitude. 

In  the  other  extreme  case,  when  the  width  of  the  spectrum  of  the  pulse  of 
interference  is  small  as  compared  to  the  width  of  the  modulation  spectrum, 


00  00 

2V,~vi  J  \Un{lm)\*dm  j  C(x)dx  =  vxtPBIfL-, 


(7.14,8) 
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where  At’m  —  effective  width  of  the  spectrum  of  modulation,  determined  by  the 

co 

usual  method  and  equal  to  1/  /  C(r)dT  on  the  basis  of  the  relationship  between  spee- 

-CD 

trum  width  and  correlation  time. 


In  general,  proceeding  from  the  form  of  the  integral  in  formula  (7.14.5)  one 
should  expect  that 


(7.14.9) 


Effectiveness  of  the  influence  of  pulse  chaotic  interference,  except  for  the 
case  when  formula  (7.14.8)  is  valid,  depends  not  only  on  its  mean  power  vr n  Pn  , 
but  also  on  pulse  duration  t  n  ,  where  with  lengthening  of  the  pulse  its  effectiveness 
Increases. 

Decrease  of  the  signal-to-noise  ratio  under  the  influence  of  pulse  chaotic 
interference  on  a  coherent  range  finder  can  be  characterized  by  an  expression 
similar  to  (7*14.?), 


&»■ 
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7.14.J.  Return  Interference 

Effectiveness  of  return  interference  in  reference  to  range  finders  essentially 
depends  on  its  concrete  form.  It  is  obvious  that  the  return  signal  of  a  station  of 
interferences,  radiated  from  an  object  without  delay  relative  to  the  reflected  signal, 
is  not  actually  interference,  but  only  helps  to  measure  target  position  data. 

If  the  responder  is  located  not  on  the  target,  so  that  the  distances  between 
the  radar  and  the  target  and  between  the.  radar  and  the  station  of  interferences 
differ  by  more  than  the  magnitude  of  the  resolution  capability,  thanks  to  the 
selective  ability  of  discriminator  with  respect  to  range  the  signal  of  return  inter¬ 
ference  does  not  affect  work  of  the  measuring  system,  of  course,  under  the  condition 
that  preliminary  selecting  of  the  required  target  was  already  performed.  "Multipli¬ 
cation"  of  the  return  signal  also  cannot  lead  to  essential  increase  of  the  effec¬ 
tiveness  of  return  interference,  since  for  this  it  is  required  that  the  period  of 
repetition  of  the  multiplied  signal  be  commensurate  with  the  magnitude  of  the  range 
resolution  capability  of  the  radar,  which  for  a  sufficiently  high  resolution 
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capability  requires  huge  mean  power  of  interference. 

Interference  with  multiplication  can  cause  a  range  finder  to  malfunction  only 
if  the  signal  of  interference  in  every  period  of  repetition  of  modulation  of  the 
signal  appears  at  different,  but  sufficiently  small  as  compared  to  resolution 
capability,  delays  with  respect  to  the  signal  from  the  target.  In  this  case  inter¬ 
ference  will  pas3  to  the  discriminator  output,  and  with  fair  effectiveness  it  will 
either  suppress  the  signal  from  the  target  with  the  help  of  an  AGC  system,  or  due  to 
shifts  of  the  signal  of  the  responder  in  range  it  will  lead  to  swinging  of  the 
tracking  system  and  breakoff  of  tracking.  If,  however,  one  of  the  multiplied  return 
signals  constantly  coincides  with  the  signal  from  the  target,  it  only  increases 
accuracy  of  measurement,  introducing,  possibly,  a  certain  systematic  error  upon 
nonprecise  coincidence  of  signals  of  the  station  of  interferences  and  those  reflected 
from  the  target. 

Additional  circumstances,  decreasing  effectiveness  of  return  interference  with 
multiplication,  are; 

1)  the  preference  for  complicated  forms  of  modulation  in  coherent  radars  and 
the  connected  difficulties  of  undistorted  multiplication  of  signals  with  such  modula¬ 
tion; 

2)  difficulties  of  preserving  coherence  of  the  return  signal,  which  is  necessary 
for  accumulation  of  Interference  in  narrow-band  filters. 

An  effective  means  of  affecting  radio  range  finders  using  discriminators  with 
switching  of  reference  signals  can  be  any  return  Interference  with  low-frequency 
modulation  of  a  regular  of  random  character.  Beats  of  spectral  components  of  this 
modulation  with  the  frequency  of  switching  can  give  low-frequency  components  which 
are  capable,  without  essential  suppression,  of  passing  through  a  closed-loop  track¬ 
ing  system  and  causing  it  to  swing. 

An  effective  means  of  combatting  all  range  finders  can  be  return  interference 
with  variable  delay,  which  with  sufficient  intensity  and  a  reasonably  selected  race 
of  change  of  delay  distracts  the  range  finder  from  the  target  and  forces  it  to  track 
the  interference.  Physically,  the  action  of  return  interference  with  variable 
delay,  obviously,  is  equivalent  to  a  single  disturbing  target,  moving  relative  to 
the  selected  target,  and  the  question  of  the  character  and  results  of  action  of  the 
interference  belongs,  in  point  of  fact,  to  the  problem  of  resolution  of  targets  in 
radar,  more  exactly  to  the  problem  of  dynamic  resolution  in  the  process  of  tracking 
by  a  servo  system.  Here,  one  should  establish  the  possibility  of  transition  of  the 
servo  system  from  tracking  one  target  to  tracking  another,  characteristics  of  th  • 


process  of  transition,  the  dependence  of  these  characteristics  on  the  Intensity  and 
and  rate  of  movement  of  the  interfering  signal,  etc. 

Unfortunately,  due  to  the  necessity  of  solution  of  nonlinear  nonstationar;/ 
problems  this  question  to  this  day  has  not  been  studied.  It  is  possible  to  indicate 
only  certain  qualitative  considerations  about  improvements  of  characteristics  ot 
range  finders  in  the  presence  of  such  interfere  .ices .  Rather  obvious  is  the  require¬ 
ment  of  indication  of  the  presence  of  an  interiering  signal,  distinguishing  the  use¬ 
ful  and  interfering  signals,  and  subsequent  compensation  of  the  latter  by  various 
methods.  Further  improvement  of  the  quality  of  work  of  the  range  finder  is  possible 
using  distinctions  between  laws  governing  change  of  distance  to  the  target  and 
distance  corresponding  to  delay  of  the  interfering  signal  known  a  priori  and 
studied  in  the  process  of  measurement.  All  these  questions  need  systematic  investi¬ 
gation. 


7.14.4.  Passive  Interference 

In  Chapter  I v  It  is  shown  that  during  conerent  reception  a  signal  from  a 
passive  interference  after  multiplication  by  the  reference  signal  and  with  narrow- 
band  filtration  turns  out  to  be,  from  tne  point  >f  view  of  its  influence  on  narrow¬ 
band  filters  and  its  further  transformations,  statistically  equivalent  to  a  stationary 
normal  random  signal  whose  spectral  density  on  the  basis  of  results  of  Chapter  i'Y 
is  equal  to  w 

/ («  — -  A“>„  -f  kmr), 

(7.14.11) 


where  a  —  reflecting  surface  of  the  target; 

c  „  —  reflecting  surface  of  the  Interference  in  the  resolution  volume  of  the 
*'  radar; 

Aaijj  —  difference  between  Doppler  shifts  of  the  signal  from  the  target  and  ft 
the  interference; 

mr=2nfr; 

f(x)  —  describes  the  form  of  the  spectrum  of  interference,  wher-  f(0)  =  1. 

In  deriving  this  formula  it  was  assumed  that  Doppler  shifts  are  small  as  com¬ 
pared  to  the  width  of  the  spectrum  of  modulation. 

As  follows  from  (7.14,11),  the  intensity  of  interference,  besides  the  total 
reflecting  surface  of  all  dipole  reflectors,  essentially  depends  on  the  difference 
of  Doppler  shifts  and  the  frequency  of  repetition.  Summation  in  this  formula 
emphasizes  the  fact  that  interference  is  dangerous  not  only  when  A ~  0,  but  also 
when  Oxig  »  k<sr.  Since  in  the  overwhelming  majority  of  practical  cases  the  width  of 
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the  spectrum  of  interference  is  small  as  compared  to  the  frequency  of  repetition, 
in  formula  (7.14.11)  actually  only  one  term  is  essential,  the  one  for  which  differ¬ 
ence  is  minimal.  In  many  cases  selection  of  the  frequency  of  repetition  is 

made  so  that  this  difference  for  all  k  /  0  is  great,  and  in  (7.14.11)  one  should 
consider  only  the  zero  term.  It  is  obvious  that  such  selection  of  the  frequency  of 
repetition  in  general  ensures  the  greatest  immunity  for  a  coherent  radar  with  respect 
to  passive  interference,  since  here  there  decrease  to  a  minimum  the  number  of 
situations  in  which  to  the  input  of  the  narrow-band  filter  there  proceed  the  most 
intense  components  of  the  spectrum  of  interference,  corresponding  to  a  maximum  of 
function 

f(os  -  Aui^  +  four)  when  -  kcur  «  0, 


The  width  of  the  spectrum  of  each  of  the  bands  of  the  signal  reflected  from 
the  cloud  of  interferences  is  determined  by  irregularity  of  movement  of  the  dipoles 
and  the  transmitter  wavelength,  and  in  the  case  of  a  moving  radar  also  by  the  speed 
of  the  radar  with  respect  to  the  cloud  of  interferences  and  the  width  of  its  radia¬ 
tion  pattern.  Depending  upon  wavelength,  for  a  motionless  radar  the  width  of  the 
spectrum  Is  20-100  cycles,  and  for  a  moving  radar  it  Is  from  tens  to  thousands  of 
cycles  per  second.  Such  a  width  of  the  spectrum,  other  things  being  equal  exceeds 
the  width  of  the  spectrum  of  the  reflected  signal  and  the  matcned  transmission 
bandwidth  of  the  narrow-band  filters.  Therefore,  with  certain  approximations  in 
coherent  radio  range  finders  passive  interference  also  is  equivalent  to  white 
noise  with  spectral  density 
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where  the  frequency  of  repetition  is  assumed  sufficiently  great  as  compared  to  all 
possible  values  of  A o)fl.  The  signal-to-noise  ratio  decreases  here  by  a  factor  of 
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Ratio  (7.14.13)  essentially  depends  on  the  ratio  of  the  difference  of  Doppler 

shifts  Af  =  Ao^/2?r  to  the  width  of  the  spectrum  of  interference  Af  n  .  For  large 

Af  /Af  function  f(Acu_)  takes  small  values,  and  we  achieve  tuning  away  from 
B  n  '  fl 

passive  interference  at  the  expense  of  frequency  selection  during  coherent  reception. 
For  small  AfyAfn  ,  when  there  is  no  tuning,  function  f(Ao>fl)  *  1  and  the  discrimina¬ 
tor  of  the  range  finder  is  affected  by  the  most  intense  components  of  the  spectrum 
of  interference.  Here,  by  virtue  of  the  relation  existing  in  real  situations 
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ha  /ay  »  1,  the  signal-to-noise  ratio  sharply  decreases  and  takes  value  h n  = 

=  ay/an  ,  depending  only  on  the  reflecting  surfaces  of  the  target  and  the  inter¬ 
ference.  The  magnitude  of  o^/a n  is  frequently  considerably  less  than  unity.  This 
means  that  with  coincidence  of  speeds  of  the  target  and  of  the  Interference  the 
meter  with  high  probability  may  be  caused  to  malfunction.  Speeds  of  the  target  or, 
correspondingly,  the  angles  between  the  speeds  ox'  the  target  and  the  interference 
with  respect  to  the  radar  at  which  the  difference  of  Doppler  frequencies  of  the 
target  and  the  interference  are  close  to  zero  are  sometimes  called  "blind."  Their 
location  and  magnitude  depend  on  the  concrete  situation  and  are  specially  calculated 
in  every  case  interesting  us. 


7.l4.p.  intermittent  Interference 

Any  of  the  active  interferences  may  be  radiated,  not  continuously,  but  from  li.iv 
to  time  interrupted  at  preselected  or  random  moments  of  time.  Interruption  is  used 
for  concentration  of  high  power  of  inter!  arence  in  definite  intervals  of  time,  and 
also  for  causing  parametric  action  on  tracking  systems  of  the  radar  a.nd  swinging 
them,  achieving  breakoff  of  tracking. 

The  frequency  of  interruptions  may  on  most  diverse,  and  depending  upon  it  the 
results  of  the  interference  on  the  range  finder  will  differ  somewhat.  With  fast- 
intermittent  (as  compared  to  the  inertia  of  smoothing  circuits  of  the  range  finder) 
interference  it  generally  turns  out  to  bo  equivalent  to  continuous  interference  of 
the  same  mean  power.  For  instance,  with  p'-riolic  interruption  with  times  of  the 
action  and  absence  of  interference  T  •  >,d  T  .  'he  power  of  radiation  of  interference 
should  be  multiplied  by  T^/(T^  +  T^). 

However,  one  should  note  that  such  equivalence  of  intermittent  interference  to 
continuous  interference  requires  taking  special  measures  t,o  eliminate  different 
parasitic  1'actors  in  the  radar  receiver. 

In  particular,  there  should  be  taken  measures  to  preventing  overload  in  the 
limiv-d  range  of  the  linear  amplifiers  of  the  receiver,  so  that  after  cessation  or 
the  action  of  interference  the  signal  is  passed  by  these  amplifiers  without  distor¬ 
tion  or  suppression. 

A  second  important  element  of  the  receiver,  requiring  special  attention,  is  the 
AGO  system.  After  powerful  interference  Is  switched  on,  the  AGO  system  should 
rapidly  develop  its  level,  lowering  amplification  of  the  receiver,  fixed  before 
this  from  the  signal  level.  Otherwise  there  will  be  different  conditions  during 
transml ss 'on  of  the  useful  signal  and  of  interference,  and  the  signal-to-noise  ratio 
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will  decrease  as  compared  to  the  case  of  a  linear  receiver  without  automatic  gain 
control. 

After  the  interference  is  turned  off,  the  AGC  system,  conversely,  should 
rapidly  increase  amplification  of  the  receiver,  restoring  its  sensitivity  to  the 
signal.  Only  when  the  first  process  is  fast  as  compared  to  the  time  of  action  of 
the  interference  and  the  second  is  fast  as  compared  with  the  time  of  its  absence 
is  there  no  worsening  of  the  signal-to-noise  ratio  as  compared  to  the  case  of  con¬ 
tinuous  interference  of  the  same  mean  power. 

A  certain  exception,  for  any  frequency  of  interruption  of  interference,  is  a 
range  finder  using  a  discrimimator  v/ith  switching  of  reference  signals.  Application 
of  such  discriminators  is  generaly  undesirable  from  the  point  of  view  of  the  action 
of  intermittent  interferences,  since  beats  of  the  frequency  of  switching  with  the 
frequency  of  interruption  of  interference  may  yield  ha.n.onics  passing  through  the 
servo  system  and  leading  to  its  excitation. 

With  slow  interruption  of  interference  all  processes  in  the  range  finder  during 
the  time  of  its  action  or  absence  can  be  established,  and  on  the  whole  the  influence 
of  Interference  is  characterized  by  the  fact  that  the  range  finder  works  alternately, 
first  with  signal-to-noise  ratio  h,  (when  the  interference  is  turned  off)  and  then 
with  signal-to-noise  ratio  h  n  ^  (when  the  interference  is  on).  Under  the  action  of 
Interference  errors  of  measurement  increase  and  can  exceed  permissible  levels,  and 
with  sufficiently  great  Interference  strength  there  may  occur  breakoff  of  tracking. 

Another  characteristic  feature  is  the  fact  that  as  a  result  of  the  dependence 
of  the  gain  factor  of  the  open  loop  of  a  range  finder  on  the  signal-to-noise  ratio 
due  to  the  normalizing  properties  of  the  AGC  system  during  Interruption  of  inter¬ 
ference  the  range  finder  as  a  whole  experiences  a  parametric  influence.  With 
sufficiently  complicated  smoothing  circuits  this  influence  will  lead  to  parametric 
excitation  of  the  tracking  system  and  total  disruption  of  its  operation. 

With  an  arbitrary  frequency  of  switching  of  the  interference  calculation  of 
its  influence  on  a  range  finder  requires  special,  rather  complex  investigation. 
Analyzing  the  servo  system,  one  should  consider  that  the  gain  factor  of  the  discrim¬ 
inator  and  the  equivalent  spectral  density  of  noise  at  the  input  of  the  range  finder 
are  functions  of  time;  K  =  K(h(t))  and  S3{B(t)  =  S3K^h(t ) ) ,  taking  values  corresponding 
to  the  signal-to-noise  ratio  h  at  those  moments  of  time  when  there  is  no  inter¬ 
ference  and  to  the  signal-to-noise  ratio  h  when  there  is  interference.  We  will 

indicate  only  the  method  of  solution  of  the  problem  of  calculation  of  dynamic  and 
fluctuation  errors  in  this  case. 


The  pulse  response  of  the  closed-loop  system  g(t,  t)  and  the  related  pulse 
response  v(t,  t)  are  determined  as  before  by  equations  (6.2.12)  and  (6.2.13),  in 
wnich,  however,  one  should  consider  f  -  tin  factor  Kg  is  a.  function  of  time. 

Besides  this,  during  calculation  of  ition  error  ^no  longer  can  be  removed 

from  under  the  integral  sign,  and  one  snould  consider  its  dependence  on  time.  For 
instance,  in  the  case  of  a  very  simple  .-.moothing  filter  in  the  form  a  single 
integrator  the  solution  of  equation  (6.2.12)  has  the  form 

g (t,  x)  =  (i) exp {-  J KuK* (S) *} .  (7 .14.14 ) 

From  this  expression  it  follows  that  for  any  regular  law  of  interruption  of 
interference  parametric  excitation  of  a  system  with  one  integrator  does  not  occur, 
since  the  pulse  response  remains  limited.  In  this  respect  the  considered  example 
is  not  very  informative.  With  chaotic  interruptions  with  a  certain  probability  even 
a  first-order  s;;stem  may  be  excited.  Fluctuation  error  in  the  considered  example 
is  determined  by  the  following  expression: 

* 

t  -«f  *■*»<»)* 

’  S»*m{x)dx,  (7 .  lh 

from  which  in  this  particular  case  the. e  follow  all  the  conclusions  about  the 
relative  character  of  the  influence  of  fast- intermittent  and  slowly  intermittent 
interferences.  Analysis  of  the  effect  of  interferences  on  range  finders  with 
crm.  /.,'ni.ng  circuits  of  higher  order  can,  in  principle,  be  conducted  analogously ; 
however,  it  requires  solutions  of  differential  equations  of  the  corresponding  ord  i 
with  Variable  coefficients. 

§  7.15.  Nonlinear  Phenomena  in  Tracking  Range  Finders 
The  whole  preceding  analysis  was  based  on  a  linearized  presentation  of  the  track¬ 
ing  radar  range  finder.  Here,  we  considered  that  the  signal  at  the  discriminator 
output  is  proportional  to  the  average  current  mismatch,  and  noises  in  most  cases 
were  considered  independent  of  mismatch,  In  fact,  as  follows  from  the  results  of 
the  first  paragraphs  of  this  chapter,  the  discrimination  and  fluctuation  characteris¬ 
tics  of  discriminators  of  coherent  range  finders  meet  these  requirements  only  with 
limited  ranges  of  change  of  mismatch,  which  take  place  only  with  comparatively  high 
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signal-to--noi.se  ratios.  In  real  conditions,  due  to  the  influence  of  interferences, 
which  essentially  decrease  the  magnitude  of  the  signal-to-noise  ratio,  these 
requirements  can  not  be  satisfied,  and  it  is  necessary  therefore  to  consider  non¬ 
linearity  of  the  discriminator. 

Subsequently  we  shall  limit  ourselves  to  a  simplified  situation,  when  it  is 
possible  to  consider  the  fluctuation  characteristic  constant  in  required  limits 
and  equal  to  quantity  Sg^  used  everywhere  earlier.  This  assumption  is  justified  by 
the  fact  that  calculation  of  nonlinearity  of  the  discriminator  is  most  interesting 
for  comparatively  small  signal-to-noise  ratios,  and  here  irregularity  of  the  fluc¬ 
tuation  characteristic  become  less  and  less  noticeable.  Furthermore,  due  to  demodu¬ 
lation  of  signal  fluctuations  by  the  AGO  system  there  occurs  additional  leveling  of 
the  fluctuation  characteristic,  so  that  in  real  coherent  receivers  it  does  not 
differ  greatly  from  a  constant  magnitude  even  for  comparatively  large  signal-to- 
noise  rauius,  The  discrimination  characteristics  of  range  finders  is  expressed  by 
formulas  for  z(t,  A),  obtained  in  §  7. 2-7. 5,  according  to  which,  for  detunings  6 
which  are  not  very  great,  the  discrimination  characteristic  of  practically  any  of 
the  range  finders  considered  above  is 

jn  (A)  ==  —  KC  (A)  C  (A),  (7.15.1) 

where  K  -  proportionality  factor. 

Henceforth,  we  shall  consider  only  real  C(A);  therefore,  in  (7.15,1)  we  omit 
the  sign  of  the  real  part. 

The  general  approach  to  investigation  of  nonlinear  phenomena  in  tracking  mea¬ 
suring  systems  and  certain  results  of  more  concrete  content  in  reference  to  systems 
with  a  smoothing  filter  in  the  form  of  a  single  integrator  arc:  presented  in  Chapter 
VI.  Basic  attention  there  was  paid  to  phenomenon  of  breakoff  of  tracking,  by  which 
we  understood  mismatch  between  the  real  and  measured  values  of  the  measured  coordin¬ 
ate  reaching  certain  boundary-points  of  the  discrimination  characteristic,  be  cal¬ 
culated  basic  statistical  characteristics  of  breakoff  —  the  probability  of  reaching 
a  boundary-point  in  a  certain  time  t  and  the  mean  time  to  the  first  reaching  of  a. 
boundary-point  —  by  which  it  is  possible  to  judge  the  critical  magnitude  of  equi valen'. 
spectral  density  and,  correspondingly,  of  the  signal-to-noise  ratio,  already  imper¬ 
missible  for  normal  work  of  the  measuring  system. 

Along  with  such  an  approach  to  the  investigation  of  nonlinear  phenomena  in  a 
tracking  meter,  based  on  the  assumption  of  the  absence  in  it  of  steady-state  oper¬ 
ating  conditions,  we  may  also  use  a  solution  with  reflecting  screens  at  the  points 
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corresponding  to  limitation  of  the  output  of  the  measurizig  system.  Such  limitation 
practically  always  exists  in  tracking  meters,  and  its  approximate  calculation  with 
the  help  of  reflecting  boundaries,  valid  for  a  signal-to-noise  ratio  which  is  not 
too  small,  permits  us  to  obtain  the  stationary  distribution  of  probabilities  and 
with  its  help  the  errors  of  measurement  in  steady-state  operation.  We  shall  cousin--’ 
several  examples  of  calculation  of  various  characteristics  for  concrete  forms  of 
discriminators  of  range  finding  meters. 


7.15.1.  Average  Time  to  Breakoff  of  Tracking 
Using  formulas  (6.3.26)  and  (7.15.1).  it  is  possible  with  the  help  of  simple 
transformations  to  obtain  the  following  exact  expression  for  the  mean  value  of  the 
time  of  the  first  attainment  of  a  boundary-point  of  the  discrimination  character L. 
tic,  equal  to  AQ,  under  the  condition  that  initial  mismatch  was  zero: 
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where  an  «  2Af 

Af  0i  —  variance  of  fluctuation  error  and  the  effective  bandwidth  of  the  track- 
4J  ing  system  in  the  linearized  consideration; 

V  —  speed  of  the  tracked  target,  assumed  constant  in  time  intervals  the 
order  of  T; 

b  =  -C" (0)  —  mean  square  widvh  of  the  spectrum  of  modulation  of  the  sound¬ 
ing  signal . 

Considering  that  function  C(A)  actually  depends  on  /bA,  we  replace  /by  by  q  and 
/bx  and  4,  designate  the  relative  magnitude  of  variance  of  fluctuation  error  in  the 
linearized  system  and  the  relative  magnitude  of  dynamic  error 

and  introduce  designation  0(A)  =  a(/bA),  Then  the  final  expression  for  the  average 
time  to  breakoff  can  be  given  the  form 


(7.15.5) 


where  one  should  consider  that  a"(0)  =  -1,  With  Initial  mismatch  A  differing  from 
zero,  tne  lower  limit  of  integration  over  q  is  replaced  by  /bA. 

Analytic,  calculation  of  quadratures  in  (7.15.5)  for  practically  interesting 
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functions  a(x)  is  impossible j  therefore  the  average  time  to  breakoff  must  be  cal¬ 
culated  by  numerical  or  graphical  integration.  From  formula  (7.15.?)  it  follows 
that  the  average  time  to  breakoff,  expressed  in  units  of  the  time  constant  of  the 
tracking  system  1/Af,^,  ,  depends  only  on  the  relative  magnitude  of  fluctuation 
error  of  the  linearized  system,  the  boundary  value  of  the  discrimination  characteris¬ 
tic  and  the  relative  magnitude  of  dynamic  error.  Qualitative  investigation  of  this 
formula  shows  that  the  magnitude  of  T  rapidly  decreases  with  increase  of  dynamic 
error  and  variance  of  fluctuation  error.  In  order  to  estimate  the  influence  of 
dynamic  error  on  breakoff,  we  shall  consider  the  asymptotic  case  of  high-level 
noises,  when  p.  =  is  great  (of  the  order  of  unity  or  larger).  Then,  from 

(7.15.?)  it  follows  that 


(7.15.4) 


i.e,,  the  average  time  to  breakoff  is  equal  to  the  time  of  movement  of  the  target 
the  magnitude  of  the  interval  from  zero  to  the  boundary-point  of  the  discrimination 
characteristic . 

From  expression  (7.15.3)  we  can  obtain  the  approximate  formula,  valid  for  noises 
at  not  too  low  a  level  and  zero  dynamic  error, 

J'=ism(r;),{,+0'd8(-)'+16I0'‘(^)‘]1 

which  was  already  given  in  Chapter  VI.  This  expression  depends  only  on  the  ratio 
of  the  width  of  the  assigned  zone  of  the  discrimination  characteristic  to  the  fluc¬ 
tuation  error  of  the  linearized  system.  Graphs  of  this  expression  and  the  investi¬ 
gation  of  it  given  In  Chapter  VI  show  that  the  average  time  to  breakoff  rapidly 
increases  with  growth  of  A^/o^  ,  where  as  the  threshold  value  of  this  ratio,  ensur¬ 

ing  work  of  the  tracking  system  for  a  sufficiently  large  number  of  its  lime  con¬ 
stants,  we  can  select  quantity  A^c  ^  ~  5  to  7.  With  further  increase  of  this  ratio 

the  phenomenon  of  breakoff  practically  is  not  observed. 

Assigning  magnitude  AQ  ~  2/Vb,  we  obtain  for  the  threshold  value  of  p  a  quan¬ 
tity  of  the  order  of  0. 5-0.4,  which  permits  us  to  find  the  permissible  magnitude  of 
the  signal-to-noise  ratio  in  a  coherent  range  finder.  In  particular,  with  a  dis¬ 
criminator  close  to  optimal,  when  S3KB  «»  SonT,  the  critical  signal-to-noise  ratio  is 
determined  by  expression 

f  (/»*p)=*0,l  -»-0f15,  (7.15.6) 


where  F(h)  is  given  by  formula  (7.2,15). 


-527- 


Dependence  of  the  critical  signal-to-nolse  ratio  h  on  the  ratio  of  bandwidths 
A f  0  /Afj^  for  the  case  of  an  exponential  correlation  function  for  fluctuations  is 

.  shown  in  Fig.  7-52.  For  other  eorrela- 

.  &r- - - - - - -  — — —  tion  functions  the  magnitude  of  hHr. 

experiences  only  immaterial  -nungcs 

it - -^r - - 

relative  to  the  given  law,  The  mag- 

U - - - - 

nitude  of  hK  ,  naturally,  decreases 
with  decrease  of  ratio  AfQ  /Afg^  , 

_ S--  -  and  for  practically  interesting  values 

_ | of  this  ratio  it  is  in  the  range  of 

0.1  to  3. 

9  9  m  9  "  The  dependence  of  the  average 

time  to  breakoff,  calculated  by  exact 

Fig.  7.52.  Dependence  of  the  critical 

signal-to-nolse  ratio  on  Afc  /Afg^  .  formula  with  the  help  of  numerical 

integration,  on  u,  is  shown  in  Fig,  7 . 33 

for  v^bA Q  =  2  and  a  Gaussian  autocorelation  function  for  the  sounding  signal  a(x)  = 


Fig.  7.52.  Dependence  of  the  critical 
signal-to-nolse  ratio  on  Afc  /Afg^  . 


This  relationship  very  exactly  coincides  with  that  obtained  by  approximate 


formula  (7.15.5). 


Fig,  7.53.  Dependence  of  average  time  to 
breakoff  on  error  of  measurement  in  a  linear¬ 
ized  system. 


Use  of  other  approximations 
of  a(x),  corresponding  to  other 
methods  of  modulation  of  the 
sounding  signal,  does  not  lead 
to  essential  changes,  since  for 
all  smooth  functions  of  a(x)  th-  : 
behavior  within  limits  of  the 
basic  maximum  is  approximately 
identical.  Comparison  of  the 
curve  of  Fig.  7.53  with  the  curve 
in  Fig.  6,7,  constructed  by  the 
approximate  formula,  shows  the 
good  coincidence  and  the  satis¬ 


factoriness  of  approximation  of  the  expression  for  average  time  to  breakoff  by  formula 
(7.15.5). 

Let  us  consider  for  illustration  one  concrete  example  of  analysis  of  phenomena 
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of  breakoff  of  tracking  in  a  coherent  range  finder.  Let  us  assume  that  on  the  range 
finder  there  acts  an  active  noise  interference  with  spectral  density  P  n  a  nn  /Af 
and  distance  dn  =  300  km.  The  receiving  antenna  of  the  radar  has  diameter  1,5  m, 
and  the  noise  factor  is  5,  Let  the  signal-to-noise  ratio  h  in  the  range  finder 
receiver  in  the  absence  of  interference  by  equal  to  50.  Then  the  signal-to-noise 
ratio  in  the  presence  of  interference  is 


Aam  — 


where  Pn  G  nn  /Afn  ln  watts/Mc. 

Assuming  that  the  discriminator  of  the  range  finder  is  close  in  characteristics 
to  optimum,  the  spectrum  of  signal  fluctuations  is  square  with  width  AfQ  =30 
cycles,  the  effective  bandwidth  of  the  system  is  equal  to  1  cycle,  and  taking  boundary 
value  of  mistuning  AQ  =  2/Vb,  we  obtain 

A*_ _  111  _ 

*«  /(T  +  100P„G„/A/,)  (1  +  2P,G„/Af,)  • 


This  relationship  permits  us  to  find  the  average  time  to  breakoff  as  a  function 
of  the  spectral  density  of  interference.  This  function  is  shown  in  Fig.  7.5’+,  from 
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Fig.  7.5^.  Dependence  of  average 
time  to  breakoff  on  the  spectral 
density  of  interference. 


which  it  is  clear  that  a  spectral  density 
of  interference  near  1  watt/Mc  in  certain 
cases  still  gives  an  acceptable  value  of 
the  average  time  to  breakoff  of  the  order 
of  50  sec.  Slight  decrease  or  increase 
of  the  spectral  density  of  interference 
leads  correspondingly  to  sharp  increase 
or  decrease  of  average  time.  With  changr 
of  spectral  density  in  any  direction  by  a 
factor  of  two  there  occurs  more  than  a 
tenfold  change  of  average  time  to  breakoff. 
These  results  emphasize  the  great  critical¬ 
ity  of  a  range  finder  to  the  level  of 
interferences  acting  on  them. 


7.15.2.  Fluctuation  Error  of  Measurement  Taking  into  Account  Nonlinearity 
As  already  noted  above,  breakoff  of  tracking,  understood  as  the  first  time  the 
magnitude  of  mismatch  reaches  a  certain  conditional  point  on  the  falling  section  of 
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the  discrimination  characteristic,  cannot  be,  of  course,  an  adequate  description  of 
the  behavior  of  a  tracking  system  during  allowance  for  its  nonlinearity. 

Reaching  a  boundary-point,  mismatch  with  noticeable  probability  may  again  take 
a  small  value,  and  the  system  will  work  normally,  but,  of  course,  with  large  errors. 
Therefore,  the  magnitude  of  mismatch,  going  beyond  certain  limits,  still  Joes  not 
signify  breakoff  of  tracking  in  the  direct  sense.  Experimental  study  of  nonlinear 
conditions  of  tracking  meters  also  emphasizes  the  applicability  of  an  approach 
based  on  the  assumption  of  the  absence  in  a  nonlinear  system  of  steady-state  operat¬ 
ing  conditions. 

In  tracking  range  finders  such  an  approach  gives  the  correct  answer  for  very 
large  interferences  and  when  tracking  in  comparatively  small  intervals  of  time  is 
of  interest.  In  examining  the  behavior  of  a  system  in  large  time  intervals,  due  to 
the  practically  inevitable  limitation  on  output  in  it,  there  sets  in  steady-state 
operating  conditions,  characteristics  of  which  in  a  number  of  cases  are  of  the 
greatest  practical  interest.  Calculation  of  statistical  characteristics  of  these 
conditions,  in  particular  variance  of  fluctuation  error,  permits  us  to  find  the 
critical  magnitude  of  the  signal-to-nciso  ratio,  at  which  fluctuation  error  r.t.i'.i 
is  within  permissible  limits.  Comparison  of  this  critical  magnitude  with  the 
corresponding  quantity,  calculated  in  the  preceding  paragraph,  permits  us  to  charac¬ 
terize  more  fully  nonlinear  operating  conditions  of  the  meter  and  more  completely 
find  conditions  when  linearization  of  a  ^racking  radar  range  finder  is  permissible. 

Using  formulas  (6,3.22)  and  (7.15.^  ),  it  is  possible  to  reduce  the  expression 
for  variance  of  fluctuation  error  of  measure ms rt,  found  during  idealization  of  the 
limitation  at  the  system  output  by  a  reflecting  screen  at  points  ±£0,  to  the 
following  form: 


where  all  designations  are  the  same  as  in  Paragraph  7.15.1. 


Eor  low-level  noises,  when  p  is  small,  from  this  expression 


it  follows  that 

(7.i5.y) 


For  high-level  noises,  when  p  »  1, 


(7.15.9) 


(7.15.9) 

i,e.,  the  magnitude  of  variance  here  is  determined  only  by  the  level  of  limitation 
on  the  output  of  the  system,  and  the  distribution  of  probabilities  for  mismatch 
becomes  uniform. 

Expression  (7.15.7)  allows  us  for  certain  forms  of  a  sounding  signal  to  perform 
analytic  calculation.  For  instance,  for  a  Gaussian  C(A) 
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where  it  is  assumed  that  v'bA^  in  accordance  with  real  conditions  is  much  larger  than 


Fig.  7.55.  Dependence  of  error  of  range 
finding  on  n  =  ^aji  for  various  levels  of 
limitation  i/bA^, 


one,  A  similar  expression  can  be 
obtained  for  cosinusoidal  function 
C(A),  and  also  for  a  series  of 
other  autocorrelation  functions. 
Relative  variance  of  error  of 
measurement  as  a  function  of  p  is 
shown  in  Fig.  7.55  for  various 
values  of  the  relative  level  of 
limitation  /bA^.  From  formulas 
(7.15.7)  and  (7.15.10)  and  this 
figure  It  follows  that  already  at 
p  =  0,5  and  at  VbA^  >  5  to  10  the 
magnitude  of  error  is  determined 
to  a  significant  degree  by  the 


level  of  limitation.  For  larger p  it  is  practically  equal  to  the  asymptotic  value 
from  formula  (7.15,9). 

The  curves  of  Fig.  7.55  show  that  the  dependence  of  fluctuation  error  on  the 
signal-to-noise  ratio  (error  of  a  linearized  system)  also  has  a  clearly  expressed 
threshold  character.  Critical  values  of  p,  corresponding,  for  instance,  to  fluctua¬ 
tion  error  o  =  2/v*b,  are  in  this  case  somewhat  smaller  than  the  same  values  found 
from  the  average  time  to  breakoff  of  tracking  (of  the  order  of  0.15-0,5).  In 
accordance  with  this  permissible  signal-to-noise  ratios  h  Increase  somewhat.  However, 


this  increase  is  not  so  considerable  that  one  should  take  it  into  account. 

Formulas  (7.15.7)  and  (7.15.10)  and  the  curves  of  Fig.  7.55  permit  investigation 
of  another  interesting  question  —  the  limits  of  applicability  of  the  linearized, 
approach  to  a  tracking  range  finder.  From  Fig.  7-55  it  follows  that  equality  of  c  end 
a  is  preserved  approximately  to  values  p  «  0.12-0.15.  This  range  of  values  is 
very  narrow  so  that  at  practically  any  level  of  limitation  nonlinearity  of  the  dis¬ 
criminator  of  a  range  finder  starts  to  appear  at  the  same  signal-to-nolse  ratio. 

The  magnitude  of  the  signal-to-noise  ratio  at  which  linearized  consideration  of  a 
tracking  range  finder  with  a  discriminator  close  to  optimum  is  still  permissible  is 
determined  by  this  magnitude  and  can  be  found  from  equation 


(7.15.U) 


The  dependence  of  hKp  on  the  ratio  of  bandwidths  Afc  /Af^  for  the  case  of  a 
square  spectrum  of  fluctuations  is  shown  in  Fig.  7*56.  For  real  relationships  of 

bandwidth  of  the  system  and  the  width  of 
the  spectrum  of  fluctuations  hKp  varies 
from  0.2  to  6,  which  approximately  exceeds 
by  a  factor  ol'  2  the  corresponding  values 
calculated  from  the  critical  magnitude 
of  the  average  time  to  breakoff.  Thus, 
breakoff  of  tracking  in  the  sense  of  the 
preceding  paragraph  occurs  at  approximately 
the  same  signal- to-noise  ratios  at  which 
allowance  for  nonlinearities  of  the  dis¬ 
criminator  becomes  necessary  for  calculating 
fluctuation  error. 

Steady-state  operation  of  a  tracking 
range  finder  in  nonlinear  conditions  was 
studied  experimentally.  A  range  finder  was  simulated  by  an  analog  computer.  In  the 
simulation  we  reproduced  a  nonlinear  discrimination  characteristic  and  established 
limitation  on  output  of  the  system.  Analysis  of  results  of  the  experiment  showed 
satisfactory  coincidence  with  the  theoretically  found  probability  distributions  for 
mismatch  obtained  by  solution  of  the  boundary  value  problem  for  a  Fokker-Planck 
equation  with  reflecting  screens.  In  the  course  of  the  experiment  we  also  studied 
characteristics  of  nonstationary  conditions.  We  investigated  change  of  the  dis¬ 
tribution  of  probabilities  of  mismatch  with  time  and  found  the  dependence  of 


Fig,  7.56.  Dependence  of  the  crit¬ 
ical  signal-to-noise  ratio  on 

i  c  3$  ' 
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fluctuation  error  on  time.  Data  of  the  experiment,  in  general,  well  confirm  con¬ 
clusions  of  theoretical  analysis,  but  for  high-level  noises  there  are  certain  diver¬ 
gences,  caused  by  the  approximate  nature  of  the  allowance  for  limitation  on  output. 
For  illustration,  in  Fig.  ’  'r  s.re  theoretically  calculated  and  experimentally  taken 
probability  densities  for  mismatch  in  a  range  finder  with  one  integrator  with  an 
effective  bandwidth  of  the  tracking  system  Af^  =1.5  cycles  and  the  discrimination 
characteristic  shown  in  Fig.  7*58.  Curves  correspond  to  the  ratio  of  error  of  a 
linearized  system  to  the  half-width  of  the  discrimination  characteristic  a ^  /A„, 
equal  to  0.44  and  i.i. 


*♦  -J  -2-1  0  i  .1  J  4 
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Fig.  7.57.  Probability  densities  for  mismatch: 
-  experimental  curve  for  an  /AQ  =  0.44;  - 

theoretical  curve  for  /A^  =  0.44;  ex¬ 

perimental  curve  for  o /AQ  =  1.1; 
theoretical  curve  for  a /AQ  =  1.1. 


Fig.  7.58.  Discrimination  characteris¬ 
tic  of  the  range  finder  in  the  experi¬ 
ment  . 


deviation  due  to  the  prolonged  nature  of 


We  shall  consider  one  illustrating 
example  of  calculation  of  errors  of 
range  finding  taking  into  account  non¬ 
linearity  in  a  coherent  range  finder. 

We  consider  that  the  sounding  signal 
of  the  radar  is  modulated  by  pulses 
close  in  form  to  Gaussian  with  linear 
frequency  modulation,  where  frequency 
the  pulse  is  great  as  compared  to  the 


width  of  its  spectrum.  Then  the  autocorrelation  function  of  the  sounding  signal 


is  described  by  a  Gaussian  curve  with  parameter 


(7.15.1?) 


where  a  —  rate  of  change  of  frequency; 
t_.  —  effective  pulse  duration. 

Let  frequency  deviation  2o>m  =  2m*10fc>  rad/sec.  Then,  /b  =  2.5'10(:'  sec-1.  We 
consider  that  limitation  on  output  of  tin.  range  finder  is  determined  by  natural 
factors  —  mismatch  reaching  a  magnitude  equal  to  the  period  of  repetition  of  the 
signal.  Considering  the  frequency  of  repetition  equal  to  25  kilocycles,  we  find 


/bA1  =  100.  We  consider  that  the  signai -to-noise  ratio  hnm 
distance  and  is  equal  to 


does  not  depend  on 

(7.15.1?) 


where  h()  —  slgnal-to-noise  ratio  in  the  absence  of  interferences  at  distance  dQ, 
corresponding  to  the  moment  cf  switching  on  of  interference. 

Assigning  values  =  100,  dQ  =  25  km,  the  diameter  of  the  antenna  equal  to 
50  cm,  and  noise  factor  of  the  receiver  of  the  radar  equal  to  10,  we  obtain 


where  spectral  density  Fn  G  nn  /Afn  is  expressed  in  watts/Mc.  Assuming  that 
the  discriminator  of  the  range  finder  is  close  to  optimum,  the  width  of  the  spectrum 
of  the  reflected  signal  is  100  cycles,  and  the  bandwidth  of  the  tracking  system  is 
4  cycles,  we  obtain  the  following  expression  for  variance  of  fluctuation  error  of 


the  linearized  system: 
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which  gives  the  possibility  of  determining  with  the  help  of  the  graphs  of  Fig.  7,55 


error  of  range  finding  taking  into  account  non¬ 
linearity.  Dependence  of  this  error  on  the  spec¬ 
tral  density  of  the  radiated  interference  is  shown 
in  Fig.  7.59.  As  follows  from  this  figure,  the 
dependence  of  accuracy  of  range  finding  on  the 
spectral  density  of  interference  has  a  clearly 
expressed  threshold  character.  With  change  of 
P  n  G  nn  /Af  from  0.5  watts/Mc  to  1  watt/Mc 
error  increases  by  more  than  60  times.  The 
critical  value  of  spectral  density  of  interference 
comprises  in  the  considered  example  about  0.6-0. 7 
watt/Mc . 

For  high  levels  of  Interference  accuracy  of 
range  finding  becomes  too  low. 

§  7.16.  Conclusion 

This  consideration  of  coherent  range  finders 
showed  that  in  a  significant  majority  of  cases 
the  above-described  methods  of  realising  optimum  operations  permit  us  to  obtain 
accuracy  close  to  that  which  is  potentially  possible.  This  particularly  pertains 
to  discriminators  of  tracking  radio  range  finders,  which  with  sufficiently  careful 
selection  of  their  parameters,  turn  out  to  be  close  to  optimal  in  their  characteris¬ 
tics.  Analysis  in  this  chapter  allowed  us  to  find  the  influence  on  characteristics 
of  a  discriminator  and  on  accuracy  of  range  finding  in  general  of  parameters  of 
modulation  of  the  sounding  signal,  power  features  of  the  received  signal  and 
imperfections  of  its  generation  in  the  circuit  of  the  radio  range  finder.  Not 
dwelling  on  tiresome,  detailed  enumeration  of  the  results  of  this  chapter,  we  note 
only  those  directions  in  which  there  remain  definite  gaps  and  where  there  is 
required  additional  Investigation. 

Questions  of  the  analysis  of  discriminators  can  be  considered  sufficiently  ex¬ 
haustively  investigated.  Here  we  should  only  consider  in  more  detail  the  influence 
of  the  AGC  system  or.  discriminator  characteristics  for  comparatively  low  signal -to- 
noise  ratios,  when  the  cross  interaction  of  the  signal  with  noise  in  the  AGC  system 
is  substantial,  and  there  occurs  modulation  of  the  signal  by  noises  passing  through 
the  feedback  circuit.  Another  question  is  more  detailed  consideration  of  the  case 
of  slow  fluctuations,  when  during  the  time  of  processing  of  the  signal  in  the 
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Fig.  7.59.  Dependence  of 
error  of  range  finding  on  the 
spectral  density  of  noise 
interference. 


discriminator  signal  amplitude  remains  constant. 

The  case  of  fluctuations  which  are  slow  or  comparable  in  speed  with  the  rate 
of  variation  of  parameters,  in  general,  is  of  great  interest  from  the  point  of  view 
of  synthesis  of  measuring  systems  and,  in  particular,  of  ranging  meters.  Very 
interesting  is  allowance  for  the  non-Gaussian  character  of  signal  fluctuations,  whim 
in  a  number  of  cases  takes  place. 

The  next  important  question  requiring  investigation  is  consideration  of  the 
range  finders  in  §  7.2  of  the  type  using  for  measurement  a  unit  of  detection 
channels.  Here,  would  be  useful  to  study  the  influence  of  overlapping  of 
channels  and  nonor chogonality  of  their  output  signals,  to  calculate  characteristics 
of  such  a  meter  allowing  for  disharmony  of  reference  signals  in  the  unit  of  detect  ion 
channels  with  the  sounding  signal  and  change  of  the  measured  distance. 

Many  problems  of  concrete  content  still  remain  in  the  question  of  analysis  of 
a  range  finder  as  a  whole.  It  would  be  interesting  to  consider  examples  of  smooth¬ 
ing  circuits  of  more  complex  structure,  especially  optimum  smoothing  circuits, 
corresponding  to  a  quasi-regular  law  of  change  of  the  measured  distance.  Here,  the 
most  important  question  is  a  sufficiently  deep  explanation  of  the  influence  of 
errors  in  the  statistics  used  during  synthesis  as  compared  the  real  statistics. 
Especially  Interesting  is  investigation  of  cases  when  such  errors  have  a  qualitative 
character;  however,  interesting,  too,  would  be  more  detailed  investigation  of  the 
influence  of  quantitative  errors.  An  important  question  is  consideration  of  range 
finders  with  smoothing  circuits  in  the  form  of  filters  with  a  finite  memory.  The 
requirement  of  finitenesr,  of  memory  can  become  essential  in  optimum  smoothing  cir¬ 
cuits  with  variable  parameters  when  their  structure  is  very  complicated,  and  it 
causes  great  difficulties  in  technical  realization. 

Above  we  already  discussed  the  importance  of  investigation  of  operating  condi¬ 
tion;:  of  the  tracking  range  finder,  when  in  its  selection  zone  there  are  several 
targets  or  a  target  and  delayed  signals  of  return  interference.  At  present  this, 
in  point  of  fact,  is  an  open  domain.  At  the  same  time  investigation  of  the  process 
of  resolution  of  targets  by  a  tracking  range  finder  permitted  us  to  establish  new 
laws,  to  find  requirements  on  the  sounding  signal  and  on  methods  of  construction 
of  range  finders. 

And,  finally,  problems  connected  with  th^  investigation  of  nonlinear  conditions 
of  tracking  range  finders  also  are  very  far  from  complete  solution.  In  this  area 
we  need  more  precise  definition  both  of  already  obtained  results  vith  consideration 
of  a  large  number  of  quantitative  examples,  and  also  solution  of  new  problems.  If 
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would  be  very  Interesting  to  obtain  other  characteristics  of  nonstationary  operating 
conditions,  and  also  definitized  characteristics  of  steady-state  operating  condi¬ 
tions  with  allowance  for  limiting.  It  is  important  to  consider  nonlinear  phenomena 
in  systems  with  smoothing  circuits  of  higher  order  and  with  smoothing  circuits  in 
the  form  of  filters  with  variable  parameters. 

All  these  questions  are  nut,  however,  decisive,  and  the  level  of  understanding 
of  problems  pertaining  to  methods  of  construction  of  range  finders  and  characteris¬ 
tics  of  accuracy  of  their  work  already  attained  permits  us  to  competently  approach 
their  practical  development.  Available  knowledge  gives  development  engineers  the 
possibility  in  a  well-founded  and  reasonable  manner  of  selecting  the  structure  both 
of  the  discriminator,  and  of  smoothing  circuits  of  a  range  finder,  of  correctly- 
selecting  their  parameters  and  of  fully  Intelligently  making  various  simplifications 
and  technical  compromises,  having  estimated  their  influence  beforehand. 


CHAPTER  VIII 


RANGE  FINDING  WITH  AN  INCOHERENT  SIGNAL 
§  8.1,  Introduction 

An  incoherent  pulse  signal  at  present  is  widely  used  in  various  radars.  Along 
with  normal  pulse  modulation  there  are  used  signals  of  more  complicated  form  with 
additional  intrapulse  modulation  of  various  forms  L 55—39 ] .  Properties  of  an  inco- 
.rant  signal  are  described  in  Chapter  I.  Theoretical  synthesis  of  range  disrrimi- 
nators  for  the  case  of  an  incoherent  fluctuating  signal  is  hampered  by  the  fact 
that  for  such  a  signal  the  general  form  of  the  likelihood  functional  Is  unknown. 
Therefore,  during  solution  of  the  problem  of  synthesis  it  is  necessary  to  limit  our¬ 
selves  only  to  certain  particular  cases  and  to  make  definite  assumptions,  sometimes 
not  covering  all  cases  in  practice.  In  contrast  to  this  the  problem  of  analysis  o^ 
existing  discriminators  can  be  solved  with  the  same  degree  of  correctness  as  in  the 
case  of  a  coherent  signal.  This  to  an  identical  degree  pertains  both  to  the  work 
of  the  range  finder  with  only  its  own  noises,  and  also  to  cases  of  the  influence 
of  various  kinds  of  interferences. 

As  for  problems  of  analysis  of  a  range  finder  as  a  whole  and  synthesis  of 
smoothing  circuits,  it  is  obvious  that  the  form  of  the  signal  introduces  nothing  new. 
Actually,  as  soon  as  we  have  determined  characteristics  of  the  discriminator  and  we 
have  assigned  statistics  of  the  measured  distance,  it  already  makes  absolutely  no 
difference  to  what  these  characteristics  correspond.  Therefore,  after  we  have 
obtained  a  solution  of  the  corresponding  problems  for  coherent  range  finders,  tnelr 
solution  for  incoherent  range  finders  reduces  to  trivial  replacement  of  character¬ 
istics  of  the  one  discriminator  by  characteristics  of  the  other.  In  connection  with 
this  the  present  chapter  to  a  still  lesser  degree  than  the  preceding  one  will  deal 
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with  questions  of  analysis  of  range  binders  as  a  whole.  7-aslc  attention  will  be 
allotted  namely  to  discriminators  of  incoherent  range  finders, 

The  present  chapter  is  organized  on  the  same  plan  as  Chapter  VII.  First.,  we 
consider  possibilities  and  certain  particular  results  of  synthesis  cf  an  optimum 
discriminator.  Then  In  general  form  we  investigate  basic  methods  of  creating  a 
discrimination  characteristic  taking  into  account  a  series  of  inevitable  technical 
deviations  from  optimality.  Then,  we  consider  different  concrete  forms  of  modulation, 
give  examples  of  analysis  of  range  finders  as  a  whole,  study  the  influence  of  inter¬ 
ferences  on  incoherent  distances  and  touch  on  nonlinear  phenomena  in  such  range 
finders.  As  will  be  clear  subsequently,  many  results  will  permit  broad  analogies 
with,  and  will  sometimes  even  coincide  with  the  coherent  case. 

§  8.2.  Optimum  Discriminator 

To  find  operations  of  an  optimum  discriminator  it  is  necessary  to  have  the 
logarithm  of  the  likelihood  functional  for  an  lncoher  nt  signal.  In  §  5.2  it  is 
shown  "hat  it  can  be  presented  in  the  form  of  a  certain  function  [see  (5-s-5)]  of 
the  voltage  envelope,  corresponding  to  the  value  of  'she  correlation  integral  formed 
in  the  j-th  period  of  repetition  of  the  signal,  1 

P{yh)—C  ( ...  f  exp  ojkifil  . *»)<**» . d*n, 

0  0  i.  * 

where  —  value  of  the  random  phase  in  the  k-th  period ; 

p(a1,  Og,  ...,  a)—  distribution  ■  r  probabilities  for  phases; 

Vj,  —  elements  o'  a  matr!;:  equal  to  the  difference  of  matrices 
J  which  are  reciprocal  to  correlation  matrices  fer  noise  and 
for  a  signal  mixed  with  noise  in  the  absence  of  modulation; 

•  n. 

If  il  ==  I  f  *(*)«(*  —  t)e"w<ls|.  (8.2.1) 

w-Or, 

li-;re  all.  designations  are  the  same  as  in  the  preceding  chapter. 

Quantity  |f  |  »|f(jTr)|  obviously  coincides  with  the  value  of  envelope  |  Q  ( t. ,  i )  | 
from  ( / ,  2 , 4  ) ,  if  pulse  response  h(t  -  s)  from  (7.2.4)  is 

*«-*)= i  Hhen  (/-i)rf</-s</rr, 

h(t  —  «)=0  when  t  —  s<(/~  \)Tr,  t  —  s>jTr.  (8.2.2) 

This  definition  of  pulse  response  n(t.  -  s ;  corresponds  to  the  fact  that  due  to 
properties  of  the  Incoherent  signal  J.ts  coherent  processing  is  possible  only  in  an 
interval  of  time  equal  to  one  period,  and  further  accumulation  of  the  signal  can  be 
carrie-’  out  only  incoherently .  Pulse  response  (8.2.2)  defines  an  integrator  over 
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period  Tr  with  clearing  [?], 

The  form  of  function  (5.2.5),  determining  the  logarithm  of  the  likelihood 
functional,  can  be  made  concrete  only  with  additional  assumptions  about  the  character 
of  fluctuations  of  the  signal  and  the  magnitude  of  the  signal-to-noise  ratio. 

In  §  5.2  it  is  shown  that  with  certain  conditions  the  logarithm  of  the  functional 
of  probability  density  reduces  to  the  sum  of  the  squares  of  envelopes  | f .  | ,  taken  in 
all  periods  corresponding  to  the  time  of  observation.  This  takes  place: 

a)  for  small  signal-to-noise  ratios  and  arbitrary  speed  of  fluctuations; 

b)  for  fluctuations,  fast  as  compared  to  period  Tr,  and  an  arbitrary  signal-to- 
noise  ratio; 

c)  for  large  signal-to-noise  ratios  and  arbitrary  speed  of  fluctuations,  j.f  the 
spectral  density  of  fluctuations  of  the  signal  differs  from  square. 

In  general  the  sum  of  squares  is  replaced  by  a  certain  inertial  nonlinear 
processing  which  considers  the  interperiod  correlation  of  values  of  the  envelope. 
Accumulated  experience  in  designing  systems  based  on  simple  summation  of  the  squares 
of  the  envelope  permits  us  to  state  that  consideration  of  complicated  systems  con¬ 
sidering  interperiod  correlation  will  lead  only  to  slight  improvement  of  their 
characteristics.  This  statement  is  based  on  the  fact  that  with  a  sufficiently  large 
signal-to-noise  ratio  incoherent  range  finders  built  without  taking  into  account 
interperiod  correlation  ensure,  as  will  be  shown  later,  practically  the  same  accuracy 
as  coherent  ones,  and  with  a  small  signal-to-noise  ratio,  when  impairment  of  accuracy 
in  the  incoherent  case  is  considerable,  simple  processing  is  optimum. 

From  this  point  of  view,  complication  of  processing  of  the  received  signal., 
ensuing  from  calculation  of  interperiod  correlation,  is  hardly  desirable,  since  it 
increases  technical  complexity  of  realizing  range  finders  without  leading  to  essen¬ 
tial  improvement  of  accuracy.  Therefore,  subsequently,  we  shall  consider  that  the 
logarithm  of  the  likelihood  functional  is  presented  in  the  form  of  the  sum  of  square  - 
of  envelope  |f^|,  i.e,, 

Pittfr)  —  Cexp[K  V  IklM^Cexp/K  £  I  J  y(s)u(s-~%)e,m*ds\»\  (8.2.5) 

/»! 

where  C  —  factor,  not  depending  on  delay  t; 

n  =  [T/Tr]  —  number  of  periods  of  the  signal  accumulated  during  time  T; 

K  —  a  certain  coefficient,  depending  on  the  signal-to-noise  ratio. 

Such  a  presentation  is  sufficiently  accurate  in  the  above-considered  car:?  f. , 
and,  of  course,  for  n  -  .1 ,  i.e.,  for  the  case  of  a  single  sending  of  the  signal.  In 
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accordance  with  expression  (8.2 we  shall  consider  only  such  a  construction  of 
discriminators  which  does  not  take  into  account  interperiod  correlation  of  the 
envelope.  Namely  thus  are  existing  incoherent  range  discriminators  built  — 
processing  of  the  signal,  for  one  period  is  carried  out  in  them  coherently,  and  inter 
period  accumulation  is  carried  only  with  respect  to  the  envelope  without  taxing  into 
account  correlation  of  its  values  in  various  periods. 

8.2.1.  Operations  cf  an  Optimum  Discriminator 

In  accordance  with  results  of  Chapter  VI,  output  of  the  discriminator  in  this 
case  is  defined  as 

n, 

[  *<*)«<*— Oe^dsl*.  (3.2.,) 

O-i)  r. 

It  i.s  obvious  that  z(t)  —  discrete  random  process,  taking  values  =  z(,j'i’r)  in  the 
j-tn  period,  The  concrete  form  of  this  process  depends  on  the  method  cf  formation 
of  correlation  integral  f j ,  determining  optimum  processing  of  the  signal  in  one 
period. 

As  we  already  noted  above,  this  integral,  can  be  formed  by  two  methods  —  tlw. 
correlation  method  and  by  an  optimum  filter  with  frequency  response  matched  with 
tne  spectrum  of  modulation,  In  the  first  c\se  there  is  produced  multiplication  of 
the  received  signal  by  the  sounding  signal,  shifted  in  frequency  and  in  delay,  and 
integration  over  the  period  with  the  help  f  filter  (8.2.2),  tuned  to  intermediate 
frequency.  Actually,  of  course,  integration  can  be  carried  out  by  any  filter  with 
a  passband  considerably  larger  than  tne  frequency  of  repetition  of  the  signal,  and 
Considerably  smaller  than  the  width  of  the  spectrum  of  modulation.  In  this  case 
the  signal  at  the  output  of  an  optimum  detection  channel  is  a  periodic  sequence  of 
.  quart-. s  of  the  envelopes  of  responses  of  this  filter  in  every  period  under  the  i:  r . 
ence  at  the  input  of  the  filter  of  a  signal  consisting  of  the  product 

y(t)u(t  —  *)*  *•+*••*, 

During  formation  of  z(t)  in  the  range  discriminator,  the  square  of  the  envelope 
Is  replaced  by  the  product 

IT,  IT, 

z(0  =  --tf2Re  f  y{t)u(s—x)e,mtds  X  f  y  (s)  u*' (s  -  r)  e~htJ  ds  (8.2,8) 

U-or,  </-u  r, 

which  corresponds  to  multiplication  o.f  the  received  signal  in  one  channel  by 

It  I 

u(t  -  t),  and  in  the  other  by  u  (t  -  t)  and  subsequent  multiplication  In  the  phase- 
detector  of  output  voltages  of  these  channels. 


Thus ,  in  this  respect  there  Is  complete  analogy  with  the  coherent  case.  The 
whole  difference  reduces  to  difference  of  pulse  responses  of  filters  (8.2.2)  and 
(7.2.5).  The  actual  output  voltage  of  the  discriminator  z(t),  as  a  function  of  time, 
can,  as  before,  be  presented  by  formula  (7.2.7),  where  h(t)  —  pulse  response  of  any 
filter  whose  inertia  is  low  as  compared  to  the  duration  of  the  period,  so  that  the 
response  of  this  filter  to  an  incoming  pulse  attenuates  by  the  moment  of  appearance 
of  the  next  pulse. 

With  the  correlation  method  of  processing  creation  of  a  discrimination  charac¬ 
teristic  is  possible  only  in  circuits  preceding  detection.  Here  we  can  use  both  an 
exact  method  —  multiplication  of  the  received  signal  in  two  channels  by  a  delayed 
sounding  signal  and  its  derivative  —  and  also  approximate  methods  —  either  simultan¬ 
eous,  or  alternate  multiplication  of  the  received  signal  by  two  reference  signals 
detuned  with  respect  to  delay. 

With  the  second  method  of  processing  a  pulse  signal  the  received  signal  is 
passed  through  a  filter  with  pulse  response  h(t)  =  u(-t)  (such  a  filter  is  frequently 
called  optimum  for  the  given  form  of  modulation,  or  "shortening,"  or  matched  with 
the  spectrum  of  modulation).  It  is  obvious  here  that  the  value  of  the  output  voltage 
envelope  of  this  filter  at  time  t  =  (j  -  l)Tr  +  t  gives  the  needed  value  of  |fj|. 

These  values  should  be  selected  by  gating  the  envelope  by  a  narrow  gate  pulse  and  , 

1 

then  should  be  accumulated  discretely,  ■ 

j 

Thus,  in  this  case  output  voltage  of  the  discriminator  is  a  discrete  random  ‘ 

process  consisting  in  the  optimum  case  of  infinitely  narrow  pulses  appearing  at 

moments  tj  =  (j  -  l)Tr  +  t.  Operations  of  the  optimum  discriminator  in  this  case 
consist  in  transmission  of  the  received  signal  through  filters  with  pulse  responses 

-M-  I 

u(-t)  and  u  (-t),  subsequent  phase  detection  of  output  voltages  of  these  filters  and 
gating  of  the  output  voltage  at  moments  t j  =  (j  -  ±)Tr  +  t.  where  t  —  output  value 
of  delay.  Approximate  formation  of  optimum  operations  ir  tnls  case  can  be  carried 
out  in  post-detector  circuits,  on  the  envelope,  since  the  elope  of  output  voltage 
of  a  "shortening"  filter  gives  the  possibility  of  forming  uhe  likelihood  functional 
for  all  values  of  t.  Creation  of  the  discrimination  characteristic  here  is  carried 
out  by  two  delay-detuned  gates,  tuned  in  accordance  with  the  output  value  of  delay. 

Gates  can  be  fed  simultaneously  or  alternately  with  a  certain  period  of  repetition, 

In  practice,  thanks  to  the  great  technical  simplicity  in  real  discriminators  differ¬ 
entiation  of  the  logarithm  of  the  likelihood  functional  is  carried  cut  with  respect 
to  the  envelope  (see  Chapter  IV  and  §  7.6). 
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With  optimum  fulfillment  of  all. operations  in  (8.2.4)  and  (8.2.5)  both  methods 
of  construction  of  the  discriminator  are  absolutely  identical.  This  follows  directly 
from  (8.2,5),  since  both  methods  are  the  realization  of  one  and  the  same  mathematical 
expression.  In  real  conditions,  when  the  required  operations  are  executed  imper¬ 
fectly,  these  methods  can  lead  to  somewhat  differing  results  due  to  the  varying 

4*  «■ 

influence  of  any  kind  of  deviations  from  optimality.  Therefore,  subsequently,  when 
necessary,  we  shall  conduct  parallel  eonsidera.tion  of  them, 

8.2.2.  Characteristics  of  an  Optimum  Discriminator 
For  calculation  of  characteristics  of  a  discriminator,  we  record  the  input 
signal  in  the  form 

■*.  —  M,r)e'**K'+*(<)t  (8,2  M 

*  v 

o 

where  E^  =  E(kTr)  —  the  envelope  of  the  reflected  signal  in  the  k-th  period  (E.^  =  ?); 

a  —  independent  random  phases,  evenly  distributed  in  the  interval 
(0  to  2ir); 

r0  —  true  value  of  delay. 

Function  uQ(t)  is  no  longer  periodic,  but  describes  a  single  pulse,  and  is 
normalized  as  before  by  unit  mean  power. 

ta>0t 

In  all  expressions  describing  real  discriminators  there  is  product  y(t)e  ; 
therefore,  we  introduce  complex  signal 

l(/)-.y(/)e'"‘<  (8.2.7) 

and  seek  necessary  statistical  char-  eu.i  is ti.ee  namely  for  it,  Signal  p(t)  according 
to  (8.2.6)  contains  a  low-frequency  component  and  a  component  of  frequency  2-,o Q.  With 
any  i t.lf lllment  of  the  discriminator  the  last  component  does  not  pass  to  its  output; 

*  herel'oro,  in  expressions  for  statistical  characteristics  of  tj ( t )  we  retain  only 
low-frequency  components,  considering  that  integrals  containing  high-frequency  com¬ 
ponents  of  the  correlation  function  of  signal  q(t)  all  the  same  turn  into  zero. 

Let  us  find  'he  low-frequency  component  of  the  correlation  function.  Dropping 
h.Lgh-f requency  components,  we  obtain 

(/,) EjEhe~T<''l~'k  -f- 

u\k  (t ,)  utk  (/,)+  Af.5  (/,—/.),  ( .,  ;j  ^ } 

where  uQk(t)  =  uQ(t  -  iQ  -  kTf). 


gjgBEasa 
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Averaging  in  (8,2,8)  for  amplitudes  and  phases  is  conducted  separately  due  to 
their  independence.  Furthermore,  by  virtue  of  the  independence  and  uniformity  of 

the  distribution  of  phases  aR  In  different  periods  all  members  in  the  double  sum  turn 
into  zero  when  j  /  K. 

For  calculation  of  the  fluctuation  characteristic  and  the  equivalent  spectral 
density  we  will  need  a  fourth  mixed  moment  for  values  of  t|(t).  As,  too,  during 
calculation  of  the  correlation  function,  it  is  possible  to  show  that 

h  <*,)  V  (<,)  1  (*,)  **  (M  -  MU  V  ('.)  T  (<.)  1*  (<J1«  = 


P'N, 


f ^r* £ »V «.) «.* (W~' :  K 8  8 (<» - 


(S.2. j) 


When  deriving  formula  (8,2,9),  we  consider  that  we  are  Interested  in  integrals 
of  this  expression  over  all  t^  where  integration  over  t1  and  t?,  and  correspondingly 
over  t^  and  t.^,  will  always  be  produced  over  the  same  period. 

Let  us  find  the  expression  for  the  discrimination  characteristic.  We  note, 
first  of  all,  that  since  in  formulas  (8,2.1),  (8. 2.3)~(8. 2.5)  integration  is  produce:! 
only  ever  one  period,  in  these  formulas  there  actually  enter  values  of  the  modu¬ 
lating  function  u(t  -  t0)  and  only  in  this  period.  Therefore, 

/r'  /r, 

j  #(s-t)i/(i)evis«  f  u,(s  —  x  —  (j  —  \)T  T)  y (s) d^ds.  (8.2.10) 
(/-'>V  •  (/-hr. 

Using  the  given  circumstance,  dropping  immaterial  numerical  factor  2K  in  formula 
(8.2.5),  replacing  variable  s  by  s  +  x  and  introducing  former  designation  A  =  tq  -  % , 
we  obtain 

_  *rf 

z»(A)  =  z(ATr,  A)  =  Re  f  J  *.K -(*-  \)Tr)u'',(st~{k  - 

<*-»Trf  <*-i)  rt 

kt,  ■ 

1  «*— 1»  rr 

«V 

-/r,)*.  (  «*'.(s.-(A-i)rr)«,(st-A-/rr)*1+ 


"r 

-f-tf,  J  «.(*,-<*  (st ~(k  —  i)rr)rfa,l. 

14  V  »  / 


—  ~  Re  {  C  (A)  C"  (A)  +  A/,rrC»'  (0) }  eC(A)Cw(4), 


(8.2.11) 


»*. 


j 

U 

£ 


;  'I 
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Where  C(A)  -  autocorrelation  function  of  one  period  of  modulation,  defined  in 
Chapters  I  and  VII  [see,  for  instance,  (7.2.9)]. 

Replacement  of  variables  of  integration  in  (8.2,11)  without  change  of  the 
limits  of  the  integrals  is  permissible  due  to  the  periodicity  of  the  integrands. 

Comparison  of  expression  (8.2.11)  with  (7.2.10)  shows  that  the  discrimination 
characteristic  in  this  case  coincides  with  the  discrimination  characteristic  of  an 
optimum  coherent  discriminator  with  the  accuracy  of  a  factor.  Therefore,  its 
dependence  on  the  form  of  modulation  will  have  the  same  character  as  before.  The 
gain  factor  of  the  discriminator  will  be  determined  by  expression 


v  _ (A) 

da 


'<=0 


P-~  Re  1C  (0)  C‘"  (0)  + 1 C  (0)1*1  -  Zp-  (b  -  A*), 


(8.2.12) 


coinciding  with  the  accuracy  of  a  constant  factor  with  the  expression  for  the  gain 
factor  in  the  coherent  case. 

Let  us  find  now  the  expression  for  the  fluctuation  characteristic.  Just  as 
when  calculating  z^(A') ,  we  can  obtain 


Rtk  =  2<  (A)  2h  (A)  —  zk  (A)  Zi  (A)  : 


r-  {*!*  ilC  W  lC'  ( A)l*  ■ +  C*'  (A>  C*  (A)l  + 
+^«(A|C(A)|*+|C'{A)|*+2/aC*(A)C'(A)]  +  (A-a«)8<fc},  (8.2.i5) 

wnerc  p^  =  p((l  -  k)Tr),  p(t^  -  tg)  —  correlation  function  of  fluctuations; 


q  =  Pc  Tr/2NQ  —  the  ratic'  of  the  energy  of  the  received  sig¬ 
nal  i or  a  period  to  the  one-sided  spectral 
density  of  noise,  already  used  earlier  in 
Chapter  V  as  i  he  r.ignal-to-noise  ratio  In 
the  incoherent  case: 


eita  (6ik  -  \  7  k)- 


6..  —  Kronecker  de 

J.ri. 

kxpr'  ssion  (8.2.13)  characterizes  tns  fluctuation  component  at  the  discrimi- 
■  :  Lor  output  in  the  discrete  consideration.  In  the  majority  of  real  cases  1  nor  cl  a 
the  smoothing  circuits  is  great  as  compared  to  the  period  of  repetition  of  the 
signal.  In  these  cases  the  discrete  process  at  the  discriminator  output  can  be 
replaced  by  a  continuous  one.  The  rule  of  replacement  follows  from  the  presentation 
of  the  output  quantity  of  the  range  finder.  In  the  discrete  case  it  is  equal  in 

* 

where  =  g(nTr,  KTr)  —  values  of  the  pulse  response  of  the  smoothing  filter  at 

moments  t  =  r.T  .  t,  =  kT  . 

n  r '  k  r 


■i 

i 
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::v  nuy.yR  prjTr.T/jgt: 


* 


If  function  g(t,  t)  changes  slowly  as  compared  to  TrJ 

m  m  l 

5]«(*rr,  *rf)2»=  V  g(nTr ,  *rr)|?  -rr 

txit  tall|  *• 

where  continuous  process  z(t)  is  defined  as 

", 

f  z(t)dt  =  zk,  z(/*)  =  lim£,  tk  =  kTr. 

J  r.-*o 1 ' 

(*-ur. 

In  accordance  with  this,  during  continuous  consideration  the  expression  for  tne 

gain  factor  found  above  should  be  divided  by  Tr,  and  the  one  for  the  correlation 
2 

function  R.^,  by  Tr,  having  defined  the  correlation  function  of  the  continuous  process 
by  relationship 

R  (U,  tk)  =  R  (iT  r,  kTr)  =  lim  (8214) 

Tr~*°  Tr  \  / 

Then  on  the  basis  of  formulas  (8 . 2 . 12) -(8 . 2. 14 )  the  correlation  function  of  an 
equivalent  fluctuating  disturbance  at  the  input  of  the  range  finder,  determining 
equivalent  spectral  density,  is  equal  to 

R(<v  /.)  =  1 Urn Re {qy (/,-gx 

x  lie (A)|>  \C'  (A)|*V C*«  (A)  C”  (A)H-r r98  (/,  ~tt)  [b\C  (A)|-+ 

+  \C’  (A)|*  +  2iaC*  (A)  C’  (A)l  +  T r  (b  -  a*)  8  (/,  -  /,)}, 


(8.2.15) 


where  t1  =  kTr,  tg  =  ITr, 


lim  /,). 

*r* 0  /r 


Formula  (8,2,15)  determines  the  fluctuation  characteristic  of  tr**  discriminator: 

m 

S.„(A)=  |  \b-a*  +  q[b\C<W ~i  IC’WIH- 

t  °® 

+  2/aC*(A)C'(A)14--5^j  J  S] («) rf. l|C (A)|*|C' (A)|*  +C" (A) C" (A)]} ,  (d.g.u,) 


whei 


re  as  before  S,(»)  =  A/c  J  p("*)e  h'd%  —  normalized  spectral  density  of  fluctuations 
of  the  reflected  signal. 

The  dependence  nf  functions  S^j^A)  on  characteristics  of  modulation  completely 
coincides  with  the  corresponding  dependence  for  the  coherent  case  (7.2.20),  which 
already  was  investigated  in  Chapter  VII.  The  dependence  on  the  signal-1, o-noise  raMx 
and  characteristics  of  fluctuations  of  the  signal  is  found  differently.  Let  us 


j  S 
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consider,  first  of  all,  the  value  of  S^^A)  for  A  =  0,  i.e.,  equivalent  spectral 
density  of  the  discriminator  S„...  Prom  formula  (8.2.16)  it  follows  that 

Oil* 

«»•■*  2fl*  (A-**)'  ( h.2. 17) 

This  expression,  obviously,  coincides  with  expression  (7.2.15)  for  the  coin-rent 
case  if  it  is  considered  that  spectral  density  of  fluctuations  of  the  signal  lias  the 
form  of  a  square  function  with  width  Af  c  =  f  =  1/r  .  Such  coincidence  is  com¬ 
pletely  natural,  since  with  spectrum  width  Af  Q  -  1/T  the  coherent  signal  coincides 
with  the  incoherent  one.  The  dependence  of  S-.,..  on  q  was  already  investigated  earlier 
in  Chapter  VII.  It  is  obvious  that  the  curve  of  Pig.  7.3  for  a  square  spectrum  of 
fluctuations  describes  simultaneously  the  dependence  on  q  of  quantity  S  ^  from 
(8.2.17)  with  replacement  of  h  by  q.  For  large  signal-to-noise  ratios  q,  quantify 
SQnr  is  equal  to  N^/P^b  -  a  ),  v;hich  coincides  with  the  limiting  value  of  S,-nT  for 
a  coherent  signal  with  large  h.  This  means  that  with  optimum  construction  and  high 
si.gnal  levels  coherent  and  incoherent  range.:  finders  ensure  identical  accuracy. 

For  signal-to-noise  ratios  which  are  not  very  large  incoherence  of  the  signal 
leads  to  definite  loss  of  accuracy,  the  magnitude  of  which  for  the  case  of  a  square 
spectrum  of  fluctuations  of  the  signal  can  be  determined  by  the  following  expression: 

*  +  tt4- 

S,mt  m»or  1  4~  if  _ Af  el r 

*'•■» «»»  Af  tTr  4-  </  A  +  l  ’  (8.2.13) 


which  is  valid  w hen  AfQ  Tr  <  1, 

When  Af  0  T  >  1,  this  ratio  turns  int<>  one,  Formula  (8,2.13)  snows  that  for 
identical  accuracy  of  coherent  and  incoherent  range  finders  it  is  necessary  that, 
q  is  great  as  compared  to  unity,  and  h  is  great  as  compared  with  1/Af c  T  .  The 
dependence  of  ratio  (3.2.18)  on  h  for  various  values  Af  c  T  is  shown  in  Fig.  ■• .  . 
From  tills  figure  it  follows  that  with  high  frequencies  of  repetition  and  values  of 
the  signal-to-noise  ratio  h  ~  10  to  100,  the  loss  due  to  incoherence  may  be  rather 
substantial.  Presence  of  such  loss  is  one  more  ground  for  selection  in  incoherent 
radars  of  a  low  frequency  of  repetition  (see  Chapter  V). 

Let  us  find  now  the  spectral  density  '->f  parametric  fluctuations.  From  (3.2.16) 


‘  t  ft  .1  1  nwp  that. 


c  _  I 

2  35* 


2 *Aft 
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2.19) 


i.e.,  It  coincides  with  an  accuracy  of  numerical  factor  u  of  the  order  of  0.5  to  i 
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with  the  magnitude  of  l/Afc  and  thus,  as  in  an  optimum  coherent  range  finder,  does 
not  depend  on  the  form  of  modulation  of  the  sounding  signal.  With  a  square  spectrum 
of  fluctuations  a  «»  1,  and  in  the  case  of  an  exponential  correlation  function  a  =  0.! 


ft 


Pig.  8.1.  Loss  in  accuracy  of  incoher¬ 
ent  range  finders. 


Thus,  the  optimum  incoherent  discriminator  both  in  the  character  of  dependences 
of  the  discrimination  and  fluctuation  characteristics  on  the  form  of  modulation  and 
the  magnitude  of  mismatch,  and  also  in  the  magnitude  of  equivalent  spectral  density 
with  sufficiently  large  signal-to-noise  ratios  doe's  not  differ  from  a  coherent  one. 
Substantial  difference  in  characteristics  of  accuracy  can  occur  only  for  signal-to- 
noise  .ratios  q  which  are  small  as  compared  to  unity,  where  the  loss  in  accuracy  is 
approximately  equal  (for  small  Af c  Tr)  to  quantity  (1  +  q)/q, 

§  8.3.  Discriminators  Using  Correlation  Processing  of  the  Signal 
Discriminators  with  correlation  processing  of  the  signal  in  methods  of  construe 
tion  and  calculation  of  characteristics  are  the  closest  to  coherent  discriminators. 
Considering  analogies  which  exist  here,  we  shall  start  our  consideration  With  them. 
Approximate  fulfillment  of  optimum  operations  during  correlation  processing  can  be 
realized  by  any  of  three  methods s  with  the  help  of  two  delay-detuned  channels,  in 
the  form  of  a  single-channel  discriminator  with  switching  of  reference  signals,  witl 
the  help  of  a  two-channel  discriminator  using  a  reference  signal. 


3.3.1.  Discriminator  with  Two  Detuned  Channels 
The  block  diagram  of  a  discriminator  with  two  range-detuned  channels  is  shown 
in  Fig.  8.2,  In  its  functional  structure  it  coincides  with  the  corresponding  diagram 

5( _ i  .  of  a  coherent  discriminator.  The  received 

LL-J  signal  is  multiplied  after  transfer  U:  iru  -m'- 

t* — 1‘  -  -  mediate  frequency  or  before  this  transfer  by 

■i —  —  —  wti 

two  reference  signals  u.(t)  and  Up(t),  which 

- -  Z  *  | -  7  — l  * 

j  l  I  >  ~f  .Iff!  I  to  some  degree  of  accuracy  repeat  the  law 

of  modulation  of  the  sounding  signal  and 

Fig.  8.2,  Block  diagram  of  a  corre¬ 
lation  discriminator  with  two  delay-  have  a  corresponding  high-frequency  filling, 
detuned  channels:  1  —  local  oscil¬ 
lator;  2  —mixer;  3  —  controlled  Signals  in(t)  and  Up(t)  are  delayed  relative 

generator  of  reference  signals;  4  —  " 

multiplier;  5  —  intermediate-fre-  to  the  sounding  signal  by  t  +  5  and  t  -  c, 

quericy  filter;  6  —  detector;  7  — 

subtractor.  respectively.  After  multiplication  the 


signals  are  passed  through  filters  with  pulse  response  h(t)  cos  nnpt,  are  detected 
arid  suntracte.d,  forming  output  voltage  of  the  discriminator.  The  difference  between 
the  incoherent  and  the  coherent  cases  is  only  the.  inertia  of  the  filters,  which 
in  the  incoherent  case  should  be  small  as  o  -.r.pared  to  the  period  of  repetition  of 
signal,  in  such  a  manner  that  responses  of  the  filter  tc-  adjacent  pulses  do  not  cvf  r- 
lap.  In  the  optimum  case  this  filter  should  represent,  an  integrator  for  a  period 
with  clearing;  however,  as  we  shall  prove  subsequently,  final  results  do  not  depend 
on  the  form  of  tne  characteristic  of  the  f :  her  if  only  it  possesses  integrating 
properties  during  a  time  equal  to  1  he  poise  duration  of  the  signal.  Let  us  assume, 
first,  that  this  condition  is  satisfied,  i.e.,  that  Af ^  a.,  «  1,  where  Ty  —  pulse 
h.;  rati  on  of  i.h..  signal,  and  Af^  —  bandwidth  of  the  filter.  Then  we  shall  consider 
•  no  case  when  this  condition  is  not  satisfied. 

Qutp-r.  voltage  of  the  discriminator,  analogously  to  §  7-3,  is  presented  in  the 


t  t 

z(l,  A)  — |  J  h(t-s)ut(s  —  i  —  l)y(s)e'mt,ds\t—  j  h(t  —  s)u,(s  —  t -f  5) y (s) e'"’' ds  », 


where  it  is  assumed  that  pul3e  responses  of  filters  in  both  channels  are  identical. 
Du**  to  rionstatlonariness  of  the  input  signal  and  small  (as  compared  to  the  period) 
inteVtia  of  the  filter  z(t,  A)  is  a  nonstationary  ranuom  process  with  periodic  non- 
stamionar iness .  Therefore,  the  discrimination. ana  fluctuation  characteristics  are 
determined  by  expressions 
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(8.3.2) 


where 


r 

*M)«iia4r  [WT£)dt, 

T-*oo  !  J 
0 

«»  r 

(A)-—  J  dViS-f  J l*(<.  A)*(/  +  s,  A) ■ 


-*(<,  A)  *(/  +  *,  A)1  dt, 

ir  _  dz  It,  A)  I 
A*~  dA  |*=o 


(8.3.3) 


(8.3.4) 


is  the  gain  factor  of  the  discriminator  (see  §  7.4). 

Expanding  expression  (8,3.1)  and  substituting  in  it  the  expression  for  the 


ics0t 


from  (8.2.8),  we  obtain 


correlation  function  of  signal  rj ( t )  =  y(t)e 

_ _  I  t 

i(t,  A)±=J  J  A  (*—»,)  h(t—s,)  I«, (s, — t — 8)  «*,(«,— t—S)— 
7~  «, (*.  —  *  +  8)  (st  —  x  -f  &)][  ^  u\  ( sl  —  x.  — 


-  HTr)  u,  (s,  -  X.  -  kTr)  +  (*.  -  *.)]  dst 

-p  Trh'  (t  -  kTr)  lie,,  (A  _  8)1*  - 

-  ft.  (A  +  *)n  +  N.  (Cu  (0)  -  C„  (0))}, 

where  functions  CiJc(x)  are  determined  by  relationship 

r, 

j  u,(s+jc)u*,(s)ds, 

0 

Ca( x)  ^=~^u{(s-\-x)  u\  (5)  ds, 


(3.3.b) 


(8.3.6) 


i.e.,  are  crosscorrelation  and  autocorrelation  functions  for  the  totality  set  of  sound¬ 
ing  and  reference  signals. 

Thus,  as  in  the  preceding  chapter,  we  shall  be  interested  only  in  values  of 
these  functions  within  the  limits  of  one  period,  since  mismatch  exceeding  the  period 
of  repetition  of  the  signal  is  not  of  practical  interest. 

Averaging  (8.3.5)  in  time,  for  the  discrimination  characteristic  we  obtain  tne 
following  expression: 


*  {*,  A)  =  {<?  [ft,  (A  -  8)|*  - 1 C„  (A  -{-  6)1*1  +  C„  (0)  - 
^  Cm  (0)}  V.  J  A*  (/)  dt  =  {?  [|C„  (A  -  8)|*  ~ 

-|Cm(A  +  8)|'H-C„(O)-Cm(0)}V.A/^  (8.3.7) 
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where 


•t  OO 

Af4=~j  h'(t)dt^±-  J  |//(<«)|«^.  (3  3  i} 

at:d  we  assume  that  K(iO)  =  1. 

From  comparison  with  (7.25.06)  it  is  clear  that  according  to  the  character  of 
the  dependence  of  tne  discrimination  characteristic  on  the  .laws  of  modulation  of  the 
sounding  and  reference  signals  the  considered  discriminator  is  completely  equivalent 
to  the  corresponding  coherent  discriminator.  In  particular,  slope  and  null  shift 
of  the  discrimination  characteristic  are  equal 

Re  IC^-*)  C\,  ( ( SJ  C*„  (5)1.  ( d .  3 .  M ) 

*  mTo)  C„  (0)  -  Ct,  (0)  +  7  tic,.  .  ^'i’-|C„  wn 

“»Re [C'„  (-4)  C*„  (- a)  - C't,  (») C»„ t#)T  *  (8.5.10) 

which  differs  from  (7.5.28)  and  (7-3.29)  only  by  numerical  factors.  Null  shift  is 
absent  for  ail  q  if 

C„(0)=Ctt(0). 

1C,.(  «)!•=!  c„(«)|\ 

i.e.,  if  conditions  of  symmetry  of  referent'-  signals  relative  to  rounding  signals  ana 
of  equality  of  gains  in  both  channels  are  satisfied.  The  dependence  of  the  gain 
factor  on  detuning  between  the  reference  signals  is  precisely  the  same  as  in  the 
coherent  di scrimtna* or. 

I,o*  us  find  now  the  eqni va  i  >.•».  *  s}.c-  *ru’.  d  nsify.  We  assume  that  conditions 
(8,5.11)  are  satisfied.  Here,  as  in  the  coherent  discriminator,  4  ;.e  component  of 
SgI!b  which  dess  not  depend  or.  the  signal-to-rc. ;  se  ratio  will  turn  into  zero,  ana  in 
'...i;'  expression  for  Kglffi  t  here  wi  ll  remain  -r,.ly  ten  .$  with  l/q  and  l/q“ .  Calculating 
correlation  function  z(t,  0;  with  the  help  of  .  •),  executing,  transformations 
similar  t  ■  those  which  were  used  in  deriving  (  ".}.':■)■  averaging  th**  obtained  *  xpres- 
uion  1  r i  time  and  integrating  in  accordance  v/ith  (8.3.5),  we  can  obtain  *  he  1  ollcwing 
express  Ion i 

Tr  {2 1  C„  (0)  |*  -|C„  (2»)|- -  !  C„  (-  25)|*  + 

+2fl(2Cll(0)|Clt(-*)|*- 
-  Re  C„  (-  28)  C* „  (-  8)  C*.  (-»)  - 

-  Re  C„  (28)  C*„  (B)  ?**  («)]} :  [*q  Re  [Cf.  { -  8)  C*,„  (-  «)])*.  (.3.12) 

irotn  comparison  of  this  express!':. 1  with  the  corresponding  expression  for  the 
coherent  discriminator  (7  3.30,  it  follows  that  erpres:  ’on  (  -.3.1;  )  dlffcrr  \‘r-  n.  i* 
only  by  coefficients  which  depend  on  the  slgnai-lo-notse  ratio.  Thu  structure  of 


(8.3,11; 
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these  coefficients  In  tbic  case  la  still  simpler  -  they  depend  neither  on  the  form 
of  spectral  density  of  fluctuations  of  the  signal  nor  on  the  frequency  response  of 
the  filter.  For  small  detunings  5  expression  (8.3.12)  approaches  SonT  from  (8.2.17), 
and  with  arbitrary  detuning  the  dependence  on  its  magnitude  and  the  form  of  the 
sounding  and  reference  signals  can  be  described  just  as  in  §  7.?  i>y  introduction  of 
the  equivalent  signal-to-noise  ratio  qg^gand  the  equivalent  width  of  the  spectrum  of 
modulation  b^g.  Formula  (8.3.12)  here  takes  the  form 


o  _ f  r  (I4~  <IK«) 

'K’_  2 •!«**-  ’ 


(8.3.13) 


Q*kb  _ 

* 


,  2C„(0)  1C  .W  -  Re  C„(-2')  C*„  (-  8)  (- 1)  - 


..  2C?,(0)-|C„<2«)|»- 

'  -Re  C„  m  (»)  C*„(8). 

-|C„  (28)|*  * 

b  — 

2  [Re  C\,  (-  *)  C'  „  (-  *)]*  [2C|,  (0)  - 
ab  [2C,i  (0)  K?  «)!*—  Re  Cit  (-2*)  C*„  (- .«)  CSZ=SP 
-lC„(2a)|«-|C„(28)|,l 
_fteC,1(24)C*„(4)C*,.(8)r 


(8,3.14) 


(0.3.13) 


coincide  with  the  corresponding  ratios  h^g/h  and  t^g/b  from  5  7.5)  which  already 
were  investigated  in  the  preceding  chapter.  These  relationships  permit  us  with  the 
help  of  graphs  for  hj^/h  and  ba^/h  for  various  concrete  forms  of  modulation  from 
Chapter  VII  ana  formula  (8.3.13)  for  Fig.  8.1  to  calculate  the  magnitude  of  for 
any  case  interesting  us. 

8,3.2.  Discriminator  with  Switching  of  the  Reference  Signals 
The  block  diagram  of  an  incoherent  discriminator  with  switching  of  reference 
signals  differs  from  the  corresponding  conerent  diagram  (Fig.  7.7)  only  in  the  for:, 
of  the  filter  h(t).  In  all  other  respects,  as  in  the  preceding  case,  all  operati 
and  the  expression  fo-  the  output  voltage  of  the  discriminator  coincide  with  U--.sc 
given  ir.  §  7.4.  Due  to  the  great  (as  compared  to  Af  c  )  bandwidth  of  the  lifter  m 
the  Incoherent  case  there  is  possible  selection  of  a  frequency  of  switching  ->f 
reference  signals,  rather  high  as  compared  to  Af  ^  «  As  shown  in  (y  1.4, 
selection  is  very  desirable  from  the  point  of  view  of  decreasing  the  componen  of 
equivalent,  spectral  density  which  does  not  depend  or.  the  signal -t-  -noise  rot  inn. 
is  caused  by  incomplete  correlation  of  4  he  useful  signal  in  ad.jac.en1  ai.i  •  :‘r  t 
of  the  frequency  of  .-.witching .  This  component  disappears  only  when  -he  freqwen  ./ 


of  switching  is  great  as  compared  to  Af  (see  7 .4.7). 

.  In  coherent  discriminators  possibilities  of  selection  of  the  frequency  of 
switching  are  limited  by  the  passband  of  the  filter,  matched  with  the  spectrum  of 
fluctuations  of  the  signal;  rapid  switching  and  elimination  of  the  corresponding  com¬ 
ponent  of  are  possible  only  with  a  wide  filter  passband  tf  ^  ,  so  mat.  the  fre¬ 

quency  of  switching  f  should  satisfy  condition  Af^,  »  fn  »  Af., 

During  coherent  processing  this  condition  can  be  satisfied  only  in  rare  cases, 
while  in  Incoherent  discriminators,  due  to  the  great  bandwidth  of  the  filter  (Af*  g 
-  l/Tr),  fulfillment  of  this  condition  does  not  present,  any  difficulty,  and  the 
frequency  of  switching  can  be  only  half  the  frequency  of  repetition  of  the  signal. 

We  assume  that  conditions  on  the  speed  of  switching,  leading  to  elimination  of  the 
component  of  equivalent  spectral  density  which  does  not  depend  on  the  signal-fo-noist 
ratio,  are  satisfied. 


The  gain  factor  of  the  discriminator  with  switching  of  reference  signals  and 
its  discrimination  characteristic,  as  also  in  the  coherent  case,  coincide  with  an 
accuracy  of  coefficient  1/2  with  the  corresponding  characteristics  of  a  two-channel 
discriminator  when  C10(o)  =  C 2q(5).  This  equality  corresponds  t.o  the  natural  assump¬ 
tion  of  coincidence  in  form  of  the  reference  signals,  alternately  utilized  as  the 
"leading"  and  "lagging"  signals.  The  condition  of  absence  of  systematic  error  here 
is  the  equality  | C^q ( 6 ) i  =  |C10(-6)j  •  Then,  the  gain  factor  will  be  proportional 
to  Re  (0^(6)  C*0  (8)). 

Just  as  In  Paragraph  8.J.1,  we  can  obtain  the  following  expression  for  equiva¬ 
lent  spectral  density: 


Tr  I  4-  |g|t  («)1 
V'  l  Re  C'„  (4)  C*lt  (4)]1  •  (-3.lt 


In  particular,  with  coincidence  of  modulations  of  the  sounding  and  the  rvfei - 
enee  signals 


T,  1  •+  2g  1C  (<)|« 
<«)]» 


i.hs  quantity,  depending  upon  the  selection  of  5,  may  differ  substantially  from 
S on  1  ‘  th-re  exists  a  certain  optimum  val  ie  of  deturiing  ensuring  minimum  S0X0. 

The  phyr-1' « 1  rep  sons  for  such  a  dependence  of  on  detuning  are  the  same  as  in 
the  case  of  a  coherent  discriminator  (§  7.4);  however-  the  actual  optimum  value  ®  on  t 
it  pound  comewnat.  differently.  This  quantity  is  determined  from  equation 

«  [£  I C  WIT  -0  +  271 C  {«))*,  %  I C  (5)1*  =  0 


and  depends  on  signal-to-noise  ratio  q.  Detailed  investigation  of  the  dependence  of 


S3HB  on  detuning  6  and  comparison  of  the  considered  discriminator  with  a  two-channel 
one  will  be  conducted  later  In  examining  concrete  forms  of  modulation. 


8.3.3.  Discriminator  with  Differentiation 
of  the  Reference  Signal 

Such  a  discriminator  in  its  principles  of  construction  is  the  closest  to  the 
optimum  one.  Its  block  diagram  coincides  with  the  block  diagram  of  the  corresponding 
coherent  discriminator  (Fig.  7.2).  The  difference,  as  also  in  the  preceding  cases, 
is  only  in  the  bandwidth  of  the  filter.  Merits  and  deficiencies  of  such  a  method 
of  realizing  optimum  operations  already  were  discussed  in  Chapter  VII,  Incoherence 
of  the  signal  in  this  respect  introduces  nothing  new. 

Designating  reference  signals  in  the  two  channels  of  discriminator  u^(t)  and 
Ug(t)  and  assuming  that  the  frequency  responses  of  filters  in  both  channels  are 
identical,  for  output  voltage  of  the  discriminator  we  obtain  an  expression  coinciding 
with  (7.5.1).  From  the  latter,  by  transformations  of  §  8.2,  Paragraphs  8.3.1  and 
8.3.2,  and  averaging  in  time  we  can  find  the  following  expressions  for  the  gain 
factor  and  equivalent  spectral  tensity: 


K »  -  A/.*M  Re  [C'„  (0)  C*„  (0)  +  C*10  (0)  7ti  (0)1, 

C„(0)CM(0)  +  Re  cfs(0)  +  «  [c»  (O',  |C„  <0)|*  + 
V  I  Re  (C,„(6)C*.1(0)+  , 
f  C„  (0)  | C„  (0)1»  +  2  Re  C„  (0)  C„  (0)  C».,(0)1 
+  C*„  (0)  C'„  (0)))* 
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(3.3.18) 


(8.3.15) 


where  C^(x)  are  determined  by  formulas  (8.3.6),  and  we  assume  that  there  is  no 
systematic  error.  The  condition  of  its  absence  is 


Re  C„  (0)  Re  C„  (0)  C\,  (0)  =  0.  ( 8 . 3 . 2, , } 

With  optimum  reference  signals  u^t)  =  u(t)  and  ug(t)  =  u'(t)  formula  (8.3.19)  chanr: 

into  the  expression  for  Soni  (8.2.17).  With  arbitrary  u^t)  and  ug(t),  just  as  in 

Paragraph  8,3.1,  it  is  possible  to  introduce  equivalent  values  of  the  signal-to- 

2 

noise  ratio  q3fffl  and  the  mean  square  width  of  the  spectrum  of  modulation  (b  -  a  )Rln. 
If,  in  particular,  reference  s.  »-;:.;.l  ux(t)  differs  from  the  sounding  signal,  and 
up(t)  =  u] (t),  i.e.,  differentiation  of  the  reference  signal  is  produced  exactly, 


^  _ —  *11  —  +  9  (0)1*  (^i-  —  -f  ^ 

V  jC„(0)|‘  (Re  *„ -*?„)■  * 


(8.3.21) 


Re  C,._(0) :  b. 


~c"_(o). 


where  a,. 


Thus,  consideration  of  incoherent  discriminators  with  correlation  processing 
of  the  received  signal  shows  that  the  character  of  the  dependence  of  the.  gain  factor 
and  equivalent  spectral  density  on  the  method  of  construction  of  discriminator  and 
the  form  of  modulation  of  the  sounding,  signal  and  characteristics  of  the  referpi.-’.-- 
signals  remain  the  same  as  in  the  case  of  a  coherent  signal.  The  dependence  o:;  -he 
magnitude  of  detuning  in  two-channel  discriminators  also  does  not  change,  and  in 
discriminators  with  switching  of  reference  signals  the  quantitative  form  of  the 
dependence  changes  somewhat,  although  qualitatively  all  remains  as  before. 

The  structure  of  tne  formulas  determining  characteristics  of  incoherent  dlserim 
inators  does  not  differ  from  the  corresponding  coherent  cases.  Only,  here,  in 
formulas  for  Sg^  pertaining  to  conerent  range  finders  all  integrals  containing  the 
frequency  response  of  the  filter  and  spectral  density  of  fluctuations  are  replaced 
by  1/T  ,  and  the  signal-to-noise  ratio  h  is  replaced  by  q.  This  gives  us  the  pos¬ 
sibility  of  using  for  calculation  the  characteristics  of  incoherent  discriminators, 
calculation  formulas  and  graphs  already  given  in  Chapter  VII,  by  a  simple  change 
scale. 

A  distinctive  feature  of  incoherent  discriminators  with  correlation  processing 
is  independence  of  their  character!  ,  cs  from  the  form  :>f'  the  particular  character¬ 
istic  of  the  filter  and  the  magnltuu.  its  passband,  if  only  the  latter  satisfies 
relationships  1/t^  »  Af^  »  l/Tr. 

5  -J , '4 .  Discriminator  with  a  "Shortening"  Filter 
In  incoherent  range  finders  using  a  pulse  signal  in  many  cases  it  is  more 
rational  to  use  she  principle  ol’  optimum  filtration  of  the  received  signal  in  a, 

( "s:,  wtening")  filter  [4,  35j  yd],  This  gives  us  the  possibility  to  form  the  likeli 
ho'-u  functional  and  to  measure  the  distance  to  many  targets  using  the  high- fre¬ 
quency  part  of  tne  radar  set  common  for  all  meters  and  the  detection  unit, 

Kven  in  single-target  radars  use  of  a  "shortening"  filter  can  lead  to  great 
technical  simplicity  as  compared  to  correlation  receivers. 

8,4.1,  Block  Diagram  of  the  Discriminator 
A  "shortening"  filter,  in  principle,  can  be  realized  on  a  carrier  of  interme¬ 
diate  or  low  frequency.  In  practice,  they  most  often  use  filtration  at  intermediate 
frequency.  However,  selection  of  the  frequency  at  which  the  "shortening"  filler  is 
realised  does  not  affect  analysis  of  the  discriminator  and  its  results.  For 
definl + iveness  in  Fig.  8.3  we  show  the  block  diagram  of  a  discriminator  with  a 
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"shortening"  filter  at  intermediate  frequency. 

The  received  signal  y(t)  after  transfer 
to  intermediate  frequency  is  passed  through  a 
shortening  filter  and  detected.  Output  vol¬ 
tage  of  the  detector  is  fed  to  two  gating 
stages,  to  which  there  are  fed  gating  pulses 
(gates),  detuned  relative  to  the  output  value 
of  delay  by  +5.  Output  voltages  of  the  gating 
stages  are  subtracted,  forming  the  output  vol¬ 
tage  of  the  discriminator. 

The  derivative  of  the  logarithm  of  the  likelihood  funtional  in  the  given  cir¬ 
cuit  will  be  formed  approximately  by  the  two  detuned  gate  pulses.  Tnis  approximation 
will  be  all  the  better,  the  narrower  the  gate  pulses  and  the  less  the  detuning 
between  them.  At  the  limit  they  should  be  delta-shaped  and  located  with  detuning 
6  -*  0.  In  practice  gates  have  finite  width  and  are  detuned  a  finite  quantity, 
where  both  have  a  magnitude  of  the  order  of  the  duration  of  the  pulse  at  the  detector 
output. 

The  considered  circuit  represents  an  analog  of  the  correlation  discriminator 
with  two  range-detuned  channels.  It  is  obvious  that  the  corresponding  analog  for  a 
circuit  with  switching  of  reference  signals  is  a  circuit  in  which  gates  are  net  fed 
simultaneously,  but  one-by-one  during  a  certain  time  Tn/2,  Such  a  change  in  this 
case  is  not  a  technical  simplification,  and  at  the  same  time,  as  in  correlation 
discriminators,  it  leads  to  certain  .loss  depending  on  the  degree  of  overlapping  of 
the  gates,  their  form  and  the  ratio  of  the  width  of  the  spectrum  of  signal  fluctua¬ 
tions  to  the  frequency  of  switching. 

The  circuit  with  differentiation  in  this  case  requires  two  "shortening"  filters 
with  different  characteristics,  which,  because  of  their  complexity,  is  hardly  an 
acceptable  technical  solution.  Therefore,  subsequently  we  shall  consider  only  the 
block  diagram  of  Pig.  8.3,  which,  as  we  shall  prove  subsequently,  in  a  broad  range 
of  conditions  gives  results  sufficiently  close  to  those  potentially  attainable. 

Pulse  response  hn(t)  of  the  "shortening"  filter  in  the  block  diagram  of  Fig.  d.3 

t 

wild  be  sufficiently  close  to  Re  u0(-t)e  ,  where  uQ(t)  —  a  function  describing 

orv  period  of  modulation.  Only  in  the  absence  of  additional  in*rapulse  modulation 

can  this  pulse  response  be  presented,  as  for  all  filters  considered  earlier,  in  the 

form  h(t)  cos  u>  t,  where  h(t)  is  the  pulse  response  envelope  • 
np 


fig.  8.3.  Block  diagram  of  a  dis¬ 
criminator  with  a  "shortening"  fil-^ 
ter:  1  —  local  oscillator;  2  — 
mixer;  3  —  "shortening"  filter; 

4  —  detector;  5  —  gating  stage;  6  — 
controlled  generator  of  gates;  7  — 
subtractor. 
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In  general,  witn  intrapulse  modulation  this  pulse  response  can  be  presented  by 
low-frequency  functions  only  in  the  form 

ht  (/)  cos  >f-  A,  (/)  sin  mni,f , 

wnere  h^(t),  hg(t)  —  sine  and  cosine  components  of  pulse  response. 

For  instance,  for  the  pulse  described  by  function  na0,  with  phase  modulation 
according  to  the  law  ^0(t)  for  the  case  of  an  optimum  shortening  filter 

hl^)  =  uao('t)  cos  V-t)'  =  -uao(_t)  sln  V'qC-1:)- 

With  arbitrary  modulation  the  pulse  response  of  the  filter  can  be  recorded  it. 

icontt 

the  form  Re  h(t)e  *  ,  where  h(t)  —  the  complex  pulse  response  envelope  of  the 
filter.  In  the  above-mentioned  example 

Taking  into  account  this  circumstance  we  can  record  output  voltage  of  the  filter 
in  the  form 

“♦  (/)= Re  ^  fi(t  —  s)  _'V  (*) (•#  +  ®np)  sds  = 

— Od 

t 

*=  \  Re  J  *)jf(s)e*v</s,  (6.4.1) 

where  tnere  are  omitted  components  with  doubled  frequency  u>np.  Then,  on  the  basis 
of  (’3.4,1)  we  can  describe  output  voltage  of  tne  discriminator  by  the  following  ex¬ 
pression: 

*  (0  =  |  J  h  (/  - s)y  (s)  o  {t  — «),  (8.4.2) 

where  there  are  omitted  immaterial  numerical  coefficients,  and  v(t)  —  a  functuu 
describing  the  sequence  of  gate  pairs,  so  that. 

=  <<-«■,),  (6.4.3; 

A 

a  —  measured  value  of  delay. 

Function  vQ(t)  must  have  negative  and  positive  values,  since  only  in  this  case 
is  creation  of  a  discrimination  characteristic  possible.  In  accordance  with  the 
block  diagram  of  Fig.  8.3  function  vQ(t)  is  the  difference  of  functions  describing 
gating  pulses  fed  to  the  various  gating  stages.  For  example,  with  square  gates  vQ(t) 
has  the  form  shown  in  Fig,  8.4.  This  form  depends  on  the  amplitudes  of  the  gates 
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and  detuning  between  them.  By  selection  of  thi  form  of  the  gates  and  parameters  of 
channels  one  should  try  to  ensure  that  function  vQ(t)  Is  odd. 


Pig.  8.4.  The  form  of  function  vQ(t)  depending  upon 
the  amplitude  of  the  gates  and  detuning  between  them, 


8.4,2.  Discriminator  Characteristics 

Let  us  find  characteristics  of  the  considered  discriminator.  Substituting  in 

ico0t 

formulas  (3,4,2)  the  expression  for  correlation  function  rj(t)  =  y(t)e  from 
(8.2,:),  we  obtain  the  mean  value 

t  l 

W)  —  j  J  h  (t  —  s,)  h* (/  —  st)  JV. (s,~ %—  k'Tr)X 

X  u,  (5,  —  Xt-kTr)  +  NJL  (s,  —  s,)j  dstdst  •  V  (t  —  x)  = 

CO 

=  \Y'%\f(t-\-kTry?  +  N^\k(t)\'dt]v(t-x),  (b.u.,) 

where 

f(t)  =  jh'(s}a,(t-  s)ds 

* 

is  the  result  of  passa.ge  of  signal  Up(t)  through  a  filter  with  pulse  response  h  ) 
which  It  is  possible  tc  treat  the  same  as  the  function  of  crosscorrelation  between 
the  pulse  response  of  the  filter  and  the  function  describing  the  lav?  of  modulation 
of  the  signal  in  one  period.  Such  treatment  is  useful  for  finding  an  analogy  with 
the  correlation  method  of  processing  a  signal.  In  particular,  with  an  optimum 
"shortening"  filter  [h(t)  =  uQ(-t)] 

/  (0  “  ^ rC  (/),  ( rs ,  4  .(■  ) 

where  C(t,),  as  before,  is  the  autocorrelation  function  of  the  signal.  To  produce 
the  discrimination  characteristic  we  average  expression  (b.4.4,  in  time.  Tnen 
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*(/,  A)«=£J  z(t,  A)  !/(/-%)  1*0.  [t-x)dt  4- 

0  0 

*  Tr  as  oo  *> 

Vt{t~i)dt~-p-  j|/(5)|e0.(s  fA)rfs+N,f  \h{t)\'dl±-  Jo#(0rf<.(8. 4.7 


0  — » 

Hence,  the  gain  factor  of  the  discriminator 


at 

k*=~-W7 


During  calculation  of  discriminator  characteristics  it  is  often  more  convenient 
to  use,  not  a  time,  but  a  frequency  presentation  of  functions.  Passing  in  express!"' 
(8.4.7)  to  spectra,  we  obtain 

—00  —00 

x  H[—l(m  +  x)]U (IX) H* (-  ix)  V, (i<o) e**4  d*dx  + 

+&j  '•«)<« sr 

— oo  —eo 

where  iJ(iuj),  H(1ju)  ,  VfJ(  1-jo)  —  Fourier  t  run  o' ..rim;  f  +he  corresponding  functions. 
Likewise,  the  gain  factor  of  the  discriminator 


**  =  3FTW  I 

X  t/  (*x)  (—  **)  V,  (»•)  d<ndx.  (8.4.10) 

From  formula  (".4.7)  it  follows  that  the  conditions  of  the  absence  of  systematic 
■"■rr  -r  art-  the  fui  Lowing: 

J  9,(t)dt  =  0, 

—00 

—00 

Ti.e  first  of  4  in-  :?e?  co-idl  l  ions  coral  sts  of  the  requirement  of  equality  of  the 
areas  of  '  he  posit  Ive  and  negative  parts  of  vr  (t) ,  arid  t.»>o  second  is  the  requirement 
of  ofi  ing.  nali  <  y  of  the  square  of  the  shortened  pulse  envelope  with  function  v,.  (t) . 

If  tnn  gates  nave  identical  sh&pe,  condi*  ion  (*,4. 11}  is  the  condition  of  lden»  lt.y 
of  amplifications  of  gating  stages.  Then  the  second  of  conditions  (-3.4,11?)  reduces 
t  the  o  -.rreop'.iiding  do  terminal  ion  of  the  reference  point  for  delay.  With  symmetric 
form  ''  tie  .-,h  rtunei  pulse  envelope  this  reference  point  coincides  with  i  1  s  center, 

-3b0- 

- - - - - 


(3.4 .if; 
( 12) 


but  with  asymmetric  form  it  should  be  determined  in  such  a  manner  that  (8.4.12) 
is  satisfied.  In  practice  conditions  (8.4.11)  and  (8.4.12)  usually  are  satisfied. 
Moreover,  gates,  as  a  rule,  are  selected  identical,  so  that 

(0  =  v  (<  -f-  8)  —  v(t  —  8),  (8.4.15) 

where  v( t )  —  function  describing  the  form  of  the  gate; 

5  —  detuning  relative  to  their  center. 

Subsequently,  we  shall  consider  systematic  error  absent. 

In  discriminators  of  the  considered  type  they  very  often  use  square  gates  of 
certain  duration  Tncr  Detuning  6  here  can,  without  loss  of  generality,  be  considered 
larger  than  1^/2,  since  when  6  <  t^/2  the  form  of  function  vQ(t)  coincides  with  the 
form  of  this  function  for  6  >  with  an  accuracy  of  quantitative  parameters 

(Fig.  3.4).  With  such  a  form  of  gates 


and  the  expression  for  the  gain  factor  has  the  form 

=  »r{|'  (•  ■ -¥)|‘+|f  (-  »+¥)H  (8+: ¥)f- 

In  particular,  for  the  most  wide-spread  case  when  gates  are  located  end-to-end 


(8.4.14) 


(6  =  V2) 


Km  =  p- {2  i  /  (0)  I*  -  I  f  (T„e)|*  -  I  f  (-lac)!1}. 


(8.4.15) 


Let  us  find  now  the  correlation  function  of  output  voltage  of  the  discriminator. 
Using  formula  (8.2.9)  and  assuming  conditions  of  the  absence  of  systematic  error  to 
be  satisfied,  for  zero  mismatch  we  obtain 

t  i  l+ll+l 

/?.(/.  •>=  j*  j  j  JA (i-s,)A»(t~-sl)A(/  +  9-s,)X 

—4$  —<#■  — 00  — OO 

X  A*  (/  +  fl  +  0  -  x 

X  h(gih*(*,H(»»)  n*  (*«)  — 

—  'n  (si)  if  (*»)  n  <»,)  V  (s«)J  dslds,ds,dsi  =  (8.4.  :C ) 

«  {N.pt  Re  V/*  (t  -  T,  -  k Tr)  f  (t  +  0  -T.  -  kTr)  X 

« 

X  J  A*  (*)  A  (5  -f  $)  ds  -f  N]  |  J  A  (s)  A*  4-  6)  </*]*}  X 
X  M* -%)»•('  +  •—.)• 
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iWWtvji 


Averaging  this  expression  over  time  t ,  we  obtain 


_ -.2  ®  oo 

SiW=  J7  |jV  («)  h  (s+ ,J)  ^s|*  j*  ®.(0  ».('  +  9)  dt  4- 

+  ^ReJr(0o.(0/(H-»K(<+«)^X  j  A*(«)A(*  +  •>*• 


Integrating  the  expression  for  Rz(0)  over  6  and  dividing  hy  the  square  of  the 
gain  factor,'  we  find  the  following  expression  for  equivalent  spectral  density': 

S.k. = Tr  {  J  [  ^  Re  J  /*  (0  o.  (0  f  (t  +  •) (t  4-  •>  di  X 

— oo  r  —00 

ca  00 

xj  A* (^) /k +  0)  +  |  Ja* (^) A +•) 

00  00 

X  ]<»}:[£-  J  I  M*)|’ «.(*)*  ]*•  (£3.4.18) 


Just  as  in  formula  (8.4.10),  integration  over  time  in  (8.4.18)  can  he  replaced 
everywhere  hy  integration  over  frequency;  then  in  t.he  expression  for  there  will 
be  only  spectra  of  the  corresponding  functions.  Producing  the  necessary  transforma¬ 
tions,  consisting  of  multiple  application  cf  Parseval's  formula,  we  arrive  at  the 
following  expression  for  SgHp 


OB  CO  <k> 


5«»={^W,7Re  J  J  J U{ix)H*(-W{ly)X 
XH(-ly)  v.  U  («  “  •  x)Tv%  [i  (•  -y)\H'  (-  *•)  X 
X  H  (~ H  d»dxdy+  -^r  J  J|K. (*•)!* //•  (/-) //  (<•)  X 

to  to 

x  [-/(•+Jc)](/(^)W*(-U)V.(i.)  dWx}\ 


(8.4.10) 


Let  us  consider  the  case  when  the  duration  of  gates  is  small  as  compared  to 
duration  of  the  pulse  at  the  detector  output,  ",  *ie>.  function  Vy(t)  can  be  presentee 


4  r\  t  V*.  c*  f V>  rnr 


„(<)-,«(*4-8)-8(f~  5), 


(8.4  .fo) 


where  h(t)  —  delta-function. 


ggggjMjgj:  ~mg.a=gM^vri  .T-Q-.-g^ 


Here 


(3-4-2i> 

and  the  gain  factor  of  the  discriminator  will  he  equal  to 

x*=£-2r e{n-8)n-*)-n*)/*(»)}-  (8.4.22) 

Substituting  (8.4.20)  in  formula  (8.4.18)  for  equivalent  spectral  density,  we 
obtain 

GO  CO 

S.m = r,  |^-Re  [( |f  (-  8)|*+|f  (8)|*) 1 1 h  (s)l* ds  -f  (-8)/  (8)  j  h* (s)  A(s  +  28)  ds  ~ 

-fM»)/M)J^«M*+a»)<to]+^[(Tl*(«)r*)t -  (8_,  23) 

-|J  h'{,)h(s  +  2l)ds  )*]}:[* Re (/' (-  8) /* (- 5)  f  (8) /* (8))  j\ 

0 

From  comparison  of  this  formula  with  (8,3.12)  it  follows  that  both  expressions 
coincide  if  we  set 


».(0  =  #.(0  =  A(-<)-.  (8.4.24) 

Thus,  the  considered  discriminator  with  gates  which  are  narrow  as  compared  ' o 
the  duration  of  the  shortened  pulse  is  completely  equivalent  to  a  two-channel  dis¬ 
criminator  with  correlation  signal  processing,  in  which  reference  signals  are  ideii*  l- 
cal  and  are  determined  in  accordance  with  (8.4.24).  In  particular,  with  an  optimum 
"shortening"  filter  h(t)  =  u(-t)  and  detunings  6,  small  as  compared  to  the  duration 
of  the  shortened  pulse,  formula  (8.4.23)  becomes  expression  (8.2,17)  for  SQna .  Wn<-.n 
h(t)  =  u(-t)  (8.4,6)  is  satisfied,  and 

Jft#(a)A<s-/)rfs  =  rrC(<).  (c.4.,  ) 

Further  Investigation  of  the  discriminator  without  specifying  the  rorm  of  modu¬ 
lation  of  the  sounding  signal  and  characteristics  of  the  optimum  filter  is  difficult. 
The  obtained  general  results  permit  us  to  conduct,  such  an  invest  i gotten  in  or.y  con.rt 
case.  We  shall  pursue  this  in  subsequent  paragraphs. 


§  d . h .  Incoherc nt  Pulse  Radiation  Without  Additional  Modulation 
Simple  pulse  radiation,  probably,  is  the  most  wide-spread  in  practice  [1,  2t.  : 

36].  The  matched  filter  in  this  case  can  be  called  "shortening"  only  in  qu>  ics.  t. 
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reality  It  Is  a  normal  i-f  amplifier  (UPCh)  with  a  bandwidth,,  approximately  matched 
with  the  spectrum  width  of  the  pulse.  Requirements  on  the  form  of  the  frequency 
response  of  the  UPCh  are  not  very  critical;  in  practice  exact  matching  of  it  with  the 
form  of  the  pulse  spectrum  Is  not  achieved  [30,  41],  With  a  pulse  signal  without 
additional  modulation  most  rational  from  the  technical  point  of  view  is  the  applica¬ 
tion  cf  discriminators  with  "shortening"  filters;  however,  in  principle,  there  can 
also  be  used  correlation  discriminators.  We  will  consider,  basically,  discriminators 
with  a  "shortening"  filter;  however,  we  shall  also  touch  on  correlation  discriminators. 

8.5.1.  Discriminator  with  a  Broad-Band  UPCh 
We  consider  first  one  particular  case  of  a  discriminator  using,  filtration, 
without  specifying  the  form  of  the  pulse. 

Quite  often  bandwidth  of  the  UPCh  (yiF-O 

m  co 

A/ynH=f  =  ^  f (<•)!•«•  (h.n.i) 

o  o 

considerably  exceeds  the  matched  bandwidth,  so  that  Afypu  »  1  (pulse  response  of 
the  filter  h(t)  during  pulse  radiation  ui  uiuut  additional  modulation  is  real).  Then, 
the  pulse  passes  to  the  UPCh  output  without  distortion,  so  that 

/(0=M0  (3-^-2*) 

and  formulas  for  the  gain  factor  and  spot, si  density  take  the  form 


where  frequency  response  of  the  filter  is  normalized  so  that  H(iu)  --  l,  and  integral 


ST  j  l«  <*•»'' 


has  the  order  of  AT yj-jq  and  1®  equal  to  Af' yj-jt.j  in  the  case  of  a  square  frequency 

response,  i-Afvnu  with  a  frequency  response  of  tne  UPCh  coinciding  witn  toe  fre- 
<-  j  I  iM 

quency  response  of  a  single  LRC-circuit,  and  (l//?)Af  y-:,j  with  a.  Gaussian  frequency 


response . 
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.  ll-'-W||r-‘.-^11  vu.,1^ .VU.*.^;  A' 1  1  .J 1  - 1  ,T~. , V 1  ■ ' 


For  validity  of  formula  (8.5.4)  there  is  required,  in  general,  not  only  condi¬ 
tion  Afyj^q  th  »  1,  but  also  the  condition  that  bandwidth  of  the  UPCh  is  great  as 
compared  to  the  width  of  the  spectrum  of  gates.  From  expressions  (8.5.5)  and  (8.5,4) 
by  means  of  calculations  we  can  obtain  particular  results  for  any  concrete  form  of 
the  signal  pulse  and  of  gates,  in  particular  for  square  gates  of  duration  Tnc  and 
detuning  6  ** 


S»m»  =  Tr 


Q  •pr  (0  ^  ynq 

_ ~Vo  _ 

V  (0)+ 


[0  ('tnc)  +  Uq  ( — *»e)  j* 


(8.5.5) 


Where  a  —  coefficient  of  the  order  of  0.5-1,  characterizing  the  difference  of 


integral 


d<a  from  Afynn 


8,5.1  Square  Pulse 

Let  us  consider  first  oi  all  the  case  when  the  frequency  response  of  the  UPCh 
is  matched  with  the  spectrum  of  the  pulse,  and  the  gates  are  narrow  as  compared  to 
its  duration.  Then 


m 

f(t)  =  jh  (S)  A  (5  -  /)  (fs  =  fr  (1  -  / 1  < 


and  from  formula  (8.4.25)  it  follows  that 


(8.5.6) 


S9m»  =  T  r8tg 


l  +  » 


0-v) 


*(-i) 


(8.5.7) 


Just  as  in  the  case  of  a  coherent  discriminator,  this  expression  approachc-s 
zero  as  6  -»  0.  Actually  S&J<E  seeks  a  value  determined  by  the  duration  of  the  pulse 
edge,  The  dependence  of  SQVS  on  detuning  5  is  Identical  with  (7.6.5),  describing  : 1 
same  dependence  in  a  coherent  discriminator. 

Wit.;,  a  broad -band  UPCh  arid  square  gates  of  duration  Tnc wi th  detuning  ♦*(3  2 
s  ijp/'.-'  ?  t;/8)  from  formula  (8.5-5)  we  obtain 


TV** 

4"  ®^/ ynq'ac)- 
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(••-■■■) 


7  jujj'j 


From  this  formula  it  follows  that  with  finite  duration  of  the  gates  (Tj,c>> 

»  i/hfyi-ij  )  accuracy  of  range  finding  is  finite  for  all  6  and  is  determined  by 
pulse  duration.  The  dependence  of  S3KB  on  q  for  different  c-^fyrjq  is  shown  in 
Fig.  fi.hj  from  Which  it  follows  that  with  sufficiently  large  signal-to-noise  ratine 

q  the  considered  discriminator  is 
uncritical  to  the  width  of  the  UPCh 
passband  and  duration  of  the  gates. 

Let  us  further  consider  the  case 
when  the  frequency  response  of  the 
UPCh  is  matched  with  the  pulse  spectr  ’ 
and  gates  have  finite  width  and  a 
square  shape.  In  accordance  with  ho; 
this  is  most  frequently  done  in  prac¬ 
tice,  we  shall  consider  that  gates 
are  located  end-to-end,  i.e.,  5  «  ^  / ,  . 
The  gain  factor  of  the  discriminator 
here  is  proportional,  to 

Tr(2- 

and  reaches  a  maximum  value  at  1^=  a  .  Further  expansion  of  the  gates  n&s  no  ,.s  < 
since  pulse  duration  with  respect  to  zeroes  at  the  output,  of  the  matched  UPCh 
l'"t..  and  at  t,;0  >  t.  the  pov/er  of  the  useful  s  ignal  at  the  discriminator  output  ;i  ;es 
not  increase ,  and  the  power  of  noise  rwp-.n.-ntF,  grows,  inasmuch  as  integration  of 
noise  occurs  over  the  whole  large  interval  of  time,  Therefore  we  shall  consider 
'  i,  ,  Substituting  expression  (H.t.fi)  and  function  vQ(t),  describing,  square 
get’-;; ,  jr.  formula  (h.t.lh)  we  obtain  as  a  result  of  Integration  tries  following 
X,  Cess  i-.'ii : 


W 


Fig.  h.p,  Fqui  valent  spectral  density 
for  a  discriminator  with  a  broad-band  UPfih: 

- aAfyr,q  ino  =  - aAfy;r-;  rc=  b> 

—  aAfynM  Trc=  10  • 


SfK» - 


(•J.'j.lO) 


’where  a.^,  a^  —  functions  describing  tin-  dependence  of  components  of  spectral  density 
on  i he  ratio  of  the  durations  of  gates  and  •  f  the  pulse.  These  functions  have  the 
form 
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CD  C/3 


(8.5.11) 


(8.5.12) 


In  particular ,  when  =  1  coefficients  &±  and  ag  take  values  a.±  =  O.ld  and 

ag  -  0.42.  For  small  t  /t  both  coefficients  have  the  order  of  .  The  dependence 

of  a1  and  ag  on  is  shown  in  Fig.  3.6.  For  small  signal-to-noise  ratios  q  dura- 


Fig,  8.6.  Influence  of  ratio  for 

discriminator  with  a  matched  UPCh  on 


tion  of  the  gate  rather  strongly  affects 
accuracy  of  measurement.  For  large 
signal-to-noise  ratios  this  influence  Is 
less  essential  if  duration  of  the  gates  Is 
not  very  small  —  in  the  domain  1/2  < 

<  tncAH  <  1  coefficient  a^  varies  little. 
For  small  t^/t^  the  dependence  of  on 
Tn/TH  is  approximately  linear.  Thus,  with 
a  matched  UPCh  it  is  useful  to  decrease 
duration  of  the  gates;  in  spite  of  decreasi 
of  the  gain  factor  of  the  discriminator 
quantity  S3KB decreases  with  decrease  of 
Tn/Tj,.  For  very  small  results  of 

analysis,  of  course,  do  not  reflect 


reality  —  we  need  allowance  for  the  finite 


duration  of  the  edge  and  nonlinearity  of  the  discrimination  and  fluctuation  character¬ 


istics. 

We  shall  briefly  discuss  discriminators  with  correlation  processing.  For  a 
two-channel  discriminator  with  detuned  channels  we  need  only  repeat  what  was  already 
said  in  examining  coherent  range  finders  (see  Paragraphs  7. 6.1  and  8.3.1).  For  a 


discriminator  with  switching  of  reference  signals  of  interest  is  the  dependence  of 
equivalent  spectral  density  nn  detuning.  Considering  that  the  duration  of  the  gat  e 
pulse,  which  in  this  case  is  the  reference  signal,  *  Tj,,  on  the  basis  of  for¬ 
mulas  (7.6,7)  and  (8.5,16)  we  obtain 


-’•K»  - 


T.t  '■t-*v('-^) 


V 


(-*)■ 


(M-r..i5) 


As  follows  from  this  expression,  equivalent  spectral  density  monotoniea.IXy 
decreases  with  decrease  of  detuning;  however,  even  as  6  — ►  0  accuracy  remains  finite 
With  magnitudes  of  detuning  close  to  ,  spectral  density  Increases  without  limit, 
which  is  caused  by  decrease  of  the  gain  factor.  Here  increase  of  is  faster  th.-' 

in  a  two -channel  discriminator.  An  optimum  for  detuning,  which  existed  in  the 
coherent  case,  is  absent  here. 

It  is  interesting  to  compare  the  accuracy  of  the  discriminator  with  switching 
of  reference  signals  witn  the  accuracy  of  &  two -channel  correlation-type  discrli-.A.a 

tor,  for  which  quantity  with  coinciding 
v-.-M r-.f  the  pulse  and  gate  p*>  I  sea  1  p 


rh.-t  ormlred,  oh” '  ousiy,  by  formula  (8.5.7), 


'l’lc  ratio  of  quantities  3*^  for  bot  n  cjikoe  1 


equal  to 


1  + 


^nn 


(B.5.1'0 


where  S„T„,  is  expressed  by  formula  (8.6.15) 


yKBl 


when  1  c=  ivr 


For  small  q  the  discriminator  wi ' b 
switching  of  reference  signals  gives  a  loss 
of  at  least  one  half,  and  for  large  q,  at 
least  one  fourth.  In  botn  cases  minimum  .lofs 
is  attained  at  6  =  0,61^.  the  dependence  of 
ratio  (8.5.14)  on  detuning  6  for  various  q  is  shown  in  Fig.  8.7. 


J3KS 


for'  a  discriminator  with  switch¬ 


ing  of  reference  signals. 


8.6.5.  Gaussian  Pulse 


Let  us  consider  now  the  case  when  the  form  of  the  pulse  is  approxime ted  0 
Gauss i^n  curve  of  form  (7,6.9).  In  the  case  of  square  gates  and  a  UPCh  with  a 


tread  band  as  compared  to  1/th  on  the  basis  of  (8.5.5)  we  have 

[to(V2ku»frn) 

**n— «*p(— »«y*5)r 


^  2  •Afypn  4"  V  (2®  n 

S»K»  =  J'  rX«  o-l  It  /.*«» 


(8.5.15) 


where  4>(x)  -  integral  of  probability. 

For  small  Tnc  this  expression  is  valid  if  AfynqTnc.>  5  to  5.  For  larger 
and  q  quantity  is  determined  by  asymptotic  expression 


>1M 


Tr< 


(8.5.16) 


which  is  ir/2  times  larger  than  the  magnitude  of  SQnT  from  (8.2.1?)  for  large  q  (let 

2 

us  remember  that  for  a  Gaussian  pulse  a  =  0,  b  =  ir/2i K). 

Analysis  of  formula  (8. 5. 15)  shows  that  duration  of  the  gates  should  be  selectee 
sufficiently  great  as  compared  to  tm,  since  increase  of  increases  the  gain 

factor  to  a  greater  degree  than  the  spectral  density  of  output  voltage  of  the  dis¬ 
criminator.  For  very  small  ^/t h  the  asymptotic  expression  for  SSKB  nas  the  form 


S 


in 


Jih*.  (• 


(S.5.17) 


Practically,  ratio  should  be  near  1.0.  Further  increase  of  duration  of 

the  gates  already  almost  does  not  change  the  gain  factor  of  the  discriminator  but 

increases  the  influence  of  the  noise  term 


pulse  and  a  broad-band  UPCh: 


aAf 


yp.M  no 


in  S3KB  The  dependence  of  ratio 


'oriT 

-/T«  iE 


on  q  for  different  aAf  ynq  V: and  W 
shown  in  Fig.  8.8. 

We  shall  consider  now  an  example  of 
a  more  general  nature.  Let  us  assume  thai 
frequency  response  of  the  UPCh  has  the 
form  of  a  Gaussian  curve  of  arbitrary 
width,  i.e,, 


(8.5.18) 


5; - aAfynq  Tnc=  10  • 


and  gates  also  are  Gaussian,  with  width  and  detuning  6,  i.e., 


-=»*  - 
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(8.5.19) 
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Designating  =  y,  Af ynq  /AfC(rji  K  2Af  ypn  V  “  x  (AfCorji  K  1/2tk).  z  b 


=  v ,?t 6/i  and  performing  necessary  calculations  by  formulas  (8.4.18)  and  (8.4.10), 
f  r  equivalent  spectral  density  we  obtain  the  following  expression: 

r.tJd  +  jrW  +  tf'd  +  A1)!*  vJ,'~exp{~^M;V}  , 

A»k»  —  7  ?*y  |  A  j  ,  <  .  ~r 

l6£W  exp  2iH  pfi  +P)  }  » 


4<?  exP  |  2  {x*  +  y*  +  jrV)  |  A 

TTC^TP'^W)  1< 


r  ( _ —  ?»«y  (l  4-  x')* _ \ 

1  l  -  exp  1 2  (x'  +  y*  +  x'y')\y'  +  X*  (2  4V  +  -*a)lJ 


W+x'V  +  v'  +  x'ti 


(8.5.20) 


When  x  =  i  (Afyjjq  =  y  w  (inc-*  °)>  z  -*  0  ( &  — *  0 )  this  expression 

p 

turns  into  S  0T.„  with  b  =  tt/2tk,  reaching  its  minimum.  Investigation  of  formula 
(8.5.20)  shows  that  5__  comparatively  y.’eakly  depends  on  detuning  2,  especially  if 
the  passhand  of  the  UPCh  is  close  to  the  matched  band.  For  small  z  the  expression 
for  equivalent  spectral  density  takes  the  form 

.-  T’^  .  (1 -f  x)«(2-r,-l-  ^  ( H-  -**)!*  f  I  1 

*K*  *9*  IG*V  ‘  \yx  (U*  +  y')3,i' 

1 _ _ tQV'i  1  8-  •**)* _ 1  (5.5  21  1 

'  (p*  +  Jt*  +  JC V),/2  <2**  + 4  **<•  +  x4f‘  I’ 


which  is  considerably  more  convenient  for  calculations. 

The  dependence  of  Sg^/S^,.  on  q  for  various  x  and  y  is  shown  in  Fig.  8.9. 
Curves  of  this  figure  show  that  loss  in  s.ccuracy  increases  with  decrease  of  the 


signal -io-nolse  ratio  q  and 
increase  of  duration  of  the  gate 
and  the  difference  between  Af  yr:- 
and  •  This  loss  for  small  q 

can  reach  substantial  magnitude. 
Analysis  of  formulas  (8.5.20), 
(8,5.21),  and  Fig.  8.9  permits  us 
to  draw  the  following  conclusions: 

1.  For  Af  yr|tj  *  AfooiVI  the 
magnitude  of  is  less,  the 
larger  y,  i.e.,  the  less  the  dura¬ 
tion  of  the  gate.  'When  Af  y^q  > 

>  AfQQjijj  duration  of  the  gate 
should  be  increased  to  a  magnitude 
of  the  order  of  (y  ~  1).  Th" 
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necessity  for  this  is  the  faster  drop  of  the  gain  factor  with  reduction  of  the  gates 
as-  compared  to  decrease  of  the  spectral  density  at  the  discriminator  output  in  the 
case  of  an  expanded  passband  of  the  UPCh. 

2.  The  influence  of  expansion  of  the  passband *  in  particular,  on  the  component 
of  Sjjm  with  factor  1/q  is  stronger,  the  shorter  the  gates. 

3.  For  large  x  and  y  the  magnitude  of  decreases  with  increase  of  detuning 

to  values  ensuring  maximum  slope  of  the  discrimination  characteristic,  i.e.,  to 

- n - n - - 

z  =  V(2x  +  y  +  x  y  )/xy.  For  instance,  when  x  =  3  and  y  =  10,  selecting  z  from 
this  condition,  we  obtain  for  Ssi®/SonT  the  following  values :  ^KB^^oriT  =  1-51  fur 
q  =  0.1;  Sa{B/Sonir  =1.41  for  q  =  3;  SsKg/SonT  =  1.25  for  q  =  100,  which  is  consider¬ 
ably  smaller  than  corresponding  values  for  small  values  of  z. 

4.  In  general,  selection  of  parameters  of  the  discriminator  should  be  carried 
out  in  such  a  manner  that  x  =  1  to  J,  y  =  1  to  3,  and  the  magnitude  of  detuning 
ensures  a  maximum  gain  factor.  Then,  for  all  signal-to-noise  ratios  q  the  magnitude 
of  3gj_  will  not  exceed  SQnT  by  more  than  a  factor  of  two,  and,  in  practice,  the 
range  finder  will  realize  its  potential  accuracy. 

Characteristics  of  a  two-channel  discriminator  with  correlation  processing  of 
the  signal  f '  the  considered  case  were  actually  already  found  in  Chapter  VII. 
Equivalent  spectral  density  here  is  determined  by  formula  (8.3.13),  where  quantities 
bSKB  and  q^,  determined  by  formulas  (8.3.14)  and  (8.3,15),  are  given  for  an  arbitrary 
duration  of  gates  of  Gaussian  form  and  arbitrary  detuning  by  expressions  (7.6.17) 
and  (7.6.18)  and  the  curves  of  Fig.  7.17.  Let  us  remember  that  ratio  q^^q  =  h^^/h . 
Therefore,  it  remains  only  to  repeat  what  was  said  in  Paragraph  7.6.2  about  the 
given  case. 

We  shall  investigate  further  the  influence  of  the  magnitude  of  detuning  on 
accuracy  of  a  correlation-type  discriminator  with  switching  of  reference  signals.  Wo 
shall  consider  that  durations  of  gate  pulses  coincide  with  pulse  duration.  Then 
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(8.7.22) 


For  bo Lii  large  and  small  S/?H  the  magnitude  of  S0KB  f or  all  q  Increases  without 
limit.  The  minimum  of  S„_  for  small  q  is  reached  with  detuning  6  which  ensures  a 

oaE  _  _ 

maximum  gain  factor,  i.e.,  at  f  =  V?£.  and  for  large  q  at  6  -  Virjr/V.  The  ratio 
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Fig.  8.10,  The  dependence  cf  Safi/^,n„  on  6/iy 

for  a  discriminaLor  with  switching  of  reference 
signals  with  a  Gaussian  form  of  the  pulse. 

of  Sap  from  (8.5.22)  to  SQnT,  as  a  function  of  detuning  B,  is  shown  for  various  q 
in  Fig.  8.10.  As  can  be  seen  from  this  figure,  loss  can  attain  substantial  magni¬ 
tudes;  even  for  optimum  selection  of  detuning  ratio  Sj^S ayi  is  J,  For  small 
dotunings  the  dependence  of  loss  on  the  signal-to-noise  ratio  is  not  very  substantial; 
for  large  6/ loss  is  greater,  the  smaller  q. 

§  8.6.  Pulse  A;,..  1  itude  Modulation 

Witt;  incoherent  radiation  more  fra  ,uent]y  than  with  coherent  there  arises  the 
necessity  of  expanding  the  spectrum  of  the  sounding  signal  by  intrapnise  modulation. 

In  tnis  and  i he  following  paragraphs  we  snail  consider  several  examples  of  such 
n- jiu  uit  i  or,  and  corresponding  schemes  for  construction  of  discriminators.  Further¬ 
more,  we  shall  consider  subsequently  that  in  accordance  witn  requirements  of  prac 
'.he  widtn  of  the  spectrum  of  intrapulse  modulation  is  grea.t  as  compared  to  the 
widtii  of  tlie  pulse  spectrum. 

ns  consider,  first,  amplitude  modulation  of  a  pulse  by  sinusoidal  law  with 


frequency  m 


Obviously,  most  convenient  from  the  technical,  point  of  view 


f.r  the  given  case  is  the  scheme  of  a  discriminator  with  correlation  processing  and 
differentiation  of  thu  reference  signal.  Since  for  large  u>  t  it  is  possible  to 
disregard  the  possibility  of  additional  increase  of  accuracy  of  measurement  by 
using  the  form  of  the  pulse  envelope,*  which  gives  a  relative  contribution  to 

*We  have  in  mind  a  pulse  envelope  without  sinusoidal  modulation. 
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accuracy  of  the  order  of  l/(u>  Tj  )  >  then  it  is  sufficient  to  carry  out  differentia¬ 
tion  of  the  reference  signal  only  with  respect  to  the  additional  amplitude  modulation, 
not  differentiating  the  pulse  envelope.  Then  the  operation  of  differentiation  is 
realized  by  shift  of  the  modulating  voltage  in  phase  and  heterodyning. 

The  block  diagram  of  the  discriminator  allowing  for  this  circumstance  is  shown 
in  Fig.  8.11.  The  received  signal  after  transfer  to  intermediate  frequency  and 
preamplification  proceeds  to  two  mixers,  to  which  there  are  fed  voltages  m  cos  o>  x 
x  (t  -  x)  and  m  sin  u>m(t  -  t)  with  phase  <DmT,  controlled  by  the  output  quantity  of 
the  range  finder.  The  signal  from  the  output  of  the  cosine  mixer  is  added  to  the 
input  signal  of  the  mixer.  Then  both  signals  are  gated,  are  approximately  matched 
with  the  duration  of  the  signal  pulse  by  gate  pulses,  are  passed  through  filters, 
from  which  there  Is  required  sufficient  identity  of  phase  responses,  and  they  arc 
mixed  in  the  phase  detector,  forming  output  voltage  of  the  discriminator.  With 
respect  to  the  bandwidth  of  the  filters  all  remarks  in  §§  8.2  and  8.3  are  valid. 
However,  in  this  case  we  assume  that  bandwidth  of  the  filter  does  not  necessarily 
satisfy  condition  Af^  <<.  1,  but  has  arbitrary  magnitude. 


Fig.  8.11.  Block  diagram  of  a  discriminator  for 
a  signal  with  additional  sinusoidal  mc’-’latlon: 

1  —  local  oscillator;  2  —  mixer;  3  —  P-eampli- 
fier;  4  —  generator  of  sinusoidal  oscillations 
with  controlled  phase;  5  —  mixer;  6  —  adder; 

7  —  controlled  generator  of  gate  pulses;  8  — 
broad-band  gated  amplifier;  9  —  i-f  filter; 

10  —  phase  detector. 

If  condition  Af^  «  1  is  satisfied,  the  equivalent  spectral  density  is 
determined  by  formula  (8,3.19),  The  law  of  modulation  of  the  sounding  signal  can 
be  recorded  in  this  case  in  the  form 


and  for  reference  signals 


(8.6.1) 


(8.6.2) 
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(g.6.5) 


wnere  it  is  assumed  that  gate  pulses  in  both  channels  are  identical  and  are  de 


scribed  by  function  v(t),  which  we  for  convenience  can  normalize  so  that 


(8.6,4) 


]uch  normalization  is  valid,  too,  for  the  pulse  envelope  u  (j(t). 

If  durations  of  pulses  u  Q(t)  and  v(t. )  are  great  as  compared  to  l/tDm,  the 
cross-correlation  functions  Cil(.(x)  will  have  the  form: 


1 +-j-cos«mi:  ® 


C».  <•*)=— - -jr - jr-  j  n^(t)o(t)dt, 

*  "I"  o  —oo 


(b.fa.'j) 


C„  (AT) = -  c„  M = c'Jx)  -  -  J 


sin  m„x  1  f  ...  ... 

7">V7f "  “‘■Ot’O  ’ 

V+  2/ 
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sin  <omx 

i'+W 


(S.6.c  ) 


(8.6.7) 


1  +  ~Y  COS«mJf 


C«  (x) —  — 
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«*» m  COS  «m* 

2(,+ir)  ‘ 


(6.6.8) 


(S.r>.9) 


Then,  on  the  basis  of  formula  (8.3.15)  for  equivalent  spectral  density  wi  -Me 
the  following  expression: 


00 

>(l+4)  '-n(j7j«..l')»(0*)’ 
s...=r,  -i— _/ - - 

3,1  (77  J 


1  +  9»«» 
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(8.6.10) 


(8.6 .11) 
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is  the  mean  square  width  of  the  spectrum  of  modulation  for  the  considered  case,  and 


00 


(8.6.12) 


is  the  equivalent  signal-to-noise  ratio,  decrease  of  which  is  caused  by  mismatch  of 
durations  of  the  sounding  pulse  and  the  gate  pulses.  With  sufficiently  large  t  / t 
ra:  io  qg©/*!  for  an^  f°rm  °£  pulse  and  gate  pulses  is  equal  to  for  a  square 

pulse  and  square  gate  pulses  there  is  exact  equality  when  t„/t  ,  and,  conversely, 

=  Vth  when  Tc  <  V 

Thus,  nonoptimality  of  processing,  consisting  of  the  mismatching  of  durations 
of  the  sounding  and  reference  signals,  leads  in  this  case  simply  to  corresponding 
decrease  of  the  signal-to-nolse  ratio.  If  in  circuits  of  this  type  we  cannot  ach.U". 
identity  of  phase  responses  of  the  two  channels,  then,  just  as  In  corresponding 
circuits  of  coherent  discriminators,  there  occurs  additional  Increase  of  errors  of 
measurement.  The  equivalent  spectral  density  increases  proportionally  to  l/cosf  v . 
where  <p  —  phase  delay  in  one  channel  relative  to  the  other. 

Now  let  us  assume  that  the  bandwidth  of  the  filter  satisfies  requirement. 

Af  jj.  »  1/Tr,  but  is  not  limited  from  above.  Then,  using  the  expression  for  output 
voltage  of  the  discriminator  and  performing  the  same  transformations  as  in  §§  8.2 
and  8.3,  for  equivalent  spectral  density  we  can  obtain  the  following  expression: 


•S««.  = 


tJ  i+f  ^  5  5 \H  (<»,)  |'|  H  (i«.)  |*(|  V («•('-, +<-,))!'-h 


+  »F(to,  )FV<h)  v*  [<(•,  +  »,)U  dm,dm. 


xiwr 
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where  H(ito)  —  frequency  response  of  the  filter; 

P 

V(iai)  —  Fourier  transform  of  function  v  (t); 

F(ioi)  —  Fourier  transform  of  function  ua0(t)v(t). 

If  function  |H(iu>)|  is  narrow  as  compared  to  functions  j V ( i;o )  |  and  |F(iu>)j, 
expression  (8.6.13)  changes  into  (8,6.10),  and  for  v(t)  =  uaQ(t.)  into  the  express i o; 
for  S01  with  coefficient  b,  determined  by  formula  (8.6.11).  In  general,  e.g.,  fry 
a  Gaussian  form  of  pulses,  of  gat'e  pulses  and  of  the  frequency-response  curve  of 
filters  with  passband  Af<j  =  Afy^  from  formula  (8.6.13)  it  follows  that 


Kl+^O+^+y1)  _J_ q 


(1  +?)’(!  +*,+  »l> 


l±£l _ ) 

*4-2*,*,+2««)r 


\  Jrf FTF  '  ’  ^<Jr’  +  V  +2)(*»+2*,+2**r,+2irt 

wiicre  all  designation;:-  are  the  same  as  in  Paragraph  8.3.3.  This  formula  j 
to  investigate  a  series  of  limiting  eases.  For  instance,  with  expansion  <. 
passbund  of  the  1 liter  (x -►  oo)  and  y  «  1 


(S.G.:M 


arm  it 


T 


( 


T,  (1  + 


*) 


>('+*) 


(<7  +  0,5A/yn„  tc), 


which,  with  the  exception  of  the  proportionality  factor,  depending  on  the 
modu lation,  coincides  with  the  expression  l'or  equivalent  spectral  density 
criminator  for  a  simple  pulse  signal  with  a  broad-band  UPCli. 

If  duration  of  the  gate  pulse  considerably  exceeds  pulse  duration  f  y 


(8.6.13) 

form  of 
of  a  din- 
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(8.6.16 ) 


and,  finally,  with  a  filter  whien  is  narrow-band  as  compared  to  the  width  of  tiie 
spectrum  of  the  pulse  formula  (8.6.10)  is  valid,  where  in  this  case 


pa;: 


<7»«  ■ 


from  formulas  (8.6.14)  and  (8.6.16) 
sbanci  and  of  duration  of  the  gate  pul 


2 

1  + 

it 
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(8.6.17) 


follows  tiiat  expansion  of  the  filler 
‘or  not.  very  small  values  of  x  basically 


aff  .cfj  ;  iie  noise  term  in  SSH3(i.e.,  t  he  '-c-m  with  i/qr' )  and,  conseauer.tly,  is 
;r,|if.;'aj  iy  undes  Lral  i  e  with  a  small  signal -to-noise  ratio. 

The  dependence  of  Ws  ora  on  q  for  various  x  and  y,  illustrating  the  influence 
of  basic  paramet  ers  of  the  discriminator  on  accuracy,  is  shown  in  Fig.  •' .  If? . 

Tne  scheme  of  a  discriminator  with  correlation  processing  of  the  signal  and 
differentiation  is,  of  course,  not  unique  for  the  given  case.  For  instance,  it  is 
also  possible  to  use  a  discriminator  with  a  ''shorten ing"  filter,  which  is  realised 
in  this  case  by  three  i-f  amplifiers  matched  wit-h  tne  spectrum  of  the  pulse  envelope 
tuned  tc  frequencies  and  co^  ±  respectively.  Gain  factors  of  the  UPCh's 

tuned  to  frequencies  a>  ±  uj^,  should  be  a  factor  of  m/2  less  than  the  gain  factor 
of  the  basic  UFCh,  Ou'.put  voltages  of  all  three  UPCh's  are  added,  detected  and  fed 
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Fig.  8.12.  Influence  of  the  passband  of  the 
UPCh  and  duration  of  the  gate  pulse  on  S3KB: 

- y  =  0-3; - y  =  1.0. 


to  gating  stages.  With  sufficiently  rational  selection  of  parameters  the  character¬ 
istics  of  this  discriminator  will  be  the  same  as  those  considered  above. 

§  8.7.  Frequency  Intrapulse  Modulation 
One  of  the  most  studied  forms  of  intrapulse  modulation  at  present  is  linear 
frequency  modulation  [38>  39].  The  form  of  the  pulse  here,  as  a  rule,  is  selected 
symmetric.  With  the  given  form  of  modulation  various  methods  of  construction  of 
discriminators  may  be  reasonable  from  the  technical  point  of  view.  Let  us  consider 
first  e.  discriminator  with  a  shortening  filter.  The  shortening  filter  for  the  case 
of  frequency  modulation  can  be  made  in  different  ways.  The  most  well-known  is  use 
of  delay  lines  with  taps  [12,  38].  Amplitudes  and  phases  of  signals  taken  from  'h-' 
different  taps  will  be  selected  in  such  a  manner  that  as  a  whole  the  frequency 
response  of  the  filter  is  conjugate  with  the  spectrum  of  the  signal. 

Influence  of  the  form  of  the  pulse  envelope  on  accuracy  and  range  resolut.1  .n 
capability  was  already  discussed  in  Chapter  VII  (see  Paragraph  7.8.1);  in  this  case , 
as  follows  from  general  expressions  of  §§  8.2,  3.3,  and  3.>i,  in  this  respect  every¬ 
thing  remains  constant.  Therefore,  we  will  be  interested  basically  only  In  t-hn 
influence  of  nonoptimality  of  processing  on  accuracy  of  range  finding. 

Let  us  assume  first  that  the  shortening  filter  is  optimum.  Then  for  gates 
which  are  narrow  as  compared  to  the  duration  of  the  shortened  pulse  the  equivalent 
spectral  density  is  determined  by  expression  (8.2.17)  for  Soni  ,  Parameter  b  in  is 
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formula  Is  determined  by  the  following  expressions: 
for  a  square  pulse  envelope 


h  —  1*'—  *« 
if  3~ 


(1.7.1) 


for  a  Gaussian  envelope 


2*  ~ T* 


(8.7.c) 


for  a  cosinusoidal  envelope 


where  a  —  speed  of  change  of  frequency  within  limits  of  pulse; 

—  effective  pulse  duration; 

=  at  —  effective  frequency  deviation  for  the  duration  of  a  pulse. 

With  finite:  duration  of  gates  accuracy  somewhat  worsens.  Let  us  consider,  tor 
Ii.r  •  Mice,  the  case  when  the  pulse  er.vel  has  thn  form  of  a  Gaussian  curve.  ■: :  , 
according  to  (7.  '■.(>)  trie  form  of  the  shortened  pulse  is  also  described  by  a  Gauss  1  at 
curve  of  form 


*iir 


(UV/VO 


'i'nir-  means  that,  the  considered  case  with,  cm  optimum  snortening  filter  is  equivaiei.- 
to  simple  pulse  modulation  by  Gaussian  ;»  ..us  with  duration 


2fCm  Aia 


(l.Y.^1) 


;  i  soriminu'  r  with  a  matched  lll’Ch.  Assuming  tne  form  of  the  gates  Gaussian 
'),  we  see  that  for  calculation  of  if  is  possible  to  use  expression 


Then  for  the  const ch  rej 


■  ')  in  which  one  should  net  x  =  1  (Afyj|i;  =  ).  Then  for  the  consider-'. i 

.1 scrim ina tor  formula  (8.5.21)  is  also  valid,  corresponding  to  small  de+un.lng 
bf-t.vje/n.  gates;  curves  of  Fig.  8.Q  s.nd  all  conclusions  of  Paragraph  8.5,5  pertain  to 

1  ||J  C.  H'i’J  X  r:  1  . 

.1  .met i moc  In  practice  one  can  use  a  realization  of  the  shnrVnlng  filter, 
r.impier  in  certain  respects,  which  ensu.es  directly  from  the  presentation  of  output 
vuJ'a ge  of  the  discriminator  in  the  optimum  case.  A n  we  already  said  above,  1  hi s 
vol tne."  is  determined  through  the  modulus  of  quantity  f(  from  (8.2.1),  which  for 

u 

any  peri  jd,  when  we  use  optimum  shortening  filtration, is  recorded  in  the  form 


I  i  «•(*—«) v(s)e"+’ds | , 
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where  moment  t  in  the  upper  limit  of  the  integral  coincides  with  delay  of  the 

reflected  signal,  uQ(t)  in  this  case  is  uaQ(t)e:''at  ^ ,  a  —  rate  of  linear  change  of 
frequency, 

Then 

/(«)=|  j «.,(*— *>e_r  1  *’*(*)«**!=— 

(,7,, 


This  means  that  the  output  voltage  of  the  optimum  shortening  fill  *y  sis.o 
t  =  t  can  be  formed  by  heterodyning  the  received  signal  y(t)  with  voltage  of  a 
frequency-modulated  local  oscillator  and  passing  it  through  a  filter  with  a  fre¬ 
quency  response  matched  with  the  spectrum  of  the  pulse  envelope.  This  filter  should 
be  tuned  to  frequency  conp  +  at,  depending  on  the  distance  interesting  us, 

In  order  to  ensure  full  equivalence  with  the  usual  shortening  filter,  forming 
the  integral  of  f(t)  for  all  delays  t. ,  we  need  a  unit  of  identical  filters  tuned 
to  frequencies  u>  +  at^,  and  a  unit  of  lagging  gate  pulses  by  which  there  shou;t 
be  carried  out  tapping  of  output  voltages  of  filters,  each  at  the  corresponding 
moment  .  The  set  of  filters  and  gate  pulses  gives  at  the  output  a  shortened 
pulse , 

Optimality  of  processing  is  preserved,  of  course,  only  when  the  pulse  response 
of  the  filter  of  the  UPCh  satisfies  the  condition  of  matching  h^(t)  =  h0(t)  =  ua(-, (”*-)< 
and  gate  pulses  are  narrow  as  compared  to  the  duration  of  the  shortened  pulse,  Ruci 
a  realisation  of  a  shortening  filter  may  be  more  convenient,  technically  when  the 
radar  Is  intended  for  simultaneous  work  in  a  small  range  of  distances.  Then  the 
number  of  filters  can  be  comparatively  small;  gate  pulses,  if  the  usual  comi.l'.  Lou  : 
small  duration  of  the  shortened  pulse  as  compared  to  the  duration  of  the  sounding 
pulse  envelope  is  satisfied,  can  be  fed  simultaneously,  and  voltage  of  the  local 
oscillator  can  also  be  pulsed.  Here  It  is  necessary  only  that  the  pulse  dural  n  r. 
of  the  local  oscillator  be  sufficient  for  complete  overlapping  of  tire  signal  pulse. 
The  possibility  of  using  pulse  mode  in  the  local  oscillator  frees  us  from  the 
necessity  of  providing  too  large  deviations  of  its  frequency. 

For  realization  of  a  discriminator  sufficient  art  'wo  channels,  tuned  to 


frequencies  cs  +  at  ±  a5,  where  t 
n  np 


measured  value  of  delay.  For  tuning  a  rang' 
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discriminator  we  can  use  change  of  the  intermediate  frequency,  so  iimt  o^, 

at.  From  this  point  of  view  such  a  discriminator  is  like  a  discriminator  of  cor¬ 
relation  type  in  which  the  reference  signal  is  changed  in  accordance  with  change  of 
the  measured  value  of  delay.  In  this  case  tne  change  consists  not  in  shift  of  1  i." 
reference  signal,  but  In  change  of  the  local  nsci'i .later  frequency.  The  block.  iiagr* 
of  the  discriminator  is  shown  in  Fig.  3.3.3, 


Fig,  3.13.  Block  diagram  of  a  discriminator  for 
frequency-modulated  pulses.  1  —  preamplifier; 

2  —  amplitude-  and  fre: •g.iency-modulatrd  local 
oscillator  with  centre  1 1 od  delay  of  amplitude 
modulation;  3  —  mixer;  'i  —  local  oscillator  with 
controlled  frequency;  h  —  UPdh  with  frequency  of 
tuning  -  oft;  6  —  UPCh  with  frequency  of 

tuning  <of  +  at;  y  -  •••*«  -r;  “•  —  gated  ampli¬ 

fier;  9  ~  sub  tract  or;  10  --  om,'  <-■  lied  generator 
of  gate  pulses. 

To  I ind  characteristics  of  the  discriminator  we  can  use  general  formulas  of 
5  hl.Ji ,  v/e  shall  limit  ourselves  to  the  .•  so  cf  narrow  gate  pulses,  but  we  shall 
cor, cider  the  UPCh  frequency  reepor  H  •  .i)  arbitiary.  -n,  comparison  of  (;1.1i,i) 
with  (<3,7.f>)  it  follows  that  t,ne  complex  pulse  responee  of  the  filter  h(i)  in  this 
•••a so  should  be  equal  to 

* (<)=»*» (Oe  1  •  ('  ■  '  V) 

Then,  assuming  duration  of  the  pulse  envelope  great,  as  compared  to  dura.,1  n  ■ 
the  shortened  pul  so,  v/e  obtain 

«(*)-'}7/<»)=j7  |  M< -I- «)«•.(/)■//-£  h) 

—oo  — «o 

op  GO 

•(•)** f7  «)<//«  l}  ,() 

00  *“4J0 

and  the  expression  for  equivalent  spectral  density  will  take  the  form 
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(8.7.10) 


«  _ T  v  <°>  - 1 »  <2*)!*  +  ^  [ft  (0)  I  a  (8)  |«  -  Re  q«  (8)  b  (2»)1 

S,Kt  — Tf  &,r[Rea*(V^)r  ' 

In  particular ,  for  a  Gaussian  form  of  the  pulse  and  of  frequency- response 
curves  of  the  UPCh 


(8.7.11) 


where,  as  before,  x  =  AfynTi/AfC'.rJi=  2Afyni!  'V  and  X  “  aT;1/2- 

Then  according  to  (8,7.10)  equivalent  spectral  density  is  equa]  to 


(8.7.12) 


-  =  ■ 


(L+-*1)4*1  ^yli— e  7r  .  4ge  '* 

128z*  **  »  jr(l -J- jc*)'1  e  '/» 


(3.7.13) 


where  z  =  (V  2uy/m j 5  —  relative  magnitude  of  detuning, 

When  x  **  1  and  z  0  formula  (8.7,13)  changes  into  the  expression  for  S  witr 
coefficient  b  (from  8,7.2).  As  also  in  other  cases,  the  dependence  on  z  is  rela¬ 
tively  weak;  practically  up  to  values  z/x  ~  1  in  formula  (8.7.13)  it  is  possible  1.  > 
consider  detuning  zero,  especially  with  a  sufficiently  large  slgnal-to-nolse  rati.'  . 
The  exact  dependence  of  on  detuning  with  a  matched  band  (x  =  1)  is  shown 

in  Pig.  8.14,  from  which  it  is  clear  that  increase  of  detuning  to  a  value  providing 
a  maximum  gain  factor  of  the  discriminator  (z  0.7)  increases  ever,  when  q  ~  0.1 
by  not  more  than  l^fo,  The  influence  of  mismatching  of  the  band  of  the  UPCh  for 


various  q  is  illustrated  in  Pig.  8.15.  This  dependence  turns  out  to  be  rather 
strong  —  expansion  of  the  passband  In  the  considered  circuit  leads,  probably,  ! 
unpleasant  consequences  than  in  any  other  one. 


Fig,  8.14.  Influence  of  detuning  on  equivalent, 
spectral  density  in  an  PM  range  finder. 
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The  block  diagram  of  Fig.  8,13  allows 


for  a  del inite  modification,  in  its  es¬ 
sence  corresponding  to  correlation  pro¬ 
cessing  of  the  received  signal.  With  suv>- 
processing  the  received  signal  bos  b- t - 

ing  sent  to  toe  filters  should  be  multi¬ 
plied  by  a  gate  pulse  approximately 
matched  with  the  signal  pulse  envelope. 
This  can  be  attained,  for  instance,  if 
voltage  of  the  FM  local  oscillator  Is. 

:codu rated  in  amplitude  by  a  certain  pulse  v(t)  with  duration  of  tne  order  of  dure ♦.  i 
of  the  sounding  pulse, 

Filters  of  the  UPCih  in  this  case  need  not  be  matched  with  trie  width  of  the 
spectrum  of  the  pulse  envelope;  conversely,  operation  of  the  discriminator  is  nearer 
to  .  pi  i.rurii,  the  less  the  magnitude  of  Af  t .  dating  of  output  voltages  of  Ur- 

UPCh  also  is  not  necessary;  these  output  voltages  should  be  detected  and  sub true ted . 
Changes  in  the  block  diagram  of  Fig.  B.i.x  reduce  In  this  case  to  modular.  :.ng  thr- 
local  oscillator  in  amplitude,  and  having  no  gating  stages  ir>  general.  Such  a 
scheme  is  simpler  in  that  there  is  no  need  to  carry  out  control  of  bn>.  narrow  gate 
pulses  fed  to  gating  stages;  however,  In  place  of  this  there  is  required  control  ->i 
tne  position  of  the  local  oscillator  pulse 

Thus,  in  both  cases  there  arc  required  two  control  circuits  —  for  delay  and  for 
frequency  —  but  in  the  second  case  requirements  on  the  circuits  for  control  of  the 
reference  signal  in  delay  and  on  accuracy  of  till?,  control  are  considerably  weaker. 

bp „ Ljiium  processing  in  the  given  circuit  is  attained  when  the  form  of  the  pulse 
“rm:  if  the  local  oscillator  coincides  with  the  form  of  the  sounding  pulse 

envoiopr.  and  bandwidth  of  the  filters  of  tne  UPCh  satisfies  relationships  1/t..  » 

»  Afyjr;  »  l/T  .  If  the  last  condition  is  satisfied,  and  the  shape  of  the  pulse  of 
’he  local  oscillator  v(t)  differs  from  uar;(l)>  the  equivalent  spectral  density,  as 
before,  is  given  by  formula  (3,7.10),  where  in  expressions  (3. 7.3)  and  (8,7,0)  for 
a(5)  and  b(6)  one  should  replace  pulse  response  of  the  filter  h^(t)  by  a  function 
describing  the  form  of  the  local  oscillator  pulse  v(t). 

In  the  more  general  case,  when  both  conditions  of  optimality  are  not  satisfied, 
there  is  dependence  of  flQKB  on  the  form  and  parameters  of  the  frequency  response  of 
the  filter  of  the  UPCh.  The  expression  for  equivalent  spectral  density  here  can  be 

obtained  by  normal  means  and  has  the  form 
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Fig.  o.lb.  Influence  of  mismatch  of  the 
passband  of  the  UPCh  on  3^  in  an  FM 

range  finder. 


W-${J  J{|V(««.l)|,|//(i»,)|*[]«(/(-1—i))f- 

1—00  —00 

+  IqF  ((.J  F(i.J  V  («(.,+ (/  (.,  -  «»))|x 

(o.7.i4) 

'  ,  O 

where,  ,j ; ,  s  1  as  in  §  8.6,  V(icn)  —  Fourier  transform  of  function  v‘"(t).,  and  F(io>)  — 
the  transform  of  function  v(t)ua0(t). 

Let  us  give  final  results  for  a  Gaussian  form  of  the  pulse  envelope,  of  the 
pulse  envelope  of  the  local  oscillator  v(t)  and  of  frequency  responses  of  the  UPCi. 
Substituting  the  corresponding  functions  in  (8.7.14),  we  obt 
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where  x  =  2Af  ynq  tm;  z  =  y  = 

As  also  in  other  cases,  this  expression  weakly  depends  on  detuning  z,  only 
slightly  increasing  with  increase  of  it.  Therefore,  the  magnitude  of  z  should  be 
selected  such  as  to  ensure  a  maximum  discriminator  gain  factor,  which  corresponds  to 
values  of  z  ~  0,6  to  0.8.  In  place  of  formula  (3,7.15)  here  it  is  possible  with 
error  not  exceeding  25-?°$  to  use  the  expression  for  SajjB  when  z  =  0,  which  has  the 
form 


c  _  r,«(l  +  f»)(l  +  y»  +  X«)’  {  1 

_ 16?  (1  +»*)* _ \ 

l*’  +  2  (I  +  »'))3/i  [**  +  2y*  (1  +  JC*  +  y')?1*! 


(8. 7.16) 


and  is  c<  nsiderably  more  convenient  for  practical  calculation. 

When  y  =  1,  z  0,  x  -*  0  the  quantity  £^KB  changes  into  S^. .  Mismatch  of 
durations  of  the  sounding  pulse  and  of  the  local  oscillator  pulse  leads  to  the  same 
consequences  as  in  a  circuit  with  amplitude  modulation.  Bandwidth  of  the  UPCh  for 
Af  <  AfcorJ1  practical  ly  does  not  affect  the  magnitude  of  S^,  and  further  expanni' 
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of  the  band  lea.. Is  to  increase  of  S*3KB,  basically  due  to  the  noise  term.  Curves  ..-f 
the  dependence  of  Sgjp/S  on  q  for  various  values  of  x  and  y,  illustrating  the 
Influence  of  parameters  on  accuracy  of  .m.-asuri iurmt ,  are  shown  in  Fig.  8.IC. 

§  3.3.  Phase-Code  lut  rapulse  Manipulation 

With  incoherent  radiation  there  car.  also  be  used  phase-cone  manipulation  insid' 
the  pulse.  Questions  of  selection  of  codu-.  and  general  properties  of  the  auto¬ 
correlation  functl  m  of  the  phase-code- ...ari  i  pi-  ai.erl  pul  so  signal  we  re  already  dis¬ 
cussed  in  Chapter  T,  arid  measurement  ox  distance  by  the  decay  of  such  signals  In  tuo 
coherent  car.'-:  was  considered  in  Chapter  VII.  Here  it  remains  to  add  only  very  little 
■  i  what  has  already  been  said  above. 

Vi,  optimum  discriminator  in  this  case  can  be  realized  both  by  correlate  r. 
processing,  and  also  by  a  shortening  filter  [12],  One  possible  block  diagram  ;-f 
dlscriminator  with  a  shortening  filter  is  shown  in  Fig.  8.17.  The  received  signal 
alter'  conversion  of  frequency  and  transmission  through  a  UPCh,  matched  in  bandwidth 
with  duration  of  trie  code  Interval  is  fed  to  a  delay  line  with  taps,  corresponding 
to  delay  krv  (k  =  1,  P,  ...,  n).  Delayed  signals  are  fed  to  an  adder  with  a  plus 
or  minus  sign  depending  upon  what  value  (0  or  if)  the  phase  of  the  signal  in  the 
corresponding  code  interval  has.  At  the  output  of  the  adder  there  will  form  a  pulse 
which  is  then  processed  just  as  in  a  discriminator  for  a  normal  pulse  signal.  Such 
a  circuit  is  completely  equivalent  to  the  usual  pulse  range  finder  (see  §  8.T;), 
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Fig.  8.17.  Block,  diagram  of  a  dis¬ 
criminator  with  PCM  and  a  shortening 
filter:  1  —  filter  matched  with  t^; 

2  —  delay  line  with  taps;  3  —  adder; 
4  —  detector;  5  —  gating  stage;  6  — 
controlled  generator  of  gate  pulses; 
7  --  subtractor. 


working  on  a  square  pulse  of  duration  t^. 
Therefore,  for  calculation  of  characteristics 
of  the  range  finder  it  is  possible  to  use  all 
the  findings  of  Paragraph  8.5.2. 

Characteristics  of  discriminators  with 
correlation  processing,  for  instance,  with 
two  detuned  channels  or  with  switching  of 
reference  signals,  also  actually  were  already 
found  above.  It  is  necessary  only  to  use 
formulas  relating  to  the  case  of  a  square 
pulse  everywhere  replacing  its  duration  by 


the  duration  of  the  code  interval  Tfc.  Here  one  should  consider  that  at  present  in 
examining  possibilities  of  using  phase-code  manipulation  with  a  pulse  signal,  they 
almost  exclusively  consider  a  pulse  with  a  Square  envelope. 

This  is  explained,  first,  by  the  simplicity  of  technical  realization  of  circuits 
for  processing  a  signal  with  a  square  pulse  and,  second,  by  the  fact  that  for  an 
assigned  peak  power  of  the  signal  selection  of  a  square  envelope  ensures  maximum 
pulse  energy.  At  the  same  time  with  a  square  envelope  in  discriminators  of  correla¬ 
tion  type  it  is  possible  without  special  difficulties  to  ensure  coincidence  of  the 


reference  and  sounding  signals.  Therefore  it  is  possible  to  consider  only  the  case 
of  coinciding  modulations  of  the  sounding  and  reference  signals.  Here  in  the  formu¬ 
las  determining  the  discriminator  characteristics  Clk(x)  =  C00(x)  =  C(x),  i.e., 
the  cross-correlation  functions  can  be  assumed  equal  to  the  autocorrelation  functions 


of  thp  sounding  signal.  This  circumstance  simplifies  calculations. 

The  above  investigation  of  discriminators  of  incoherent  radar  range  finders 
shows  that,  as  for  a  coherent  signal,  accuracy  of  range  finding  is  determined  by 
characteristics  of  modulation  of  the  sounding  signal  and  the  magnitude  of  the  signa 


to-noise  ratio.  For  a  sufficiently  large  signal-to-ncise  ratio  and  other  condlth  ns 


being  equal  accuracy  of  range  finding  is  not  worse  than  in  the  case  of  a  coherent 
signal.  For  small  signal-to-noise  ratios  there  is  obtained  a  loss,  precisely 
depending  on  relationship  Af  Q  /f  =  Af c  T  .  The  dependence  of  accuracy  on  charac¬ 
teristics  of  modulation  of  the  sounding  signal,  on  the  form  of  the  reference  signals 
and  the  magnitude  of  detuning  in  discriminators  using  correlation  processing  also  Is 
Identical  in  both  cases.  Mismatch  of  characteristics  of  "shortening"  filters  with 


the  spectrum  of  the  sounding  signal  in  incoherent  discriminators  leads  t.o  the  same 
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consequences  as  noncoincidence  of  modulations  of  reference  and  sounding  signals  in 
correlation  discriminators. 

Discriminator  characteristic  found  above  can  be  directly  used  for  analysis  ol 
tracking  range  finders  as  a  whole  with  any  smoothing  circuits, 

§  8.9.  Analysis  of  Accuracy  of  Incoherent  Range  Finders 

As  was  shown  above,  the  problem  of  analysis  of  the  accuracy  of  tracking  meters 
is  solved  by  a  single  method  regardless  of  what  magnitude  is  measured  and  how  the 
discriminator  of  the  meter  is  constructed.  If  characteristics  01  the  discriminator 
are  found,  it  remains  only  tc  use  general  formulas  of  Chapter  VI,  substituting  in 
them  the  corresponding  expressions  for  characteristics  of  the  discriminate. r.  Ac¬ 
cording  to  this  the  whole  problem  of  analysis  of  accuracy  of  incoherent  range 
finders  reduces  to  sample  replacement  in  formulas  of  §  7.10,  characterizing  error 
of  measurement ,  of  the  expressions  for  and  found  for  coherent  diecrinii.nat.ojT. 
by  the  corresponding  expressions  for  K_  and  S__  which  were  found  in  the  preceding 
paragraphs  for  incoherent  discriminators.  Tills  means  that  all  laws  governing  accu¬ 
racy  of  range  finding  which  were  investigated  in  §  7,10  are  completely  preserved 
and  do  not  need  repeated  discussion.  Therefore,  we  shall  limit  ourselves  in  tain 
chapter  only  to  consideration  of  a  series  of  illustrative  examples. 

Wo  shall  discuss  the  influence  of  Automatic  Gain  Control  (AGC)  on  accuracy  <-f  real 
meters.  In  incoherent  range  finders,  in  general,  there  are  the  same  regularities 
caused  by  the  normalizing  action  of  the  A  .G  system;  however,  the  concrete  form  of 
tnc  dependence  of  discriminai  or  gain  i  n  ■  he  signal -to-noise  ratio  is  somewhat  dif¬ 
ferent..  In  discriminators  with  correlation  processing  of  the  signal  the  AGO  system 
ohou'd  he  cloaca  from  the  output  of  the  integrating  filter.  Then  the  average  power 
output  voltage  of  a  receiver  with  AGO  Is 

*?(/>, +  2AW*) 

anu  discriminator  gain  varies  as 

~  (8.9.1) 

+  P,  1+  ? 

where,  as  before  —  the  gain  factor  of  the  discriminator  in  the  absence  of  noises. 

In  discriminators  with  a  "shortening"  filter  trip  AGO  system  is  closed  from  the 
output  of  the  detector,  which  follows  after  tne  "snoriening"  filter',  where  to 
decrease  noise  components  in  the  control  voltage  of  the  system  of  AGC  output  voltage 
of  the  detector  is  gated  by  a  pulse  travelling  after  the  pulse  of  the  signal.  In 
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practice  gating  is  frequently  carried  out  directly  in  the  "shortening"  filter  —  in 
normal  pulse  receivers,  as  a  rule,  the  UTCh  is  gated.  Duration  of  the  gate  pulse 
here  is  several  times  greater  than  the  duration  of  the  "shortened"  pulse.  Gating 
leads  to  decrease  of  intensity  of  noise  with  respect  to  t0/T  ,  and  thanks  to  this  in 
such  discriminators 


(8.9.2) 


where  tc  —  duration  of  the  gating  pulse; 

Af  ynq  —  bandwidth  of  the  "shortening"  filter  (UPCh  without  intrapulse  modula- 
t  ion ) .  , 

If  in  the  correlation  discriminator  the  passband  of  the  filter  Af  ^  is  great , 
to  decrease  noise  components  of  the  control  voltage  in  this  case,  too,  it  is  possible 
to  use  gating  of  the  output  voltage  of  the  filter.  Formulas  (8.9.I)  and  (8.9. a), 
obviously,  can  be  reduced  to  the  form  of  (7.10.4)  where  quantity  y  is  equal  to 
Af^  /Af  0  and  Af  y^q  rc/Af c  Tp,  respectively;  however,  in  the  given  case  it  is 
more  convenient  to  consider  the  dependence  of  on  q.  Both  formulas  (8.9.1)  and 
(8,9.2)  can  be  recorded  in  a  single  form 


(8.9.5) 

where  y^  =  Af^  Tr  or,  accordingly,  y±  =  Af  ynq  . 

Thanks  to  this  the  dependence  of  the  effective  bandwidth  of  closed-loop  tracking 
systems  with  incoherent  discriminators  and  smoothing  filters  with  constant  parameters 
on  the  signal-to-noise  ratio  q  coincides  with  the  dependence  of  effective  bandwidth 
on  signal-to-noise  ratio  h  in  coherent  range  finders  (see  Paragraph  7-10.2). 

Let  us  consider  a  range  finder  with  a  smoothing  circuit  in  the  form  of  a  singh 
integrator  with  gain  factor  K  .  We  consider  that  measurement  of  distance  is  carrir-  ; 
out  by  a  pulse  signal  without  additional  modulation.  Let  us  assume  that  the  dis¬ 
criminator  of  the  range  finder  has  a  UPCh,  matched  with  pulse  duration  tm,  and  gates 
are  located  end-to-end  and  have  duration  Tnc  =  th.  Then,  according  to  the  formula 
(8.9.IO),  equivalent  spectral  density  is 


(3.9-'') 


The  dimensional  gain  factor  of  the  open  loop  of  a  tracking  meter  is 


(3.9.9) 
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where  Kq  —  nominal  value  of  the  gain  factor  in  the  absence  of  noises,  and  y^  in  this 
can.-  is  Afynq  tq  . 

Since  the  effective  passband  of  the  closed-loop  tracking  system  Afp^  is  equal 
to  K/b ,  fluctuation  error  of  measurement,  is  determined  by  expression 

J  _ qa  /  C  VT  t/2.2  S.I0-*  i  5,25'10-*  \ _ 

"*■  =  24f..S... =K.T.\  +TRTO ) = 

=4,^r„:..o-(^+ref75). 


where  Af 


3(f  0 


=  K.,/4  —  nominal  value  of  the  effective  passband  of  the  closed-loop 


tracking  system. 

The  dependence  of  the  relative  magnitude  of  fluctuation  error  o^/ t„ /Af 
on  u  for  various  is  shown  in  Fig.  8.18.  With  an  assigned  value  of  Af  9(*.,  ^  fin?- 

tuatlon  error  decreases  with  Increase  of  y^;  this  corresponds  to  the  fact,  that 
with  increase  of  y^  decrease  of  q  leads  to  still  mere  considerable  narrowing  of  -ho 

effective  bandwidth.  The  influence  of 


I'li:.  .  Fluctuation  error  of  range 

■‘'inning  in  a  system  with  one  integrator, 


y±  1$  more  essential,  the  less  the  magni¬ 
tude  of  the  signal -to-noise  ratio.  For 
large  <;  change  of  y  -p.es  not  read  to 
noticeable  change  cl’  fluctuation  error. 
The  magnitude  of  product  Af  ^Tr  is 
-t  -1 

usually  10  to  10  ;  then  error  of 

measurement  may  comprise  tenths  and 
hundredths  of  the  pulse  duration. 

Dynamic  error,  corresponding  to  a 
nonstatistical  approach  (see  §  7.10) ,  in 
the  considered  case  in  accordance  with 
(7.10.29)  is  equal  to 


*-*-fcO+?)-jfc(>+ 1> 


(3.9.7) 


where  —  speed  of  tlie  target. 

Dynamic  error  increases  with  decrease  of  the  signal-to-noise  ratio,  where  this 
increase  is  stronger,  the  larger  y^. 

Let  us  consider  now  the  example  of  a  range  finder  with  a  smoothing  filter  in 
the  form  of  a  double  integrator  with  correction,  whose  transfer  function  is  deter¬ 
mined  by  expression  (7. 10. 11).  Let  us  assume  that  measurement  of  distance  is  pro¬ 
duced  with  the  help  of  a  pulse  signal  with  a  Gaussian  envelope  and  intrapui.se 
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) 


frequency  modulation  with  frequency  deviation  2oj  We  consider  that  the  discrimin¬ 
ator  is  close  to  optimum,  so  that 


Smmm  —  Sa 


Tr*(l+1) 


(8,9.8) 


Assuming  in  the  circuit  of  the  discriminator  the  presence  of  an  AGC  system, 
for  the  effective  bandwidth  we  obtain  the  following  expression: 


(8.9.9) 


where  Kq  —  as  before,  the  gain  factor  of  the  open  system  in  the  absence  of  noises 

o 

(Kq  =  K,^K_  0  has  dimensionality  of  1/sec  ). 

We  saw  in  Paragraph  J. 10. 3  that  the  minimum  of  errors  of  measurement  which  u 
obtained  in  an  optimum  system  with  double  integrator  is  attained  under  condition 
KT^  =  2(K  =  Kq [ q/ ( q  +  y^)]).  Consider  that  this  condition  is  satisfied  for  a 
certain  value  of  qQ,  i.e., 

**•&-*• 


(8.9.10) 


Using  formula  (8.9.8)  and  (8,9.10),  for  variance  of  fluctuation  error  we  obtain 


the  following  expression: 


8*  —  T r»  -  I  2  1  ^  ^  1 

Kr.  «■  [  + 


The  dependence  of  the  relative  magnitude  of  error  o^/  y  Tr7i/8co^T  K  on  the 
signal-to-noise  ratio  q  is  shown  in  Pig.  8,19  for  different  y^  and  qQ.  Investigat :  ■ : 
of  this  dependence  shows  that  fluctuation  error  of  measurement  with  a  fixed  magnitude 
of  Tk  rather  essentially  depends  on  selection  of  qQ  and  y^.  It  turns  out  that  for 
fixed  qQ  error  increases  with  increase  of  y1  if  q  >  qQ,  and  decreases  if  q  v  qQ . 

On  the  whole  fluctuation  error  for  any  q  and  y^  decreases  with  increase  of  q^; 
first  this  decrease  is  rather  fast  (with  change  of  q^,  from  0.1  to  i,  o^  decreases 
for  various  q  and  ^  by  a  factor  of  1.5-5),  and  then  slows,  so  that  increase  of  q0 
above  values  qQ  ~  10  no  longer  practically  leads  to  change  of  error  for  values  of 
y^  considered  in  the  example,  More  exactly,  dependence  on  qQ  disappears  if  y^  q(;. 
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2 

Decrease  of  with  increase  of  q  for  values  of  qQ  which  are  not  very  small 
Is  somewhat  slower  than  analogous  decrease  of  equivalent  spectral  density.  In  order 
to  obtain  an  idea  about,  absolute  values  of  fluctuation  error,  we  consider  the  examp  • 

/L 

when  frequency  deviation  is  &o  =  2tt-10  r.-m/sne,  frequency  of  repetition  of  pulces 
io  f  =  1/1'  =  100  ops,  and  the  time  constant,  of  the  correcting  circuit  Tv  =  • 

Then  tne  scale  factor  Sr  ^ K  is  equal  to  9.4  m,  and  fluctuation  error,  Cor¬ 
responding  to  Pig.  8,19,  will  be  i.n  the  range  170  to  1.7  m. 


l:!g.  "i.19.  Flue  Uun  i  cn  error  of  range  find  lug 
in  a  system  wlt.n  a  double  integrator:  -  y^  = 

“  i; - y±  -  3}  - y±  =  10. 


Let  us  consider  now  tne  dependence  of  dynamic  error  on  the  e ignal-tu-noif 
ratio.  With  a  smoothing  filter  with  two  integrators  error  in  speed  in  steady-.:  1 • 
operating  conditions  is  absent,  and  stationary  error  is 


„  +  V  1) _ 7-2  <?•(<?  +  Jh) 

K~  K,g  -a*%,TO 


(8.9.11) 


In  formula  (8. 9. 11)  a2  —  acceleration  -f  1  he  target,  and  it.  is  assumed  that 

condition  KT*L  ,  .  ,  is  satisfied  when  q  -  . 

K  [  s  1  0 J  -u 

Tic  dependence  of  the  relative  magnitude  of  dynamic  error  o„  /a^T'i,  on  q  for 

M  c.  K 

various  q0  and  y^  i.s  shown  in  Pig.  8.20.  For  all  q^  and  y^  dynamic  error  decreases 
with  Increase  f  q,  where  this  decrease  is  rattier  sharp. 


i 

1 


1 

i 


1 


i 

i 

1 

i 


.j 

■1 
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Pig.  8.20.  Dynamic  error  of  range  finding  in  a 
system  with  a  double  integrator:  -  y±  =  1; 

- y±  =  —  y±  -  10. 

Dependence  of  ofl  on  qQ  and  y1  has  a  sharper  character  than  in  the  case  of  . 
For  all  y1  and  a  quantity  ofl  decreases  with  decrease  of  qQ.  The  dependence  on  yt 
is  such  that  for  q  <  qQ  quantity  ofl  increases  with  increase  of  y±,  and  when  q  >  q0 
it  decreases  with  increase  of  y±.  Since  for  large  q  dynamic  error  is  thus  small, 
for  its  decrease  for  small  q  we  must  select  sufficiently  small  values  of  y ^ ,  the  mort 
so  since  the  quantity  y^  comparatively  weakly  affects  the  magnitude  of  fluctuating 
error . 

Selection  of  small  values  of  qQ  is  impermissible  from  the  point  of  view  , 
quantity  o^j  obviously,  an  acceptable  compromise  in  many  cases  will  be  selection  o 
a  magnitude  of  qQ  of  the  order  of  1,  and  of  the  order  of  2-5.  If,  as  above,  T ,, 

=  0.1  sec,  at  a2  =  100  m/sec2  product  a?T K  is  1  m,  and  dynamic  error  in  accordane 
with  Fig.  8,20  will  not  exceed  50  m  in  the  most  unfavorable  case. 

Let  us  consider  one  more  example,  when  the  measured  distance  varies  as  a  poly¬ 
nomial  of  degree  n,  i.e.. 
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(8.9.12) 


A«0 

and  in  the  range  finder  there  is  used  an  optimum  smoothing  filter,  the  structure  of 
which  is  determined  by  expression  (7.10.44),  i.e.,  a  filtr  with  pu  s  se  rest  •ir.rf 

0(t,  %)=  £  t)/V,  (8.9.13) 

i.  *=o 


where  A^^t)  —  matrix  elements; 

AW--=||4(t)ih[r>  +  U(t)]-;  (8.9.14) 

M  =  IIPjUj.il  —  matrix  of  second  moments  for  the  coefficients  of  the  polynomial 

(i\  =  °); 

uw=a«..wi[=Jj£;(",- 

for  »  sufficiently  large  time  of  measurement 

A(t)  «  (8. 9. if-) 

1 

where  this  equality  is  fulfilled ■  faster,  v„-,« ■.£)*<•;«  tor  tne  uncertainty  in  knowledge  of 
coefficients  of  the  oolynomiai;  the  condition  of  validity  of  this  approximate  equality 
is 


1 


(!  +  »+> 


S„.  <?)<+*+! 


(8.9.19) 


J]  ~  '2  iW<+*  (8.y.  17 ) 

0  i.*=o 

J 

Then,  from  (8.9.15)  it  follows  that 

Aik  (*)  =  S,KB  (7)  ,,+!  +  ,  I  ('3.9.1b) 

where  a,.,  -  elements  of  a  matrix  which  is  not  time-dependsnt  and  is  the  rec iprr.r-a., 

J.  rk 

of  matrix 

r+T+rjj'  (8.y.:L9) 

As  it  was  shown  in  Chapter  VI,  erroi  of  measurement  is  equal  to  G(t,  r ) ;  'here 
fore  in  this  case  for  large  t  we  have  the  following  equality: 


O* 

•SC  T. 


JJ  A*V)  tt+k 

I.M 


.(?> 


Oik- 


(8.9.20) 


h  *» * 
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It  is  possible  to  show  that  for  matrix  a,  de’fined  by  relationship  (8.9.19)>  the 
sum  of  all  its  elements  ^  att  is  equal  to  (n  +  1 )  ;  therefore  the  final  expression 

l.  *-fl 

for  variance  of  error  of  range  finding  has  the  form 

O  p  * 

so  that  Ojyx  with  an  accuracy  of  coefficient  (n  +1)  /t  coincides  with  the  equivalent 
spectral  density.  Error  decreases  without  limit  with  time,  and  for  any  fixed  t  it 
decreases  more,  the  higher  tne  degree  of  the  polynomial.  For  small  t  expression 
(8.9.21)  gives  an  overstated  value  of  error. 

We  shall  touch  on  nonlinear  phenomena  in  incoherent  tracking  range  finders.  It, 
is  obvious  that  in  the  framework  of  the  theory  of  these  phenomena  developed  In 
Chapter  VI  incoherence  introduces  nothing  new.  Actually,  with  the  idealizations 
used  in  Chapters  VI  and  VII  characteristics  of  breakoff  of  tracking  and  variance 
of  error,  taking  into  account  nonlinearity  of  the  discriminator,  are  completely 
determined  by  the  form  of  the  discrimination  characteristic  and  the  magnitude  of 
fluctuation  error  in  a  linearized  system,  where  the  dependence  on  the  detailed  form 
of  the  discrimination  characteristic  is  not  very  essential. 

In  incoherent  range  finders,  sufficiently  close  in  their  structure  to  optimum, 
the  form  of  the  discrimination  characteristic,  as  before,  is  determined  by  the  aut'- 
correlation  function  of  ^he  sounding  signal,  i.e.,  remains  the  same  as  in  the  case 
of  a  coherent  range  finder.  Therefore,  from  this  point  of  view  nothing  changes. 

Variance  of  fluctuation  error  of  a  linearized  system  is  completely  determined 
by  the  equivalent  spectral  density.  This  means  that  the  whole  difference  reduces 
to  corresponding  replacement  of  some  expressions  for  by  others.  Taking  this 
circumstance  into  account,  for  determination  of  the  average  time  to  breakoff  of 
tracking  and  of  variance  of  fluctuation  error  of  range  finding  we  can  use  formulas 
(7.ir;.?)-(7.15.5),  (7. 15. 7)- (7- 15. 10). 

Most  interesting  is  the  question  of  the  critical  magnitude  of  the  signal-to- 
noise  ratio,  at  which  still  it  is  possible  to  ignore  nonlinearity  of  the  discrimin¬ 
ator. 

As  it  was  shown  in  §  7.15  the  critical  magnitude  of  the  slgnal-to-noise  ratio 
is  determined  by  the  critical  value  of  parameter  p^,  equal  to  the  product  of  varianc 

O 

of  fluctuation  error  of  a  linearized  system  o  and  the  mean  square  width  of  the 

2  2 

spectrum  of  modulation  of  the  sounding  signal,  i.e.,  p  =  bofl.  The  critical  value 
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of  p.  varies  somewhat,  depending  upon  determination  of  the  limit  of  applicability  of 

the  linearized  consideration  —  by  average  time  to  the  first  breakoff  of  tracking  or 

by  the  magnitude  of  variance  of  fluctuation  error  taking  into  account  nonlinearity. 

However,  as  shown  in  §  7-15,  this  difference  leads  only  to  slight  change  of  the 

critical  value  of  the  signal-to-noise  ratio.  Oriented  to  the  worst  case,  it  is  pop. 

sible  to  consider  (see  §  7.15)  that  u  *  0.12  to  0.19.  Then  with  a  discriminator 

Kp 

sufficiently  close  from  the  point  of  view  of  the  magnitude  of  equivalent  spectra] 
density  to  optimum  the  critical  value  of  the  signal-to-noise  ratio  will  be  deter¬ 
mined  from  equation 

2S.K. (<7«p) +  =  |t*  se  0,02,  (8.9.2H) 

*p 

which  coincides  with  the  corresponding  equation  for  h„_  with  a  square  spectrum  of 

KL- 

fluctuations  and  replacement  of  Af  by  1/T  .  Solving  equation  (8.9.22),  we  obta.n 

c  1  r 

=  25  [Tr*U  +  /(T7a/.*)’  +  O,02f 7 A/,*].  (ft.^.?7) 

This  dependence  is  shown  in  Pig.  8 . 21 .  From  this  figure  it  follows  that,  linear 
conditions  in  a  tracking  meter  are  preserved  for  magnitudes  of  signal-to-noise  rp 
q  exceeding  0.05-10,  depending  on  inertia  of  the  teaching  system  and  the  pulse 

repetition  period. 

§  8,10.  Influence  of  Interferences 
on  Incoherent  Tta'nge 
binders 

The  influence  of  interferences  on 
incoherent  tracking  range;  finders  [f. 9-70] 
leads  to  results  which  in  many  respects  are 
similar  to  the  case  of  coherent  range  f1nd<  / 
This  especially  pertains  to  active  inter¬ 
ferences.  The  character  of  the  influence;  of 
passive  interferences  in  this  case  is  some¬ 
what  different,  and  noise  immunity  of  in¬ 
coherent  range  finders  with  respect  to  i.t  is 

lower.  We  shall  consider  these  questions  in  greater  detail. 

8,10.1,  Active  Noise  Interference 


As  also  in  the  case  of  coherent  radars,  the  influence  of  active  noise  inter¬ 
ference,  due  to  its  broadband  nature  as  compared  to  the  width  of  the  spectrum  of 


the  sounding  signal,  is  equivalent  to  the  influence  of  natural  noises  of  the  receiver. 
Therefore,  the  presence  of  noise  interference  can  be  accounted  for  by  introduction 
of  a  new  signal-to-noise  ratio  q  nU[  ,  equal  to  the  ratio  of  the  energy  of  the 
signal  received  for  a  period  to  the  sum  of  spectral  densities  of  natural  noise  and 
interference  at  the  input  of  the  receiver  of  the  radar.  This  quantity  is  connected 
with  the  signal-to-noise  ratio  q  in  the  absence  of  interferences  by  an  expression 
ji.in.Uar  to  (7.14.1)  and  (7.14.3),  i.e.. 


Qnva  — 


1 


« _ 

.  .  P ■<?»■  0»p**  * 

I+2 


(8,10.1) 


where  all  designations  are  the  same  as  in  Paragraph  7.14.1. 

From  comparison  with  (7.14.3)  it  follows  that  ratio  q  /q  coincides  with 
ratio  hnuI  /h  for  a  coherent  radar;  therefore  qnilI  /q  in  various  situations,  as 
before,  is  given  by  the  curves  of  Fig,  7-81,  and  all  conclusions  made  in  Paragraph 
7.14.1  are  preserved. 

Thus,  the  relative  influence  of  active  noise  interference  in  both  cases  is 
equal,  but,  in  general,  accuracy  of  range  finding  by  an  incoherent  range  finder  under 
the  influence  of  interference  is  lowered  more  than  in  a  coherent  one.  For  low  in¬ 
tensities  of  interference  this  difference  may  be  immaterial;  however,  if  the  inten¬ 
sity  of  interference  Is  great,  even  for  q  »  1  and  Identical  accuracy  of  coherent 
and  incoherent  range  finders  in  the  absence  and  in  the  presence  of  interferences 
quantity  q  ^  may  be  less  than  1.  Here,  along  with  lowering  of  accuracy  of  range 
finding  due  to  decrease  of  the  signal-to-noise  ratio  there  appears  loss  of  accuracy 
due  to  incoherence  (see  §  8.2). 

Thereby,  an  incoherent  range  finder,  providing  identical  accuracy  with  a 
coherent  one  in  the  absence  of  interferences,  will  give  greater  errors  of  measuremer. 
in  the  presence  of  interferences,  in  spite  of  the  fact  that  in  both  cases  the  signal- 
to-noise  ratio  is  lowered  by  an  identical  factor. 


8.10,2.  Pulse  Chaotic  Interference 

In  this  case  there  also  is  an  analogy  with  a  coherent  range  finder,  and  the 
influence  of  interference,  true,  with  a  somewhat  worse  approximation  than  during 
noj gp  interference,  can  be  described  as  the  influence  of  equivalent  white  noise. 
This  analogy  is  evident  for  incoherent  range  finders  with  correlation  processing  of 
the  signal,  when  the  passbar.d  of  the  integrating  filter  is  small  as  compared  to  Vnc 
width  of  t.ne  spectrum  of  the  pulse  envelope  of  the  signal. 
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Actually,  for  pulses  of  interference  which  are  not  very  long  there  is  no  qual¬ 
itative  difference  between  coherent  and  incoherent  range  finders  -  in  both  cases 
pulses  of  interference  after  multiplication  by  the  reference  signal  are  passed 
through  narrowband  filters  and  are  expanded.  As  a  result  they  form  a  rando,,.  pmmr 
equivalent  in  statistical  characteristics  ~o  a  random  process  at  the  output  of  this 
filter  upon  feeding  its  input  white  noise  with  spectral  den,sit'y  Nn  ■,  which  is  deter¬ 
mined  by  formulas  (7 . 14 .6  )  - (7 . 14 . 9) . 

Then  the  influence  of  interference,  as  before,  can  be  quantitatively  described 

by  introduction  of  a  new  signal-to-noise  ratio  q  and  use  of  the  former  formulas. 

n  ui 

Ratio  q  nuJ  /q,  as  with  noise  interference,  coincides  with  h n m  /h  and  is  giver  by 
formula  (7,14,10)  and  curves  of  Fig.  7. 51.  It  Is  obvious  that  here  the  finding  of 
the  preceding  paragraph  about  the  worse  noise  immunity  of  incoherent  range  finders 
remains  in  effect,  since  quantitative  characteristics  of  pulse  chaotic  interference 
are  such  that  q  (  in  real  conditions  may  be  less  than  one. 

In  Incoherent  discriminators  with  "shortening"  filters.  In  general,  there  a  1 
less  grounds  for  replacing  pulse  chaotic  interference  with  equivalent  white  noise, 
especially  if  the  pulse  duration  of  interference  is  small  as  compared  to  the  duration 
of  the  pulse  envelope.  However,  even  in  this  case  pulse  chaotic  interference  cat, 
bo  replaced  by  a  continuous  random  process  with  the  same  level  of  spectral  density 
at.  the  maximum,  but  now  of  finite  spectrum  width.  Therefore,  all  results  are  approx¬ 
imately  valid  for  such  discriminators,  but  the  formula  for  qn  gives  a  somewhat 
understated  value,  l.e.,  estimation  of  noise  immunity  by  qn  B,  is  obtained  with  a 
certain  safety  margin . 


8.10,3,  Return  Interference 

1 : io  onaracter  and  results  of  the  influence  of  return  interference  on  incoher'  1. 
rang/-  finders  completely  coincide  with  the  case  of  coherent  range  finders.  There- 
fore,  here  there  remain  all  the  same  problems  which  we  discussed  in  Paragraph  7.14.3. 

8.10.4.  Passive  Interference 

Well-known  is  the  fact  that  noise  immunity  of  incoherent  radars  without  special 
means  of  protection  from  passive  Interferences  is  very  low,  This  has  a  clear  physical 
foundation  and  is  Illustrated  in  detail  in  Chapter  V  in  examining  incoherent  detec¬ 
tion  systems.  Analogously,  the  influence  of  passive  interferences  on  incoherent 
range  finders  leads  to  sharp  increase  of  errors  of  measurement,  and  with  sufficient 
intensity  of  interference,  to  breakoff  of  tracking  and  cessation  of  the  regime  of 
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tracking.  Let  us  consider  as  confirmation  of  this  one  example  of  the  influence  of 
interference  on  an  incoherent  range  finder. 

In  order  to  be  sure  that  low  noise  immunity  of  incoherent  range  finders  to 
passive  interferences  has  a  fundamental  character,  we  consider  a  range  finder  with 
an  optimum  discriminator.  For  definitiveness  we  consider  that  the  discriminator  is 
realized  by  a  "shortening"  filter  ideally  matched  with  the  sounding  signal,  a  square- 
;.aw  detector  and  two  gates,  narrow  as  compared  to  the  duration  of  the  "shortened" 
pulse,  with  detuning  26,  which  we  now  will  consider  finite,  and  in  final  results  we 
pass  to  the  limit  6  -»  0,  i.e,,  we  turn  to  the  case  of  an  optimum  discriminator. 
Modulation  of  the  signal  we  consider  arbitrary.  For  narrow  triangular  gate  pulses 
the  process  at  the  output  of  the  discriminator  can  be  considered  a  discrete  random 
process  with  a  period  of  repetition  of  the  signal  Tr> 

If  the  value  of  this  process  in  the  j-th  period  is  equal  to  v.(A),  where  A  i.s 
mismatch,  it  has  mean  value  v  .  (A)  and  correlation  function 

*JUA<0)  =  (ft  (0)  -  ft  (0)]  [vk  (0)  —  ^7(0)], 

tne  gain  factor  and  the  equivalent  spectral  density  of  the  equivalent  continuous 
process  are  determined  by  relationships 


(6,10.2) 

(6.10.5) 


Output  voltage  of  the  discriminator  v^(A)  can  be  recorded  through  the  square  of 
the  envelope  of  output  voltage  of  the  "shortening"  filter  in  the  j-th  period  z.('t) 

J 

in  the  following  way: 

ft  (A)—Zj  -f  8  —  A)  -  zj  (t.  —  8  —  A).  (8.io.  4 ) 

Here  —  true  value  of  delay;  tq  -  A  =  r  —  its  measured  value, 


{*•(*— Oft 


(8.10.';.) 


—  the  square  of  the  envelope  of  output  voltage  of  the  "shortening"  filter  with  pulst 


response  h(t)  =  uQ(-t)  (uQ(t)  describes  modulation  in  one  period);  y  j ( t )  —  the  signa 
received  iii  the  j-th  period. 


Then 


(8.10/  ) 
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(S. 10.7 ) 


whore  j K ( ^' l1' 2 )  =  ^1  )  ~  zk^'2^  ^  —  correlation  function  of 

values  of  the  square  of  the  envelope  in  the  /j-rh  unu  k-tn  periods . 

Let  us  find  the  mean  value  of  the  square  of  the  envelope.  It  is  obvious  tna‘ 


*j(0=i  $  $  *•(*»— 0 #*•(*»  —  u)Ryik(Si,  sjdstdst 


(8.10.8) 


where  R  jj.  (t^,  tg)  —  correlation  function  of  the  received  signal,  consisting  of  a 
mixture  of  the  signal  reflected  from  the  target,  internal  noise  and  the  signal  from 
passive  interference.  As  it  was  shown  in  Chapter  I,  this  correlation  function  is 


e qua 1  to 


*»>*(',.  /,)  =  />«  Re 

4-A/.8 (/,  —  /,) 8^  +  Re  J  —  x)Xdxrike,m,v'~,')e‘**{l~k),  (8. 10.9) 


w  lie  re 


*"jk  —  coe^^ic of  interperiod  correlation  of  signal  ; 

r,,  —  coefficient  of  interperiod  correlation  of  lifer- 
,1K-  ferer-c; 


^  =  Aui^T^  -  [Aca^T^/cDr ]2ir  —  phase  shift;  for  s  period,  caused  by  differer.ee  of 

Doppler  frequencies  of  the  signal  and  interference; 

[A.u^T  1/271]  —  integral  part  of  ratio  Aa^T^/air; 


—  difference  of  Doppler  frequencies  of  signal  arid 
fl  interference. 

Phase  shift  6  is  convenient’.;,  presented  in  the  form 

I*=A®'a7V, 

I 

v.'nor'1  Aui^  -  [iYD^rr/2rr]2v/l^  —  difference  of  the  difference  Doppler  frequency 

■'lie  nearest  frequency  to  it,  which  is  a  multiple  of  the  frequency  of  repet.  11- 1  ov 

of  tin?  signal. 

Function  0(1)  rn  formula  (8.10.9)  is  the  distribution  density  of  power  wit!, 
respect  to  range  reflected  from  passive  interference,  expressed,  for  instance,  in 
w/uoec ,  This  function  is  connected  with  the  distribution  density  of  range  reflectors 


by  the  simple  relationship 


(8.10. 1J) 


where  —  effective  reflecting  surface  of  one  reflector; 

o,j  —  effective  reflecting  surface  of  target; 

n(r)  —  distribution  density  of  range  reflectors  (number  of  reflectors  in  a  layer 
of  unit  thickness). 


Substituting  expression  (8.10, 9)  in  formula  (8.10.8)  and  integrating,  we  obtain 


(8.10.11) 


where  C(x)  —  autocorrelation  function  of  one  period  of  modulation. 

If  density  of  reflectors  c(-r)  is  constant  within  limits  of  the  interval  of 
range  resolution,  the  component  caused  by  the  presence  of  passive  interference  is 

J«(x)lC(T-0r*~o<0  J|C(T-/)|*dT~o(T,)  J|C(jc)|Mjc,  (8.10.12) 

—OB  -OO  '  —00 

i.e.,  does  not  depend  on  t.  Therefore,  the  presence  of  passive  Interference,  as 
also  the  presence  of  internal  noises,  does  not  affect  the  gain  factor  of  the  dis¬ 
criminator,  and  magnitude  of  remains  the  same  as  before  (§  8.2). 

Note  that  in  a  nonoptimal  discriminator,  having  in  the  absence  of  interference 
null  shift  of  the  discrimination  characteristic  due  to  noises,  in  the  presence  of 
passive  interference  due  to  imbalance  of  channels  there  will  appear  additional 
systematic  error,  the  magnitude  of  which  may  be  very  significant  due  to  the  high 
level  of  interference. 

Likewise,  calculating  the  correlation  function,  as  we  have  done  many  times  for 
the  case  when  there  are  only  a  reflected  signal  and  noise,  we  can  obtain  the  f oih >w i n.<r 
expression: 

pi 

*«»(*,,  y =~rr!  pi*  I c (% -  y  c (*. -  y  p 4- 
+No  t]  I  c  (/t  -  y  |*  iik  +  Re  Ptc  (/,  -  /.)  C*  (T.  -  /,)  C  (x,  -  /,)  + 

'  ao  I* 

+nj\*(%)  jc*(*)Cc*+/l-yrfxjiM+4f5*^W  Jc(x-yc»(x-ydx  + 

—CO  J  -00  I 

I 

+  Re|^-  r;P^fjie,,*w-*,a(T.)C(x.-~y  X  C*(x,-y  J  C* (jf) C (.* 4- /,  —  y </*  J, 

(8.10.15) 

where  we  again  assumed  that  the  density  of  reflectors  within  limits  of  the  range 
resolution  interval  near  point  is  constant  and  equal  to  0(1^),  i.e,,  its  value 
at  the  point  of  location  of  the  target.  This  assumption  sufficiently  well  is  realized 
in  practice  already  for  comparatively  low  range  resolution  capability  of  the  radar. 
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Substituting  the  found  expression  for  the  correlation  function  in  (8.10.7), 
summing  in  accordance  with  formula  (8. 10. 5)  and  passing  in  the  obtained  expression 
to  limit  6  — ►  0,  for  equivalent  spectral  density  we  find  the  following  expression: 

"  — 00 

tt>  OO 

+ J 1 c  w  r.*" '  Ji  ■ c'  w  i’ dx +mmr-  j  1  ■ c  w  r  w  (w  .r,  )| , ,  8 . 10 . ,,, , 

where  it  is  assumed  that  the  width  of  spectral  band  of  passive  interference  Afr  i 
great  as  compared  to  the  width  of  the  spectrum  of  fluctuations  of  the  signal  Af  , 


and  function  f (Af n  T  ,  Ao^/Af  n  )  is  equal  to 


/  (w.n,  ^-) -J), 


(8.10.18) 


For  great  width  of  the  spectrum  of  interference  as  compared  to  the  frequency 
;of  repetition,  whan  r.,^  =  6^,  this  function  is  equal  to  one,  and  in  the  opposite 
case,  v/hen  Af  T  «  l,  summation  in  formula  (2.10.15)  can  be  replaced  by  integra¬ 
tion,  and  then 


/(W.n. 


(d.  10  .!>■  ) 


3 re  Sn  (oj)  —  spectral  density  of  interference,  normalized  so  that  Sn  (0)  =  1. 

In  the  particular  case  cf  exponent ial  correlation  of  interference,  when 

-2Af:,  T  |  i-k|  , 

.  =  e  “  ,  the  exact  expression  for  f (Af  n  Tr,  Ate  /Af  n  )  has  form 


/  (*f»n,  *5t)-h - f — '/»<■’.  y  r 

V  '•>  *w.[.+(55^)J 


(8.10.17) 


Considering  in  greater  detail  the  expression  for  S3KB>  we  see  that  the  first-  - 
terms  are  caused  by  the  presence  of  interna],  noises  and  remain  in  the  absence  of 
interference,  characterizing  accuracy  of  measurement  with  internal  noises  alone. 

The  last  term  is  caused  by  the  interaction  of  the  signal  with  interference  and 
depends,  at  least  for  a  frequency  of  repetition  high  as  compared  to  Af  ,  on  the 
difference  of  Doppler  frequencies  of  the  signal  and  interference.  This  term  coincides 
with  the  corresponding  component  of  S3iip  caused  by  the  presence  of  passive  inter¬ 
ference;  in  coherent  systems  and  with  selection  of  a  high  frequency  of  repetition 
it  is  determined  only  by  the  magnitude  of  the  difference  DoppDer  frequency.  There¬ 
fore,  for  all  "nonblind"  speeds  (see  Paragraph  'J.lhA)  this  term  does  not  lead  to 


--J  ki, ■  ■Arfiikkiifri jfcutfc  . llteil 


increased  errors  of  measurement. 

The  third  term  in  formula  (8.10.14)  is  caused  by  interaction  of  interference 
with  noise  and  has  an  order  of  1/q  (let  us  remember  that  in  accordance  with  (8.10.10) 
o(tq)  has  an  order  of  Pc ) .  This  term  has  a  specific  incoherent  form  —  it  does  not 
depend  on  Af  n  Tr  and  Au.'^.  In  coherent  systems,  thanks  to  the  presence  of  narrow- 
band  filtration  of  noise  at  the  signal  frequency,  this  term  also  depends  on  the 
difference  Doppler  frequency  and  for  sufficiently  great  detuning  turns  out  to  be 
small  as  compared  to  q. 

Aii  analogous  state  of  affairs  occurs  with  respect  to  the  fourth  term,  which  is 
caused  by  the  interaction  of  interference  with  interference.  This  term  gives  the 
main  component  of  spectral  density  —  it  does  not  depend  on  the  signal-to-noise  rat  to 
q.  In  coherent  systems,  thanks  to  the  fact  that  to  the  discriminator  output  there 
pass  only  lateral  components  of  the  spectrum  of  interference,  this  term  also  depends 
on  detuning. 

Integrals  in  formula  (8.10.14)  have  the  order  of  magnitude  of  the  effective 
range  resolution  Interval  At ~  lVb,  i.e.. 


-00 

00 

4-  jlC'WPrfx&At,*. 


(8.10.18) 

(8.10.19) 


Then 


c.At 

where  o  =  cn — * 
n  0  d 


]\C(x)  j* (-4-)  =/>e 


(8.10.20) 

total  reflecting  surface  of  interference  In  the 


resolving  volume  of  the  radar. 

With  an  accuracy  of  a  numerical  coefficient  of  the  order  of  unity,  equal  to  i!,: 
quantity,  too,  is  the  product 


iT* 


(8.10.21 ) 


More  exactly,  Integrals  (8.10.18)  and  (8.10.19),  for  instance,  for  the  Gaussian 
autocorrelation  function 


C(*)  =  ex  P(— r1) 

are  equal  to 
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(8.10.22) 


0Q  ' 

=  j\C(x)\*dx=y^. 

»~oo 


Thus,  taking  Into  account  (8.10.20)  and  (8.10.21),  we  can  give  equivalent 
spectral  density  the  form 


!»4(7+T+it" +*>+(v)’*+-£  ’  $*•)}■ 


[8.10, 


where  a  —  numerical  coefficient  of  the  order  of  unity  (for  Gaussian  C(x)  it,  ;i  s 
equal  to  1/2). 

Consequently,  even  for  a  large  signal-to-noise  ratio  q,  a  narrow  spectrum  of 
interference,  and  great  detuning  in  frequency  (Au'^/Af n  »  1),  the  equivalent  spectral 

p 

density  may  be  very  great.  Its  limiting  value  is  determined  by  (o  „  /a  )  .  If  il¬ 
ls  considered  that  in  the  resolved  volume  there  are  reflectors  with  total  reflecting 
2 

surface  a  n  ~  50  ra  ,  then  even  for  the  largest  air  targets  with  a.  reflecting  surf--  ce 

O 

of  uiie  order  of  10  to  20  m  [2o  ]  ^  .iu  spectral  density  of  is  (C  to  if,)..^./! , 

i.e, ,  .is  the  same  as  in  the  absence  of  interferences  and  for  a  signal-to-noise  ratio 
q  ~  0.4  to  0.2.  Here,  as  follows  from  results  in  §  8.9,  in  most  cases  there  occur • 
disturbance  of  linear  conditions  in  the  tracking  system,  errors  of  measurement 
essentially  increase,  and  breakoff  of  tracking  becomes  possible.  In  many  cases  ratio 
n  r]  /o  can  reach  considerably  j arge. 2  values.  Therefore,  the  influence  of  passive 
interference  on  an  incoherent  range  finder  leads,  actually,  to  the  impossibility  of 


rs.risvi*  finding . 

The  only  specifically  incoherent  means  of  combatting  passive  interferences  kn  v 

at  present  is  incoherent  a.lternating-period  compensation  [1,  54 ] .  It  consists  or 

the  following:  "shortened"  pulses  after  detection  are  delayed  a  period  and  are  sub- 
» 

tractcd  from  the  undelayed  sequence  (see  Chapter  IV).  Then,  the  difference  signal  is 
fed  to  gating  stages  for  formation  of  the  signal  of  range  mismatch. 

If  the  width  of  the  spectrum  of  interference  is  sufficiently  small  as  compared 
to  the  frequency  of  repetition,  the  components  of  output  voltages,  caused  by  the 

presence  of  interference,  due  to  their  correlatedness  are  partially  compensated, 

/ 

and  the  signal-to-interference  ratio  is  improved.  With  incoherent  compensation 
there  occurs,  basically,  decrease  of  the  basic  component  of  equivalent  spectral 
density,  which  is  caused  by  interaction  of  interference  with  itself  (the  term  in 
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formula  (8,10.24)  which  is  proportional  to  (on  /a n)  ).  The  magnitude  of  suppression 
essentially  depends  on  the  degree  of  Interperiod  correlation  of  interference  and 
the  form  of  its  spectral  density.  The  relative  magnitude  of  suppression,  i.e.,  the 
degree  of  increase  of  the  signal-to-interference  ratio,  depends  also  on  the  speed 
of  the  target. 

On  the  basis  of  estimates  given  in  Chapter  IV  one  may  assume  that  suppression 
of  Interference  has  an  order  of  1/Af  T  .  For  normally  used  frequencies  of  repeti¬ 
tion  and  width  of  the  spectrum  of  interference  of  several  tens  of  cycles  per  second, 
which,  is  characteristic  of  fixed,  e.g.,  ground  radars,  this  suppression  can  attain 
10-20  db.  In  the  case  of  moving  airborne  radars,  due  to  great  width  of  the  spectrum 
of  passive  interference  suppression  turns  out  to  be  essentially  smaller  or  may,  i 
general,  be  absent . 

Thus,  incoherent  compensation  of  passive  interference  is  not  a  radical  means 
of  protecting  radars  and  in  many  cases  cannot  ensure  reliable  range  finding.  There¬ 
fore,  the  only  truly  effective  means  of  protecting  pulse  range  finders  from  passive 
Interferences  is  application  of  coherent  techniques. 

Most  frequently  this  is  attained  by  introduction  of  coherent  alternating-period 
compensation  (Chapter  IV),  which  for  sufficiently  high  multiplicity  ensures  approxi¬ 
mately  the  same  results  as  the  coherent  range  finders  considered  in  the  preceding 
chapter.  Theoretically,  it  turns  out  that  all  terms  in  formula  (8.10,24)  depend 
on  the  difference  Doppler  frequency  and  for  sufficiently  great  detuning  are  small . 

In  practice,  due  to  the  presence  of  blind  speeds  and  nonoptimality  of  processing, 
efficiency  of  a  system  with  alternating-period  subtraction  is  lower  than  efficiency 
of  a  radar  with  a  coherent  range  finder  (see  Chapter  IV);  however,  in  many  important 
cases  suppression  of  interference  is  sufficient  to  guarantee  normal  efficiency  of 
tne  range  finder. 

§  8.11.  Conclusion 

The  conducted  investigation  of  incoherent  tracking  radar  range  finders  and 
comparison  with  results  pertaining  to  coherent  meters  shows  that  from  many  points 
of  view  differences  in  the  form  of  sounding  radiation  of  the  radar  and  in  methods 
of  processing  the  received  signal  do  not  lead  to  any  essential  difference  in  charac¬ 
teristics  of  accuracy  of  measurement . 

In  particular,  with  external  interferences  and  a  sufficiently  large  signal-U:- 
noise  ratio  potential  accuracy  of  range  finding  is  identical  for  coherent  and  inco¬ 
herent  signals.  Just  as  in  coherent  systems,  different  approximate  methods  of 
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realisation  of  optimum  operations  considered  in  this  chapter  ensure  accuracy  clone 
to  the  potential,  if  only  we  reasonably  select  parameters  of  the  correspcndi.11/3:  cir¬ 
cuits.  The  dependence  of  accuracy  of  measurement  on  the  form  of  modulation  in  inco¬ 
herent  discriminators  is  the  same  as  in  coherent.  The  influence  of  various  kirn.: 
of  nonidealnesses  of  processing  also,  basically,  remains  the  same. 

Essential  difference  in  the  characteristics  of  accuracy  of  coherent  and  inco¬ 
herent  radar  range  finders  can  take  place  with  external  interferences,  especially 
passive  ones,  in  this  respect  incoherent  systems  give  considerable  loss,  and  in  n 
number  of  cases  the  presence  of  passive  interferences  let  is  to  impossibility  of  Uiu! 
application.  Another  peculiarity  of  the  investigated  incoherent  rang/;  finders  ir 
worse  accuracy  for  low  signal  levels  and,  connected  with  this,  the  necessity  ■  f 
allowing  for  nonlinearity  of  discriminators  and  phenomena  of  breakoff  of  tracking. 

Regarding  questions  requiring  further  investigation  and  more  detailed  working 
out,  here  it  is  possible  to  repeat  everything  said  in  §  7.16  with  respect  to  pr^bie/:. 
concerning  coherent  range  finders.  Actually,  problems  enumerated  there  nave  iv- 
less  urgency  and  inrerest  in  this  case.  This  list  can  be  supplemented  by  a  seri.e-. 

(^f  specifically  "Incoherent"  problems.  F’ 1  practical  point  t  f  view  •'».*.•  r  <  ... 
most  interesting  such  problems  is  more  detailed  study  of  interference  resistance  f 
incoherent  range  finders  with  respect  to  passive  interferences.  Vi e  c.  ns  id'  a  curre/’' 
the  investigation  of  the  system  of  incoherent,  alternating-period  component,  it  n,  : 
ing  and  studying  other  possible  means  of  '  ■•oteet.Lon  from  passive  i ntorfv. nonces ,  a 
combined  system  using  for  protection  fr  -m  1:  >ssive  interferences  cohen-r.t  compensa¬ 
tion  with  external  and  internal  coiierer.ee,  etc. 

Another  interesting  question  .i.s  more  precise  definition  of  solution  (if  the 
;  rt.blom  of  synthesis  of  an  optimum  incoherent  discriminator.  Here  we  should  con- 
i  d-  r  ti,  presence  of  Intel  period  correlation  of  the  received  signal,  find 
i,-y  which  there  is  replaced  accumulation  ol  squares  of  the  envelope,  and  anaiyre 
their  influence  on  accuracy  of  measurement.  Although  physical  considerations  and 
consideration  of  the  limiting  cases  force  us  to  think  that  the  influence  of  Inler- 
peri.od  correlation  is  hardly  essential,  nonetheless  It  would  be  Interest  ing,  to  'bfai 
strict  analytic  confirmation  of  this  circumstance. 

One  more  important  question  is  investigation  of  nontracking  incoherent,  ranee 
finders.  Practically,  most  interesting  are  meters  using  a  unit  of  detection  chan¬ 
nels.  This  problem  obtains  special  urgency  in  connection  with  application  of  inco¬ 
herent  signals  with  high  range  resolution  capability,  provided  by  int.rapulse 
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modulation.  In  the  given  question  one  should  seek,  optimum  operations  of  processing 
the  signal  from  the  output  of  the  unit  of  channels,  and  study  characteristics  of  i 
accuracy  for  these  and  other  possible  operations. 

In  incoherent  range  finders  we  can  use  quantization  of  the  output  signal  by 
level.  (T>iis  quantization  may  be,  in  principle,  applied  in  coherent  range  finders, 
too.)  Investigation  of  systems  with  quantization  is  also  interesting  for  practice. 
Here  the  most  important  question  is  the  question  of  the  influence  of  the  magnitude 
of  quantization  on  accuracy  of  measurement  and  of  finding  conditions  when  quant iza- 

l 

I 

tion  can  be  disregarded.  ' 

However,  in  spite  of  the  fact  that’ there  are  a  number  of  unsolved  questions, 
results  of  the  present  chapter,  in  general,  permit  us  with  sufficient  knowledge  of 
the  matter  t.o  approach  the  problem  of  construction  of  incoherent  radar  range  finders 
with  arbitrary  intrapulse  modulation  and  of  Investigation  of  their  accuracy  in 
various  conditions.  These  results  give  the  possibility  of  correctly  selecting  tnu 
functional  circuit  of  the  discriminator  of  a  range  finder,  to  estimate  the  influence 
of  various  kinds  of  deviations  from  optimality  of  processing,  to  calculate  character¬ 
istics  of  discriminators  taking  into  account  these  deviations,  and  t.:  analyze  accu¬ 
racy  of  range  finding  with  different  laws  of  motion  of  the  target  and  different, 
smoothing  filters.  The  formulas  for  accuracy  of  measurement  obtained  above  perm.ii. 
us  to  correctly  select  the  required  magnitudes  of  width  of  the  spectrum  of  modula¬ 
tion  and  of  the  energy  of  the  received  signal. 
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CHAPTER  IX 


MEASUREMENT  OF  SPEED 
§  9.1.  Introductory  Remarks 

Requirements  on  contemporary  radars  frequently  lead  to  the  necessity  of  the 
measurement  not  only  of  current  coordinates  of  targets,  but  also  rates  of  their 
change .  In  certain  radar  systems  it  is  desirable  to  measure  both  radial,  and  also 
tangential  components  of  velocity  and  to  find  as  a  final  result  the  velocity  vector 
of  the  target  with  respect  to  the  radar.  Moreover,  there  exist  technical  problems 
leading  to  the  necessity  cf  measurement  of  the  second  derivative  of  coordinates  of 
targets  for  discerning  the  latter  and  for  exact  prolongation  of  their  trajectories. 

However,  of  greatest  interest  is  measurement  of  the  radial  component  of  velocity. 
It  is  needed,  for  instance,  for  navigational  systems,  where  there  are  used  Doppler 
groundspeed  meters  (dead  reckoners).  Measurement  of  radial  velocity  in  the  variant 
of  automatic  tracking  of  frequency  of  reflected  signal  is  necessary  during  construc¬ 
tion  of  any  coherent  radars,  since  they  contain  narrow-band  filters  (see  Chapters 
IV  and  VII),  which  it  is  necessary  to  uune  upon  change  of  frequency  of  the  signal  . 

'Rhus,  from  the  principle  of  construction  of  coherent  radars  there  ensues  the 
necessity  of  measurement  of  Doppler  shift  of  frequency  of  the  signal 


where  V  —  radial  velocity; 

X  —  wavelength  of  the  generated  oscillations. 

Namely  for  this  of  greatest  interest  is  investigation  of  Doppler  speed  meter:.;, 
which  is  the  basic  content  of  this  chanter.  Besides  direct  measurement  of  radial 
velocity  using  the  Doppler  effect  there  are  applied  other  methods  of  finding  it. 

Preceding  page  blank 
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baaed  on  use  of  range-finding  systems,  since  voltages  at  certain  points  of  filters 
of  range  finders  are  proportional  to  radia.1  velocity.  Such  a  method  is  essentially 
the  only  one  for  incoherent  pulse  radars  with  short  pulse  duration,  since  attempts 
to  measure  speed  by  Doppler  shift  of  frequency,  determined  during  a  pulse  durn'-i  -  . 
usually  do  not  stand  up  to  criticism  in  connection  with  low  accuracy  of  measurement  . 
Measurement  of  tangent  components  of  velocity  can  be  performed  using  goriiometrieai 
systems  of  radars.  Questions  of  measurement  of  speed  with  the  help  of  range  finders 
and  goniometers  also  will  be  seen  in  this  chapter. 

As  also  in  preceding  chapters,  we  will  be  interested  first  of  all  in  finding, 
optimum  methods  of  construction  of  speed  meters  (their  discriminators  and  srac.oi-'nlng 
circuits),  allowing  us  to  obtain  minimum  errors  of  measurement  in  the  presence  c-f 
noises  and  with  allowance  for  fluctuations  of  the  signal  reflected  from  the  t.arg-  t, 
Quantitative  estimation  of  these  errors,  Just  as  of  errors  of  measurement  of  speed 
with  various  applied  methods  of  construction  of  discriminators  and  smoothing  circuits, 
is  the  next  problem  of  this  chapter.  Furthermore,  we  analyze  nonlinear  phenomena  in 
speed  meters,  taking  place  with  intense  noises  and  leading  to  breakoff  of  tracking 
of  automatic  tracking  meters,  and  also  questions  of  the  influence  on  them  of  certain 
forms  of  active  and  passive  interferences. 

As  also  during  investigation  of  range  systems,  we  will  widely  use  results  of 
Chapter  VI  in  accordance  with  which  during  synthesis  of  optimum  speed  meters  which 
are  tracking  systems  of  definite  form,  v<»  shall  be  basically  interested  in  synthesis 
of  the  optimum  discriminator.  Smoothing  circuits  are  synthesized  for  any  meters 
in  Chapter  VI,  Correspondingly,  being  interested  in  Doppler  speed  meters,  we  shall 
first  determine  operations  of  an  optimum  frequency  discriminator.  Judge  different 
technical  methods  of  construction  of  the  discriminator,  giving  results  close  to 
opt  i.mrni,  and  make  certain  recommendations  ensuing  from  comparison  of  circuits  of 
discriminators,  .Smoothing  circuits  will  be  considered  from  the  point,  of  view  of 
application  of  results  of  Chapter  VI  to  measurement  of  speed  giving  physical  treatment:; 
and  examples,  illustrating  accuracy  of  the  obtained  meters  as  a  whole.  Special 
attention  will  be  paid  to  the  question  of  deviations  from  the  optimum  method  of 
construction  of  meters  and  their  influence  ■  >n  accuracy  of  measurement  of  speed. 

Kstlmates  of  the  influence  of  strong  noises  and  interferences  on  Doppler 
tracking  speed  meters  are  given  on  the  basis  of  a  consideration  of  the  phenoim  i.un 
of  breakoff  of  tracking,  which  is  conducted  from  tenets  of  the  two  criteria  of 
breakoff  considered  in  Chapter  VI. 
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In  a  number  of  cases  they  apply  nontra eking  speed  meters,  in  particular, 
meters  containing  a  unit  of  filters  tuned  to  various  Doppler  frequence  .  Analysis 
of  potentialities  of  such  meters  is  also  given  in  this  chapter. 

Investigating  properties  of  meters  of  speed,  determined  by  differentiation  of 
a  ceorciiua te  (range,  angle),  we  shall  find  optimum  circuits  of  meters  for  certain 
particular  forms  of  statistics  of  change  of  speed,  and  also  we  shall  analyze 
accuracy  of  measurement  during  application  of  usual  forms  of  linear  filters  with 
constant  parameters. 

All  these  investigations  give  us  the  possibility  to  estimate  performance  of 
speed  meters  not  only  in  the  presence  of  internal  noises  of  systems,  but  also  under 
the  influence  of  certain  wide-spread  forms  of  interferences,  whose  effect,  ss  will 
be  shown,  is  equivalent  to  the  effect  of  noise. 


§  9*2.  Synthesis  of  an  Optimum  Frequency  Discriminator 


We  turn  first  of  all  to  measurement  of  radial  velocity  on  the  basis  of  the 


Doppler  effect.  The  measured  parameter  of  the  received  radar  signal  here  in 
Doppler  shift  of  frequency  u'fl  =  which  varies,  in  general,  randomly  in  time.  i"ne 
function  of  the  discriminator  of  a  tracking  radar  meter  is  singling  out  voltage 


proportional  to  current  mismatch  between  the  true  magnitude  of  cc^(t)  and  its  measured 
value,  which  is  the  output  variable  of  the  tracking  system.  Here,  as  follows  from 


Chapter  VI, an  optimum  discriminator,  ensuring  minimum  spectral  density  of  the 


random  component  of  voltage  at  its  output,  should  form  the  derivative 

p 

S|Q(t,  for  cu^,  equal  to  the  estimated  value  (output  variable  of  the  track¬ 

ing  meter).  Here  Q(t,  ou  )  is  determined  by  the  presentation  of  the  logarithm  of 
the  functional  of  the  probability  density  of  the  received  signal  y(t)  for  an  assign'’ 


value 


of  parameter  in  the  form 


where  C  does  net  depend  on  oo^. 

To  find  the  functional  of  probability  density  P[y(  t)/u)jj(  (.)  j  necessary  f  .r 
further  calculations  it  is  necessary  to  assign  the  form  of  signal  y(t).  In  accord*! ce 
with  the  description  of  the  signal,  given  in  Chapter  I,  the  reflected  signal  can 
often  be  considered  a  normal  random  process.  We  shall  be  interested  In  Its 
reception  in  white  Gaussian  noise  of  spectral  density  I i .  This  correspond:  1  o 
cases  of  the  presence  of  internal  noises  of  the  receiver,  of  broad-band  ac  Ive 
interferences,  and,  with  certain  assumptions,  stated  in  $  9.‘>,  passive  interferc-nfo:’. . 
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Then  the  received  signal  (mixture  of  reflected  signal  ana  interf erence )  y'(f) 
is  a  normal  random  process  whose  correlation  function,  according  to  (1.4.3),  is 
determined  by  expression 

R  (*i.  <,)  =  Petit  (tt  —  t)  (/,  —  *)  p  (/,  —  /,)  X 

X  cos  (/,  -  U)  -f  (/,)  (/,  -/.)  +  *  (/,  -*)-*<*,-  t)l-f 

(9.2.1) 


where,  as  before,  u  (t)  and  V'(t)  —  laws  of  amplitude  and  phase  modulation  of  the 

3. 

signal,  respectively;  t  —  delay  of  the  reflected  signal;  !’  —  its  mean  power; 

p(t)  —  correlation  function  of  fluctuation::  of  the  signal;  a>  { t )  -  a  function, 
representing  Doppler  shift  of  the  frequency  of  the  signal,*  slow  as  compared  to 

p(t). 


Calculation  of  the  functional  of  probability  density  of  a  normal  random  signal 
with  correlation  function  of  form  (9.2.1)  already  is  given  in  Chapter  IV  during 
synthesis  of  an  optimum  detector  of  a  coherent  signal.  According  to  (4.3.7;  the 
logarithm  of  the  likelihood  function  (functional  of  probability  density  ol-  signal 
y ( t ) )  is  presented  in  the  form  just  now  mentioned; 


£(«*)=c+ •*)! 'dt. 


(y.2.2) 


’Strictly  speaking,  v/ith  «  ran slgr.a  j  and  radial  velocity  of  she  target 
varying  in  time  one  should  talk  a tout  random  changes  of  phase  of  the  signal,  con¬ 
nected  with  radial  velocity,  These  changes  can  be  presented  in  the  form 


■f 


?(<)==  \  «•*<*)*• 


Jn  the  expression  for  the  correlation  function  of  the  signal  there  is  the  difl'cro,, 

i. 


Af  *»  f  (tt)  -  f  (/.)  =  |  (*)  <**- 


in  connection  with  the  assumption  of  the  quickness  of  change  of  components  of  the 
random  signal  as  compared  to  changes  of  speed  of  the  target  for  intervals  t^  -  tp, 

corresponding  to  the  interval  of  correlation  cd‘  the  shown  components,  this  approxi¬ 
mate  equality  it  valid: 


Af  «*  *a  (*i)  Vt  — 1*)> 


It  directly  leads  to  formula  (9,2.1)  for  the  correlation  function  and  to  the  above- 
indicated  interpretation  of  the  function  of  the  discriminator, 
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which  gives  the  possibility  of  direct  interpretation  of  operations  of  an  optimum 
discriminator.  Here  Q(t,  cu^)  is  the  result  of  passage  of  the  product  of  the  observed 
realization  of  signal  y(t)  and  a  reference  signal,  which  in  complex  form  is  expressed 


through  a  filter,  the  square  of  the  modulus  of  whose  frequency  response,  according 
to  (4.3.8),  is  equal  tc 


'I  »•('•>  I 


(9. 2,3) 


Quantity  h  is  the  signal-to-noise  ratio  and  is  defined  as 

Pt 

h—2mr' 

Afr  —  effective  band  of  fluctuations  of  the  signal; 

30(o>)  —  normalized  spectral  density  of  fluctuations. 
Correspondingly, 


I Q  (*»  •’a)  |*  — I  £  y  (*)  «a(s  — t)  e 


h.(t-s)ds\', 


(9.2. 4) 


where  hy(t)  —  pulse  response  of  a  filter,  whose  frequency  response  is  H0(lca).  This 
filter  is  a  low-frequency  equivalent  of  the  optimum  filter  of  a  coherent  receiver, 
encountered  already  in  problems  of  detection  and  range  finding.  The  obtained  result 
is  valid  in  the  case  of  rapid  fluctuations  of  the  signal. 

Output  voltage  of  the  optimum  frequency  discriminator  is  defined  as 


X  U.(s-  V'"*"  I’j . 


(9.2.9) 


where  uj  —  fixed  frequency  (hQ(t)  cos  o>n^t  —  pulse  response  of  the  optimum  filter); 

•r  =  ®»  +•*-{- 

A 

a'^(t)  —  estimated  value  of  Doppler  frequency,  obtained  from  the  output  of  the  meter, 
Recording  of  output  voltage  of  the  discriminator  z(t)  in  the  form  of  (9.2,9) 
permits  us  to  easily  give  the  following  physical  interpretation  of  operations  of 
the  optimum  discriminator.  The  expression  in  braces  is  the  square  of  the  envelope 
of  voltage,  formed  by  mixing  the  received  signal  y(t)  with  reference  signal 
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u  (t  -  t)  cos  [cDj,  t  +  (t  -  it)]  and  passing  this  signal  through  an  optimum  filter, 
tuned  to  intermediate  frequency  ou^.  Here,  delay  of  modulation  of  the  reference 
signal  t  should  correspond  to  the  true  distance  to  the  target.;  it  is  determined 
practically  by  output  voltage  of  the  range  system.  The  frequency  of  flit  he  .-r 

A 

dyne  oscillator  should  be  tuned  to  ojq  +  which  is  attained  with  the  help 

of  the  voltage  from  the  output  of  the  synthesized  speed  meter.  Mixing  of  the 
recieved  signal  with  the  shown  reference  signal  ensures  convolution  of  phase  modula¬ 
tion,  as  a  result  of  which  there  is  obtained  a  signal  unmodulated  in  phase  and  the 
best  separation  of  the  amplitude-modulated  signal  from  noises. 

Naturally,  convolution  of  phase  modulation  during  mixing  with  heterodyne  volw- ■ 
and  multiplication  by  function  u  (t  -  a),  expressing  the  law  of  amplitude  modulai/J • 
(gating  during  pulse  modulation  of  the  signal)  by  no  means  must  necessarily  be 
produced  by  giving  to  heterodyne  voltage  the  corresponding  law  of  amplitude  modula¬ 
tion,  These  two  functions  can  also  be  realized  separately, 

formation  of  the  square  of  the  envelope  of  voltage  at  the  output  of  the  fi.'  ter 
can  be  carried  out  by  a  square-law  detector.  In  order  to  produce  voltage,  propor¬ 
tional  to  the  derivative  with  respect  to  lu..,  it  is  possible  to  realize  two  channels 
of  the  described  form,  filters  of  which  are  detuned  relative  to  cor[p  by  *— ,  and  to 
subtract  the  output  voltages  of  these  channels.  As  a  result  we  replace  differentia¬ 
tion  by  calculation  of  the  difference  and  as  Act  -*•  0  output  voltage  of  the  resulting 
circuit  seeks  z(t) .  Optimum  speed  meter  is  seen  in  Fig,  0.1. 


fig.  9.1.  Optimum  speed  meter:  i  —  con¬ 
trolled  local  oscillator;  2  —  mixer;  5  — 
filter;  4  —  square-law  detector;  b  — 
smoothing  circuit. 


Comparison  of  the  obtained  form 
of  optimum  processing  of  a  signal 
with  results  of  Chapter  IV  shows  that 
an  optimum  frequency  discriminator 
consists  of  two  channels  oi  optimum 
detection,  detuned  with  respect  to 
the  measured  parameter  (frequency), 
which  facilitates  construction  of 
radars  optimum  both  in  conditions 


of  detection  and  in  conditions  of  measurements. 


We  emphasize  that  the  optimum  circuit  is  synthesized  for  an  arbitrary  form  of 
radiation,  both  continuous  and  also  pulse,  Operations  of  processing  the  signal, 
starting  with  narrow-band  filtration,  do  not  depend  on  the  method  of  radiation  and 
form  of  modulation.  This  will  facilitate  our  further  consideration  of  different 
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.till  J*!L  ;4!:lil  r  i-i-j,',  !  I!  j  .  ,  liMlH. 


deviations  from  the  optimum  method  of  construction  of  the  frequency  discriminator, 
allowing  us  not  to  turn  to  concrete  forms  of  modulation. 


§  9.3.  Characteristics  of  an  Optimum  Frequency  Discriminator 
The  found  frequency  discriminator  is  optimum  from  the  point  of  view  of  obtaining 
maximum  accuracy  of  measurement  of  speed.  Therefore,  its  basic  characteristics  are 
magnitudes  characterizing  accuracy,  i.e.,  in  accordance  with  ChapterVI,  equivalent 
spectral  density  SQnT  and  a  coefficient  determining  the  intensity  of  parametric 
fluctuations 

nap 

Equaivalent  spectral  density  with  an  optimum  discriminator  can  be  found  accord¬ 
ing  to  (6.7.33)  hy  the  formula 

O-I  _  *  f  tt.  Mji)  dR(tt.  »») 

so.,~~w  - (9.3il) 


where  R(t^, 
w(t1, 


t0>  o>  )  —  correlation  function  of  the  received  signal,  determined  by 
A  formula  (9,2.1); 

t2,  <u  )  —  function,  found  from  solution  of  equation  (6.7.20),  equal  to 


®a)  =  —  «•(*,  —*)«»('.  —  t)cos[(<B0-f«A)(/l— g-f- 


zr.] 


hSt  («*) 


I  -J-  AS.  («) 


dm  ~\~ 


+^-8(^-0- 


(9.3.2) 


Substituting  (9.2.1)  and  (9.3.2)  in  (9.3,1)  and  performing  calculations,  we 
obtain 


—  1  f  r  hs\  («)■  y  . 

3  L  1+Mi(«)  J  ’ 


(9.5.3; 


where  the  stroke  is  the  sign  of  differentiation. 

The  same  result  can  be  obtained  by  another  method,  if  we  consider  that  for  an 
optimum  discriminator 


'ont  ■ 


1 

Xni 1 


where  K  —  the  gain  factor  of  the  discriminator,  defined  as 


(5 


4) 


dmA  h,  =•, 


(9.3.9) 


-413- 


Averaging  in  set  (9.2.5),  we  easily  obtain  for  the  discrimination  character- 


' istic  of  an  optimum  frequency  discriminator 

so 

fl(8)  =  J(n j  =  -~  (9.3.0) 

A  p 

where  6  =  (o  -  and  | HQ ( ito)  |  is  determined  by  expression  (9.2.3). 

From  (9-3.5)  and  (9.3*6)  we  can  obtain  formula  (9.3.3)  for  equivalent  spectral 
density.  Moreover,  we  incidentally  obtain  the  expression  for  the  discrimination 
characteristic  of  the  optimum  discriminator,  needed  during  the  analysis  of  processes 
occurring  with  strong  noises  and  interferences . 

For  finding  the  coefficient  of  parametric  fluctuations  Sr0j-  we  calculate  the 
equivalent  fluctuation  characteristic  of  the  discriminator 

os 

$.«.(*)  =  \  [z{t,  2) Z (/+*,  S)  —  z (V,  5) z (/  -ft,  ',)!  rft.  (9 

•0 

Performing  calculations,  we  obtain 

5— (S)==^~  I  <®+e))!t]' lAS»(")+ll*rf<0-  (5.3.8) 

Coefficient  S.,nT.  is  now  calculated  as 

Jjflp 

c  __  ! 

2  sp  |i=o-  (9.3.9) 

From  the  obtained  expressions  it  follows  Uhac  both  equivalent  spectral 
density  S  ^  and  coefficient  Srflr  do  not  depend  on  the  form  of  modulation  of  the 
sounding  signal  but  are  determined  only  by  the  signal- to-noise  ratio  h  and  the 
form  of  the  spectrum  of  fluctuations  of  the  reflected  signal  Sy((u) , 

Of  basic  importance  for  determining  error  of  the  speed  meter  is  the  equivalent 
spectral  density  So;)1.  Let  us  find  it  for  certain  characteristic  forms  of  8u(tu) . 

If  spectral  density  of  the  signal  corresponds  to  white  noise  passing  through 
an  HC-filter,  then 

«.(•)=— 

>  + 

where  Af  —  effective  band  of  fluctuations  of  the  signal. 

Substituting  (9. 3. 10)  in  (9.3.3),  we  obtain 

*  _oai  ^r+*(i  + vt+a).  (9.3.11) 

°OB» "»/  C  - -  - - - —  * 


(JAN  ) 


(9.3.10) 
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When  the  spectral  density  of  the  signal  corresponds  to  white  noise  passing 
through  two  series-coupled  RC-filters 


$.<•>== 


['■‘-(■wOT 


7’ roii.  (9.5.3)  we  obtain 


[l-3j/ 

+T|/  j(i  +  »)(i' r+i- 1)  ] 


(9.3.12) 


(9.3.13) 


If,  however,  the  spectrum  of  the  signal  has  a  Gaussian  form. 


3.(-)=.«xp[-i(*),j, 


it  is  possible  to  calculate  S  approximately,  obtaining  here 


(4^2*-^.  h<\ , 


(In  A)3/J— 2  (In  h)'12 


(9.3.14) 


(9. 3.1'.) 


Dependences  of  sonl/Afc  on  the  signal-to-noise  ratio  h  for  the  three  considered 
cases  are  shown  in  Fig.  9.2. 

These  three  cases  do  not  exhaust,  of  course,  all  possibilities .  However,  they 
belong  to  one  family  of  functions  S  (<o,  n),  depending  on  integral  parameter  n, 


where 


5*(*’  TSm*!"’ 

-  —  1  (2«-2)! 
n  “  4/.  2*"-'[(n-l)!|«- 


(9.3.16) 


Generalizing  the  obtained  results  for  an  arbitrary  n,  we  can  obtain  limiting 
relationships  for  S  for  small  and  large  signal-to-noise  ratios: 


5  /-v  —  g">-*(g"+  1)[(H  — 1)!1» if  n 

*on*  [ft)  —  A,  ni  (2/J  —  2jj  h  -*■  0, 

S*n  (ft)  =  A/ e  h-*-oo. 


(9.3.17) 


From  these  relationships  and  from  Fig.  9.2  it  follows  that  for  small  h  the 
magnitude  of  SonT  depends  little  on  the  form  of  the  spectrum,  being  proportional 
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Fig.  9.2.  Dependence  of  equivalent  spectral 
density  of  an  optimum  frequency  discrimina¬ 
tor  3unrj  on  the  signal-to-nolse  ratio  h: 

-  S.^oi)  is  expressed  by  formula  (9.5,10); 

- (o>)  is  expressed  by  formula  (9.5,12); 

S0(ui)  Is  expressed  by  formula  (S.jJ.l^); 


to  l/h‘1 .  For  large  h(h  >  10'.;) 
the  magnitude  of  S  essentially 
depends  on  the  form  of  the  spectrum, 
varying  as  ii  -*  oi  from  (..  =  I 

to  0  (n  -*  cd)  .  in  Table  9.1  is 
given  the  dependence  of  limiting 
values  of  SQI!T  on  the  approximation 
of  the  spectrum  for  family  (9. 5.16';, 
For  very  large  signal- to-noi.;e 
ratios  the  question  of  optimized  lor 
of  a  meter  usually  does  not  arise. 
Therefore,  working  signal-to-noise 
ratios  should  be  considered  magnitudes 
of  h  =  0,1  to  100.  In  this  range 
of  h  the  dependence  of  S„„,r  on  the 
form  of  the  spectrum  of  fluctuations 


of  the  signal  Is  not  great  ana  it  often  can  be  ignored,  considering  for  simplicity 
appr oximalion  ( 9 . 5 . 10 ) , 

It  should  be  noted  that  one  should  not  especially  trust  the  obtained  valuer  of 
SQnT  for  very  large  h,  since  the  calculating  formulas  used  here  become  insufficiently 
exact. 

Table  9,1 


n 

1 

z 

3 

4 

s 

00 

„  h'So, t 

IS 

16 

18,3 

18,35 

18,32 

18,3 

.  .  . 

17,7 

..  Soft 

r. 

2 

1 

: 

0,E9 

1 

0,4 

0,29 

•  *  ' 

1 

0 

Desides  consideration  of  the  dependence  of  S  on  h  one  should  emphasize  the 

Oil  1 

proportionality  of  SonT,  and  consequently,  and  of  variance  of  error  <>f  measurement, 
of  speed,  to  the  effective  width  of  the  spectrum  of  fluctuations  of  the  signal 
hf c  ,  Here  there  exists  a  fundamental  difference  between  results  obtained  for 
Doppler  speed  meters  and  meters  for  range  and  coordinates,  and  using  range  finders 
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and  goniometers.  It  consists  in  the  fact  that  there  exists  &  limiting  error  of 
measurement  of  speed  for  any  size  signal-to-noise  ratio,  while  in  range  finders  and 
goniometers  error ' decreases  without  limit  with  increase  of  this  ratio.  Physically 
this  is  explained  by  the  fact  that  in  a  speed  meter  subjected  to  measurement  is  the 
derivative  of  the  phase  of  the  signal,  which  for  the  accepted  idealizations  contains, 
duo  Lo  fluctuations  of  the  signal,  an  additive  random  addition,  not  depending  on 
the  signal-to-noise  ra.tio. 

Thus,  the  method  of  encoding  the  measured  parameter  (speed)  in  the  signal  in 
principle  does  not  permit  us  to  compensate  the  influence  of  fluctuations  of  the 
signal,  in  distinction  from  range  finders  and  goniometers  where  such  compensation 
is  possible. 

Assigning  the  simplest  form  of  spectral  density  of  fluctuations  of  the  signax 

(9.3.10),  by  formulas  (9.3.8)  and  (9.3.9)  we  find  SnjC)p.  Results  of  rather  cumbersome 

calculations  are  presented  in  the  form  of 

the  curve  of  Pig.  9.3.  As  h  -*■  co  quantity 

reacnes  its  maximum  and  is  equal  t.^ 
nap  1 


We  do  not  give  values  'f  S  for 

He4.] 


Pig .  9.3.  Dependence  of  the  coef¬ 
ficient  of  parametric  fluctuations 
of  an  optimum  frequency  dis¬ 
criminator  on  the  signal-to-noise 
ratio  h. 


l/2Afc  . 

small  h,  since  here  conditions  of  optimality 

of  the  synthesized  circuit  are  no  longer 

realized,  and  the  model  of  the  tracking 

meter  accepted  for  analysis  of  accuracy 

loses  its  meaning,  which  leads  during  formal 

application  of  the  expression  for  S  to 

nap 

physically  inexplicable  results.  We  .-■hall 
postpone  estimation  of  the  increase  of  fluc¬ 
tuation  error  due  to  parametric  flue  tun  i.lui; 
until  our  cons  id  era  t  i"n  •  .f  smoothing  fi.  ji.ee. 
and  of  errors  of  the  speed  meter  as  n  whole . 


§  9.4,  Analysis  of  Certain  Circuits  of  Frequency  Discriminators 

Let  us  turn  to  analysis  of  frequency  discriminators,  whose  circuits  differ  from 

the  above-considered  optimum  circuit.  Analyzing  properties  of  these  dl  sorim1.na1.orH 

and  characterizing  them  by  parameters  S  and  S  ,  we  have  the  possibility  of 

oKB 

comparing  different  discriminators  with  one  another  and  with  an  optimum  discriminator , 
As  a  result  we  shall  find  conditions  in  which  certain  of  the  circuits  are  close  in 
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performance  to  optimum  ones,  i.e.,  accuracy  of  measurement  of  speed  provided  by 
them  is  close  to  potential  accuracy  belonging  to  an  optimum  meter. 

For  convenience  of  consideration  we  introduce  certain  nonessential  idealization 
During  the  analysis  of  different  circuits  we  assume  that  convolution  of  the  spec t ru: 
of  an  arbitrarily  modulated  received  signal  is  realized  ideally.  This  assumption 
means  that  the  arbitrarily  modulated  signal  will  be  converted  into  a  signal.,  con¬ 
taining  only  one  spectral  component  of  width  Af  ,  by  which  we  measure  the  Doppler 

C 

frequency,  without  change  of  the  signal- to-noise  ratio  with  respect  to  the  input 
signal  of  the  receiver.  As  a  result  characteristics  of  the  considered  circuits  will 
not  depend  on  the  form  of  modulation  similarly  to  how  this  took  place  for  the 
optimum  circuit.  Subsequently,  we  shall  take  into  account  those  changes  to  which 
imperfectness  of  convolution  of  the  spectrum  o.f  the  signal  leads,  It  turns  out  tr.at 
this  is  possible  to  do  in  suff ieiently  general  form  without  turning  to  considerat i on 
of  t,he  concrete  forms  of  modulation. 

We  shall  subsequently  assume  that  the  receiver  in  the  considered  discriminators 
has  an  automatic  gain  control  [AGC]  system,  which  reduces  the  average  level  of 
voltage  «+  the  output  of  the  amplifier  cove  red  by  !  to  a  constant  level.  Thus, 
assumptions  abcut.  the  function  executed  by  the  AGC  system  remain  the  same  as  in 
Chap  ter  VII .  With  application  of  square-law  detectors  or  multipliers  in  circuits 
of  discriminators  this  leads,  naturally,  to  the  same  dependence  of  the  discriminator 
gain  factor  on  the  signal-to-noise  ratio  h 


where  K,  ,  —  nominal  value  of  the  gain  factor  in  the  absence  cf  noises; 

i*‘. 

Al'  —  effective  bandwith  of  the  amplifier  covered  by  the  AGC  loop  (Afy,  » 

»  Af  c  )  . 

When  there  is  no  AGC  system,  or  .It  does  not  work  due  to  smallness  of  the 
amplitude  of  the  signal,  the  dependence  of  Kfl  on  h  changes.  Here,  the  gain  factor 
of  the  discriminator  is  proportional  to  h.  There  may  be  other  dependences,  deter¬ 
mined  by  suppression  of  the  signal  by  noise  due  to  various  nonlinearities  in  the 
radio  channel.  However,  we  henceforth  take  dependence  (9.4,1). 

Let  us  consider  in  the  above-described  plan  some  of  the  most  widely  used  cir¬ 
cuits  of  frequency  discriminators. 
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9.4.1.  Circuit  with  a  Tuned  Loop  and  a  Phase  Shifter 

The  diagram  of  a  frequency  discriminator  is  shown  in  Fig.  9.4,  Input  signal 
y(t)  is  fed  to  a  mixer.  Heterodyne  voltage,  proceeding  to  the  same  mixer,  is 

modulated  in  phase  in  such  a  way  that 
there  is  ensured  phase  demodulation 
of  the  signal.  Heterodyne  frequency 
is  controlled  by  the  output  voltage 
of  the  speed  meter.  After  heterodyning 
the  signal  Is  subjected  to  amplifica¬ 
tion,  where  the  gain  factor  changes  in 
accordance  with  the  law  of  amplitude 
modulation  of  the  received  signal. 

In  the  case  of  a  pulse  signal  the  shown  operations  simply  signify  gating  of  the 
amplifier  with  the  proper  form  of  gate  pulse.  Delay  of  phase  modulation  of  the  local 
oscillator  and  amplitude  modulation  in  the  amplifier  is  controlled  from  the  output 
of  the  range  finder.  Then  the  signal  is  passed  through  an  amplifier  with  band 
Afy  »  Af c  ,  which  is  subject  to  automatic  gain  control.  Note  that  in  practice 
preceding  stages  (gated  stages)  may  also  have  gain  control. 

We  assume  that  band  Af  is  sufficiently  small  to  ensure  suppression  of  side¬ 
bands  of  amplitude  modulation  of  the  signal.  This  assumption  is  made  for  convenience 
of  further  analysis,  although  it  is  obvious  that  results  are  not  changed  If  it  is 
not  realized.  The  described  part  of  the  circuit,  ensuring  demodulation  of  the  signal 
and  reduction  of  it  to  a  level  corresponding  to  work  of  subsequent  stages  in  a 
linear  regime,  is  common  both  for  the  considered,  and  also  for  the  following  cir¬ 
cuit1’  of  discriminators. 

After  demodulation  the  signal  proceeds  to  the  tuned  loop  of  the  discriminator 
with  passband  AfK  and  from  its  output  it  is  fed  to  a  phase  detector;  simultaneous',-' 
to  the  phase  detector  there  is  fed  voltage  from  the  output  of  the  amplifier,  shiftcu 
v/2  by  a  phase  shifter.  Output  voltage  of  the  phase  detector,  which  multiplies 
these  voltages,  is  the  output  variable  of  the  discriminator,  which  after  amplifi¬ 
cation  and  smoothing  controls  the  frequency  of  the  local  oscillator.  The  principle 
of  action  of  the  circuit  is  based  cn  the  fact  that  the  phase-frequency  response  nr 
a  loop  tuned  to  a  certain  frequency  is  an  odd  function  of  detuning  relative  'o 
this  frequency,  approximately  linear  with  small  detuning.  As  a  result  during 
detuning  of  middle  frequencies  of  tne  filter  and  of  the  signal  beats  between 


Fig,  9.’;.  Diagram  of  a  frequency  dis¬ 
criminator  with  a  tuned  loop  and  a  phase 
shifter:  1  —  mixer;  2  —  controlled  local 
oscillator;  3  —  amplifier;  4  —  modulator; 
5  —  amplifier  with  controlled  gain;  6  — 
AGO  circuit;  7  —  tuned  loop;  8  —  phase 
shifter;  9  —  phase  detector. 
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component':  of  the  signal  at  the  pha^e  detector  input,  ahif l_a  tor:  espondingly  by 
tho  pause  shifter  and  filter,  form  a  constant  component.,  approximately  proper tioi . :■  \ 
to  detuning. 

The  mixture  of  the  signal  and  noise  at  the  input  of  the  disc  rim \n- .  or  J 


ed  to  frequency  ox,,,  can  be  presented  in  the  form 

«,  (/) = A  ( t )  cos  «„i>*  -j-  B  (t)  sin  ®„pf , 

re  ^(0 =o(0  cos  8/ -f  b(t)sinlt+t(t), 

B(t)  —  —  a  (0  sin  8/  4:  &  {0  cos  8/  ^  (/), 


(9.^ .2) 


(y.4  ..j) 


>j  —  detuning  between  frequencies  of  the  local  oscillator  and  the  signal : 

a(t)  and  b(t)  —  independent  normal  random  processes,  characterising  fluctuations  o; 
the  received  signal,  with  spectral  density  Sq(co); 

£(t)  and  Tj(t)  -  noises  with  spectral  density,  uniform  in  the  passband  of  the  loop 
and  equal  to  1/h. 

Strictly  speaking,  voltage  at  the  output  of  the  loop  is  not  equal,  but  propor¬ 
tional  to  u^(t)  with  a  proportionality  factor  which  depends  on  amplification  of 
the  channel  and  the  power  of  the  signal  at  the  input..  However,  subsequently  this 
proportionality  factor  has  no  significance,  since  we  introduced  characteristics  of 
tr,e  discriminator  which  do  not  depend  on  constant  proportionality  factors. 

Output  voltage  of  the  discriminator  u^(t,  &)  is  obtained  by  multiplying  the 
result  of  passage  of  u^(t)  through  a  filtc-  with  pulse  response  h(t)  cos  t  and 
the  result  of  shift  u^(t)  in  phase  by  ■■  / .  ,  hex-forming  the  shown  operations,  we 
have,  'with  an  accuracy  of  a  constant  coefficient, 


« 

(t.  *)  =  -j  J  h (t x) [A  (x) Bit)- A  (t)  B  (x)j  dx. 


('•'.4.4  j 


■‘.(■.•mining  by  usual  method  the  gain  factor  of  the  discriminator  K^,  we  hav» 


<9.4.5) 


where  Ilf iio)  —  Fourier  transform  of  h(t)j  *  —  designate:  a  complex  conjugate  magnitude 
and  the  stroke  —  sign  of  differentiation. 

Equivalent  spectral  density  S3KH  determined  by  the  value  of  the  fluctuation 
characteristic  for  &  =  0,  is  equal  to 


=  ~r~  j*  (I  ■ H (ix)  |*  -  («»))  [S. (.)  4~x]* 

For  the  simplest  form  of  spectral  density  (y.5.10)  and  a  loop  whose 


(9.4.6) 
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low- frequency  equivalent  has  frequency  response 


//(«*)  = 


1  + 


i*a 

W, 


(9.4.7) 


expressions  (9.4.5)  and  (9-4.6)  take  form 

L-  _  L  &fc&l  * 

’  *2(4/,+4/.)» 


7(7+^* 

S»H»  =  2A^«  ( 1  +  "Z/r)  [ 1  + -T  0  +  177)+ 

+  F'(1  +  177)  ]==2a^(1  +  4')  [l  +  4'(I+a)  + 

+-Sr<!  +»)*]• 


(9.4.8) 


(9.4 .9) 


Here  u  =  Afu/'Ai'  ;  k  —  proportionality  factor,  not  affecting  the  magnitude  of  S  . 
but,  in  general,  depending  on  the  signal-to-noise  ratio  due  to  the  infleunce  of  ••.!!«■ 
AGC  system,  described  above.  As  a  result  the  dependence  of  on  h  is  determined 
by  formula  (9.4.1).  Formula  (9-4.8)  determines  the  dependence  of  on  the  pass- 
band  of  the  loop  hfK,  From  (9.4.8)  it  follows  that  maximum  is  attained  at 
a  =.  A f„/Af„  =  1,  but  as  in  other  meters  this  still  does  not  minimize  S„ 

Quantity  3„_  consists  of  three  components,  caused  by  beats  of  components  of  the 

3KB 

signal  at  inputs  of  the  phase  detector  (component  not  depending  on  h),  beats  of  tht 
signal  with  noise  (component  containing  l/h)  and  beats  of  noise  with  noise  (comp. -nem 
with  l/h^) .  For  low-level  noises  the  first  component  predominates;  for  high  levels, 
the  third.  For  any  value  of  h  quantity  S3KB  has  a  minimum  at  a  certain  value  of 
the  ratio  of  bandwidth  of  the  loop  and  signal  a.  This  testifies  to  presence,  ss 
i.n  the  optimum  circuit,  of  an  optimum  value  of  bandwidth  Af  ,  Minimum  ,1^  it 
a Llained  at 


A<  1. 


h>\\ 


in  the  optimum  circuit,  according  to  results  obtained  above,  the  filter  snou !  1  imv 
the  same  form  of  frequency  response  with  the  relationship  of  bandwidth;; 

®oat  ==  V  1  “I-  S.  ('1,4.11; 

Thus,  i.n  a  circuit  with  a  tuned  loop  ana  a  phase  shifter  the  best  Bandwidth 
ol'  the  loop  is  approximately  1/3  as  broad  as  in  the  optimum  circuit  for  small  ii  .-md 
_JL 

/?  as  brood  as  in  the  optimum  for  Larg;  n.  This  is  explained  by  U»<  uiff<  v  nv 
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the  character  of  processing  of  the  signal.  It  is  useful  to  estimate  quaxitli-.:  ■>;' 
th<  considered  circuit,  comparing  it  with  the  optimum  circuit.  Therefore,  of 
interest  is  comparison  of  3  ,  del  by  formula  9),  with  exprewsm 

by  (r',5.31),  for  various  values  oi  .  .  u. 

Results  of  such  comparison  are  presented  in  Fig.  9,p.  For  low- level  rt.-iser 
and  large  a  from  formula  ( 9 - ^ • 9 )  and  from  the  given  curves  it  is  dear  that  the 

magnitude  of  Sr -*  2Af  ,  1 .  e , , 

2\B  O 

the  circuit  in  its  properties  ov 

not  differ  from  the  optimum  one, 

for  high-level  noises  and  a  »  . 

the  magnitude  of  3  is  appr  i  • 

mutely  proportions  J.  ir,  a",  Thi 

in  explained  both  by  lowering  of 

the  gain  factor  of  the  dj  scrlmJ 

tor,  and  also  oy  increase  of  tne 

power  of  noises  at  the  output  of 

■iu  loop  without  essential  incrcast 

oi  signal  pcwcr.  At  tl.i-  same 

time  narrowing  of  e,fJ(  with 

respect  t-,  the-  optimum  value 

■-■f  the  loop  l  assba.ud  also  i  r  ads 

to  growth  of  ,<J  due  t..'  decrease 
bi® 

of  the  gain  factor.  From  blue- 
given  curves  we  see  that  in  ih<- 
range  of  signal- to-nolse  ration 
I  -  o ,  1  to  101'  loss  i.n  the  considered  circuit  as  compared  to  the  optimum  can  u- 
reduced  by  selection  of  the  passband  of  the  loop  for  small  h  to  2'>]t  or  lens,  an  a 
1  iv  large  h  practically  to  zero, 

l.-ti  ring  the  analysis  of  nonlinear  phen  menu,  occur  lag  for  IM  gli-level  noises, 
it  may  be  useful  to  know  the  form  of  the  discrimination  charac*  rl.stlc  jf  the  con¬ 
sidered  circuit,  ii,y  averaging  we  obtain  f  ,r  it  the  expression 

•0 

0  (8)  ==  (*■)  IS.  (-  ~  »)  -  $.{•+  8)1  dm. 


Fig,  9 . h ,  Impendence  of  Sg^/S^,,..  on  the 

signal -to-nc.d  n<  ra1  io  h  for  discrimlua  t  n-s> 
wi t.h  a  1  jr.-i-d  loop  and  a  phase  shifter  arid 
i.  ...  oxers  and  differentiation  for  various  /,, 


(9. 'M2) 


Pig.  9.7. 


Dependence  of  S  on  a  for 

nsT 

discriminators  with  a  tuned  loop  and  a 
phase  shifter  and  with  mixers  and  dif¬ 
ferentiation  for  signal-to-nolse  ratio 
h  — *  co. 


For  spectral  density  of  signal  (9.5.1'-')  and 
frequency  response  (9*4,7’)  this  expression,  after 
calculations,  gives 


(5.4.13) 
(9.9 .1-9 ) 


tuned  loop  and  a  phase  shifter 
for  different  «, 


fl(8)  —  *u  +  «|  +Jr«* 

where 

‘ _ • _ 

*  —  2{Al.  +  qmy 

and  k^  —  proportionality  factor. 

Calculation  of  the  fluctuation  characteristic 
of  the  considered  discriminator  on  the  same 


assumptions  with  respect  to  the  form  of  the  spectrum  of  fluct.uati.onc  and  frequency 
response  of  the  loop  leads  to  expression 


S.„.  (x)  -  «/,  !±!  {'UI,'-t-.)'  +  *K-o(|  +  .|r  + 

i  2<l  +  •)  I  4-  (I  +  2«) 

- - |  *<— J- 


(••.'i.l') 


Coefficient  S„or  is  found  from  thLs  as 

c  _l  S".«.<0)  II  I  le  i  .  2, 

-  t  wrtiw  -2W.rr>[5+ •'  “  t + 

,  2(H-«)(2«-l)1 

+  /  ■*  J* 

where  the  two  strokes  designate  the  second  derivative  of  ."8HB  wltti  re  spect.  to 


In  Fig,  y.6  are  dependences  of  >5n0j  on  the  signal-to-nolse  ratio  h  for  Vari  -us 


values  .,f  the  ratio  of  bandwldthr;  of  the  loop  and  r.lgnal.  As  h  -»  co  the  magnitude 


of  Sftg  seeks  ft  limiting  value,  the  dependence  of  which  on  a  is  presented  in  Fig.  j.  f. 


With  decroace  of  h  the  magnitude  of  ii,,.,  grown  inversely  proportionally  to  ii., 

II"  J 
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9,4.2,  Circuit  with  Mixers  and  Differentiation 


During  presentation  of  circuits  of  frequency  discriminator's  here  and  subsequently 
we  shall  not  depict  circuits  of  demodulation  of  the  signal  and  of  preliminary  pro¬ 
cessing,  which  remain  the  same  as  in  the  circuit  of  Fig,  9.4.  The  part  of  the 
circuit  determining  the  principle  of  action  of  the  considered  discriminator  J.s 
shown  in  Fig.  9.8.  Output  voltage  of  amplifier  enters  two  mixers  to  which  as  the 

reference  voltages  there  are  fed  the 
voltage  of  a  local  oscillator  tuned 
from  the  output  of  the  meter  and  the  same 
voltage,  shifted  in  phase  ir/ 2  (with  the 
help  of  a  phase  shifter).  Output  voltage 
of  one  of  the  mixers  is  fed  to  a  low- 
frequency  filter,  and  from  the  other  to 
a  differentiating  circuit  with  the  same 
time  constant.  Output  voltages  of  the 
filter  and  the  differentiating  circuit 
are  multiplied  in  a  phase  detector, 
forming  the  output  voltage  of  the  discriminator. 

The  principle  of  action  of  this  discriminator  is  based  on  the  fact  that  with 
detuning  t  between  frequencies  of  the  local  oscillator  and  the  signal  at  the  output 
of  mixers  there  occur  variable  components  of  frequency  o,  shifted  in  phase  rr/2. 

The  differentiator  removes  this  phase  shift,  lorming  voltage  whose  amplitude  is 
determined  by  detuning.  As  a  result,  after  multiplication  in  the  phase  detector 
there  J.8  obtained  a  quantity  which  is  proportional  to  detuning  b. 

In  connection  with  the  fact  that  the  local  oscillator  is  tuned  from  the  fre¬ 
quency  of  the  input  signal  of  the  mixers,  voltage  at  the  output  of  one  of  them 
is  equal  to  A(t),  arid  at  the  output  of  the  other  is  B(t)  (9.4,5).  At  the  discrimina¬ 
tor  output  there  will  be  formed 

J  W  — /,)M/ -*,)>!{/.) B (/,)<//,<//„  (9.4.17) 

-io  -00 

where  h(t)  —  pulse  response  of  a  low-frequency  filter; 

l,.(t!  —  pulse  response  of  the  differentiating  circuit,  whose  frequency  response 
1  is  related  to  the  frequency  response  of  the  low- frequency  filter 

H(ioi)  by  relationship 

(lv).  (v.4. 18) 


Fig.  9.8.  Circuit  of  a  frequency 
discriminator  with  mixers  and  differen¬ 
tiation!  1  —  mixer;  2  —  phase  shifter; 
5  —  controlled  local  oscillator;  4  — • 
1-jw- frequency  filter;  5  -  differentia¬ 
tor;  6  —  phase  detector. 
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Using  formula  (9.4.17)  and  performing  proper  averaging,  we  obtain  the  gain  factor 
of  the  discriminator 


Kk  = 


w 


(9. 4.19) 


and  equivalent  spectral  density 

00 

=  -jjr  ^  (*<  un  (*  4"  0)  — 

0)1  *=±  (9.4.20) 

OO 

”x*”S  J  1 "  (,*}  I*  I  ('“)  t*  [S* (•)  +  T  ]* ' **>• 

■*  — OD 

In  order  to  have  the  possibility  of  comparing  properties  of  the  considered 
discriminator  with  properties  of  the  preceding  circuits,  we  consider  that  the  low- 
frequency  filter  in  this  case  has  frequency  response  H(itt),  determined  by  (9.4,7), 
i.e.,  is  the  1-f  equivalent  of  the  bandpass  filter  of  the  preceding  circuit.  Then, 
as  it  is  easy  to  show,  the  discrimination  and  fluctuation  characteristics  of  the 
considered  discriminator  and  of  the  discriminator  with  a  tuned  loop  and  a  phase 
shifter  coincide.  In  particular,  expressions  for  and  obtained  from  (9.4.19) 
and  (9.4,20)  coincide  with  formulas  (9.4.8)  and  (9.4.9),  respectively.  The  coef¬ 
ficient  of  parametric  fluctuations  is  determined  by  formula  (9.4.16),  This  means 
that  although  in  the  method  of  formation,  of  the  signal  of  error  the  circuits  of 
Pigs.  9.4  and  9.8  differ  from  each  other,  their  characteristics  completely  coincide 
(with  satisfaction  of  the  imposed  conditions),  and  all  dependences  obtained  above 
remain  in  force  for  the  given  discriminator. 

Thus,  these  two  discriminators  are  equivalent.  The  basis  for  application 
of  the  circuit  of  Fig.  9.8  instead  of  the  preceding  one,  in  spite  of  greater 
complexity,  is  the  possibility  of  using  low-frequency  filters  Instead  of  bandpass 
filters,  creation  of  which  causes  technical  difficulties  in  cases  when  the  signal 
has  a  very  narrow  band.  In  these  cases  there  is  required  high  stability  of  the 
bandpass  filters,  obtained  by  application  of  crystal  filters,  whereas  during  creation 
of  l ow-frequency  filters  no  difficulties  arise. 

9.4.3,  Circuit  with  Detuned  Loops 

The  considered  circuit  without  networks  intended  for  convolution  of  the 
spectrum  of  the  signal  is  presented  in  Pig.  9.9.  The  signal  from  the  output  of  the 
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Fie.  9* 9.  Circuit  of  a  frequency 
discriminator  with  uetuned  loops: 
1  —  loop;  2  —  detector. 


amplifier  proceeds  to  two  mutually  detuned 
(by  to)  loops.  Output,  voltages  of  the 
loops  are  detected  and  substr&cted,  forming 
the  output  quantity  of  the  discriminator. 

It  is  clear  that  as  to  approaches  zero  and 
with  matching  of  frequency  responses  of  the 
loops  with  the  spectrum  of  the  signal  the 


circuit  exactly  executes  optimum  operations.  However.,  here  the  transmission  factor 
of  the  discriminator  seeks  zero,  which  should  be  compensated  by  a  high-gain  ampli¬ 
fier,  coupled  in  series  with  the  depicted  part  of  the  discriminator  circuit.  In 
order  to  avoid  considerable  loss  in  amplification,  in  the  real  circuit  detuning  of 
Loops  is  produced  by  a  finite  quantity  to,  comparable  with  the  width  of  the  spectrum 
of  the  signal.  Furthermore,  there  is  practically  selected  some  transmission  band 
of  the  loops  AfK,  which  does  not  change  with  change  of  the  signal- to-noise  ratio 
h.  Frequently,  due  to  technical  conditions  it  is  impossible  to  select  this  band 
in  such  a  way  as  to  ensure  matching  of  the  loops  with  the  spectrum  of  the  signal. 

Considering  the  shown  peculiarities,  we  shall  analyze  qualities  of  the  circuit 
with  detuned  loops,  Voltage  to  the  input  of  the  analyzed  part  of  the  circuit  is 
determined,  as  before,  by  expression  (9.4.2).  This  voltage  is  passed  through  filters 
with  pulse  responses  h(t)  cos  (ai^  -  to/2)  t  and  h(t)  cos  (to  +  to/2)t.  Squares  of 
the  moduli  of  voltages  obtained  at  the  output  of  tne  filters,  formed  by  square-law 
detectors,  are  subtracted.  Considering  these-  operations,  for  the  output  of  the 
discriminator,  with  an  accuracy  of  a  constant  coefficient,  we  obtain 


l  I 


•*V,  *)=  j  J  A (/-/,) A (/-/,) sin ^ X 


(9.4.21; 

Calculating  by  the  usual  method  the  slope  of  the  discrimination  characteristic 
and  equivalent  spectral  density,  we  have 


(9.4.22) 


and 


H"('(-“))I'J  [*•<•>+/]}’ lfa- 


(9.4.25) 
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The  discrimination  characteristic  of  the  given  form  of  a  frequency  discriminator 


is  expressed  as 


00 

<.(8)=M7T«)  =  Jr  J  |ff  <i.)P  [s,  (»+  T~*)- 

-S.  (.+  £+>)]<*., 


(9.4.24) 


whereas  its  equivalent  fluctuation  characteristic  is  found  by  formula 

./  |  [|W(i(”+T'j)|  “ 

<9'''25) 

The  obtained  characteristics  determine  all  properties  of  the  considered  dis¬ 
criminator  interesting  us.  As  also  for  the  preceding  circuits,  we  calculate  them 
with  spectral  density  SQ(aj)  having  the  form  of  (9.3.10)  and^  frequency  response  H(  Lie) 
of  form  (9.4.7).  Then  the  transmission  factor  o'f  the  discriminator  is  expressed  by 


formula 


K  -«■ 

*  &**  +  (!  +  «)T  ’ 


(9.4.26) 


where  K,  as  before,  is  a  coefficient  which  depends  on  h  due  to  the  influence  of 


automatic  gain  control; 


a—£s-  u==  *L 

tf,’  *  W 


Equivalent  spectral  density  takes  the  form 


tl4*  +  (!  +  *>'l  («**  +  1  +  4a  +  5**)  + 

- - 


(9.4.27) 


Quantity  S^,  as  also  for  the  preceding  circuits,  has  three  terms,  variously 
depending  on  the  signal-to-noise  ratio  h  and  explained  by  beats  of  different  com¬ 
ponents  of  the  mixture  of  the  signal  with  noise.  The  dependence  of  S3KB  on  h,  t,  and 
U  can  be  investigated  most  vividly  by  graph.  In  Fig.  9. 10  there  is  shown  the 


dependence 


on  h  for  different  values  of  a  and  u.  From  these  curves 


we  see  that  the  dependence  of  S^/S^  on  the  ratio  of  bandwidths  a  =  AfH/Afc 
is  not  monotonic,  and  as  for  the  preceding  circuits  there  exists  an  optimum  value 
of  the  bandwith  of  the  loops  Af  K,  minimizing  S5KB.  For  small  p  this  optimum  band 
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Fig.  9.10.  Dependence  of  S^/SonT  on  the 

si gnal-to-noise  ratio  h  for  a  discriminator 
with  detuned  loops:  -  u  =  0.3;  -  U  =  1; 

- .  -  u  =  9 . 


is  close  to  Af  i/l  +  h,  as  one 
should  have  expected,  since  as  u  -*  0 
and  with  such  selection  of  the 
loop  bandwidth  the  circuit  approaches 
its  optimum  form.  For  large  u  the 
value  of  the  optimum  bandwidth  of 
the  loops  changes. 

If,  fixing  band  of  the  loops 
and  the  signal-to-noise  ratio,  we 
investigate  the  dependence  of  the 
magnitude  of  on  detuning  of 
loops  u,  it  is  easy  to  see  that 
for  large  a  it  increases  with 
growth  of  detuning  u,  while  for 
small  a  in  a  certain  range  of  varia¬ 
tion  of  h  there  is  the  minimum 
spectral  density  for  a  certain 
optimal  value  of  detuning  u. 

Thus,  in  this  circuit,  just  as 
in  the  others,  deviation  from  optimum 
value  by  one  of  the  parameters 


(bandwidth  of  loops)  leads  to  change  of  the  optimum  value  of  the  other  parameter 
(detuning).  From  Fig.  ,lu  it  follows  that  with  some,  at  first  glance,  fully 
reasonable  selection  of  parameters  of  the  circuit  its  accuracy  may  be  an  order  or 
two  lower  than  the  potential.  This  testifies  to  the  necessity  of  careful  selection 
of  bands  of  the  loops  and  their  detuning  in  the  considered  circuit,  and  also  the 
great  sensitivity  of  this  form  of  discriminator  to  its  parameters. 

For  a  more  complete  judgement  of  accuracies  which  are  provided  by  the  given 
circuit  it  is  also  necessary  to  calculate  the  coefficient  of  parametric  fluctua¬ 
tions  .  It,  as  earlier,  is  calculated  from  the  fluctuation  characteristic  and 

is  presented  graphically  in  Fig.  9.11.  Quantity  contains  a  component  not 

depending  on  h,  owing  its  origin  to  beats  of  signal  components.  With  decrease  of  h 

coefficient  S,,Dr  grows  inversely  proportionally  to  h.  For  very  small  h  there  is 
11“.] 

no  sens  •  in  using  the  obtained  dependences,  since  error  of  the  system  of  measurement, 
no  longer  is  expressed  correctly  through  Sn  . 
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F.g.  9.11.  Dependence  of  Snap  on 

h  for  a  discriminator  with  detuned 
loops:  -  n  =  0.3; - p.  =  1; 

h  =  5. 

9.4.4.  Circuit  with  Frequency 
Variation 

Part  of  the  considered  dis¬ 
criminator  circuit,  determining  the 
principle  of  its  action,  without 
circuits  of  preliminary  processing 
of  the  signal,  is  presented  in  Fig. 
9.12.  The  input  signal  is  mixed 
with  output  voltage  of  a  local 
oscillator  controlled  from  the  out¬ 
put  of  the  meter.  The  output  of 
the  meter  determines  the  mean  value 
of  the  frequency  of  the  local 


oscillator,  periodically  varying  (near  this  mean  value)  according  to  a  law  assigned 


by  the  generator  of  reference  voltage.  From  the  output  of  the  mixer  the  signal 


proceeds  to  a  bandpass  filter  (tuned  loop),  is  detected  by  a  square-law  amplitude 


detector  and  enters  a  stage  which  multiplies  it  by  the  reference  voltage.  Output 


of  this  stage  is  the  output  of  the  discriminator. 

The  control  voltage  will  be  formed  by  frequency  variation  of  the  signal  at  the 
output  of  the  mixer  near  the  frequency  of  tuning  of  the  loop.  The  reference  voltage, 


varying  the  frequency  of  the 
local  oscillator,  and  conse¬ 
quently  also  of  the  signal  at 
the  input  of  the  loop,  may 
have  different  laws  <>!'  ehan.-t 
Most  frequently  this  volta<;< 


Fig.  9.12.  Circuit  nf  a  frequency  discriminator  has  a  square  form,  so  that  it 

with  frequency  variation:  1  —  mixer;  2  —  tuned 

loop;  3  —  square-law  detector;  4  —  stage  of  constitutes  a  sequence  of 

multiplicati.cn;  5  —  generator  of  reference  vol¬ 
tage;  6  —  filter;  7  —  controlled  local  oscil-  positive  and  negative  pulses 

lator . 

of  identical  amplitude,  of 
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As  a  result  frequencies  of  the  local  oscillator 


duration  T _ /2,  with  period  T  . 
and  the  signal  at  the  input  of  the  loop  deviate  from  face  values  in  successive  half- 
periods  by  respectively.  V/ith  such  form  of  reference  voltage  the  element 

multiplying  output  voltage  of  the  detector  by  the  reference  signal  is  simply  a 
commutation  switch. 

To  ensure  normal  work  of  the  circuit  the  frequency  of  pulses  of  reference 
voltage  should  be  great  as  compared  to  the  effective  bandwidth  of  the  tracking  speed 
meter.  At  the  same  time  it  should  be  small  as  compared  to  bandwidth  of  the  loop 
of  the  discriminator. 

In  this  case  output  voltage  of  the  discriminator  u^(t,  &)  can  be  found  if  we 
present  the  signal  at  the  Input  of  the  depicted  circuit  in  the  form 


«.  (0 = B  (t)  cos  ((®r  +  «,)/-{-?  (01, 


(9. a. 28) 


wnere 


S*.(t)  and  <p(t)  —  random  functions,  where 

E(t)  cos  <p(t)  and  E(t)  sin  <p(t)  —  independent  normal  random  processes  v/ith 

spectral  density  S0(ct>)  +  1/h; 

—  center  frequency  of  tuning  of  the  heterodyn¬ 
ing  o  s  c  1 11a  t  o  r ; 

+  8  —  frequency  of  tuning  of  the  loop, 

Designating  the  pulse  response  of  the  loop  h(t)  cos  u>  t,  for  output  voltage 

up 

of  the  discriminator  we  can  obtain  the  following  expression; 

Xcos  ?(**)]  dttdxt~ 

t  t 

-- «o  -m 

X  cos  [  (*,  —  *,)  -  7  (■*,)  -f  f  (*,)  J  dxtdxt. 


where  l’(t)  —  periodic  function  with  period  T  ,  determined  as 


/(/)  = 


J  l  <C  t  <£.  +  yj  Ta, 

1° 


(•+*)'  u<t<(n+\)Tn, 


(9. A. JO) 


n  —  integers. 

Considering  the  inertia  of  subsequent  smoothing  circuits,  the  characteris tic 
of  the  considered  circuit  interesting  us  can  be  found  by  averaging  in  peri 'd  Tn 
the  results  of  averagings  of  the  set,  connected  with  use  of  (9. A. 29).  Then  for 
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the  gain  factor  and  equivalent  spectral  density  of  the  discriminator  it  is  possible 
to  write 


■sr  J l»W  [*;  (•+  £) -si  (-  -£)] <*». 


(9.4,31) 


S.K.  =  77  f  ^  f  l««  <*•  °)  “A  <<  +  °)  ~ 
0  '■*—  00 

—  u„(f,  0)  +  0)]  dxdi  = 


(9.4.32) 


where  as  before  H(ics)  —  Fourier  transform  of  h(t). 

lor  a  spectral  density  of  the  signal  S0(o>)  of  form  (9. 3.10)  and  frequency 
response  H(ico)  of  form  (9.4,7)  calculation  by  formulas  (9,4.31)  and  (9.4.32)  gives 


K,=-k  *><l+n)l* 

fH-»  +  <»+•)*]* 


(9.4.33) 


{( 1  +•)!•+►•(  1  -«)•  + 
+ (1  +  «)*  («  +"(i  +  «)*  )1 + x  (•**  +  (*  +  a)'l  I*1* + 
+  (1  +  «H  1  +  2a)l  +  Jr  V  +  (1  +  «)T  ! . 


(9.4.34 ) 


where  a  =  Af  /Af  ;  \i  =  Atw/4Af 


The  transmission  factor  of  the  discriminator  here  depends  on  parameters  of  the 
circuit  just  as  in  the  circuit  with  detuned  loops;  howev".  the  equivalent  spectral 
density  has  another  magnitude.  Investigation  of  formula  (9,4.34)  and  the  graphic 
presentation  of  the  dependence  of  sg[B/SonT  on  h  for  different  a  and  u,  shown  in 
Fig.  9-13*  show  that  the  spectral  density  of  fluctuations  at  the  output  of  the 
given  form  of  discriminator  considerably  exceeds  that  for  the  optimum  discriminator. 
This  occurs  for  any  combinations  of  parameters  Acs;  Af^;  Af  c  and  h. 

In  distinction  from  the  circuit  with  detuned  loops,  as  Acs-*  0  (with  simultanc  ~u. 
increase  of  amplification  in  the  circuit)  the  magnitude  of  SQKB  f or  a  circuit  with 

O 

frequency  variation  grows  proportionally  to  l/u  .  Increase  of  frequency  deviafi  ,11 
Au>  also  leads  to  growth  of  SgHB,  proportional  to  (Au>)u.  With  increase  of  h,  if 
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Fig.  9-13.  Dependence  of  S„_/S  on  the 

s  ignal-to-noise  ratio  h  for  a  discriminator 

with  frequency  variations  -  u  a  0.3; 

—  ti=l;  -.-u  =  3. 


•Aij./At'  and  AfK/Aoj  are  great., 
this  equality  is  satisfied: 

32A/< 


lira  5,K»=S: 


(9.4.355 


i.e.,  for  large  signal-to-nui.se 
ratios  the  spectral  density  of 
fluctuations  at  the  output  of  a 
discriminator  with  frequency  variv 
tion  will  be  in  lC  (nf'K/i-.f  c  j‘"  >. 
x  ('^n/6'-0) greater  than  in  an 
optimum  discriminator  and  all 
discriminators  previously  con¬ 
sidered. 

Thus,  the  considered  circuit 
gives  sharp  worsening  of  results 
a.-,  compared  to  the  preceding  cir¬ 
cuits.  The  physical  explanation 
of  nonoptima  lit;/  of  the  discrimi¬ 
nator  with  frequency  variation  is 


»  V-V 


the  following.  Signals  in  various  half-periods  T..  /?  are  uncorrelated,  since  for 
normal  work  of  tne  circuit  there  should  be  satisfied  the  relationship  T  /2  » 

Therefore,  ai.y  averaging  of  results  of  sequential  amplitude  detection 
of  signals  in  various  hal l'-periods  cannot  compensate  fluctuations,  whereas  i.n  the 
previus  circuits  such  compensation  occurred. 

Considering  nonoptimality  of  the  considered  circuit,  we  shall  not  investigate 
it  in  more  detail.  In  particular,  we  shall  not  calculate  the  coefficient  of  param¬ 


etric  fluctuations  S__  . 

IB  j 

It  is  necessary  to  note  that  a  circuit  with  frequency  variation  is  sensitive 
to  interferences  modulated  by  the  frequency  of  switching  t  •  its  odd  harmonics.  In 
this  respect  the  given  discriminator  is  analogous  to  goniometric  discriminators  with 
conical  or  square  scanning,  which  will  be  considered  in  detail  in  subsequent 
chapters.  Therefore,  we  will  not  discuss  this  question  in  d-'tall  here. 


9.4.3.  Inaccuracy  of  Reproduction  of  Modulation  of  the 
Signal  During  Reception 


During  the  analysis  of  different  frequency  discr iminators  we  assumed  that  in 

-432- 


them  there  is  performed  exact  demodulation  in  phase  (frequency)  and  exact  mutipli- 
cation  by  a  function  expressing  the  law  of  amplitude  modulation  of  signal,  taking 
into  account  the  true  value  of  its  delay  (matched  gating  in  the  case  of  a  pulse 
signal).  In  real  radar  receivers  exact  fulfillment  of  these  functions  is  impossible. 
Besides  technical  tolerances  on  laws  of  gating  and  change  of  frequency  of  hetero¬ 
dyne  oscillators,  here  more  essential  circumstances  play  a  role.  Thus,  delay  of  the 
function  expressing  the  law  of  modulation  of  the  signal  reproduced  during  reception 
never  coincides  exactly  with  true  delay  of  the  reflected  signal  due  to  the  presence 
of  errors  of  range  finders;  during  gating  we  often  specially  apply  gate  pulses  which 
are  longer  than  the  pulse  of  the  signal,  proceeding  from  considerations  connected 
with  breakoff  of  tracking  during  intense  noises,  etc. 

We  shall  show  that  mismatch  of  laws  of  modulation  of  the  reflected  signal  and 
of  signals  used  for  processing  the  received  signal  in  the  receiver  leads  simply  to 
decrease  of  the  signal-to-noise  ratio.  Actually,  if  in  the  receiver  as  laws  of 
amplitude  and  phase  modulation  of  the  signal  we  use  functions  ugl(t  -  t  -  A)  and 
'•Px(  t  -  t  -  A)  instead  of  functions  ufi(t  -  t)  and  ^(t  -  t),  the  signals  at  the  input 
of  the  narrow-band  filters  of  the  discriminators  have  the  form 


where 


»(<)  =  • 2  '  rpo  £  (0  (<  —  *)  (/  — •  x  —  A)  cos  Kp t  -f 

+  ♦  (*  —  *)  — -  (<  —  "*  —  A)  <p  (/)]  -f- 

+ —  A)  n  (0  cos  K<  —  ^  —  A)), 

A  —  time  shift  caused  by  inaccuracy  of  range  tracking; 


t  -  delay  of  the  function  describing  the  law  of  modulation  of  the 
reflected  signal; 

E(t)  and  <p(t)  —  random  functions  representing  fluctuations  of  the  reflected 
signal; 

n(t)  —  white  noise  with  spectral  density  N0; 

P_  —  mean  signal  power, 
c 

We  assume  the  following  normalization  of  signals: 


*  r 

F(0=l,77j«i  (/  — x)rf/=sl. 


where  Tr  —  period  of  functions  u&(t),  #(t),  ufll(t),  ^(t), 


Due  to  narrow-bandcdness  of  filters  of  the  rtl nnH ml nators  throuah  them  then 


only  pass  components  of  the  signal  spectrum  which  are  concentrated  near  frequency 
conp.  Therefore,  according  to  the  character  of  their  influence  on  the  discriminat. >r , 
signals  with  periodic  modulation  are  equivalent  to  continuous  unmodulated  signals. 

As  it  was  shown  in  Chapter  IV,  the  signal-to-noise  ratio  for  such  an  equivalent 
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unmodulated  signal  with  ideal  matching  of  u  ^(t)  with  uQ(t)  and  ^(t)  with  V'(t)  is 
equal  to  h  =  P  /2Af  Q  N,)t  With  imperfect  matching  of  these  functions  at  the  input 
of  the  narrow-band  filter  there  acts  v(t),  determined  by  (9.4-.36).  Averaging  the 
result  of  passage  of  v(t)  through  the  filter  and  calculating  the  power  of  the 
signal  and  of  the  components,  we  find  the  new  signal- to-noise  ratio 


A,  =  A 


I  I 

I J7  J  «•  V  —  •*)  u.t  O  —  x  -  A)  e<  «-’-*)!  at  J* 


*  r 


dt 


i  ,  •,  I  •  /  '  / 

^  i  •  J  (  > 


All  formulas  obtained  for  the  above-considered  discriminators  remain  valid  upon 
replacement  of  in  for  h.  It  should  be  noted  that  In  such  an  approach  we  consider 
assigned  both  the  form  of  functions  ua,,(t)  and  ^  (t),  and  also  quantity  A.  By 
virtue  of  the  random  nature  of  the  output  of  the  range  finder,  A,  in  general, 
randomly  varies  in  time.  It  is  possible,  however,  to  fix  some,  for  instance,  the 
worst  value  of  A  and,  by  calculating  the  corresponding  quantity  h^,  to  find  how  much 
accuracy  of  measurement  of  speed  will  decrease. 

For  illustration  of  magnitudes  of  change  of  the  signal- to-noise  ratio  we  shall 
consider  two  examples. 

1,  Let  uu  assume  that  the  signal  is  modulated  only  in  amplitude  by  square 
pulses  of  duration  t,.,  and  that  the  gu.  .0  pulse  also  has  square  form  and  duration 


ir.  3 

G  vi 


From  (9.4.37)  we  obtain 


A  < 


t,  — 


t  (*.  +  t.  —  2A)» 


#  * 


(9.4.38) 


This  relationship  shows  the  power  loss  connected  with  increase  of  duration  of 


the  gate  as  compared  to  t.. .  Corresponding  loss  in  spectral  density  S, 


3KB» 


arid  con¬ 


sequently,  in  accuracy  of  measurement  of  speed  can  be  estimated  from  the  preceding 
formulas  and  graphs, 

?.  Let  us  assume  that  the  signal  is  modulated  in  frequency  by  a  sinusoidal 
law  with  frequency  W  and  deviation  o>  ,  and  heterodyne  voltage  has  different  frequency 
deviation  .  Ihcn,  with  zero  mismatch  A  calculations  by*  (9*4,37)  give 


(9.4.39) 
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where  JQ(x)  —  Bessel  function  of  zero  order. 

For  sufficiently  large  values  of  -  lo^/Q.  the  signal-to-nolse  ratio  rapidly 

drops,  and  for  certain  values  of  com  -  o^/fl  the  signal  of  the  mixer,  in  general,  is 

absent.  From  relationship  (9.,l.39)  there  ensues  the  expediency  of  selection  of  a  low 

frequency  of  modulation  fi  at  which  a  comparatively  large  difference  in  deviations 

u>  and  o>  .  does  not  lead  to  substantial  increase  of  errors  of  measurement, 
m  ml 

9.4,6.  Comparison  of  Circuits  of  Discriminators 

As  follows  from  the  conducted  analysis,  the  first  three  of  the  four  considered 
forms  of  discriminators  with  proper  selection  of  their  parameters  give  results 
very  close  to  an  optimum  discriminator.  The  fourth  circuit,  with  frequency  variation 
of  the  heterodyne  oscillator,  is  the  farthest  from  optimum.  It  gives  substantially 
less  accuracy  of  measurements,  is  sensitive  to  easily  created  interferences  with 
periodic  modulation  and,  furthermore,  on  it  there  must  be  stringent  requirements  f 
identity  of  the  posi.tive  and  negative  half-periods  of  the  reference  voltage.  Non¬ 
fulfillment  of  these  requirements  and  also  instability  of  the  frequency  of  tuning 
of  filters  lead  to  the  appearance  of  systematic  errors  of  measurement  of  speed.  By 
virtue  of  these  circumstances  it  is  doubtful  whether  one  should  recommend  application 
of  this  scheme  of  a  frequency  discriminator,  if,  of  course,  requirements  on  accuracy 
of  measurement  are  rather  high. 

The  circuit  with  detuned  loops  ensures  accuracy  of  measurements  close  to  the 
potential  (d,^  Is  close  to  SQnT),  even  if  we  select  detuning  of  loops  proceeding 
from  the  condition  of  a  maximum  gain  factor  of  the  discriminator  K^.  However,  with 
small  variation  of  parameters  of  the  circuit  its  errors  can  increase  rather  con¬ 
siderably,  t.e.,  among  deficiencies  of  the  circuit  are  criticality  with  respect  to 
the  parameters .  One  should  note  especially  that  with  discrimination  at  sufficiently 
high  frequencies  it  is  necessary  to  have  two  filters,  tuned  to  close,  but,  in 
principle,  different  frequencies.  Instability  of  these  frequencies  can  lead  here 
to  appearance  of  systematic  error  of  measurement,  which  is  characteristic  for  other 
circuits,  to  substantial  change  of  the  fluctuation  error  of  measurement  and  even  to 
cufcui  ti.on  of  work  of  the  discriminator  if  the  frequencies  of  tuning  become  idcii  1  i."o  I 
or,  conversely,  >u;  too  far  apart.  Therefore,  although  in  principle  the  circuit 
w i i,i i  - 1  uin-'i  i-.oji  is  also  close  to  optimum,  it  is  not  always  possible  to  recommend 
its  use . 

The  most  acceptable  of  those  considered  l’or  practical  application  are  eir-uM 


discriminators  with  a  tuned  loop  and  a  phase  shifter  and  those  with  mixers  and 
differentiation.  These  circuits  are  identical  in  their  characteristics,  and  with 
correct  selection  of  parameters,  in  particular  the  bandwidth  of  the  loops,  they 
give  results  sufficiently  close  to  an  optimum  discriminator.  In  particular,  equiv¬ 
alent  spectral  density  for  them  does  not  exceed  Spn  by  more  than  The 

influence  of  instability  of  parameters  for  such  circuits  is  considerably  less  than 
for  the  ones  discussed  above.  Choice  between  these  two  circuits  should  be  made 
from  considerations  of  technical  convenience.  The  circuit  with  a  tuned  loop  and  a 
phase  shifter  in  principle  is  less  bulky,  but  requires  creation  of  a  narrow-band  (in 
most  cases,  quartz)  filter.  The  circuit  with  mixers  and  differentiation  does  not 
possess  this  deficiency;  during  its  realization  it  is  not  necessary  to  think  about 
stability  of  tuning  of  the  loop,  but  it  is  sensitive  to  inaccuracy  of  the  phase 
shifter  of  the  heterodyne  voltage.  Furthermore,  this  circuit  contains  two  filters 
Instead  of  the  one  in  the  circuit  with  a  tuned  loop. 

We  can,  of  course,  use  other  schemes  of  frequency  discriminators.  Their 
qualities  should  be  compared  with  qualities  ol'  the  optimum  circuit  to  find  the  t-xpedi- 
enc,  f  their  application. 

Let  us  discuss  briefly  selection  of  the  transmission  band  of  filters  In  the  two 
best  circuits.  Usually  meters  on  which  there  are  requirements  of  high  accuracy 
v/ork  at  a  high  signal-to-noise  ratio  h.  Here,  the  selected  transmission  band  should 
be  changed  with  change  of  h  and  depending  upon  the  width  of  the  spectrum  of  the 
signal.  However,  in  practice  neither  l.ho  signal-to-noise  ratio  nor  the  width  ol'  the 
spectrum  of  the  signal  are  ever  known  exactly.  Therefore,  it  is  necessary  to 
select  bandwidth  of  the  filters  proceeding  from  the  worst  case,  considering  that 
'\iKB  monotonically  decreases  with  growth  of  h  and  with  decrease  of  width  of  the 
spectrum  of  the  signal.  Considering  these  circumstances,  it  is  necessary  to  i. elect 
filter  bandwidth  from  the  highest  possible  width  of  the  spectrum  of  the  signal  and 
from  a  minimum  signal-to-noise  ratio,  occurring  at,  the  maximum  range,  determined 
by  conditions  of  lock-on  and  transition  to  automatic  tracking.  With  such  selection 
of  bandwidth  ol'  the  filters  with  decrease  of  distance  and  with  narrowing  ol'  the 
width  of  the  spectrum  of  the  signal  the  system  of  measurement  of  speed  will  be 
furthex-  from  the  optimum  than  under  the  assumed  conditions;  however,  its  error  will 
always  be  within  permissible  limits, 

Often  from  technical  considerations  it  is  necessary  to  expand  the  bandwidth  ■'■!' 
the  filters  with  respect  to  its  optimum  value,  since  the  signal  spec trum  has  a 
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width  of  the  order  of  units  of  cycles  per  second  or  even  fractions  of  cycles  per 
second,  and  stabilities  of  frequencies  obtainable  relatively  simple  are  such  that 
the  bandwidth  of  filters  cannot  be  made  smaller  than  ten  cycles  per  second.  Usually 
this  does  not  lead  to  essential  Impairment  of  qualities  of  the  discriminator, 

§  9.5.  Smoothing  Circuits  and  Accuracy  of  Measurement  of  Speed 
Studying  properties  of  discriminators  of  Doppler  speed  meters,  we  turn  to 
estimation  of  accuracy  of  these  meters.  For  this  it  is  necessary  to  assign  the 
second  component  part  of  the  tracking  meter  —  the  smoothing  circuits.  Very  often 
there  are  applied  linear  smoothing  circuits  with  constant  parameters  of  certain 
very  simple  forms.  Let  us  consider,  first  of  ail,  error  of  speed  meters  with  such 
smoothing  circuits.  This  can  be  done  by  applying  formulas  of  §  6.2,  determining 
fluctuation,  dynamic  and  systematic  errors  of  tracking  meters.  We  shall  specially 
discuss  cases  in  which  optimum  smoothing  circuits  have  constants  parameters,  and  we 
shall  estimate  accordingly  accuracies  of  optimum  speed  meters.  However,  in  other 
cases  optimum  smoothing  circuits,  as  it  was  shown  In  Chapter  VI,  have  variable 
parameters.  Therefore,  we  shall  also  investigate  accuracy  of  speed  meters  with 
variable  parameters  of  their  smoothing  circuits. 


9.5.1.  Smoothing  Circuits  with  Constant  Parameters 
In  speed  meters  there  are  applied  smoothing  circuits  of  the  same  forms  as  in 
range  finders.  Therefore,  many  formulas  and  results  of  §  7. 10  (Paragraph  7.1U.2) 
remain  in  force  for  speed  meters. 

If  we  disregard  parametric  fluctuations,  fluctuation  error  of  the  meter  is 
expressed  as  before  by  formula 


—  2S»K»A/t$t  (9.5.1) 
in  which  S0KB  is  determined  by  the  above-mentioned  analysis  of  frequency  discrimina¬ 
tors,  and  —  effective  bandwidth  of  the  closed  tracking  speed  meter. 

As  it  was  shown  in  §  7.10,  for  a  smoothing  circuit  in  the  form  of  an  integrator 


where  K  —  gain  factor  (dimensional)  of  the  integrator; 
K „  —  discriminator  gain  factor. 

M 


For  an  RC-filter 


*/.*  = 


KKm 

TfT* 


(9.5.?) 


(9.5.5) 
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where  «  RC,  and  K  —  gain  factor. 

For  a  smoothing  circuit  in  the  form  of  a  double  integrator  with  correction 


1  +KK,Tl 

47, 


(9.5.4) 


where  K  —  gain  factor  of  the  two  integrators] 

T  „  —  time  constant  of  the  correcting  network. 

A 

The  value  of  Af  ^  reaches  a  minimum,  equal  to  i/KKjj/2,  at  TH  a  1/^KK^. 
Finally,  if  the  smoothing  filter  consists  of  two  RC-circuits  (inertial  links) 
with  correction 


At  _  KKnTm 

“/  »♦  "  fift  • 

where  and  Tg  —  time  constants  of  the  inertial  links. 

In  the  last  case  the  minimum  of  Af^  is  reached  at  TK 


%VWK7 


(9.5.5) 

T0/Sk!Kn  and  is 

(9.5.6) 


If  we  select  the  mirlmum  effective  bandwidth  in  the  absence  of  noise,  the 
dependences  of  the  effective  bandwidth  on  the  signai-to-nolse  ratio  h,  determined  by 
formulas  (7,10.19),  (7.10.14)  and  (7.10.10),  also  remain  in  force.  Then  with  use 
of  an  optimum  discriminator  [with  the  simplest  form  of  spectral  density  of  fluctua¬ 
tions  (9.3.10)]  for  smoothing  circuits  of  the  first  order  we  have 


(9.5.7) 


where  Af3(j  ^  —  value  of  the  effective  bandwidth  of  a  tracking  speed  meter  in  the 
absence  of  noises,  and 


Mx. 

4f. 


(9.5.8) 


is  the  ratio  of  bandwidth  of  the  amplifier  covered  by  the  AGC  loop  to  the  signal 
bandwidth.  In  the  case  of  application  of  a  smoothing  circuit  in  the  form  of  a 
double  integrator  with  correction 


^'a(i  + 


(9.6.9) 


Curves  of  the  dependence  of  variance  of  fluctuation  error  on  the  signal-to- 
noiee  ratio  h  for  various  y  are  shown  in  Fig,  9.14,  Consideration  of  them  leads 
to  the  conclusion  that  with  the  selection  of  an  Identical  effective  bandwidth  in 


the  absence  of  noise  Af 


a(f)  0 


flucuation  error  with  noise  in  the  case  of  application 
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of  filters  of  the  2nd  order  is  greater  than  with  application  of  filters  of  the 
1st  order.  This  is  explained  by  the  varying  dependence  of  the  effective  bsndwldth 
of  the  system  on  the  gain  factor  of  the  discriminator  in  the  two  considered  cases. 


\\w 


Pig.  9.11*.  Dependence  of  variance  of  fluctua- 

p 

tion  error  of  a  speed  meter  on  the  signal- 

to-nolse  ratio  h  during  application  of  an 
optimum  discriminator  and  smoothing  circuits 

with  constant  parameters:  -  for  circuits 

of  the  1st  order;  -  for  circuits  of  the  2nd 

order. 


For  smoothing  circuits  of  the  1st 
order  there  is  noticeable  dependence 
of  fluctuation  error  on  selection 
of  amplifier  bandwidth  If  y  (or 
y).  With  broadening  of  this  band 
error  decreases  due  to  increase 
of  intensity  of  noise  at  the  out¬ 
put  of  the  amplifier,  suppression 
of  the  gain  factor,  and  consequently 
also  of  the  effective  bandwidth 
of  the  system.  For  smoothing 
circuits  of  the  2nd  order  the 
dependence  of  fluctuation  error 


on  Af, 


fy  is  immaterial. 
Increase  of  fluctuation 


errors  with  application  of  non- 

optimal  discriminators  is  easily 

found  by  multiplication  of  the 
2 

obtained  values  of  by  ratio 
^K]g/SonTJ  found  for  various  discri¬ 
minators  in  the  preceding  paragraph. 


It  should  be  noted  that  from  consideration  of  Fig.  9.1H  one  should  not  make 
conclusions  about  the  advantages  of  filters  of  the  1st  order,  since  it  is  also 
necessary  to  consider  other  components  of  errors  of  measurement  (dynamic  and  systematic 
errors),  which  turn  out  to  be  larger  for  smoothing  circuits  of  the  1st  order. 

Passing  to  consideration  of  dynamic  and  systematic  errors,  let  us  note  that 
all  results  obtained  in  Chapter  VII  for  systems  of  range  findi.ng  remain  valid  for 
speed  meters.  In  particular,  considering  that  speed  of  the  target  has  a  component 
which  varies  randomly,  and  assuming  that  this  component  is  a  stationary  random 
process  with  spectral  density  S(ru),  for  dynamic  error,  according  to  (7.10.20),  we 
have  formula 


1  -Bfrr. 


*  _J_  f  5  (»)<*» 

«"  2“  j  |1  +  KaH  (<«)|*  * 


(9.5.10) 


where  —  transmission  factor  of  the  discriminator; 

H(lo>)  —  frequency  response  of  the  smoothing  circuit. 
With  a  very  simple  form  of  spectral  density  of  speed 


i  +  «»r 


(9.5.H) 


(where  0q  —  variance  of  the  random  component  of  speed,  and  T  —  time  of  correlation 
of  the  process  of  its  change)  formulas  (7.10.22)  and  (7.10.23)  for  cP  turn  out  to 
be  valid,  from  which,  in  particular,  it  follows  that  dynamic  error  increases  with 
decrease  of  the  effective  bandwidth  of  the  tracking  meter,  taking  place  with 
decrease  of  the  signal-to-noise  ratio  h. 

If  the  measured  speed  varies  as  a  linear  combination  of  assigned  functions  with 
unknown  coefficients 


v(/)=5>mo+v(o. 


(9.5.12) 


<3*1 


where  *  0,  p^p^  •»  V(t  J  —  mathematical  expectation  of  speed,  according  to 

(7.10.25)  we  have 


Here 


<.*3,1 
< 


*)/<{*)</*, 


(9.5.13) 


(9.5.14) 


d(t,  t )  is  determined  by  equation  (6.2,6),  and  by  virtue  of  constancy  of  parameters 
of  smoothing  circuits  the  Fourier  transform  of  J(t  -  t)  is  found  as 

i  +  (<•»)  '  (9-  •!■>) 

With  a  nonstatistical  approach  to  the  question  of  changes  of  speed  dynamic 
error  can  be  obtained  if  in  (9.5.13)  we  set  =  1.  Then,  using  as  the  smoothing 
circuit  an  integrator  and  with  change  of  speed  according  to  the  law  V(t)  =  v^  +  v^t 
dynamic  error  as  t  -*  cc  we  determine  as 

_ «>i 

(9.5.16) 


«  —  g> 
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Analogously,  with  smoothing  circuits  with  two  integrators  and  V(t)  =  vn  + 


+  v, t  +  v^t  , 


.  _  0. 
AB,_  KxK  ■ 


(9.5.17) 


Dynamic  error  is  inversely  proportional  to  the  gain  factor  of  the  open  circuit 
of  the  tracking  speed  meter  and  increases  with  decrease  of  the  signal- to-noise  ratio. 

Dynamic  errors  in  the  nonstatistical  approach  to  measurement  of  speed  are 
determined  in  the  same  manner  as  systematic  errors,  so  that  it  is  possible  to  consider 
we  have  simultaneously  discussed  the  method  of  finding  the  latter. 

By  virtue  of  the  different  dependences  of  fluctuati  '  and  dynamic  errors  on  the 
gain  factor,  and  thus  on  the  signal- to-noise  ratio  h,  as,  too,  for  range  finders, 
a  compromise  selection  of  the  gain  factor  of  the  open  loop  is  reasonable.  Let  us 
consider  two  examples  of  such  selection. 

1.  Let  us  assume  that  the  smoothing  circuit  is  an  integrator,  a.nd  that  the 
speed  of  the  target  varies  as  V(t)  =  vQ  +  v^t.  Then,  the  square  of  total  error  of 
measurement  of  speed  in  accordance  with  (9-5.1)  and  (9.5.16)  Is 


-I _ I  2  _ KuKi  c  I  pl 


(9.5.1h) 


O  ‘  _ p 

In  the  statistical  approach  to  dynamic  error  must  be  replaced  by 

p 

Minimizing  o  by  selection  of  K.K  ,  we  obtain  the  optimum  value  of  the  gain  factor 

n  .u 

of  the  open  loop 


7  4s7 


(KbA(x)oii*  J/  ’ 


(9.5.19) 


at  which  total  error  is 

o*  ==  1 ,19  (vtS9H,)\  (9 . 5 . 20 ) 

Substituting  in  (9.5.19)  the  dependence  of  S9KB  on  h,  it  is  easy  to  find  how 
the  gain  factor  of  the  open  loop  should  be  changed  with  change  of  the  signal-to- 
noise  ratio.  In  particular,  for  an  optimum  frequency  discriminator  and  spectral 
density  of  fluctuations  of  the  signal  of  form  (9.3.10) 

(KuKm  U = +  ’  ( 9  * • 21 ) 

where  K(-,  —  the  value  of  the.  gain  factor  when  h  -»  ao,  i.e.,  in  the  absence  of  noise. 
The  dependence  of  the  optimum  gain  factor  on  h  is  shown  in  Fig.  9.15* 

2.  Let  us  consider  a  smoothing  circuit  in  the  form  of  a  double  integrator  with 
correction  and  the  case  of  a  square-law  change  of  speed.  The  square  of  total 
error  in  this  case  is  determined  by  expression  (7. 10. 33)  and 
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(9.5.22) 


<K*a)o 


(<ty- 
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so  that  with  optimum  gain 

(9.! 

2 

In  the  statistical  approach  to  dynamic  error  in  the  formulas  instead  of  vg 
there  enters  V^.  With  the  same  dependence  of  on  h  as  in  the  preceding  case 
the  optimum  gain  factor  should  vary  with  change  of  the  signal-to-noise  ratio  as 


[  yr+s (t+ y\+h)'  ]  • .  ( 9 ‘ J ‘ 24 ) 

This  change  is  also  presented  in  Fig.  9  ID.  where  it  is  easy  to  see  that 


dependences  of  the  gain  factor  on  the  signa'  -to-noise  ratio  for  smoothing  circuits 


in  the  form  of  one  integrator  and  of  two 


* 


Fig.  9.15.  The  dependence  of  the  gain 
factor  of  the  open  loop  Kp  on  the  signal- 

to-noise  ratio  hi  1  —  optimum  gain  for 
circuits  of  the  iat  order j  2  —  optimum  gain 

for  a  circuit  of  the  2nd  order.  -  change 

of  gain  from  the  circuit  of  automatic  gain 
control. 


,egrators  with  correction  are  very  close. 
In  Fig.  9.15  there  are  also  given 
curves  of  the  dependences  on  h  of  the 
gain  factor  of  the  open  loop,  obtained 
clue  to  the  normalizing  action  of  the 
AGO  system.  These  curves  are  con¬ 
structed  on  the  assumption  that  in 
the  absence  of  noise  (h  -*  co)  the  gain 
factor  is  equal  to  the  optimum.  From 
the  figure  it  is  clear  that  when 
h  >  1  and  we  have  small  ratios  ul’ 
bandwidths  of  the  amplifier  covered 
by  automatic  gain  control  and  of  the 
signal  (y  =  2  to  3)  necessary  change 
of  the  gain  factor  with  sufficient 
accuracy  is  provided  by  the  AC.C 
system.  For  small  h  the  system  of 
automatic  gain  control  leads  to 


unnecessary  lowering  of  the  gain 

factor.  Thus,  in  spite  of  the  fact  that  with  decrease  of  y  fluctuation  error  grows 
(see  Fig.  9.14),  from  the  point  of  view  of  providing  minimum  total  error  It  is 
necessary  to  select  sufficiently  small  values  of  y. 

The  obtained  relationships  permit  us  to  find  error  of  speed  meters  under 


-4.42- 


conditions  when  it  Is  possible  to  disregard  parametric  fluctuations.  However  in  a 
number  of  cases  such  disregard  is  impermissible,  since  the  spectral  density  of 
parametric  fluctuations,  as  we  have  seen,  can  attain  for  the  considered  forms  of 
frequency  discriminators  considerable  magnitudes.  Therefore,  calculation  of  param¬ 
etric  fluctuations  i3  of  interest. 

In  accordance  with  formula  (6. 2. 44)  variance  of  total  error  during  calculation 
of  parametric  fluctuations  is  defined  as 

«i==02(H-2SB.pAf.*),  (9.5.25) 

o 

where  aQ  —  the  variance  of  error  in  the  absence  of  parametric  fluctuations,  found 
above . 

Considering  that  for  frequency  discriminators  Sn&p  =  H/Afc,  where  n  —  a  coef¬ 
ficient,  varying  in  a  wide  range  depending  on  the  form  and  parameters  of  the  fre¬ 
quency  discriminator,  and  also  on  the  magnitude  of  the  signal-to-noise  ratio  h, 
we  obtain 


(9.5.26) 


For  large  signal-to-noise  ratios  (h  -* aa)  coefficient  n  takes  the  following 
value : 

—  for  an  optimum  discriminator  n  =  0.5; 

—  for  a  discriminators  with  a  tuned  loop  and  a  phase  shifter,  and  also  with 
mixers  and  differentiation  H  varies  from  0.5  to  1  depending  up  a  =  AfK/Af  ; 

—  for  a  discriminator  with  detuned  loops  H  varies  in  the  same  range,  depending 
upon  the  magnitude  of  detuning. 

Therefore,  with  rapid  fluctuations,  when  ratio  Af .  /Af Q  is  small  (it  may 
attain  magnitudes  of  the  order  of  10  there  are  conditions  in  which  parametric 
fluctuations  can  be  disregarded.  With  slower  fluctuations  and  for  smaller  h,  at 
which  h  grows;  these  conditions  may  not  be  observed.  It  is  necessary,  however,  to 

Af  3(fl 

recall  that  with  2n  ^  -  ■-  comparable  with  unity  formula  (9.5.26)  ceases  to  be 

1  c 

valid.  Therefore,  it  gives  the  possibility  of  obtaining  corrections  due  to  parametric 
fluctuations  only  under  the  condition  of  smallness  of  these  corrections,  and  the 
basic  meaning  of  its  application  consists  in  determining  conditions  in  which  linear 
approximations  arc  still  valid. 

Certain  lowering  of  the  influence  of  parametric  fluctuations  occurs  from  the 
AGC  system.  However,  for  Doppler  speed  meters  this  lowering  is  no  longer  found  by 
formulas  of  Chapter  VII  inasmuch  as  parametric  fluctuations  (during  rapid 
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fluctuations  of  the  signal)  are  determined  here  not  only  by  the  random  nature  of 
changes  of  amplitude,  but  also  by  the  random  nature  of  changes  of  phase,  not  com¬ 
pensated  by  the  AQC  system. 


9.5.2.  Optimum  Smoothing  Circuits  for  Randomly  Varying  Speed 

Linear  smoothing  circuits  with  constant  parameters  in  certain  cases  analyzed 
in  Chapter VI  are  optimum,  i.e,,  ensure  with  application  of  the  proper  discriminater 
minimum  error  of  measurement.  This  occurs  when  speed  is  either  a  stationary  random 
process,  or  a  random  process  with  stationary  increments. 

Speed  is  a  stationary  random  process,  for  instance,  in  the  case  of  measurement 
of  groundspeed  by  a  Doppler  dead-reckoner.  With  stationary  random  oscillations 
of  the  flying  object  relative  to  the  horizontal  line  of  flight,  small  stationary 
changes  of  its  speed  and  sufficiently  uniform  relief  of  the  locale,  the  measured 
components  of  groundspeed,  Just  as  the  reflected  signal,  can  be  considered  stationary 
processes . 

The  method  of  finding  both  the  optimum  filter  and  also  errors  of  measurement 
obtained  during  its  application  is  presented  in  §  6.8  for  an  arbitrary  form  of 
spectral  density  of  the  measured  parameter.  Let  us  consider  the  particular  case  of 
spectral  density  of  speed  of  the  form  of  (9.5.11),  for  which  the  frequency  response 
of  the  optimum  smoothing  filter  for  a  large  time  of  observation,  according  to 
(6.8.11),  has  the  form 


G(i«)  = 


i+/i  +  2ajr#c.«,  1  +‘*>r  ’ 

T  —  time  of  correlation  of  the  process  of  change  of  speed; 


(9.  'o.27) 


K,  —  gain  factor  of  the  optimum  discriminator. 

on  - 


Variance  of  the  tote.l  error  of  measurement  of  speed  according  to  (6.8.13)  is 


equal  to 


1  +  V\  + 


(9.5.28) 


Considering  that  in  (9.5.28)  there  la  implied  application  of  an  optimum  fre¬ 
quency  discriminator,  and  considering  that  its  equivalent  spectra]  density  is 

determined  by  expression  (9.3.11),  we  have 
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whence 


*o 


(9.5.29) 

(9.5.30) 


l  +  JrFJ  yr+Mi  +  Knpo* 


For  very  small  signal-to-noise  ratios  (h  -*  0)  quantity  is  equal  to  the  a  priori 


variance  of  change  of  speed;  for  large  signal-to-noise  ratios  (h  — *•  co) 


,  +  |/,+-^(ixs-)* 


(9.5.31) 


The  dependence  of  the  mean  square  error  of  measurement  of  speed  on  the  signal- 

to-noise  ratio  we  shall  show  with  an  example.  Considering  o  =  10  2L__  Af  **  1000 

u  s  ec  c 

cps,  T  =  10  sec,  and  X  =  4  cm,  for  high-level  noises  (h  — ►  0)  we  obtain  aBHX  = 


10  -r^rJ  for  low-level  noises  (h  -*  ao)  we  obtain  a  »  0.8  m/sec j  the  dependence 


sec'  '  '  “  'bux 

°f  aBux  on  h  is  3hown  in  Fig.  9.16, 

It  is  necessary  to  note  that  the  obtained  values  of  error  of  measurement  of 
speed  correspond  to  an  optimum  system,  the  gain  factor  of  whose  open  loop  should  be 
equal  to 


■_  2 #•*. 


i  +  j/ 1  +  J’Jr/CoiT 

and  takes  different  values  with  change  of  the  signal-to-noise  ratio  h. 


(9.5.32) 

The  graph 


of  the  dependence  of  on  h  for  the  given  example  is  shown  in  Fig.  9.17. 


Fig.  9.16.  Dependence  of  the  mean 
square  error  of  measurement  of  speed 
0  on  the  signal-to-noise  ratio  h 

BUX 

for  the  example  of  an  optimum  meter  when 
speed  is  a  stationary  process. 


In  the  same  figure  there  are  shown 
curves  of  the  dependence  of  the  gain 
factor  on  h,  determined  by  action  of  the 
automatic  gain  control  system  for  three 
values  of  y  =  Af  y  /Af  c .  From 


yi 
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Fig.  9.17.  Dependence  of  the  gain  factor  of  the  open 
loop  Kp  on  the  signal-to-noise  ratio  h  for  the  example 

of  an  optimum  meter  when  speed  is  a  stationary  process: 

-  optimum  gain;  ---  gain  with  application  of  automatic 

gain  control. 

consideration  of  these  curves  It  may  be  concluded  that  satisfactory  reproduction 
of  the  required  law  of  change  of  amplif ication  by  automatic  gain  control  is  attained 
for  values  of  h  =  i  to  100  for  y  =  4  to  6, 

In  most  cases  the  assumption  of  stationary  random  change  of  speed  is  not  reali¬ 
sed,  Thus,  in  many  cases  the  radar  target  can  at  any  moment  start  to  maneuver  and 
never  return  to  the  past  direction  of  motion,  due  to  which  the  radial  component 
of  speed  will  change.  However,  sufficiently  often  change  of  speed  can  be  considered 
a  process  with  stationary  increments.  In  particular,  if  changes  of  engine  thrust, 
and  consequently  also  of  acceleration  of  the  target  are  stationary,  speed  is  non- 
stationary,  but  has  a  stationary  first  derivative,  i.e.,  can  be  included  in  processes 
with  stationary  increments. 

If  we  idealise  the  process  of  change  of  acceleration,  considering  it  white  noise 
with  spectral  density  /sec^],  the  speed  is  a  Wiener  process.  For  large  time 

of  observation  the  optimum  smoothing  filter,  according  to  (6.8,28),  is  an  integrator 
with  a  gain  factor  equal  to  /bi/KonT,  where  K onT  —  gain  factor  of  the  discriminator. 
The  gain  factor  of  the  open  loop  here  is  defined  as  /b^K onT  and  should  be  different 
for  different  signal-to-noise  ratios  h.  Thus,  for  an  optimum  discriminator  in  the 
same  conditions  as  in  the  preceding  case 

/$*  =  *•*'  (9'‘J'53) 
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The  magnitude  of  variance  of  error  of  the  meter  turns  out  to  be  equal  to 


=i/,A_= 

1  r  K  oif 


4s 
•  X 


where 


X=- 


(9-5-34) 


(9.5.35) 


u+hy/'u+iri+hf' 

Relationship  (9.5.35)  is  shown  in  Pig.  9.18.  The  dotted  c  ,'ve  In  this  figure 
shows  that  the  required  dependence  is  sufficiently  well  reproduced  by  the  system  of 
automatic  gain  control. 

In  order  to  illustrate  the  magnitude  of  errors  of  measurement  of  speed  in  the 
case  when  acceleration  can  be  considered  white  noise  we  shall  give  the  following 
example.  Let  us  assume  that  wavelength  of  the  radar  X  =  3 A  cm,  and  the  bandwidth 


Fig.  9.18.  Dependence  of  x  =  Kp/KQ  on  the  signal-to- 

noise  ratio  h  when  speed  is  a  process  with  a  stationary 

1st  derivative:  -  optimum  change  of  gain;  ---  change 

of  gain  from  automatic  gain  control. 


of  fluctuations  of  the  signal  Af  *  30  cps.  Errors 

c 

of  measurement  of  speed  for  a  large  signal-to-noise 
ratio  (h  -*  cd)  and  for  different  mean  square  values  of 
speed  developed  in  1  sec  are  given  in  Table  9,2.  In 
it  there  are  also  given  corresponding  errors  of 


measurement  of  frequency  and  values  of  the  effective  bandwidth  of  the  tracking  meter. 


calculated  from  (9.5.2). 


Table  9.2. 


Mean  square  value  of  speed  developed  by  the  target  in 

1  sec,  m/sec 

0.5 

5 

50 

3^ ,  m2/sec^ 

0.25 

25 

2500 

Mean  square  error  of  measurement  of  frequency  af,  cps 

6 

19 

60 

Mean  square  error  of  measurement  of  speed  m/scc 

0 . 1 

0.32 

1 

Effective  bandwidth  of  the  system  Af  ^  ,  cps 

6 

60 

600 
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Acceleration  of  the  target  cannot  always  be  assumed  uncorrelated.  However,  if 
acceleration  Is  finite,  and  its  derivative  is  approximately  stationary  and  changes 
rapidly,  speed  can  be  considered  the  double  integral  of  white  noise  with  a  certain 
3pectral  density  B^fm^/sec^].  For  a  large  time  of  observation  according  to  (6.6.37) 
the  optimum  smoothing  filter  is  a  double  integrator  with  correction.  The  gain 
factor  of  the  open  loop  turns  out  to  be  equal  to 


(9.5.36) 

and  with  the  same  the  optimum  frequency  disc riminatcr  depends  in  the  same  way  on  the 
signal-to-noise  ratio  h  as  in  the  case  of  uncorrelated  accelerations.  The  time- 


constant  of  the  correcting  circuit  is  defined  as 


(9.5.37) 


and,  finally,  variance  of  error  of  measurement  of  speed  according  to  (6,8.33)  is 


equal  to 


J  .An  /  VA 

°«ii*  y  ^  j  •  (9.5.36) 

The  dependence  of  ratio  0^/0^  on  h  (where  a|L,x  ..  -  variance  as  h  —  co) 
obtained  from  (9.5.38)  is  shown  in  Fig.  9. 19,  It  is  valid  for  change  of  K_,  and 
Tk  with  change  of  h  in  accordance  with  the  above-mentioned  formulas.  In  the 

Fig.  0.1:).  Impendence  of  variance  of  error  of 

p 

measurement  of  speed  °EyX  on  the  signal-to-noise 

ratio  h  when  speed  is  a  process  with  a  stationary 
2nd  derivative- . 

case  of  fixed  selection  of  K  and  T  the  system 

P  K 

ceases  to  be  optimum. 

For  illustration  of  the  possibilities  of  an  optimum  system  of  measurement  of 
speed  when  the  derivative  of  acceleration  is  white  noise,  we  turn  again  to  the 
example  of  a  radar  for  which  X  3  3,4  cm,  and  the  bandwidth  of'  the  received  signal 
is  Af c  =  30  cps.  Assigning  the  magnitudes  of  the  mean  square  value  of  acceleration 
developed  In  1  sec  and  calculating  mean  square  error  of  measurement  of  speed  as 
h  ** cd,  we  obtain  the  results  presented  in  Table  9.3.  In  this  table,  as  also  in  the 
preceding  example,  there  ,^re  given  values  of  error  of  measurement  of  frequency  and 
the  effective  bandwidth  of  a  tracking  meter,  calculated  by  formula  (9.5.4). 


-44b- 


Table  9.3 


Mean  square  value  of  acceleration  developed  by  the  target  in 

1  sec,  m/sec 

0.5 

5 

50 

B2,  m2/secJ 

0.25 

25 

250u 

Mean  square  error  of  measurement  of  frequency  a^,  cps 

3.3 

5.8 

10.5 

Mean  square  error  of  measurement  of  speed  oBHX.  m/sec 

0.056 

0.1 

0.18 

Effective  bandwidth  of  system  ,  epo 

2.6 

L 

8.2 

26 

Kroni  tno  table  It  is  clear  that  the  dependence  of  error  of  measurement  or 
dynamic  properties  of  the  target,  characterized  by  coefficient  B^,  in  tbJ j  case 
is  very  weak. 


()., 9. 3.  Smoothing  Circuits  with  Variable  Parameters 
In  many  cases  the  law  of  change  of  speed  can  be  sufficiently  approximated  by  a 
function  of  assigned  form,  out  depending  or,  a  certain  number  of  unknown  parameters, 
lit  p ,  fairly  frequently  tnere  are  satisfied  conditions  in  which  approximation 
(•', . j.s  valid,  and  the  measured  speed  is  presented  In  the  form 


V(0-V(0+J  nMQ. 


Wi,<  tm  VJTr-  mav.iieniatj.cal  expectation  of  the  law  of  cnangc  cf  spt.-tu; 
i'  (*. )  —  ar.s i filed  functions; 

\Ljr  —  normally  distributed  ran  , /in  variables 

(v>k  ‘  o, 

/i:.  It  wan  shown  in  Chap  ter  VI,  'iptimii/i  nnicothliig  Circuits  In  such  ctiFtn  pOKK‘,t 
v*»i  1  o»*I ••  paraim  tern,  arid  the i r  pulse  r«  sponsor;  in  the  ,  vn-lani  an  : 

,f  i:.tt-<,ureiii*-n«  are  .p-tern.)  n<")  by  exprei  s.  1  •ns  (n .  n  /  h  m  ('  .  .oil,  r  cspect  i  lv  . 
;}y  virtu'  .f  the  fa'-t  that  t)i<  t  an  re  ss )  onr.  lnvJ’i'n-  *h<  gam.  fa."  .>r  '  f  t  he  Jjs- 
cr  in:  lent  i  K  ...  ih)  nerameter-.  '•(  "in  ■  'thing  clreul',  orj.ei.d  ti.O  hlgna!-' 


ft  fMti  ffi  =• 


1 


V  (0  ~V(7) -ii»/ (/). 


i  -  • 


Considering  n  = 
according  to  (6.8.49) 


2 

aQ  we  have  for  ttie  pulse  response  of  the  smoothing  circuit 


g(t,  ') 


•of(OfW 


and  for  error  of  measurement 


*  +  /*(*)  rf* 


(9. 5.41; 


3„<o= 


#*<0 


1  +  Ko.t  J  /*  (s)  ds 


(9.5.42) 


Lee  us  consider  the  following  examples. 

1.  After  lock-on  the  radar  should  pass  to  automatic  target  tracking.  Let  us 
assume  that  after  lock-on  there  exists  a  certain  initial  error  of  tuning  in  frequency, 
arid  consequently  also  of  measurement  of  speed.  Let  us  assume  also  that  speed  varies 
according  to  a  law,  known  with  the  error  of  this  initial  error  (for  instance,  speed 

O 

is  constant  during  the  time  of  measurement).  Then  f(t)  =  1,  and  —  variance 
of  the  initial  error  of  measurement  of  speed.  Considering  tQ  =  0,  we  obtain 


(9.5.45) 


The  smoothing  circuit  consists  of  an  amplifier  with  a  variable  gain  factor 


afy/ 1  (-  K0)n.dyt  and  an  integrator.  Variance  erz-or  decreases  in  time  for  large 
times  of  observation  as  l/K,>rlt,  In  the  i  i  van  nnd  subr.ctgu  n*  examples  we  shall  hot 
give  physical  explanations  of  t lv-  n.ear.i,  *  of  r.p f  i.mali  ty  ol'  smoothing  circuits.,  since 
this  question  was  generally  considered  In  Chapter  VT . 

With  application  of  an  optimum  frequency  discriminator  with  a  gain  factor 
et  hu.-lned  by  (>,5.29)  error  of  measure  men'  of  speed  tr  defined  as 

<w(0=- 

■  /  .  .  /<«  \*  *5I  _/j.i 

(• 


|/,  +  (x)  -&f7fW 


where 


?(*)= 


A* 


/i  +  'Mi  +  l'i  -Ml* 


lor  th*  example  already  repeatedly  ..u-n.  ; mi  r«  j  / 


5  cp.  ,  : 


■  BHX 


(t)  for  three  values  •  !'  l.  ana  for  valuer  of  initial  u'fvi 


ol'  meaeur  erne' t  r  1  -pi-.,  d  c->rre&p.;iidi  ng  j<  ■:  .v.  t>y  a-.,  c“i  arid  j 

the  i.'lvr,  example  error  lee  roast  .  ia'h-1  r  up  I  ■:  1  ,  nutvihg 
huivj/ e-ithc  of  a  iieco-nj. 
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Fig.  9.20.  Dependence  of  error  of  measurement  of 
speed  on  time  t  for  the  example  of  an  ptimum  meter 

with  f(t)  =  li  -  Af  =  10  cps:  Af  ■=  20  cps; 

-  Af  =  40  cps. 

•2.  Let  us  assume  that  acceleration  of  an  object  whose  speed  is  measured  by  a 
radar  is  constant  in  a  certain  stage  of  observation.  Due  to  scattering  of  thrust 
of  engines  we  can  only  know  the  mean  value  of  acceleration  and  the  magnitude  of 
scattering  of  acceleration  near  this  average.  Here  f(t)  »  t  and  from  (9.5.41), 
(9.9.42)  for  t0  =  u  we  have 


f  (f.  -o  = 


«L(o= 


1  +  K»  »t»Q  * 


- -p-, 


(9.'..49j 


where  —  variance  of  acceleration. 

The  optimum  smoothing  circuit,  here  consists  of  a  series-coupled  amplifier  w.1t, 


a  gain  factor  varying  in  time  according  to  the  lav/ 


,  an  integrator  anu 


I  +  Kami  g 

i/i  v tip U  Tier  with  a  gain  factor  varying  as  t.  Krr  t  of  measurement'  in  the  t>  g'l.;  "i. 
in;ri'jsi:'.  gr.  or  t, ,  uvid  l’c"  a  large  time  of  observation  it  decreases  as  3/K,  t .  A1 


'r-V-£* 


error  *  r.n.  t  1  i.t.  max  1  rn'ini  vni  ;e,  f m  •*■ ).  t 


•  (P~y 

K  3  V,  Ko«»  J 


(9.5.40 


and  with  the  same  assumptions  about  the  frequency  discriminator  it  is  determined  by 


the  formula 


(9.5.48) 


For  case  X  =  3,4  cm,  Af 


30  cps  in  Fig.  y.21  are  curves  of  the  dependence 


of  d  „„  on  h  for  three  mean  square  values  of  acceleration.  It  turns  out  that 
mean  square  error  of  measurement  of  speed  in  the  given  optimum  system  in  a  wide 
range  of  accelerations  and  signal-to-noise  ratios  (h  =  1  to  100)  is  a  quantity  in  it 
frequency  expression  corresponding  to  only  part  of  the  width  of  the  signal  spectrum. 


0f  ■  fOn/mto* 


e,  ■(■/»« ; 


-  ft  m0,  *»/»»  «*- 


fig.  9.21 •  Dependence  of  maximum  error  of 
measurement  of  spend  'huy.  on  .J  r.e  signal-to-noiae 

ratio  h  for  the  example  of  an  optimum  meter  when 
f(t)  »  t. 


3.  if  the  target  is  a  body  moving  rapidly  and  experiencing  some  drag  in  the 
atmosphere,  then  with  observance  of  certain  hardly  limiting  conditions  one  may  assume 


(9.5.4y) 


Considering  as  before  u  *  0  and  u  -  o'  ,  n. -cording  to  (y.5,.1 /  ana  (  n'.-.Vf) 


we  obtain 


-‘>52 


and 


g{t,  x)  =  e‘ 


<js  (i)~- 

•  MX  '  ' 


»  + 


2o 


(e2”-l) 


(9.5.50) 


1.1 


The  smoothing  circuit  consists  of  a  series-coupled  amplifier  with  variable  gain 

at 


«o«- 


1  + 


an  Integrator  and  an  amplifier  with  gain  e 


For  large  times  of  observation. 


(9.5 .51) 


(9.5.52) 


(9.5.55) 


and  pulse  response  of  the  closed  tracking  meter 

KonrC(t,  ‘0-+2ae"“<,~1>. 

Here  variance  of  error  of  measurement  of  speed  is 

Thus,  if  we  are  interes  un  error  for  large  times  of  observation,  the  optimum 
tracking  meter  possesses  cons  parameters  and  is  equivalent  to  an  inertial  link 
(RC-circuit)  with  time  constant  1/a.  Variance  of  error  c f  the  meter  is  equal  here 
to  2aSQnT(h),  which  determines  the  form  of  its  dt pendence  on  slgnal-to-nolse  ratio 
h.  It  is  necessary  to  note  that  for  realization  of  an  optimum  meter  possessing 
the  shown  properties  it  is  necessary  in  the  smoothing  circuit  to  have  an  amplifier 
whose  gain  factor  is  proportional  to  l/KQnl  =  ScnT(h),  If  in  the  preceding  examples 
the  optimum  gain  factor  of  the  open  circuit  decreased  with  decrease  of  h,  and  with 

some  degree  of  accuracy  this  change  was  reproduced  by  the  system  of  automatic  gain 

control,  In  this  case  with  a  system  of  automatic  gain  control  it  is  necessary  to 

compensate  its  normalizing  action  so  that  the  resultant  gain  factor  remains  constant. 

The  radial  component  of  the  speed  of  a.  target,  measured  by  a  Doppler  speed 
meter,  In  many  cases  contains  both  components  of  assigned  form,  but  depending  1 , 
random  parameter!’.,  and  also  purely  random  '’viiipoii.-nts .  Tie  form  of  smoothing 
circuits  optimum  for  such  cases  already  was  discussed  in  Chapter  VI.  In  the  t.wo- 


ioop  variant  tney  contain  two  channel.*.  One 


tries e  channel ~  * 


intended  basical 


f’ji  production  of  the  component  of  the  la w  of  change  of  the  measured  variable  v;ni>  ii 
has  the  assigned  form  for  finding  true  values  of  its  parameters. 


The  other  channel 


is  intended  basically  for  tracking  the  purely  random  part  o"  the  measured  variable. 
However,  other  method  of  realizing  smoothing  circuits  are  possible.  We  meet  one 
of  them  in  the  following  example. 

Let  us  find  optimum  smoothing  circuits  ard  corresponding  potential  accuracy  of 
a  speed  meter  when  speed  is 

V(0  =  V(0  +  ^-H</).  (9.5.5,, 

where  v(tT  —  known  mathematical  expectation  of  speed; 

_  ‘  Tj  O 

P  —  random,  normally  distributed  variable  (p  =  0,  p_  «  o  ) .; 

|(t)  —  Wiener  process  with  variance  Bl.. 

Then,  composing  the  correlation  function  of  process  V(t),  substituting  it  in 
equations  (6.6.53)  and  (6.6.5^)  and  solving  them,  for  the  pulse  response  ol'  smoothing 
circuits  we  obtain 


*.“■  *>=/ k,-x 


ih/Sw-exp/  f - ...1 

.  -  .  yw*.,' _ 

*  chf'SK  •**t -  «h  VBK  OU»^  \vbK  onr^  +  8  iTB/Co.t/^)- 


(9.5.55) 


In  connection  with  the  fact  that  g(t.,  t)  turns  out  to  be  equal  to  the  product 
of  a  certain  function  of  variable  t  and  the  function  of  variable  t,  the  smoothing 
circuits  in  the  single-loop  variant  of  ti.  king  ;nelc-r  (Fig.  9.22)  contain  coupled  in 
series : 

an  amplifier  with  variable  gain 


ft  (0«=)/x^  Sh  VBKouy  t 0 , 


aii  integrator  and  amplifier  with  variable  gain 

_ _ /  7<> 

/ * {0  Ch  S^ny-ih  y  BKoaft  {]/" BXmH  B  / Bf(ui/tg)  "* 


( 9 . 5 .  f>6  ) 


('V'.Vf) 


v/  here 


_. .  . _ p  __ _ in  f  at _ 

ch  t  -  ih  t  (j  +  fl  K  BKTT.Sj 


tor  small  times  of  observation  (l  — »  (>  and  i  — •  ;.)  gain  factors  of  ami  1  ifiers , 
d  ;plsted  in  Fig.  9  -  ^  ^ ,  vary  as 

*  M()WT' 

For  large  times  of  observation  ( t  -*•  w  and  a  ) 


Fig.  S.22.  Diagram  of  an  optimum  spaed 
meter  when 


jZKZHZD- 

- 1  vvw 

*  |— <7)-p 

rr-p 

V(0  ■=*'(<)  +  !»< +  *<*>: 


1  —  discriminator;  2  —  amplifier  with 
gain  factor  f±(t);  3  -  integrator;  4  - 

amplifier  with  gain  factor  f2(t);  5  - 

generator  of  law  of  change  of  VfTJ;  6  - 
adder . 


M')=/ 


so  that  the  smoothing  circuit  contains  only  an  integrator  with  gain  factor  ^/Konx 
It  is  easy  to  find  that  for  intermediate  values  of  t  the  gain  factor  f^t)  has  a 
maximum  at  value  t  =  t„  ,  determined  by  equation 


4-sh 2  ^BKont  t  =  /  BKon r  (i  + 4 ). 

2  \  V 


and  f?(t)  has  a  minimum  at  t  tg,  determined  from  equation 


th  /BK<,wt=/BKo 


:e+i> 


laws  of  change  of  gain  factors  of  the  amplifiers  are  shown  in  Fig. 

Calculating  by  (6.6,48)  variance 


of  error  of  the  considered  optimum  meter, 
we  obtain 


•J-.w-V'tgtx 


Fig.  9.23.  Form  of  laws  of  change  of 
gain  factors  f  ^  ( t )  and  v0(t). 


w.wi —  r  ^  (9.6.96) 
,  _  _ 1 _ 

'cth  YBK  f  -  (VhK  007  1 4-  b'ybk  OHT I*q)  ~  * 

Ac  t  ol?  this  variance  takes  valu 


quantity  v  »  /!5K'cn,n  in  the  formulas  is  the  ratio  of  ap,ux(a')  to  var 


lance  of 


the  linear  component  ut  ii.  (9.9.94)  over  interval  of  time  (from  moment  of  beginning 
of  observation)  9  -  (BK  equal  to  the  set-up  time  In  the  circuit,  calculat'  d 
for  a  Wiener  process. 

In  Fig.  9,24  according  to  (9.9.98)  there  are  shown  -um-i;  >A  the  dependone.  of 


°*i  vl  t)/dLUY(a<)  on  time  l’or  different  values  of  pur  arm t»  1*  v,  'th'  -lotted  line  niiu; 

p  hi  X '  BaA1 


th<-  asymptotic  value  and  the  locus  ol'  maximum  valuer., 

-'<39  - 


Pig.  9.24,  Dependence  of  variance  of  error  on  time 
t  for  the  example  of  a  meter  of  speed,  determined  as 

V(0“V(ij+^  +  !<0. 


The  dependence  of  oBUX(t)  on  the  signal -to-noise  ratio  h  is  easy  to  find, 
assigning  KonT,  for  instance,  in  the  form  of  (9.9. 29).  For  here  repultG 

obtained  above  for  an  optimum  meter  in  ease  oi  which  is  a  Wiener  process 

are  valid, 


9.5.4.  The  Influence  of  Errors  in  a  Priori  Data  on  Accuracy 

of  Mee.'iirement 

Optimum  speed  meters,  errors  of  which  are  analysed  above,  can  be  realized  only 
for  known  a  priori  statistics  both  o;  .  .ignai.-;  and  also  ol  their  parameters.  Change 
of  a  priori  statistics  of  the  signal  lead::  to  variation  of  parameters  of  the  optimum 
discriminator,  whereas  change  of  a  priori  statistics  of  the  measured  variable 
(speed)  leads  to  change  of  smoothing  circuits.  Usually  "a  priori  di.tlicu.lty  with 
respect  to  statistics  of  the  measured  parameter  are  stronger  than  with  respect  to  tlr- 
received  signal.  Therefore,  consideration  of  the  case  of  a  discriminator  which  does 
not  differ  In  its  properties  from  the  optimum  and  of  nonoptimal  smoothing  circuits 
is  of  Intel  <„■  it.  Here  we  assume  that  smoothing  circuits  are  synthesized  predeeding 
from  cert,'.;  r  priori  statistics  of  the  law  of  change  of  speed,  but  in  fact  these 
statistics  are  different, 

We  snail  consider  this  question  ww.ii 

Let  us  assume  that  acceleration.;  of  the  tang.*  1  arc  random,  stationary  and  un~ 


correlat.ed.  Then  speed  is  a  Wiener  process.  However,  variance  of  this,  process 
B  t  i-i  difficult,  to  know  exactly.  Th*  (■■•fore,  we  oons.Idor  that  smoothing  "lrcults 


-491,- 


are  synthesized  counting  on  some  other  variance  B^t.  As  it  was  shown  above,  as  the 
smoothing  filter  in  this  case  one  should  apply  an  integrator  with  gain  factor 
/6i/Kor]T.  Error  of  tracking  in  steady-state  operating  conditions  will  be  composed 
of  fluctuation  and  dynamic  errors.  Variance  of  the  first  of  them  is  defined  as 


„#  At  _  i  r  i  i  y..tQ(<f>)  " 


(/«) 


d<a  — 


(9.5.60). 


where  G(icu)  —  frequency  response  of  the  integrator. 

Variance  of  dynamic  error*  can  be  found,  proceeding  from  the  following  reasonings. 
Dynamic  error  is  defined  as 


‘ana 


(0~j  ~  ■*)  V(x)d%-~-  J  & (t~x)dx  j  l(s)ds  ■ 


=jx(/  —  %)t(x)dx, 


(9.5.61) 


where  V(t)  -  law  of  change  of  the  random  component  of  speed,  consisting  of  the  integral 
of  white  noise  £(t),  having  spectral  density  B1Q:  $(t)  —  pulse  response  of  the 
closed  system,  if  we  consider  mismatch  the  output  variable 


Variance  of  dynamic  error 


*(0=j  &(*)dx. 


o*  —t1  ( t)  =  Bu 

AMU  !■■«*/  !• 


^  X*  (/  —  t)  dx  cs; 

_  J_  f  fl„  I  1  \'  J  _ 

~  2*  J  «•*  I  1-f /C..tG(iw)  |  a<0  ~ 

2  V  *.,T  r  b, 


(9.5.6D) 


where  we  use  the  circumstance  that  the  Fourier  transform  of  £(t)  is  1/  1  +  r'  ( 1;1')  ■ 

2  2  2 

Total  error  has  variance  o0yX  =2  0^  +  ,  Its  ratio  to  minimum  possible 

°BUX  0  =  *  Gained  for  3±  =  Bl0.  i  s  equal  to 

*1”  —  1  1/  *LJ.I  l/ili, 

q  2  V  B i,  2  V  A,  ‘ 


(9.5  .(v5) 


This  formula  also  determines  increase  of  error  due  to  a  priori  data  incorrectly 
presented  during  synthesis  of  the  system. 


•Here,  in  accordance  with  Chapter  VJ,  We  applied  the  statistical  approach  to 
dyji&mi  •  error. 


-’>57- 


If  the  measured  speed  is  the  double  integral  of  white  noise,  absolutely 


analogously  it  is  possible  to  derive  formula 


_ 3  (  fl»  V'*j _ j_  (  \V* 

^To ’ 


(9-5.64) 


where  B^q  —  true  spectral  density  of  white  noise,  the  double  integral  of  which  is 
speed,  and  Bg  —  its  value  assumed  during  synthesis  of  the  filter. 


it. 


Fig.  9.25.  Curves  of  the  dependence  of 
increase  of  error  of  measurement  of  speed  on 
error  in  a  priori  data  presented  during 
synthesis:  -  Bl/BiO’  -  B2/B?q. 


In  Fig.  9.25  formulas  (9.5.63) 
and  (9.5.64)  are  presented  graphically. 
From  the  graphs  we  see  the  low 
criticality  of  the  system  of  measure¬ 
ment  of  speed  to  selection  of  magni¬ 
tudes  of  and  B2,  respectively. 

Thus,  for  B1  -  10B10  or  B1  =  0.1B10 
(which  are  equivalent  to  expansion 
or  narrowing  of  bandwidth  of  the 
system  by  a  factor  of  3.2  as  compared 
to  the  optimum)  error  increases  by 
y<i%,  and  for  =  lGBg0  (i.e.,  with 
expansion  of  the  band  by  a  factor  of 
2)  this  growth  comprises  2A%  in  all, 
trongly,  so  that  in 

[referable  if  dynamic 


With  decrease  of  Bg/Bgp  quantity  0pHX  gt’ows  somewhat  mot 
systems  of  the  second  order  certain  expansion  of  bandwidth  if 
properties  of  the  target  are  not  known  exactly. 

Let  us  consider  now  the  case  when  speed  varies  as 

V(0-V?)+^  +  l(/)f 


where  £(t)  -  Wiener  process  with  variance  Btj 

iu  —  normally  distributed  random  variable  (p.  =  0,  p.  '  =■  o^). 

Let  us  assume  that  this  process  does  not  influence  the  optimum  .system  of 
Fig,  9.22,  but  a  meter  designed  for  the  fact  that  speed  is  a  Wiener  process.  Then 
the  smoothing  filter  is  an  integrator  with  gain  /B/TCn,.„  .  Calculation  uf  variance  ol‘ 
total  error  for  large  times  of  observation  (t-^os)  gives 

from  which  the  ratio  of  variance  of  error  to  Its  minimum  possible  value  (9.5.‘.9)« 
peculiar  to  an  optimum  system,  is  defined  as 


where 


-»M*  =14-1 

-a  1  i  *  * 


tux  0 


V —  —  |/  BKont' 


(9.5.65 


When  v  <  1  growth  of  error  is  substantial.  If  we  assume  that  in  the  con¬ 
sidered  speed  meter  there  is  not  introduced  the  mean  value  of  V(t),  for  V(Tj  =  at 
error  will  increase  additionally  magnitude  a//fel^n  . 

For  the  above-considered  example  of  a  radar  with  wavelength  X  ~  5.4  cm  with 
signal  bandwidth  Af  =J0  ccs  and  a  large  signal-to-noise  ratio  (h  -*  00)  increase 
of  errors  due  to  disregarding  the  quasi-regular  component  of  speed  and  failure-  to 
insert  the  mean  value  is  illustrated  by  Table  9.4, 


Table  9.4 


B 

•• 

Minimum 

error 

Error  with 
applioatior 
of  an 

integrator  for 
smoothing 

Error  with  applioation  of 
an  integrator  and  without 
insertion  of  the  mean  value 

a  =  1 

m/sec2 

a  =  10 

m/see2 

mZ/sflc-* 

m/aec^ 

m/*M  | 

cps 

hi/mo  | 

I  "?=  1 

m/s  eg 

cps 

m/itc  | 

cps 

0,0324 

0,035 

2,06 

0,455 

26,8 

4.235 

250 

0.26- 10'* 

0,1 

0,0324 

1,9 

0,053 

3,1 

0,473 

27,8 

4,253 

250 

0,324 

0,14 

8.2 

0,56 

33 

4.34 

255 

0,1 

0,059 

3,5 

0,102 

II  ,3 

1,39 

81  ,8 

0,26  I0-» 

0,324 

0,0576 

3.4 

0,072 

4,25 

0,205 

12.1 

1,4 

82,2 

1 

0,014 

6,55 

0,278 

16,3 

1,47 

86,5 

0,324 

0,106 

6,04 

0,148 

8,7 

0,526 

31 

0,26 

1 

0.105 

6 

0,113 

6,48 

0,155 

9,1 

0,533 

31 .4 

3,24 

0,175 

10 

0,217 

12,8 

0,595 

35 

As  can  be  seen  from  the  table,  for  comparatively  low  rater,  of  change  ol' 

p 

the  mean  value  of  measured  speed  (acceleration  of  1  and  10  m/sec  )  errors  of  measu 
ment,  expressed  in  units  of  Don(  ler  frequency  shift,  attain  substantial  magril  tudr;- 
exceeding  the  width  of  the  spectrum  of  fluctuations  of  the  signal.  Due  to  the 
narrow  bands  of  filters  of  the  discriminator  breakoff  of  tracking  if.  possible  here 
To  avoid  it,  it  is  necessary  to  wider  the  t/Tectiv  band  ol'  1.1 1<  nyr.i.'.m,  ii.r  ,■< 
fluctuation  error  of  measurement,  or  to  switch  tv  smoothing  circuits  containing 
two  integrators,  introduction  of  the  mean  value  and  use  of  a  smoothing,  filter  wit 
variable  parameters  permits  un  to  narrow  the  effective  bandwidth  and  to  obtain 
minimum  errors  given  in  the  table. 
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§  9.6.  Hreakoff  of  Tracking  in  Doppler  Speed  Meters 

With  intense  noises  and  interferences  in  speed  meters  there  occur  nonlinear 
phenomena,  leading  ultimately  to  breakoff  of  tracking.  Such  phenomena  were  studied 
in  Chapter VI  for  tracking  meters  of  any  parameters,  of  motion  of  a  target.  There 
we  discussed  two  criteria  of  breakoff  of  tracking:  the  criterion  of  sharp  decrease 
of  average  time  to  the  first  breakoff  and  the  criterion  of  sharp  increase  of  fluctua¬ 
tion  error  of  measurement  in  steady-state  operating  conditions.  With  sinusoidal 
approximation  of  the  discrimination  characteristic  we  found  the  critical  value  of  the 
ratio  of  the  half -width  of  the  selected  domain  A  to  the  mean  square  value  of  f  luctuating 
error  of  a  linearized  system  o  a.t  which  breakoff  of  tracking  occurs. 

For  the  criterion  of  the  average  time  to  breakoff  this  ratio  is  (A/a  )K  <* 
and  for  the  criterion  of  steady- state  error  it  is  (&/o )Kp  ~  10. 

Let  us  consider  the  phenomenon  of  breakoff  of  tracking  for  Doppler  speed  meters, 
considering  application  of  the  forms  of  frequency  discriminators  investigated  above. 
Here,  besides  using  results  of  Chapter  VI  Just  now  mentioned  we  analyze  nonlinear 
phenomena  in  certain  speed  meters  without  using  a  sinusoidal  approximation  of  the 
discrimination  curve,  which  gives  us  the  possibility  of  estimating  accuracy  of  finding 
critical  Intensities  of  Interferences. 

We  turn,  first  of  all,  to  a  speed  meter  with  an  optimum  frequency  discriminator, 
Its  discrimination  characteristic  is  determined  by  expression  (9.5.6). 

Considering  that  the  spectral  density  of  fluctuations  of  the  signal  is  described 
by  formula  (9.5.10),  after  calculations  we  obtain 


a( *)« 
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W7"  “?nr 


[(1577)  +<»+K  !  +  *}*]* 


(9.6.1) 


Wo  assume  that  there  is  realized  a  discriminator  completely  optimum  only  for  a  signal. - 
to-noiae  ratio  h  =  and  untenable  with  change  of  h. 

Then  from  (9.6.1)  and  (9. 5.11)  the  equivalent  discrimination  characteristic  is 

where 


(9.6.P) 


=  l  +  A,.  (9.6.5) 

In  the  case  of  application  of  a  sinusoidal  approximation  the  equivalent 
discrimination  characteristic  is 


-’IbO- 


(9. 6. it) 


w 


flr,*,,<5)=A.Sin£.  .  (9.6.M 

Quantity  A  can  be  found  by  equating  areas  of  curves  (9.6.2)  and  (9.6.4-)  in  the 
domain  6  >  Ot 

^  £»ki  (®)  =  J  tJ#K»  *  (&)  do, 

from  which  we  obtain 

A=r«A  fcat,  (9.6.5) 

There  can  be  applied  other  methods  of  approximation  of  the  discrimination 
characteristic  by  a  sinusoid.  In  particular,  it  is  possible  to  equate  abscissas  of 
maxima . 

Then 

A=-4=-fltAfc  =  2,32A/cal.  ,  „ 

V3  *  (9 .6.5' ) 

Applying  the  criterion  of  average  time  to  breakoff,  we  have 

A’  =  25*;. 

Substituting  in  this  formula  expression  (9.?. 5)  for  variance  of  fluctuation  error  of 
a  linearized  speed  meter  with  application  of  an  Integrator  as  the  smoothing  circuit, 
it  is  easy  to  find  the  relationship  for  the  critical  signal-to-noise  ratio.  For  the 


first  method  of  approximation  it  has  the  form 

m/L  \ _  °l  4/c  , 

f  ("*«*)  —  10  4ft#i 

for  the  second  method  of  approximation  it  has  the  form 

Here  Afg(^  ^  —  effective  bandwidth  of  the  tracking  meter  in  the  absence  of  noises, 
and  dependence 


(9.6.6) 


(9 .6.6 1 ) 


- jj - h+9 


(9.6.7) 


is  shown  in  Fig.  9.14. 

Let  us  assume  for  instance,  that  A fn  =  50  cps,  Afg(^  =  1  cps,  y  =  7>  and 
h.r  -  1;  then  from  the  curve  for  y  =  5  in  Fig.  9.14  we  obtain  h.,,  ,  =  0.17  with  the 
first,  method  of  approximation  and  =  0.35  for  the  second  method. 

When  using  the  criterion  or'  steady-state  error 

A*=~l00o* 

the  equation  for  h  takes  the  form 
ki 
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(9.6.8) 


for  the  first  method  of  approximation,  and 


fikxp^Tsttt 


for  the  second  method  of  approximation. 

For  the  preceding  example  we  obtain  h 


Kp  1  =  1  and  V  II  =  6‘ 


(9.6.8') 


In  connection  with 


the  fact  that  between  the  values  of  h  obtained  using  different,  criteria  there 
exists  a  marked  difference  in  cases  when  from  conditions  of  work  of  system  it  is 
impossible  to  give  obvious  preference  to  the  criterion  of  average  time  to  breakoff, 
one  should  use  equations  (9.6.8). 

Let  us  find  the  equation  for  h  without  resorting  to  sinusoidal  approximation 

Kj.. 

of  the  discrimination  characteristic.  Using  the  criterion  of  steady-state  error  on 
the  basis  of  the  general  formulas  (0 .5.22)  assuming  the  absence  of  dynamic  errc  , 
for  variance  of  fluctuating  error  we  have 
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J  »•  eip  |--y  Jo,,.  («')  <F5’j  dS 


J esp  (~±-J «»«•  (*') 


d» 


(9.6.9) 


where  l  —  level  of  limitation. 

Substituting  (9.6.2)  in  (9.6.9) ,  obtain 

9  i 

-  m  _ _J _ _  .. 


e*  +xV2|»  ^ 


(9.6.10) 


_  o?(2A/.)» 

i  —l 


(9.0.H) 


Calculating  (9,6.10)  approximate];/  for  large  >i  flow  level  of  noises),  we  have 


15  ,  626  5605  363825 

1  +4H.  +32^*  32j»*  '  I 28(Jl* 


('i.f-.l .  ) 


< 


3  45  736  27405  1 

1  +  4p.  +32j»*  3  V  +128p* 
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Fig.  9.26.  The  dependence  of 
increase  of  variance  of  error  of 
measurement  of  speed  on  parameter  u 
in  che  case  of  application  of  an 
optimum  frequency  discriminator. 


Dependence  (9.6.12)  is  shown  in  Fig. 

9.26.  Considering  that  for  u  =  10  this 
dependence  already  gives  clearly  minimized 
values,  it  is  necessary  to  consider  that  = 

=  15  to  20,  If  we  consider  u^p  =  20,  for  hHp 
we  again  obtain  equation  (9.6.3). 

Let  us  analyze  breakoff  of  tracking  during 
application  of  discriminators  with  a  tuned 
circuit  and  a  phase  shifter  and  also  with 
mixers  and  differentiation.  According  to 
(9. 4.13)  the  equivalent  discrimination  char¬ 
acteristic  of  these  discriminators  has  the  form 


.urn  frequency  discriminator.  - f - g - .»•  (9.6.13) 

1 + [~2(d/r+  Af ,)  ] 

Approximating  (9. 6. 1)5)  by  a  sinusoid,  with  the  help  of  equating  of  abscissas  of 


(9.6.13) 


maxima*  we  have 


A=4(A/c-f-A/„),  (9.6.14) 

from. which,  during  application  of  the  criterion  of  steady-state  urrcn  (u  =  lOo  ) 
and  using  expression  (9.4,9)  for  equivalent  spectral  density,  .rr 


where 


F(/i„p)=0,04a(l  +  .)^, 

+  0 +«)*]. 


(9.6.19) 


(9.6.16) 


and  a  =  AfK/Afc« 

Relationship  F(h)  for  y  =<  3  and  a  =  1  is  shorn  in  Fig.  9,27.  For  the  above- 
mentioned  example  from  the  curve  of  Fig.  9.27  we  find  h  =  1,5, 

If  we  do  not  use  sinusoidal  approximation  of  the  discrimination  characteristic , 
the  law  of  distribution  of  probabilities  for  mismatch  is  defined  as 


“■yfs*.  k 
\T(8)==Ce  aJ 


4w.+*/,r 


(9.6.1V) 


*The  method  of  approximation  based  on  equating  areas  of  curves  is  inapplicable 
in  this  case,  since  the  Integral  of  (9,6.13)  goer,  io  infinity. 
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Designating 

/  +  1  __4(&f«  +  a/.)* 

'  2 

and 

*•__  «* 
n  ■_4(Afe+Af.)*• 


(9.6.18) 


we  reduce  (9.6.17)  to  a.  Student  dis¬ 
tribution  [8], 

Then,  with  no  limitation  in  the 

smoothing  circuits,  we  obtain 

__7i  _  iWc-i  AM»_  a* 

~  n-2  ~  3.J 

1  “4(A TT+A/S* 

(9.6.19) 


Dependence 


where 


V  — 


A/«  +.A/** 


(9. 6. SO) 


is  shown  in  Fig.  9,28, 


Proceeding  from  this  dependence,  critical  value  of  v  =  0,8  to  0,9,  Consider- 

Kj. 

lag  v„,  =  0,8,  v/e  find 

A  Jr 

f  (AK|1)  — 0,l6<*(14  a)  £j~.-  (9,6.21) 

For  the  example  considered  in  this  paragraph  from  the  curve  of  Fig.  9,28  we  obtain 


Fig.  9.28.  Dependence  of  increase  of  variant-;.-, 
of  error  of  measurement  of  speed  on  parameter 
v  when  using  a  discriminator  with  a  tuned 
circuit  and  phase  shifter  or  a  discriminator 
With  mixers  and  differentiation. 


'-Torn  the  given  examples  it  is  clear1  that 
even  in  the  framework  of  one  criterion  of 
breakoff  of  tracking,  depending  upon  the 
form  and  method  of  approximation  of  the 
discrimination  characteristic  v/e  can  obtain 
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rather  substantial  scattering  in  determination  of  the  critical  value  of  the  signal- 
to-noise  ratio  hj^.  Therefore,  when  we  have  formulas  for  hKp  obtained  vdthout  any 
approximations,  one  should  use  them.  Results  obtained  by  sinusoidal  approximation 
of  the  discrimination  characteristic  can  serve  only  for  estimating  the  order  of 
quantity  hHp. 

§  9.7.  Nontracking  Speed  Meters 

In  multipurpose  radars,  to  which  class  most  detection  and  acquisition  radars 
belong,  they  often  use  nontracking  meters.  Therefore,  consideration  of  the  question 
of  accuracy  attainable  when  using  nontracking  Doppler  speed  meters,  and  of  methods 
of  constructing  such  meters  merits  our  attention. 

In  accordance  with  Chapter  VI  (Paragraph  6.6.5)  optimum  nontracking  meters  should 
be  constructed  by  the  scheme  of  Fig.  6.17  and  should  consist  of  an  estimator  unit, 
issuing  the  maximum  likelihood  estimate  of  measured  speed  at  every  given  moment  of 
time,  an  accuracy  unit  which  with  normally  satisfactory  limiting  assumptions  can  be 
absent,  and  a  certain  linear  filter.  The  estimator  unit  can  be  approximately  presented 
in  the  form  of  a  multichannel  system  for  processing  the  received  radio  signal, 
channels  of  which  are  mutually  detuned  in  frequency  (theoretically  there  should 
be  infinitely  many  of  them).  Every  channel  3hould  be  constructed  in  such  a  way  that 
the  voltage  at  its  output,  formed  during  time  T,  for  which  the  measured  speed 
(Doppler  shift  of  frequency)  does  not  change,  is  proportional  to  the  value  of  the 
likelihood  function  for  some  value  of  cu  ,  Selection  of  the  maximum  of  the  obtained 
voltages  gives  the  maximum  likelihood  estimate  of  speed. 

The  form  of  each  channel  here  is  determined  in  Chapter  CV and  is  illustrated  by 
Fig.  9.29.  As  also  in  discriminators  of  tracking  meters,  in  the  channel  there  occurs 
,  .  ,  shifting  of  phase  modulation  by 

'  .  |  I  heterodyning  and  multiplication  by  0 

^DCXZHZHZ]-  function  exy  ressing  the  la”'  of 

amplitude  modulation  (gating.  —  for 

Fig.  9.29.  Scheme  of  a  channel  of  an  optimum 

nontracking  speed  meter:  i  —  mixer.;..  2  —  pulse  modulation).  Thus  processed, 

amplifier;  3  —  filter;  4  —  square-law  de- "" 

tector;  5  —  integrator  (absent  with  clow  the  signal  is  subjected  to  narrow- 

fluctuations  ) , 

band  filtration  and  then  square-lav/ 

detection.  The  form  of  the  filter  is  different  for  fart  and  slow  fluctuations  i.i 
low-frequency  equivalent  of  it.s  frequency  response  is  determined  by  (9.2.3);  for 
slow  fluctuations  this  low-frequency  equivalent  corresponds  to  an  integrator,  Tn 
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Fig.  9.29.  Scheme  of  a  channel  of  an  optimum 
nontracking  speed  meter:  i  —  mixer.;..  2  — 
amplifier;  3  —  filter;  4  —  square-law  de-  ' 
tector;  5  —  integrator  (absent  with  clow 
fluctuations ) , 
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practice,  parameters  of  such  systems  of  course  differ  from  the  optimum,  which  leads 
to  lowering  of  accuracy.  We,  however,  shall  limit  ourselves  to  analysis  of  the 
potential  accuracy  peculiar  to  the  described  optimum  circuit  of  signal  processing. 

In  accordance  with  the  analysis  in  Chapter  VI  ( Paragraph  6.6.9),  with  measurement 
by  the  method  of  maximum  likelihood  of  speed,  constant  in  a  certain  interval  T, 
variance  of  error  of  measurement  with  broad  assumptions  is  close  to  variance  of  the 
efficient  estimate  and  is  defined  as 


_  Sat, 

- T~' 

where  SorT  —  equivalent  spectral  density  of  the  optimum  <11 
speed  meter. 

According  to  (9.5.1) 


(9.7.1) 

riminator  of  the  tracking 


r  r 


o~*= — L>  dtidtiy  (9.7.2) 

where  R(t^,  tg,  cu^)  ~  correlation  function  of  the  signal,  determined  by  (9.2.1), 
and  W(t^,  tg,  o>  )  in  accordance  with  (6.7. 20)  is  found  from  solution  of  equation 


}*<'• 


s)W(s,tt)ds=,Htl-t1). 
Presenting  W(t^,  t^)  in  the  form 

1 W{tv  tj  =  -  wit,,  t,)  Re  [u  ( t  -/,)«*(*- 1,) 

where  u(t)  *=  uq ( t ^ ^ ,  we  transform  (9, 7.5)  md  (9.7.2)  to 
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-J  ?  (‘i  —  s)w(s,  /,)  ds  -f-  N, w  (t„  /,)—  rffp(t,  —  tj 


0.7.5) 


(9.7  0  ) 


(9.7.5) 


and 


/,)’P 


0  0 


(9. 7. Ci 


where  Pc  —  mean  signal  power; 

Kq  —  spectral  density  of  noise; 
p(t^  -  t2)  —  correlation  function  of  fluctuations. 

Approximate  solution  of  (9-7.5)  and  calculation  of  (9.7.6)  can  be  performed 
immediately  in  asymptotic  cases  of  fast  and  slow  fluctuations.  For  fast  fluctuations 
(Af  T  »  1)  this  solution  is  given  by  formula  (9.7*1 i  with  substitution  in  it  of 
3,.,.,  found  in  §  9.5.  As  a  result 
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and  with  spectral  density  of  fluctuations  Sq('o>)  ,  determined  by  (9.3.10) 

.1  _2tfe  yr+A  o+^t+i)* 

T  A* 

where  Af  —  effective  bandwidth  of  signal  fluctuations. 


(9-7.8) 


For  slow  fluctuations  (AfQ  T  «  1),  assuming  that  during  time  T  the  coefficient 
of  correlation  p(ti,  t?)  =  1,  we  obtain 


where 


J  _  6 

—  r«  h-' 


(9.7.9) 


(9.7.10) 


However,  asymptotic  results  are  insufficient,  first,  because  we  are  interested 

in  error  of  measurement  in  intermediate  cases  and,  secondly,  formula  (9.7.9)  needs 

more  precise  definition  of  conditions  of  its  applicability,  since  as  u  — 1 ►  00  according 
0  2 

to  this  formula  a  -»  0,  while  for  fast  fluctuations  o  differs  from  zero.  To 

2 

find  0  ■  for  arbitrary  time  of  correlation  of  the  signal  it  is  necessary  to  assign 

the  concrete  form  of  the  correlation  function.  Producing  calculations  for  exponential 


correlation 


we  obtain 


(9.7.11) 


vr. _ ft*  —  9A* -f- 3X  +  1  I  ^  3  + (A*  l)<i  j 

2A(A- 1)*(A+1)  'T  (A —  l)*(A  -J- 1)  ' 

e-««  lyi _ 1 _ v 

+Tr-(nrtJ] 

.  ft*  +  9A*  +  3A  —  1  A  +  3 —  (A*  —  l)g 

2A(A  +  1)«(A- 1)  Z  "IT+DHA-l) 


where  X  =  7 1  +  h. 


a  =  2AfeT. 


(9.7.12) 


(9.7J3) 


As  h  —  co  this  expression  leads  to  o^,  =  2Af  c  /T  for  any  Af  c  ,  i.e,,  variance 
of  the  efficient  estimate  of  frequency  (soeed)  in  the  case  of  absence  of  nolens 
both  for  fast  and  for  slow  fluctuations  of  the  signal  is  identical.  In  the  case 
of  slow  fluctuations  Xa  =  2Af c  T/l  +  h  is  a  small  quantity.  From  (9.7.12)  approxi¬ 
mately  for  h  »  1  we  obtain 
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(9.7.1^  ) 


TV 

6(1  +t*) 


from  which  it  follows  that  asymptotic  formula  (9.7.9)  is  valid  only  when  u  « 

<<  5/16  Af  T,  i.e.,  for  not  too  large  a  signal-to-noise  ratio  h. 

For  large  Xa,  occurring  either  in  the  case  of  fast  fluctuations  or  during 
sufficiently  large  signal-to-noice  ratios  h,  formula  (9.7.12)  is  simplified,  taking 
form 

AT  1  r.  »»-»•+ 1 

—  5SfT^(X+  •i'L1  2tfcTMk+  !)<X —  l)» 

}li/er  jx  _  3_j-2AfeT  (A*- 1)]  1 

2il/.T(X-r)>(X+l)  J* 


The  obtained  expressions  determine  potential  accuracy  of  nontracking  Doppler 
speed  meters  in  case  of  absence  of  averaging  of  data  from  the  output  of  the  estimator 
unit.  For  illustration  of  errors  of  measurement  of  speed,  obtained  for  different 
values  of  Af  T  and  h,  in  Fig.  9-30  we  give  a  graph  of 


•^(Af.T.  A) 

Wc  = 

T 

depending  upon  the  signal-to-noise  ratio  h 

2 

with  increase  of  h  quantity  a  seeks  2Af 


•UWcT.  k) 

•*(“>•  oo) 

for  various  id'  ,  T.  As  already  noted, 
c  /T .  However,  for  finite  h  the  obtained 

Fig.  9.30.  Dependence  of  variance  of 
error  of  an  optimum  nont racking  speed 
meter  on  the  signal-to-noise  ratio  for 
different  products  of  bandwidth  of 
fluctuations  of  signal  by  the  time  of 
observation  Af  T. 


variance  of  error  of  measurement 
strongly  depends  on  Af  T  if  Af  T  « 
«  1,  Therefore,  one  should  select 
time  of  estimate  T  In  such  a  manner  that 
there  is  observed  the  condition 
Af  T  »  1 .  As  can  be  seen  from  the 
graph,  considerable  increase  of  Af  T 
as  compared  to  unity  is  not  required. 
When  for  measurement  of  speed 
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there  are  used  data  from  the  output  of  the  estimator  unit,  experiencing  additional 
smoothing  by  some  filter,  the  obtained  variances  of  efficient,  estimates  characterize 
the  intensity  of  the  random  components  at  the  input  of  this  filter.  Here  if  the  tim 
of  formation  of  the  estimate  T  and  the  time  of  correlation  of  signal  fluctuations  are 
small  as  compared  to  the  inertia  of  the  filter,  then,  as  also  in  the  case  of  measure¬ 
ment  of  distance,  it  is  possible  to  approximately  consider  that  at  the  input  of  the 


filter  there  acts  white  noise  with  spectral  density 

t. 


(9.7.16) 


For  fast  fluctuations  S  =  S  ,  and,  consequently,  with  proper  selection  of 
smoothing  circuits  tracking  and  in  noptracking  optimum  meters  ensure  identical 
accuracy,  which  was  noted  in  Chapter  VI. 

The  obtained  results  permit  us  to  estimate  the  accuracy  with  which  it  is  possible 
to  measure  speed  on  the  basis  of  the  Doppler  effect  with  incoherent  pulse  radiation. 

If  for  pulse  duration  x . ,  as  normally  occurs,  fluctuations  of  signal  are  considered 
slow,  then  variance  of  the  efficient  estimate  of  Doppler  frequency  shift,  obtained 


during  the  time  of  the  pulse,  is,  according  to  (9.7-9),  found  as 

a* _ !»+* 


where 


q'  * 


. _ _  PcT r 

~~  2N,  2 N,  * 


(9.7.17) 


P  —  power  in  pulse; 


Tr  —  period  of  repetition  of  pulses. 

Expression  (9.7.1?)  determines  accuracy  of  a  unit  measurement  of  Doppler  fre¬ 
quency.  If  these  measurements  are  cross-correlated  and  we  average  them  for  time  'l1. 


oJ  =0*  Is. 

T 


(9. 7. IS) 


For  large  signal- to-noise  ratios  (q  »  1) 


6  1  £r__JL  J_ 

'l ?  T  <  **■ 


(9.7.19) 


The  obtained  accuracy  of  measurements  for  the  usual  relationships  of  s arame tors 
is  very  low.  Thus,  for  instance.  When  xH  =  1  usee,  q  =  lCp  and  T/Tr  =  10^  w<-  obt-iin 
-  390  ops,  i.s.,  error  is  great,  even  for  a  very  larae  signal-1, o-noise  ratio. 
Therefore,  for  sufficiently  accurate  measurement  of  radial  speed  by  the  Doppler 
effect  it  is  necessary  to  have  a  coherent  signal. 


•MTTKJiBBPsi  rag!  awdaw  siMne^iixuaxarTtmr^ 


§  9*8.  Measurement  of  Radial  and  Tangential  Components  of  Speed 
as  Derivatives  of  Distance  and  Angular  Coordinates' 

In  the  preceding  paragraphs  we  considered  in  detail  questions  of  measurement  of 
speed  on  the  basis  of  the  Doppler  effect.  Not  always,  however,  is  this  method  of 
measurement  of  speed  applicable.  As  we  have  seen,  iri  the  case  of  widely-used 
incoherent  pulse  radiation  with  the  usual  combinations  of  parameters  there  is  un¬ 
satisfactory  accuracy  of  measurement.  Furthermore,  we  are  not  alway  interested  in  the 
radial  component  of  speed  alone;  in  certain  cases  it  is  also  necessary  to  measure 
its  tangential  component.  Therefore,  we  shall  investigate  methods  of  measurement  of 
components  of  speed  of  target,  based  on  the  fact  that  these  components  are  derivative:: 
of  distance  and  angular  coordinates. 

We  shall  consider  that  there  are  applied  tracking  range  meters  and  goniometers 
(Fig.  9.31),  general  analysis  of  which  was  conducted  in  Chapter  VI.  We  designate 
X( t )  —  a  parameter  varying  in  time  (distance,  angle),  to  be  measured.  The  component 


i 

1  2 

_ 

'  fi 

r 

\ 

3  n) 


Fig.  9.31.  Tracking  range  meter  and  gonio¬ 
meter;  'J  —  discriminator;  2  —  smoothing 
c i  reran, t  s  . 


of  speed  interesting  us  is  the  derivative  of  this  parameter  X'(t).  larameter  X(t) 
is  coded  in  the  received  radar  signal,  mixed  with  noise  y[t,  X(t)].  As  a  result  of 
the  influence  of  this  signal  on  the  discriminator  there  will  be  formed  mismatch  signal 

A  A 

z[t,  e(t)],  where  e(t)  =  X(t)  -  X(t'l,  nrj  t  X(t)  Js  the  output  of  the  range  meter  or 
goniometer.  The  mismatch  signal  Influences  smoothing  circuits  of  some  form,  forming 


Such  a  meter  can  be  both  optimum,  or  nonoptimal  depending  upon  selection  of  the 
discriminator  and  smoothing  circuits.  Investigation  of  different  range  discriminator." 
ir.  conducted  in  Chapters  VII  and  VIII,  and  angular  discriminators  are  investiaPed  in 
Chapters  X  and  XI .  In  all  cases  for  low  levels  of  noises  or  Interferences  there 
are  small  mismatches,  for  which  the  discriminator  can  be  linearized,  i.e.,  z(t,  e(t)) 
can  be  presented  in  the  form 

*(<,  1(0)  »W) +«(/)].  <9*.l) 

where  Kfl  —  gain  factor  of  the  discriminator; 

£, ( t)  —  equivalent  noise,  which,  thanks  to  the  Inertia  of  the  smoothing  circuits, 
can  be  considered  "white"  and  is  characterized  by  its  spectral  density 

^3  KB* 
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Fig.  9.32.  A  speed  meter  based  on  dif¬ 
ferentiation  of  a  coordinate:  1  —  discrim¬ 
inator;  2  —  smoothing  circuits;  J  —  dif¬ 
ferentiator  . 


It  is  required  to  measure  not 

only  coordinate  X(t),  but  also  speed 

X'(t),  this  can  be  done  by  passing  the 

output  quantity  of  the  tracking  meter 
✓\ 

X(t)  through  a  filter  which  to  -some 
degree  of  accuracy  carri.es  out 


differentiation  (Fig.  9*32).  Often  the  voltages  at  certain  points  of  filters  of 
range  finders  and  goniometers  are  proportional  to  the  derivative  of  the  measured 
coordinate;  in  these  cases  there  is  no  need  for  additional  differentiating  filters. 

Of  interest  is  investigation  of  accuracy  of  measurement  of  speed  by  the  shown  method 
for  various  forms  of  smoothing  circuits;  also  of  interest  is  synthesis  of  an  optimum 
meter  of  speed  as  the  derivative  of  a  coordinate  and  finding  the  potential  accuracy 
of  such  measurements.  These  problems  are  the  content  of  the  present  paragraph. 

9.3.1.  Accuracy  of  Measurement  of  Speed  by  a  System  with  Constant  Parameters 
As  follows  from  the  preceding  chapters,  in  many  cases  both  the  ones  most  wide¬ 
spread  in  practice,  and  also  optimum  smoothing  filters  are  linear  and  possess  constant 
parameters.  We  shall  investigate  accuracy  of  measurement  of  speed  by  such  systems. 

If  we  designate  by  G(p)  the  transfer  function  of  a  smoothing  filter  of  a  range 
meter  or  goniometer,  with  observance  of  condition  (9.8,1)  the  Laplace  transform  of 
the  output  variable  of  the  meter  will  be  recorded  in  the  form 

*w=TOeffliAw+E{rt].  (9.8.?) 

where  A(p)  and  S(p)  —  Laplace  transforms  of  X(t)  and  £(t),  respectively. 

We  consider  that  formation  of  the  derivative  is  also  carried  out  by  a  li neat- 
filter  with  constant  parameters  with  transfer  function  H(p).  The  Laplace  transform 
of  the  output  variable  of  this  filter  takes  the  form 


(9.S.3) 


Considering  that  A(p)  =  pA(p),  for  error  of  measurement  of  speed  transformed 
according  to  Iaplace  we  have 

p(p)=a  (p)-h>)= •£±i^S^L (p)~ 


K*G(p)H(p)  g 


( 9 .  d .  4  ; 


1+*»GW 

The  first  term  in  the  direct  part  ul'  (9.8.4)  depicts  dynamic  error,  and  the 
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second  —  fluctuation  error. 


Then  dynamic  error  of  measurement  of  speed  can  be 


found  by  the  formula 


where  v(t)  —  reverse  Laplace  transform  of 

V(a)=  P  +  lP-Hjp)]  KnG{p) 
W  1  +  Ka  0(P) 


(9.8.9) 


(9.8,6) 


Variance 
conditions  (t, 


of  fluctuation  error  of  measurement  of  speed 

— *  oo) ,  according  to  (9.6.4),  is  defined  as 

00 


Ka.G  (i»)  ft  (/(i>) 
I  +K\G(U o) 


S9Ktd<o. 


in  steady-state  operating 


(9.3.7) 


As  also  earlier,  dynamic  error  can  be  considered  statistically,  or  for  unknown 
statistics  of  X(t)  we  can  determine  it  from  model  disturbances.  In  the  statistical 
approach  we  consider  assigned  the  mathematical  expectation  of  coordinate  XTT7  and 
its  correlation  function  R->  (t,  i ) .  Then  statistical  characteristics  of  dynamic 
error  of  measurement  of  speed  can  be  calc  tinted  by  formulas  known  front  the  theory 
of  random  processes  [9].  In  particular,  when  d,(t,  t )  =  Rx(  t  -  ~)  (condition  of 
stationarineas  of  the  random  part  of  X(t,))  variance  of  dynamic  v. nor  in  steady-state 
oi .era ting  conditions  is 

oo 

i  Jl  V'(<»)!*5x(®)</(0,  (9.8,6) 

where  S^(o)  —  Fourier  transform  of  K-  (  : ) . 

The  mathematical  expectation  of  dynamic  error  is 


Aaiih 


—  dx. 


(9.8.9) 


In  the  nonstatistical  approach  to  dynamic  error  of  measurement  of  speed  v/e  pre¬ 
sent  coordinate  X(t)  in  the  form  of  a  polynomial  of  a  certain  degree  n.  We  shall 
limit  our  consideration  to  steady-state  operating  conditions.  Then,  using  the 
formula  known  from  theory  of  dynamic  systems  ft"'],  wo  shall  present  dynamic  error 
in  the  form 


£  o*  «*>(/). 


(9,8.10) 


k-Q 


where  X'^(t)  =  d^>(t)/dts  —  deriv 

coordinate  X(t);  coeff  icier, ts  «u=-i- 

■I  ip* 


atives  of  some  assigned  model  law  of  change  of 


f= o 
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With  presentation  of  X(t)  by  a  polynomial  of  degree  n  series  (9.8.10)  li-cJ  nd-s 
only  the  first  n  +  1  terms,  and  the  requirement  of  finiteness  of  A_  (t)  as  t  -»  ;u 

flKH '  ' 

leads  to  condition  v„  =  v„  =  . . .  =  v  ,  =  0. 

0  1  n-1 

Usually  to  guarantee  smallness  of  dynamic  errors  of  measurement  of  coordinate 
\(t)  there  are  applied  smoothing  circuits  possessing  astaticism  of  a  certain  order 

m,  i.e., 

- -pr,  (9.3.11) 

where  G1(p)  does  not  contain  factors  l/p. 

Substituting  (9.8.11)  in  (9.8.6),  we  have 


V(/>)  = 


j.+.  +  fp-rttp)!  (/>) 

+  KxO,(p) 


We  require  that 

P  —  HiP)  =  Pm+'Hl(p), 


(9.8.  l?.) 


where  ( 0 )  —  finite  quantity;  then 

V(p)=pm+t 


1  +  K*H,  ( pYj ,  ( P ) 
r  +  KiG,{P  > 


(9.3.15) 


and  the  first  m  +  i  coefficients  in  (9.8.10)  are  equal  to  zero  (vQ  =  v1  =  ...  =  v  = 

=  0). 

If  the  polynomial  by  which  we  present  coordinate  X(t)  has  a  degree  not  higher 
than  m,  there  is  ensured  zero  dynamic  error  of  measurement  of  speed.  When  n  =  m  I-  1 
dynamic  error  is  determined  by  coefficient 


_  1  +  KtH,(0)G,(0) 

Pw+I—  K,0,(  0)  ’  (y.8.14' 

Condition  (9,8,12)  is  satisfied,  in  particular,  with  application  of  a  purely 
differentiating  filter,  when  H1(p)  =  0  and  H(p)  =  p.  Here,  c  .efficient  v  j.,  and 
consequently,  dynamic  error,  too,  reaches  its  minimum  at  n  =  m  +  1.  This,  however, 
does  not  mean  that  it  is  necessary  to  apply  ideal  differentiation  of  distance  unu 
angles,  since  from  (9.8.7)  it  follows  that  fluctuation  error  decreases  if  |  H  ( ico';  /i.i.  j 
has  a  steep  drop  at  high  frequencies.  When  H(icu)  =  iu>  this  dip,  in  general,  is 
absent,  and  for  certain  forms  of  frequency  response  of  the  filter  of  the  trscKin;; 
meter  of  coordinate  G(iu>)  variance  of  fluctuating  error  of  measurement  of  speed  is 
formally  obtained  as  infinite .  Turning  to  fillers,  not  Carrying  out  ideal  uif 
fe rent iat ion,  one  should  note  that  for  large  m  filters  can  be  rathe  r  complice b .  u . 
Then,  proceeding  to  certain  increase  of  dynamic  errors,  it  is  n  nsonablo  to  imi. os- 
on  the  filter  forming  the  estimate  of  speed  the  condition 
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{P), 


(y.B.ii-) 


where  11^(0)  -  finite  quantity,  and  k  <  m.  Here,  vQ  ^ 


=  0). 


=  0,  and 

( 9 . a ■ ic ) 


The  question  of  selection  of  the  filter  for  formation  of  the  speed  estimate  we  shall 
consider  later  in  the  course  of  synthesis  of  an  optimum  meter;  however,  we  first 
shall  examine  with  examples  errors  of  measurement  of  spei-u  for  certain  normal  forms 
of  filters. 

1.  Let  us  assume  that  the  meter  of  distance  oi  angle  as  its  filter  contains 
an  integrator,  i.e.,  KflG(p)  =  K/p,  where  !<  —  overall  gain  factor  of  the  open  track!; 
system,  having  dimensionality  1/sec..  Let  us  assume  that  as  the  filter  intended  for 
measurement  of  speed  there  is  used  a  differentiating  RC-circuit,  i.e.,  H(p)  = 

-  p/i  +  pT,  Consideration  of  this  case  gives  us  the  possibility  of  obtaining  all 
tin-  necessary  results  for  pure  differentiation,  too,  if  we  set  T  =  0. 

According  to  (9.8.7)  variance  of  fluctuating  error 

oo 


a  2 _ [  f  /C*W*Santrfm  _ _  K 

•«'“  2*  J  2 _  ToTTrjr  — 

-OB 

_ u1  k» _ j.  _ 

♦  KT(\  KT)' 


(q.b.ir: 


Will  )’(• 


K  _ 
KB  2 


-%:ba{  3$ 


variaricf  t  f  fluctuating  <  :  ror  of  measurement  of 

coord  in-!  tv  >(t'; 


Af 


3  tfj 


■jj.  —  ern  clivi'  banawidr.h  of  the  closed  tracking  system. 


I’rom  expression  (9.8.17)  it  follows  that,  fluctuating  error  of  measurement  of 
.-. !  i  •  d  di-creases  with  growth  cf  the  time  constant  T  of  the  differentiating  filter. 

With  pure  differentiation  (T  =  0)  variance  of  fluctuating  error  turns  into  infintiy. 
Tills  is  obtained,  of  course,  due  to  the  accepted  idealizations,  since  we  consider!  d 
*.{t;  white  noise .  In  reality  ,  due  to  certain  inertia  of  the  discriminator  this  is 
hot  white  noise.  We  can  approximately  assume  that  the  spectral  density  of  £(t)  is 
constant  in  the  band  of  the  discriminator  Af  ,  the  magnitude  of  which  is  determined 
by  the  form  of  operations  and  parameters  of  every  given  discriminator,  and  is 
equal  to  Sg]{B,  and  beyond  this  band  it  is  equal  to  zero.  Then  integration  in  (9.8.1?) 
must  be  produced  wir.nin  limits  ( -2iriil'p,  Tc»/d/'i ,  and 

8*jA*  /(?(l  —  /(»?’)  (^~n  <<rc  2itAfA7  — /cr^.  (9.8.181 
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With  ideal  differentiation,  i.e.,  when  T  =  0,  we  obtain 


a;.**  *;.*<♦*/* -*>• 


(9.8.19) 


Thus,  variance  of  fluctuating  error  of  measurement  of  speed  in  this  case,  too, 
is  finite  and  is  determined  by  the  bandwidth  of  the  discriminator  Affl.  With  a 
coherent  signal  Af^  is  a  quantity  of  the  order  of  the  bandwidth  of  the  narrow-baife 
filters  of  the  discriminator;  for  an  incoherent  signal  Af'fl  -  Ff,  where  Fr  —  frequency 
of  repetition. 

In  Fig,  9-33  are  curves  of  the  dependence  of  the  relative:  fluctuation  error 


of  measurement  of  speed  if  A^/o^K  on  Kf  for  various  ratios  of  bandwidths  of  the 

discriminator  and  the  closed 
system  of  measurement  of  the  co¬ 
ordinate  Af  _/Af  =  4Afjj/K. 

Curves  are  constructed  for  valued 
Af  n/Ai'  »  1.  To  estimate  tin 
order  of  magnitudes  of  fluctuating 
errors  of  measurement  of  speed 
we  consider  that  very  often 
Af  ^  =  (1  to  10)  cps,  i.e,, 

""  _  ■  *  ”  Mt  (K  =  4  to  40)  1/sec.  besides,  if 

Fig.  '9 .  3 ' .  Dependence  of  relative  fluctuating  „„„„„„„  „  „„ 

r-rV'ji  b  f  measurement,  of  speed  r-n  the  product  ^  '  dji  ''  ^  ’  J 

ol'  the, gain  factor  of  an  open  system  K  for  the 

tirni  constant  of  the  differentiator  T  with  obtain  yA^  m/sec  we  must  multi- 

various  Af^/Af^  ,  ply  by  a  cofcfficlentj  usually 


numerically  equal  to  several  units  or  even  tens.  Thus,  for  instance,  when  K  =  10 
1/sec  (Af0|j,  =  2.9  cps)  and  with  KT  =  1  from  the  graph  of  Fig.  9*33  we  determine 

that  =  7o  [m/sec]. 

We  now  turn  to  consideration  of  dynamic  errors.  Substituting  expressions  <’ 
U(p)  and  ll(p)  in  (9.8.0),  we  have 


V<p)=p>  - ±±*L±PL. _ 

V  W  F  (K  +  p)  (1  f  PT)  ’ 


( 9 . 8 . 20 ) 


rom  whicn  vq  ~  vj_  ~  °>  and  coefficient  v2  in  formula  (9,8.10)  for  dynamic  error  is 


1  -4-  #cr 

K  ‘ 


( 9.8. ;  1 ) 


1  2 

Then,  for  instance,  when  X(t)  -  X  +  X.„  t  +  k  tc 
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=  +KT). 


(9.0.22) 


From  the  obtained  expressions  it  follows  that  A,...,,  decreases  with  decrease  of  T. 
However,  this  dependence  is  relatively  weak.,  therefore  one  should  not  select  magni¬ 
tudes  of  KT  which  are  too  small,  in  order  not  to  increase  fluctuating  error  to  a 
considerable  degree.  Selection  of  the  magnitude  of  KT  is  best  produced  proceeding 
from  the  requirement  of  minimum  total  error  of  measurement  of  speed.  .For  instance. 

If  /it)  is  quadratic,  Anj,H  is  determined  by  expression  (y.8.22),  and  the  optimum 
'vdiue  of  KT  is  found  from  condition  A  =  A^.,.,(  +  A^j.  •---  min.  Here  we  obtain  the 
dependence  of  (KT)cnT  or,  x  =  u^K  />.g,  shown  in  Fig.  9  <  5^.  For  small  x  quantity 
(KT.'^pr  is  approximately  proportional  to  x ;  for  large  x  it  is  proportional  to  ■/x . 

In  the  same  figure  we  show  the  dependence  of  the  relative  magnitude  of  total  error 

Ko^jj  on  x.  If  in  this  system  gain  of  tin;  open  loop  is  sel.ee tea  optimally 
f>  m  the  condition  of  minimum  error  of  measurement  of  coordinate  X(t) ,  then,  as  it 


is  easy  to  show, 


■Mar 


—  \  2?.t. 

Then  from  Fig.  9.^  it  is  clear  that  for  small  x,  taking  place  with  high 
accelerations  of  the  target  error  of  n .  usuri-ment  of  speed  can  exceed  >.^,  i.e. , 


sit  to  r  — r 


w  it 


Vi  g.  y.54.  hepctidence  of  the  ontimum  v-'.I.U'- 
of  product  (K.'f)  .  (solid  curve'  and  rela¬ 

tive  total  error  of  measurement  of  speed 

O 

( dotfr  d  curve)  on  parameter  x  --  o^K 


me asurcniont  c'X’  speed  loses  meaning. 
For  small,  accelerations,  1 , e ,  ,  large 
x  and  with  optimum  selec  tion  both  of 
K,  and  also  of  KT,  it  is  easy  to  find 
that  rror  of  measurement  of  r,p»  >.  d 
is  equal  to 


A»l,35Aj 


(9.B.2i) 


The  magnitude  of  f-v roc  has  considerably 
Stronger  dependence  on  acce lr rut ion 
>~r,  than  oil  >.^  and  Sg^.  If,  for 
iiiGtaiK.1",  in  a  goniometer  system 
e3KR  =  0.1  deg‘;/cpc  and  ^  =  2  deg/s.-c, 

A  =  l  .  deg/sec  with  acceleration 


X2  =  0.1  deg/3ec2;  A  =0,2  deg/sec  with  Xg  =  0.04  deg/sec2  and  A  =  0.1  deg/sec  with 
Xg  =  10"2  deg/sec2. 

2.  Let  us  assume  that  the  smoothing  filter  of  the  tracking  meter  t.  ’  distance 
or  angle  is  a  double  integrator  with  correction.  Then 


K,G(p)  =  ti ii£AL, 


(9.6. £4) 


p 

where  K  —  gain  factor  of  the  open  loop,  having  dimensionality  1/sec  ; 

T  —  time  constant  of  the  correcting  circuit. 

K 

We  shall  consider  that  for  formation  of  the  estimate  of  speed,  as  also  in  the 
preceding  example,  there  is  used  a  differentiating  RC-circuit,  i.e, ,  H(p)  =  p/1  +  ;.T. 
Below  we  shall  show  that  the  greatest  accuracy  of  measurement  of  speed  is  attained 
at  T  =  T  „  ;  therefore,  we  assume  that  this  condition  is  realized.  Considering 
equaltity  K^G(p)H(p)  =  K/p,  we  note  that  with  observance  of  the  mentioned  conditions 
there  is  no  need  to  install  a  special  differentiating  filter.  As  the  estimate  of 
speed  X'(t)  it  is  possible  to  use  the  output  of  first  integrator  of  the.  smoothing 
circuits  of  the  tracking  system  (Pig.  9.39).  Hero,  formulas  errors  o!'  measure men'. , 


Pig.  9.39.  Meter  of  coordinate 
X(t)  and  the  rate  of  its  change 

X  (t):  1  —  discriminator!  ?.  — 

integrator;  3  —  integrator  with 
correction. 


obtained  above,  remain  valid.  According  to  (9.8.7)  variance  of  fluctuating  error 
of  measurement  of  speed 


7*  =  r  1  f  K'v'd* 

a,H*  2*  J 


KTl 


ACS... 

2Tk 


(9.8.2 9) 


where  oi  =  2S  /\f  ,  —  variance  of  fluctuating  error  of  measurement  of 

^  coordinate  X(t); 

=>  (1  +  KT';k  )/4Tk  —effective  bandwidth  of  the  closed  tracking  ry, tern. 

The  dependence  of  the  relative  magnitude  of  fluctuating  error  V^|7  'Cl/'1  3fJ 

2 

on  th'  dimensionless  parameter  KT  K  is  shown  in  Pig.  9.36,  Error  reaches  a  maximum 

at  KT'  k  =  0.9.  If  we  select  KT2k  ~  1  to  L  and  have;  an  effective  bandwidth  of  the 
system  Af  ^  =  (1  to  10)  cycles,  fluctuating  error  of  measurement  of  speed  Vfjj;,  ~ 

=  (0,9  to  l5)o^,  i.e.,  is  e,  smaller  magnitude  than  in  a  first-order  system.  Pur 


1  ■ 


[ 

I 

! 

I 


i 
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instance,  when  Af  -  2 . b  cps  and  KT  K  a  4y 
which  corresponds  to  transition  of  the 
tracking  system  from  oscillatory  to  aperiouic, 


VZ£“ 

<pjl 


1.80^;  then,  as  in  the  example 


4'  0,2  0,1  <*  » 


given  for  the  fir3t-order  system,  this 
error  composes  7^  . 

Calculating  dynamic  error,  we  have 

yw-rV/inSr.)'  ».-■ ’.==0.  ».=h- 

-(9.8,26) 

toith  a  square  lav;  of  change  ol  >  (  t )  sUauy- 


Hig.  9.56.  Dependence  of  relative  ^  “ 

lluctuating  error  ol  measurement  of  state  error1 is  equal  to 
the  speed  of  a  target  by  a  system  ^ 

with  a  smoothing  filter  consisting  ^  ^ 

of  two  integrators  with  correction  ***  *  *’ 


(9.8.27) 


on  parameter  KTK> 


We  will  not  study  finding  of  optimum 
relationships  between  parameters  of  system 


here,  leaving  this  question  to  synthesis  of  optimum  speed  meters. 

Of  interest  is  consideration  of  an  ideal  differentiating  filter  for  the  same 


system.  In  this  case 


v(/>)—  pi  +  K  +  pTn)  •  »•— *«—».*=  0,  vM—~-. 


(9.8.26) 


Dynamic  error  decrease-s  as  compared  to  the  preceding  case;  and  for  quadratic 
a  ( t  j  it  is  generally  absent.  However,  :  j.uc  tun  ting  error  increases  and,  ii‘  vie  do  not 
consider  f initenesr.  of  the  width  of  ape-trum  f(t),  it  turns  into  infinity.  Allowing 
as  bt-  fore  for  the  form  of  finiteness  01"  the  discriminator  band,  we  find 


A'i  _  /stT*  C  Af  _  J  Af* 

~  a  /  *  A  —  +  KT>p  • 


(9.8.29) 


j?  1  uctuating  error  is  increased  as  compared  to  the  case  T  =  by  a  factor  of 

- - — - — ■— — — — 

vO.yKT  (1  +  KT  K  )Afjj /Af  gjj,  .  V/ltb  the  above-mentioned  selection  of  magnitudes  of 
H'!'‘  K  this  comprises  (1  to  8)  /Af'^/Af  ' ,  which  corresponds  to  large  loss  in  the 
accuracy  of  measurement  of  speed. 

?.  A  form  of  smoothing  circuits  very  wide-spread  in  practice  is  a  circuit  with 


transfer  1' unction 


n(n\ _ K  (1  4-  pT ») 

—  py  +  pT,)  (I  +  pT,)  ‘ 


(9.8.90) 


s’lirie  constants  here  usually  satisfy  condition  >  T  K  >  Tg  at  which  stability 


-  ^iraegganngg|g 


Tr,rr,^^..,-r  |  --  pj— -  j  ^gftjggg  g  '||  |  |l  fl 
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of  the  system  is  ensured  for  any  K.  Frequently  ratio  T„/T  „  is  selected  in  the 
range  0.1  to  0.5  and  T^/T  in  the  range  2  to  50.  The  order  of  magnitudes  of  KTk 

and  T^/Tg  is  usually  identical.  The  effective  bandwidth  of  the  closed  system  turns 


out  to  be  equal  to 


.  I  __  k  r,  +  r,+  *cr» 

a!»*  —  4  T,  +  T,  +  K  ( T,T*  +  r,r„  -  TtT,y 


(9.8.31) 


Finding  errors  of  measurement  of  speed  for  such  a  system  on  the  assumption  that 
there  is  executed  ideal  differentiation  (H(p)  -  p),  we  have 


OB 

I* _ 

•  2n  \  |  lo> 


(i  +  wtr‘)  s„K.rf« 

(i  +  ««r,)(  i  +  u»Tt)  +  k  (i+norTT?1 


K*S,„lTtTt  +  Tl(\  +  KT»)\ 

2 TtTt  U7-,  +  r.)  (1  +  KTki  -  KT,Tt\ 


l  +  KTa  +  ftf7 

KT^KT.  +  fc+Q) 


(9,8.32) 


Calculating  coefficients  of  dynamic  error,  we  obtain 

Otz=v,~0, 

i.e.,  for  quadratic  X(t)  dynamic  error  is 

*  _ _ 

au>  • — 


(9.8.33) 


(9.8.34) 


as  also  in  a  system  with  a  single  integrator.  However,  by  selection  of  time 
constants  T^ ,  Tg  and  TK  in  the  considered  case  with  an  assigned  effective  band¬ 
width  we  can  obtain  a  large  value  of  coefficient  K  and  thereby  decrease  dynamic 
error.  In  practice  it  is  possible  to  increase  gain  K  by  a  factor  of  approximately 
T^/T^  as  compared  to  a  system  with  one  integrator.  The  dependence  of  relative 

fluctuating  error  on  parameter  KTk  for  different  T^/Tk  and  T2/TK  is  shown 


in  Fig.  9*37.  It  is  easy  to  see  that  with  change  of  KTk  in  a  wide  range  VA^,  = 

=  (0.1  to  °.5)0^jjK.  The  magnitude  of  error  decreases  v/ith  growth  of  T^/T H  and 
with  decrease  of  Tp/T  ;  however,  these  dependences  are  weak..  Although  the  con- 
sidered  system  with  ideal  differentiation  for  formation  of  the  estimate  of  speed 
ensures  higher  accuracy  than  a  system  with  a  single  integrator,  this  accuracy  is 
nevertheless  low.  Thus,  for  instance,  when  K  =  (100  to  500)i/sec  fluctuating  error 
VA^  =  (10  to  250)o^,  which  is  usually  absolutely  unacceptable. 


I  I 
i  ! 


i  ! 


.  I 


fluctuating  error  can  be  sub¬ 
stantially  lowered  by  applying,  e.g., 
a  differentiating  RC-circuit  [H(p)  = 
-  p/1  +  pT  K  ]. 

Then 


1 


KT*  (*r*  +  t*  +r«  ) 

(9.8.35) 


In  Fig.  9.38  there  are  shown 
curves  of  the  dependence  of  relativ 
fir.  1  lating  error  on  KT„  for 
various  T^/T  K  and  for  T^/T K  =  0,2. 
With  those  same  values  of  parameters 
as  in  the  preceding  case  fluctuating 
error  is  much  less  =  (0.01  to 

The  first  coefficient  of  error  differing 
from  zero  v?  »  1  +  KT  K  /K,  i.e.,  with  quadratic  A( !,) ,  error  A  H  increases  by 


Fig.  9.37.  Dependence  of  relative  fluctua¬ 
ting  error  of  measurement  of  speed  by  a 
system  with  a  smoothing  filter  of  the 
second  order  and  ideal  differentiation  on 


parameter  KT 

T  /T 
'?•  -C 


K 

0.5. 


T2/Th  =  0.1;  — 


0.2)  o^K;  however,  dynamic  error  increase 
vn  =  1  +  KT  „  /K,  i.e. ,  with  qu 

c.  XV 

as  compared  to  the  preceding  case. 


1  +  KT 


K 


Let  us  consider  numerical  examples: 

■a)  Let  u.;  assume  that  we  are  measuring  radial  speed  as  the  derivative  of  the 
range.  Let  us  assume  that  the  rang'.-  firder  has  a  smoothing  filter  of  the  iast- 

ri 


considered  type  with,  parameters  K  =  200  1/r.ec,  =  1  sec,  Tg  =  0.01  sec, 


Fig.  9.38.  Dependence  of  relative 
fluctuating  error  of  measurement  of 
speed  by  a  system  with  a  smoothing 
filter  of  the  second  order  and  a 
differentiating  KC-clrcuit  on  param¬ 
eter  KT, 


K* 


Tk  =0.1  sec,  and  the  transfer 
function  of  the  differentiating 
filter  is  H(p)  =  p/1  +  pTK.  Let 
us  assume  that  radial  speed  of  the 
target  can  attain  a  value 
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p 

X^  =  Vr  =  1000  m/sec,  and  radial  acceleration  can  reach  Xg  =  10  m/sec  •  For  the 
selected  values  of  the  parameters  Af^  =  8  ops, 

=  [«],  1/a^  =  32,6/S^;[^]. 

p 

where  is  expressed  in  m  /cps.  Dynamic  errors  of  measurement  of  distance  and 

speeds  are  equal  to 

•am = (5  +  0,05/)  m,  A =  1 ,05  ssc i 


and  values  of  fluctuating  errors  are  given  in  Table  9.5a. 

Table  9.5a  _ 


^PKB'Cps 

1 

3 

10 

30 

100 

•<frr  m 

n 

6.9 

12,6 

21 .8 

40 

32.  6 

56,5 

103 

178 

326 

to)  Let  us  assume  that  the  tangential  component  of  speed  is  measured  by  dif¬ 
ferentiation  of  the  angular  coordinate,  and  filters  have  th„  same  form  and  the 
same  parameters  as  in  the  preceding  example.  Let  us  assume  that  angular  velocity 
is  characterized  toy  quantity  X^  =  l  deg/sec,  and  angular  acceleration  is  character 

p 

ized  toy  Xg  =  0.1  deg/sec  .  Here,  dynamic  errors  of  measurement  of  the  angle  and 
angular  velocities  are  equal  to 

«»,= (1+0,050 10"  dee.  AaBH  =  1,05.10-*  ||f., 

and  fluctuating  errors  are  found  by  the  same  formulas,  in  which  SaKB  is  expressed 

p 

in  deg  /cps.  Their  values  are  given  in  Table  9.5b. 


Tab le  9<5b 


W  dee2- 

cps 

I0-* 

3.10- * 

10:* 

3.I0-* 

10-’ 

tW  deg 

0.120 

0,218 

0.4 

0,69 

1,26 

dm  sec  | 

1,03 

1.78 

3,26 

5.65 

10,3 

Frem  the  given  examples  it  is  clear  that  in  a  number  of  cases  accuracy  of 
measurement  of  speed  by  the  considered  method  is  low.  However,  it  essentially 
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n  VW-'r'  .. , 


depends  on  the  method  of  construction  of  systems  and  selection  of  their  parameters. 

For  estimating  potential  possibilities  of  measurement  of  speed  as  the  derivative 
of  the  coordinate  it  is  necesssry  to  turn  to  an  optimum  meter  and  its  properties. 

S).8.2.  Optimum  Speed  Meter 

Solution  of  problem  of  synthesis  of  an  optimum  system  of  measurement  of  speed 

as  the  derivative  of  a  coordinate  with  Gaussian  statistics  of  the  coordinate  \(t) 

ensues  from  results  obtained  in  Chapter  VI ( Paragraphs  6.6.9  and  6. 8. 5)  concerning 

optimum  systems  of  measurement  of  functionals  of  parameters  cf  a  random  process. 

According  to  these  results  the  optimum  speed  meter  is  the  scheme  of  Fig.  9.39. 

It  consists  of  an  optimum  meter  of  the  actual  coordinate  \(t),  the  principle  of 

construction  and  action  of  which  already  has  been  repeated y  discussed,  and  an 

a  1 

additional  filter,  serving  to  form  the  estimate  of  speed  A  (t),  to  whose  input 
there  is  fed  voltage  from  the  output  of  the  discriminator  z(t).  Generally  speaking, 
there  should  also  take  place  formation  of  the  mathematical  expectation  of  speed 
to  which  the  output  quantity  of  the  filter  is  added. 

-  jj'fj,  Of  greatest  interest  is  synthesis 

3  -/  *  y  m 

•L _  of  the  optimum  filter  for  estimating 

jrJtt  speed,  since  remaining  operations  of 

2  ■■■■  Aft/  the  meter  either  are  already  known 

1  from  synthesis  of  the  meter  of  coordi- 

—  -  ....  ....  -  ■  ....  I  .  nate  A(t),  or  are  trivial.  Pulse 

Fig.  9.39-  Optimum  meter  for  measuring  response  h(l,  t)  of  the  filter  esti- 

speed  as  tne  derivative  of  the  coordinate: 

1  —  discriminator;  2  —  smoothing  circuits;  mating  speed  can  be  found  simultaneously 
3  —  filter  estimating  speed;  4  —  adder, 

with  the  pulse  response  of  the  filter 


Fig.  9.39-  Optimum  meter  for  measuring 
speed  as  tne  derivative  of  the  coordinate: 
1  —  discriminator;  2  —  smoothing  circuits; 
3  —  filter  estimating  speed;  4  —  adder. 


of  the  tracking  meter  of  the  coordinate  g(t,  x)  from  solution  of  equations  (6.6.100), 
(6.6.IO8),  (6,6,31),  and  (6,6.32),  if  we  consider  that  function  F(t,  s)  in  this 
case  is  defined  as 

F(t,  s)  —  V(t  —  s),  (9.8.36) 

where  the  stroke  is  the  sign  of  differentiation. 

Then  these  equations  have  the  form 


h  (t,  *)  =  6  0,  x)  +  Kour  J  b  (l,  s)  g  (s,  x)  ds, 

% 

i 

b(t,  %)  +  *<,«  s)R(s,x)ds  =  ^^ 

( b  (/,  t)  =  0  when  /  <  x ), 


(9.8.37) 


(9.8.38) 


(9 .8.39) 


.1 

g(t,*)  =  c(t,x)  +  K  ont  fc(t,s)g(s,x)ds,  . 

t 
I 

;  <?  (/,  t)  -f  Koht  j  c  (l,  s )  A?  (s,  -e) ds  =  /?  (/,  t) 

(C(i*x)=0  when  /<x),  .  (9.8.40) 

where  K  —  gain  factor  of  the  optimum  discriminator  for  measurement  of  coordi- 
onT  nate  X(t); 

R(t,  x)  —  correlation  function  of  coordinate  A(t). 

Equations  (9.8.39)  and  (9.8.40)  determine  the  optimum  structure  of  smoothing 
circuits  of  the  meter  of  A.(t),  and  equations  (9.8.37)  and  (9.8.38)  determine  the 

1 

structure  of  additional  circuits,  needed  for  estimating  the  derivative  \  (t). 

Actually  filters  with  pulse  responses  g(t,  t)  and  h(t,  x)  usually  have  many 
common  elements,  which  simplifies  the  circuit  of  the  optimum  meter,  making,  at  the 
same  time,  somewhat  conditional  the  diagram  of  Fig.  9.39.  Furthermore,  it  is 
possible  for  production  of  the  estimate  of  speed  to  carry  out  filtration,  not  of 

A 

voltage  from  the  discriminator  output,  but  the  output  quantity  A(t)  of  the  coordi¬ 
nate-tracking  meter,  but  here  there  should  bo  applied  a  filter  with  pulse  response 
$(t,  x)  determined  from  equation 

1 

h(t,  %)=  J»(/,  s)g(s,  x)ds .  (9.8.41) 

% 

In  accordance  with  (6.6,109)  variance  of  error  of  measurement  of  speed  by  the 
optimum  system  is  defined  as 

j 

*  Ur'  (9.8.4,?) 

After  giving  these  general  results  we  consider  certain  examples  of  optimum 

speed  meters.  We  assume  that  the  form  and  basic  characteristic  K  -  1/S  of 

r  om  '  om 

the  optimum  discriminator  are  known.  Let  us  calculate  here  the  pulse  responses  of 
smoothing  filters  and  error  of  measurement  of  speed. 

1.  Let  us  assume  that  A(t)  be  a  stationary  random  process  or  a  process  with 
stationary  increments  and  that  we  are  interested  in  moments  of  time  very  far  removed 
from  the  beginning  of  observation  tQ.  Then  in  accordance  with  results  of  Puragrai.h 
6.8.5  solutions  of  equations  (9.8.38)  and  (9-8.40)  can  be  presented  by  their  Fouri'-r 
transforms 

c<">=vk)[4^r]/ 

09 

C(t-x)  J  C (9.8.43) 

—00 
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I 

I 

I 
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i 

i 


f 

i 


i 

I 


r 

i 

f 

i 


t 


\ 

i 


(9.8,44) 


where  S(uj)  -  spectral  density  of  process  X(t); 

T(i»)f(-««)  =  1  +  /C0IITS(®), 

where  'i'(icw)  has  zeroes  and  poles  In  the  upper  half-plane  of  complex  variable  u>, 
and  'i'(-lai)  has  them  in  the  lower.  Operation  [  ]  signifies  singling  out  of  that 

T 

part  of  the  expression  in  parentheses  which  has  poles  in  the  upper  half-plane  of  m. 
A  solution  of  the  problem  of  measurement  of  the  derivative  exists  if  S(u>)  at  in- 
finity  seeks  zero  not  slower  than  l/tn  .  Functions  g(t  -  t)  and  h(t  t)  are 
determined  according  to  (9.8-39)  and  (9.8.37)  by  their  Fourier  transforms  with  the 
help  of  expressions 

G  ^  =  B  ^  ^  +  KonrG  (M*  (9.8.45) 


If,  for  instance,  X(t)  corresponds  to  motion  of  the  target  v/ith  uncorre lat.ed 
random  accelerations,  caused  by  various  random  disturbances,  where  the  mean  square 
speed  of  the  target  developed  in  1  sec  due  to  the  random  disturbances  is  equal  to 
Bq ,  then  X(t)  -  double  integral  of  white  noise  with  spectral  density  Bq,  and  spectral 
density  S(o>)  -  BQ/o>\  Direct  application  of  the-  written  equalities  here  gives 


o  <<•■=/’)=«  w=*<Ltwa.. 


(9.8.4b) 


Thus,  the  optimum  smoothing  filter  of  the  meter  tracking  coordinate  V(t)  is  a 
double  integrator  with  correction,  which  was  noted  for  the  case  of  the  A(t)- 
double  integral  of  white  noise  and  earlier,  and  the  optimum  filter  for  estimating 
speed  is  an  integrator  with  gain  K.  As  o  result  the  signal  which  is  the  estimate 

i 

of  speed  a  (t)  can  be  taken  from  the  output  of  the  first  integrator  of  the  filter 
of  the  tracking  system,  or  be  formed  by  means  of  transmission  of  the  output  of  the 

A 

coordinate-tracking  meter  x(t)  through  a  differentiating  RC-clrcuit  v/ith  transfer 
function  9(p)  =  p/1  +  pi'K .  Consequently,  the  system  analyzed  in  the  preceding 
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paragraph,  with  T  =  T  is  optimum  for  the  case  when  the  target  moves  with  uncor- 

K 

related  accelerations.  Parameters  of  the  optimum  system  K  and  TK  are  not  arbitrary, 
but  according  to  (9.8.46)  are  functions  of  the  intensity  of  accelerations  Bq, 
characterizing  maneuverability  of  target,  and  of  the  intensity  of  equivalent  noises 
at  the  input  of  the  linearized  discriminator  S0].n;  =  l/Konil, . 

O 

Using  the  fact  that  variance  of  measurement  of  coordinate  =  c(t,  t), 
while  variance  of  measurement  of  speed  is  determined  by  expression  (9.8,42),  we 


obtain 


(9-8.47) 


From  formulas  (9.8.47)  it  is  clear  that  error  of  measurement  of  speed  depends 
more  on  maneuverability  of  the  target  (BQ)  and  less  on  the  level  of  noises  1/K 
than  error  of  measurement  of  the  coordinate.  For  illustration  we  calculated  error 


of  measurement  of  distance  (o^)  and  of  radial  speed  (°dl)  of  an  optimum  system 
for  two  values  of  equivalent  spectral  density  SonT  and  several  values  of  By. 

Results  of  the  calculation  are  given  in  Table  9.6.  In  this  table  there  are 
given  values  of  the  gain  factor  of  the  open  loop,  the  time  constant  of  the 
correcting  circuit  and  the  effective  bandwidth  of  the  system. 


Table  9.6 


*"’•*^7  Icfsl 

10* 

10* 

'•[■kt] 

1 

- 

10 

10* 

io» 

10* 

1 

10 

10» 

! 

10* 

10* 

KtntK  «  V B,Kout  J 

0.1 

0,316 

1 

|  3,16 

i 

10 

0,01 

0,0316 

0,1 

0,316 

1 

Tn  IsecJ 

4,5 

3,5 

1.41 

0,79 

0,45 

14,1 

7.9 

4,6 

2.5  | 

1.41 

.  [cps] 

0,17 

0,3 

0,53 

0,95 

1.7 

0,053 

0,095 

0,17 

0,3 

0,53 

«<  w 

6,7 

9 

12 

16 

21 

37,5 

50 

67 

90 

118 

*«•  [isr] 

1,6 

3.8 

9 

21,4 

50 

2,9 

6,8 

16,2 

38,6 

90 
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Errors  given  in  the  table  characterize  both  fluctuation  and  dynamic  components; 


moreover  the  latter  is  understood  in  the  statistical  sense.  Prom  the  table  it 
follows  that  change  of  the  magnitude  of  S  ^  two  orders  leads  to  change  of  error  of 
measurement  of  distance  by  a  factor  of  5.6  and  of  error  of  measurement  of  speed  by 
a  factor  of  1.8,  Even  with  high  maneuverability  of  the  target  accuracy  of  moa  sure men 
of  speed  is  relatively  high. 

The  obtained  results  give  the  possibility  of  comparing  potential  accuracy  of 
measurement  of  radial  speed  by  Doppler  frequency  and  by  the  derivative  of  distance 
in  the  case  of  coherent  radiation.  In  the  considered  example  speed  is  the  integral 
of  white  noise,  and  according  to  (9.5*54)  variance  of  error  of  its  mea.surement  by 
the  Doppler  frequency  shift  is  equal  to 

j  ,/  sT 

=  K  7C.'  (9.8.48) 

where  1/Ky  =  Sy  —  equivalent  spectral  density  for  an  optimum  frequency  discrimi¬ 
nator.  For  large  signal-to-noise  ratios,  according  to  (9.5.29) 


I  _  o  _A*Af C 
*7  "C"  “  8n*  • 


(9.8.49) 


Here  X  --  wavelength;  At'  —  effective  width  ui  the  spectrum  of  fluctuations  of  the 
signal. 

Variance  of  error  of  measurement  of'  speed  as  the  derivative  of  distance  is 
determined  by  (9.8.47)  and  depends  on  K  >T.  For  large  signal-to-noise  ratios  h 
according  to  (7.2.1 5)  and  (7.2.16) 


JCoiw  — 


1 


boat 


Sf’flAfc 

'  c* 


(9.8.50) 


where  —  speed  of  light; 

p  —  mean  square  width  of  the  spectrum  of  modulation  of  the  signal  utilized  for 
measurement  of  distance. 


Thus,  the  ratio  of  errors  is 


(9.8.51) 


where  :i)q  —  carrier  frequency  of  the  emitted  signal. 

In  order  to  determine  the  usual  order  of  magnitudes  of  ratios  of  errors,  we 
consider  that  product  Af  X  weakly  depends  on  the  wavelength  and  frequently  is 
a  magnitude  of  the  order  of  1  m/sec.  The  ratio  of  the  carrie r  frequency  to  the 
width  of  the  spectrum  of  modulation  is  usually  very  great,  so  that  even  for  1 argt 
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signal-to-noise  ratios  tu^/hp  >  1CK  to  10  .  Then,  considering  that  usually  the 
width  of  the  spectrum  of  the  reflected  signal  has  an  order  of  units  or  tens  of 
cycles  per  second,  we  find  that  even  with  small  maneuverability  of  targets  (BQ  ~ 

~  1  m  /sec.  )  ratio  a^i/av  >  3  to  5.  Thus,  measurement  of  radial  speed  by  Doppler 
frequency  shift  of  the  signal  ensures  great  accuracy  where,  with  increase  of 
maneuverability  of  the  target,  the  gain  increases.  It  is  necessary  to  note  that 
ratio  0^i/av  weakly  depends  on  its  determining  parameters j  therefore  even  with 
rather  strong  change  of  them  the  relationships  of  accuracies  of  measurement  of 
speed  by  the  two  discussed  methods  changes  little. 

2.  Let  us  assume  that  the  law  of  change  of  coordinate  X(t)  is  known  with  an 
accuracy  of  certain  random  coefficients  M-k(h  =  0,  1,  2,  .  .  .  ,  n)  .  Thus  are  matters, 
for  instance,  when  a  certain  body  moves  in  a  ballistic  curve.  Coefficients 

iC 

here  are  random  due  to  the  randomness  of  the  initial  conditions.  As 

we  already  have  repeatedly  indicated,  frequently  there  are  observed  conditions  whoiv 

p.res'  cation  of  X(t)  in  this  lox'm  is  valid: 


k—0 


(g.b.^2) 


where  f^(t)  —  assigned  functions. 

If,  for  instance,  ffc(t)  =  (t  -  t0)k,  coefficients  M-k  constitute  values  of  \(t) 
and  n  its  first  derivative  at  the  initial  moment  t  =  tQ.  We  assume  that  =  0. 

This  does  not  disrupt  generality,  since  the  known  mathematical  expectation  can  a  l  way 
be  accounted  for  during  measurement.  Then  the  correlation  function  of  process  >.(t) 


Is 


t.  *= 0 


(9.8. 


■  V  ' 


where  M1R  = 

M  —  symmetric  matrix  with  elements 

f(t)  =  (f0(t),  f^(t),  ...,  fn(t)  )  —  column  vectors,  and  +  signifies  trans¬ 
position  (f+(t)  —  line  vector). 

Equations  (9.8. 37) - (9. 8. 40)  here  are  equations  with  a  degenerate  nucleus  and 
their  solutions  are  easy.  They  have  form: 

c(/,,)==|+(/)(M-*  +  U(0]->f(x)=  £  -  (9.8.L4) 


i.*«0 

g (/.,)  =  f  +  (0[M-«  +  U (x)] - *f  (x)  =  £  Aih(x)f{(i)fh(x), 
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(9-8. D9 


(9-8.36) 


Ui 


t>(t,  x)  =  f  (0  j  +[M- *  4- U (/)] - *f  (X)  = 

-  J]  A«(0^f*(x). 


I.*a  0 


A  (/.  t)  -  [ ^  *  (0  ]  +  IM-*  +  U  (x)J -I (%)  = 


(9-8.57) 


1,  km 0 


A 

who  re  matrix  A(t)  --  [M~  +  U(,t)]~  ,  and  matrix  U(t)  iluik  ( t)  !i  is  determined  by 


exoression 


Uikit)  —  /Coot  jji(s)fk(s)  ds. 


(9.8.58 


The  block  diagram  of  an  optimum  meter  of  coordinate  \(t)  and  the  rate  of  its 
change  X  (t),  corresponding  to  the  obtained  expressions,  is  presented  in  Fig.  9.^0. 


gain  amplifier;  5  —  adder. 

To  the  input  of  the  discriminator  of  thu  met-pr  there  Is  fed  a  mixture  of  the  signal 
with  noise  y(t,  >(t)).  From  the  output  of  the  optimum  disc riminatui  voltage-  z(t) 
is  fed  to  n  +  1  amplifiers  with  variable  gain  factors. 
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The  law  of  change  of  the  gain  factor  of  the  i-th  amplifier  is  determined  by 

m 

expression  Output  voltages  of  amplifiers  are  integrated,  as  a 

result  of  which  there  are  formed  estimates  of  coefficients  u^.  Then  the  voltages 
representing  the  estimates  are  passed  through  two  groups  of  amplifiers  with  gain 
factors  fj_(t)  and  df^(t)/dt  respectively.  The  formed  voltages  are  added  by  groups. 

As  a  result  of  summation  of  voltages  from  outputs  of  the  amplifiers  with  gain  factors 

A 

f^(t)  there  will  be  formed  the  estimate  of  coordinate  X(t),  which  controls  tuning 
of  the  discriminator,  and  from  those  with  gain  factors  df^(t)/dt  we  get  the  estimate 
of  speed  X  (t) . 

Let  us  consider  with  what  accuracy  speed  is  measured  by  such  a  system.  Variance 
of  error  of  measurement  of  speed  according  to  (9.8.42)  has  the  form 


(9.8.89) 


Let  us  turn  to  the  particular  case  n  -  0,  fQ(t)  -  f(t).  Then,  designating 


~~5  o 

Moo  =  ^0  “  °0*  We  obta:Ln 


1  Kmut  f  f1  (s) 

,0  l 

m 

i  » 

+  Kom  f  /*(»)  ds 

•ft  •> 


(9.8.60) 


For  large  t 


I 


(  9 . b . Ll 


Usually  the  asymptotic  value  of  (9.8.61)  is  reached  rather  fast.  From  tin-  obtain-  a 
expressions  "it  is  clear  that  for  functions  f(t)  growing  .with  .unlimited  increase  of 
t  no  faster  than  any  finite  power  of  t  error-  of  measurement,  -as  t  -*  a^,  approaches 
zero.  If,  for  instance,  f(t)  =  t  and  =  0,  then  o^,  =  n  (2n  +  l)/Kon1t  ,  In 

p 

general,  when  variance  o',  is  determined  by  formula.  (9*8. „9)  ,  for  large  timer,  of 
observation  of  matrix 
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A=[M-*  + U(/)j-‘  =  U''(0 


and  the  expression  for  variance  of  error  of  measurement 

Thus,  for  instance,  if  \(t)  is  a  polynomial  of  the 

i.c-,,  f.(t).  =  t^,  calculating  by  the  given  formulas,  we 

J _ *» _ flu  O 

®1'— Xo.T<*  ~  i •  onT’ 


Is  simplified, 

n-th  degree  a.nd  t  =  0, 

have 


(9.8.62) 


whore  values  of  an  for  various  n  are  given  in  Table  9.7. 
Table  9.7 


»• 

• 

3 

3 

4 

s 

e 

7 

a. 

12 

192 

1200 

4  800 

14  700 

37  600 

83  800 

As  z  — *  cn  error  in  the  considered  cases  approaches  zero.  Therefore,  with  a 
quasi-regular'  lav/  of  change  of  X(t)  by  the  optimum  system  of  measurement  of  speed 
there  is  attained  substantially  higher  accuracy  of  measurement  than  with  a  purely 
random  law  of  change  of  X(t),  if  only  the  time  of  measurement  can  br-  sufficiently 
large.  Here,  however,  more  strongly  than  for  purely  random  change  of  X(t),  error 
is  influenced  by  the  equivalent  intensity  of  noise  Sorn,.  Error  turns  out  to  bc- 
proportional  to  /S  on^.  In  spite  of  this,  for  large  times  of  measurement  error  is 
small  and  the  given  method  of  measurement  can  exceed  all  others  In  accuracy,  including 
measurement  of  Doppler  frequency  shift.  Thus,  for  instance,  in  the  case  of  change 
of  distance  according  to  the  law  d(t)  -  ptn  (u  —  random  coefficient)  for  large 
times  of  observation  variance  of  measurement  of  speed,  as  the  derivative  of  distance, 
was  just  now  found,  and  variance  of  measurement  of  speed  by  Doppler  frequency  shift 
is  determined  by  formula  (9.9. 42),  and,  if  we  consider  that  V(t)  =  nut0-1,  it  is 
equal  to 

1 2  n  —  1 

v  /(•»■»<  ’  (y.b .63) 


The  ra/tio  of  variances  is 

*<'  <1*12/1+  l)K»««r  I 

■'  ,*  —  (2n—  1)  K*  oat  t* 


(9.8.64) 


and  as  t  — < ►  ro  it  approaches  zero.  In  the  last  expressions  Ky  onT  —  the  gain  factor 
of  a  optimum  discriminator  for  measurement  of  speed  by  Doppler  frequency  shift, 

Kj  the  gain  factor  of  the  optimum  range  discriminator.  It  should  be  noted 

that  such  an  effect  occurs  only  with  quasi -regu lar  chang"  of  rang-  . 
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§  9.9.  Speed  Meters  Under  the  Action  of  Interferences 

Speed  meters,  just  as  other  devices,  in  a  radar,  can  experience  not  only 
natural  noises  of  the  system,  but  also  all  the  possible  interferences  which  were 
mentioned  in  Chapter  I,  In  the  presence  of  interferences  accuracy  of  measurement 
of  speed  decreases  or  even  the  process  of  measurement  may  be  disturbed  [TO].  This 
is  connected  with  different  nonlinear  phenomena  in  elements  of  the  meter,  in 
particular  with  the  phenomenon  of  breakoff  of  tracking  in  tracking  speed  meters 
discussed  above.  Disruption  of  the  process  of  measurement  of  speed  may  also  take 
place  in  meters  using  differentiation  of  distance  or  angles.  Only  in  these  forms 
of  meters  it  occurs  due  to  breakoff  of  tracking  of  range  finders  or  goniometers. 

Let  us  consider  briefly  questions  of  the  influence  of  interferences  on  speed  meters. 

In  most  cases  speed  meters  are  coherent  and  use  during  processing  of  signals 
narrow-band  filters  up  to  detection.  Thus  stands  the  matter  with  respect  to  Doppler 
speed  meters,  since,  as  was  shown  above,  for  an  incoherent  pulse  signal  these  meters 
do  not  ensure  the  usually  acceptable  accuracy.  Meters  of  speed  as  the  derivative  of 
a  coordinate  also  in  many  cases  are  based  on  coherent  processing  of  the  signal.  In 
connection  with  this  circumstance  many  forms  of  stochastic  interferences,  having 
a  spectrum  width  much  larger  than  the  passband  of  filters  In  the  meter,  are  normally. u 
during  passage  through  filters  and  their  action  turns  out  to  be  equivalent  to  the 
action  of  Gaussian  white  noise.  Here,  the  action  of  interference  reduces  to  equi¬ 
valent  increase  of  the  level  of  noises  at  the  input  of  the  radar  receiver  or  to 
decrease  of  the  signal-to-noise  ratio.  Therefore,  in  the  case  of  action  on  speed 
meters  by  such  interferences  we  can  use  all  the  preceding  results  for  accuracy  of 
measurement  and  for  estimating  failures  of  tracking  speed  meters.  The  only  dif¬ 
ference  as  compared  to  the  preceding  formulas  is  the  fact  that  the  signal-to-noise 
ratio  h  should  be  replaced  by  quantity 

.  Pc  __  h 

"nm  2Afe  (Nt  ■+■  Nt)  N,  •  (9.  P.1 

Nt 

•where  h  —  signal-to-noise  ratio  in  the  presence  of  noise  and  interference  : 

n  ill  B  1 

N  n  —  spectral  density  of  white  noise,  equivalent  in  its  action  to  inter¬ 
ference. 

Further  calculation  of  noise  immunity  of  speed  meters  thus  reduces  to  finding 
quantity  H  ,  which  was  already  done  in  Chapter  VII  during  the  analysis  of  the 
influence  of  interferences  on  coherent  range  finders.  We  shall  give  the  basic 
formula  obtained  there.  For  noise  interference,  according  to  (7.14.5), 
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An 


h  ,  P»0,a  Q»p^* 

l+  2 JV.Af.  (4it)*4 


(9.9.2; 


where 


X  —  wa.ve  length; 


Pn  —  power  of  the  jamming  transmitter; 
hfn  —  width  of  the  spectrum  of  interfernce; 
unn  —  antenna  gain  of  the  station  of  interferences; 

G  —  gain  of  the  receiving  antenna  of  the  radar  in  the  direction  to  the 
source  of  interference; 

dn  —  distance  of  the  source  of  interferences. 

Magnitudes  of  lowering  of  the  signal-to-noise  ratio  with  noise  interference  ar< 

illustrated  by  graphs  of  Fig.  7.51. 

During  calculation  of  noise  immunity  of  radar  it  is  necessary  to  determine  the 


critical  strength  of  interference,  and  consequently  also  quantity  h  ni 


-  h 


Up* 


at  which  one  or  another  undersirable  change  of  properties  of  system  sets  in.  In  thic 

case  such  a  change  may  be  error  of  the  speed  meter  reaching  a  certain  assigned 

impermissible  magnitude  or  bre.akoff  of  tracking,  determined  by  one  of  the  above- 

indicated  methods.  Critical  intensity  of  noise  interference  (p  G  _/Af„ 

v  n  niy  n'Hp 

[w/cps]  can  be  found  from  (9.9.2)  if  we  consider  that  =  Pc  /2Af  c  h  and 
according  to  the  radar  formula 

p  _ _  P 


wnc  re 


<<*>•<  ’ 

o  —  reflecting  surface;  of  tne  target; 

G  —  antenna  gain  of  radar  in  the  direction  to  the  target; 
—  mean  power  of  tne  transmitter  of  the  radar; 


(9.9.3) 


;iep 


-  distance  to  the  target. 


Under  the  condition  of  spatial  coincidence  of  the  source  of  interference's 
with  the  target  and  with  the  condition  normally  observed  in  conditions  of  measure¬ 


ments  in  the  presence  of  only  natural  noise  h  »  h Kp  it  is  easy  to  find  that 


(fiQn\  ^  1  finpO^n 


(9-9.4) 


where  h  is  found  eitner  by  formulas  of  §§  9.5  and  9.8  for  accuracy  of  measurement 
•m 

of  speed  (if  we  assign  permissible  accuracy),  or  by  formulas  of  §  9.G  if  we  apply 
criteria  connected  with  breakoff  of  tracking. 

For  illustration  we  give  the  following  example. 


. .Jk 
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Let  us  assume  that  the  radar  is  characterized  by  the  following  data:  Pn  = 

=  100  Wj  G  *  9-10~3,  x  =  10  cm,  AfQ  -  30  cps  and  should  work  for  a  target  where 
=  10  m2  at  distance  dy  «  100  km.  Let  us  assume  that  according  to  one  of  the 
criteria  there  is  obtained  the  critical  value  of  the  signal-to-interference  ratio 
hjjp  =  1.  Then  from  (9.9.4) ,  (PnGnn/Afn )Kp  =>  2.37  w/Mc,  i.e.,  for  the  given 
sufficiently  typical  values  of  parameters  it  composes  a  fully  attainable  quantity 
in  contemporary  conditions.  If,  however,  we  take  G  «=  25 *lCr  (increasing  the  diameter 
of  the  antenna  from  3  to  5  m),  raise  the  power  of  the  transmitter  to  Pnep  *  1  kw,  and 
assume  the  presence  of  a  target  with  ■  50  m  ,  then  (PnGnn/Afn)Kp  »  340  w/Mc, 
i.e.,  composes  a  normally  unattainable  magnitude. 

For  pulse  chaotic  interference  with  the  assumptions  made  in  Paragraph  7.14.2 


P«G«. 


(9.9.5) 


where  ?n  —  power  in  a  pulse  of  the  jamming  transmitter; 

rn  —  pulse  duration  of  interferences; 

v  —  average  frequency  of  pulses  of  interference; 

Af  ,  —  effective  width  of  spectrum  of  modulation  of  the  signal;  the  remaining 
m  8CP  designations  are  as  before. 

If  we  again  assume  spatial  coincidence  of  the  source  of  interference  with  the 

target  and  fulfillment  of  inequality  h  »  h  ,  the  critical  value  of  the  magnitude 

2  P 

of  intensity  of  Interference  VT^PnGnn  [w/Mc]  according  to  (9-9.3)  and  (9.9.5)  is 


defined  as 


<vt*  PnOnnUp  —  -  -JiSfSji  Vl+*fl  • 


'  «  h„  4*Lftd\r  *  (9.9.0) 

i.e.,  composes  a  magnitude  Vi  +  Af^  g^T^-times  larger  than  the  critical  intensity 
of  noise  interference,  which  shows  the  lesser  effectiveness  of  puise  chaotic  inter¬ 
ference  In  the  conditions  formulated  above.  If,  for  Instance,  duration  of  pujses 
of  Interference  and  of  the  signal  coincide,  then  Afm  g,£Tn  a  quantity  of  the  order 
of  unity.  When  Afm  3^n  =  1»  for  creation  of  the  same  effect  as  from  noise  inter¬ 
ference  it  is  necessary  to  have  >/5  more  power  of  pulse  chaotic  interference. 

For  passive  interference,  broad  in  band  as  compared  to  the  signal,  according 
to  (7.14.13) 


Am  ^ _ 1 

*  1+ A —/(A*.) 


( 9 .9.7) 
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where 


o.  —  reflecting  surface  of  target; 

o  —  reflecting  surface  of  interference  in  the  resolution  cavity  of  the  radar; 

Au>_  —  difference  of  Doppler  frequencies  of  signals  reflected  from  the  target 

A  and  interference; 

±(co).—  function  describing  the  form  of  the  spectrum  of  the  signal  reflected 

from  Interference  (f(0)  =  1);  and  it  is  assumed  that  there  is  selected 
a  sufficiently  large  frequency  of  repetition  Fr. 

From  (9. 9-7)  for  h  »  la  we  obtain 

Kp 

(9-9.8) 

from  which  it  is  easy  to  calculate  the  density  of  passive  interference  necessary 

to  "swamp"  radar  (to  Knock,  out  the  speed  meter).  It  is  clear  that  with  great  detunln 

of  Doppler  frequencies  of  signals  reflected  from  target  and  from  interference 
f(;Vis  )  «  i,  noise  immunity  with  respect  to  passive  interference  is  high;  in  partic¬ 
ular,  v/hen  hp  »  1  it  turns  out  that  (a  n  )K^  »  o^.  If  however  Aa^  «  0,  f(Au'fl)  ~=  1 
and  for  h^.  ~  i  we  have  relationship  (a  n  ) «  a^,  which  signifies  for  attainable 
densities  of  interferences  absolutely  unsatisfactory  noise  immunity. 

Further  conclusions,  ensuing  from  lowering  of  the  signal-to-interference  ratio, 
according  to  formulas  (9*9.2),  (9-9.5),  and  (9. 9.7',  do  not  differ  at  all  from 
those  given  in  §  7-l^>  therefore  we  will  not  repeat  them  here. 

Intermittent  active  interferences  act  on  coherent  speed  meters  just  as  on 
coherent  range  meters.  In  the  presence  of  vapid  intermittent  (as  compared  to  inertia 
or  the  speed  meter)  Interferences  and  during  application  of  high-speed  AGC  systems 
interferences  act  just  as  continuous  Interferences  of  the  same  mean  power. 

With  a  slow  A.flC  system  we  start  to  see  nonlinear  phenomena,  which  appear  in 
various  ways  for  different  schemes  of  processing  the  signal  and  for  their  quantitative 
estimating  require  carrying  out  of  corresponding  investigations  of  the-  separate 
forms  of  circuits, 

Slowly  intermittent  Interferences  lead  to  parameters  of  the  system  of  measurement 
t_f  speed  intermittently  changing  in  connection  with  the  fact  that  there  exist 
intervals  of  time  in  which  the  slgnal-to-noise  ratio  is  equal  to  h,  and  intervals 
in  which  this  ratio  is  equal  to  hnllI«  Besides  the  fact  that  in  intervals  of 
action  of  interference  there  can  occur  the  same  phenomenon  as  during  continuous 
interference,  there  also  occurs  parametric  influence,  vrhicn  may  cause  parametric 
excitation  of  the  tracking  system.  These  questions  require  further  study;  their 
formulation  does  not  differ  at  all  from  that  given  in  (j  7.14. 
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As  we  already  noted  during  the  analysis  of  frequency  discriminators,  there 
exists  a  type  of  discriminator  —  with  commutation  switching  of  reference  voltages  —  . 
which  is  especially  susceptible  to  the  influence  of  intermittent  interferences  with 
frequencies  of  switching  close  to  the  frequency  of  the  reference  voltage  or  to  one 
of  the  frequencies  which  is  a  multiple  of  it.  As  a  result  of  appearing  beats 
between  the  reference  voltage  and  interference  there  can  appear  low-frequency  oscil¬ 
lations,  passing  to  the  output  of  the  tracking  system  and  leading  to  the  appearance 
of  large  errors  or  even  to  breakoff  of  tracking. 

It  is  necessary  to  make  several  remarks  about  the  influence  on  coherent  speed 
meters  of  return  interference.  This  interference  is  applied  mainly  during  pulse 
radiation  of  the  radar  and,  as  was  Indicated  in  Chapter  I,  can  be  created  both  by 
starting  by  pulses  of  the  radar  of  a  certain  transmitter,  and  also  by  amplification 
and  reradiation  of  the  radar  pulses  themselves.  In  the  first  case  there  appeal- 
difficulties  in  ensuring  coherence  of  return  interference,  but  the  incoherent  pulse- 
interference  for  coherent  radar  is  not  very  effective.  In  the  second  case  coherence 
is  ensured  automatically.  However,  if  there  is  absent  some  additional  modulation 
of  the  pulses  of  return  Interference,  being  radiated  from  the  irradiated  target, 
it  permits  us  more  exactly  than  by  the  reflected  signal  to  measure  parameters  of 
motion  of  the  target,  in  particular  speed. 

Such  a  phenomenon  takes  place  due  to  the  absence  of  fluctuations  and  to  the 
great  power  of  pulses  of  interference  as  compared  to  the  reflected  signal.  Therefore, 
for  a  system  of  measurement  of  speed  by  Doppler  frequency  return  interference  is 
only  effective  with  additional  frequency  modulation,  where  changes  of  frequency  of 
the  interference  should  be  so  slow  that  they  are  tracked  by  the  tracking  system. 

In  this  respect  we  have  complete  analogy  with  the  influence  of  return  interference 
on  range  finders  With  this  difference  only,  that  variable  delay  of  modulation, 
necessary  for  misleading  the  range  finder,  is  replaced  by  a  variable  carrier 
frequency  of  pulses  of  incerference  for  misleading  the  speed  meter,  when  the 
jamming  transmitter  is  not  on  the  target,  just  as  during  breeding  of  pulses  of  inlor- 
ference,  all  remarks  made  when  examining  the  influence  of  return  inte ju'erenct-  on 
coherent  range  finders  remain  valid. 

Considering  .the  influence  of  interferences  on  meters  of  speed  as  the  do. rivotiv;. 
of  a  coordinate , .  one  should  turn  first  of  all  to  noise  immunity  of  range  finder:-, 
and  goniometers.  Short  duration  failure  of  meters  tracking  coordinates  loads  to 
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cessation  of  measurement  of  speed.  In  cases  when  there  is  no  short  duration  failure 
and  increase  of  errors  of  measurement  of  coordinates  is  determined  only  by  change 
of  signal-to-noise  ratio  (h  n  m  /h  —  in  coherent  case  and  q  n  ^  /q  —  in  the  in¬ 
coherent  case),  increased  error  of  measurement  of  speed  also  is  determined  by  the 
formulas  obtained  above,  if  in  them  we  replace  h  by  h  (or  q  by  q  n  B  ), 

\ 

§  9.10.  Conclusion 

Resuming  the  basic  results  of  theoretical  research  of  questions  of  measurement 
of  speed  in  the  given  chapter  we  first  of  all  should  emphasize  that  the  basic 
method  of  measurement  of  the  radial  component  of  speed  should  be  considered  measure¬ 
ment  by  Doppler  frequency  shift.  This  method  for  coherent  radiation  ensures'  in  the 
vast  majority  of  cases  greater  accuracy  than  the  other  considered  method,  based  on 
differentiation  of  the  distance  to  the  target. 

Being  interested  in  the  most  wide-spread  tracking  Doppler  S’eed  meters,  we  with 
not  very  limiting  assumptions  found  an  optimum  frequency  discriminator  and  optimum 
smoothing  circuits  of  such  meters.  The  optimum  frequency  discriminator  cannot  be 
realized  exactly;  however  two  of  the  considered  practically  realizable  schemes  are: 
a  discriminator  with  a  tuned  circuit  and  phase  shifter  and  a  discriminator  with  two 
mixers  and  differentiation,  very  close  to  the  optimum  discriminator  in  its  pro¬ 
perties.  Here  as  the  criterion  of  optimality  we,  as  in  preceding  chapter^  used 
accuracy  of  measurement. 

When  using  a  tracking  meter  for  tracking,  purely  random  components  of  change 
of  speed  optimum  smoothing  circuits  frequently  are  linear  with  constant  parameters 
and  in  a  number  of  cases  coincide  in  form  with  practically  applied  filters.  In  a  case 
when  speed  is  a  quasi -regular  process,  optimum  filters  possess  variable  parameters 
and  frequently  are  characterized  by  gradual  cutoff  of  the  discriminator  and  by 
accuracy  of  measurement  unlimitedly  increasing  in  time.  It  is  necessary  to  note 
that  in  practice  speed  will  always  have  a  certain  purely  random  component.  Therefore, 
very  small  errors  are  not  obtained,  even  if  we  ignore  instrument  errors,  disregard 
of'  which  is  justified  only  with  sufficiently  large  fluctuation  and  dynamic  errors. 

With  intense  noises  and  interferences  tracking  meters  are  subject  to  failure- 
(breakoff  of  tracking) .  The  formulas  obtained  for  quantitative  estimate  of  this 
phenomenon  can  be,  unfortunately,  used  only  for  rough  estimation  of  the  order  of 
magnitudes  of  intensities  of  noises  and  interferences  at  which  failure  begins.  One 
should  make  such  a  conclusion,  first,  in  connection  with  the  fact  that  analysis  of 
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breakoff  of  tracking  could  be  conducted  only  for  smoothing  circuits  of  very  simple 
form  and,  secondly,  the  obtained  results  rather  strongly  differ  for  various  criteria 
of  breakoff  and  for  various  methods  of  approximation  of  the  discrimination  character 
istic . 

Investigation  of  potentialities  of  nontracking  Doppler  speed  meters  leads  to 
the  conclusion  that  in  principle  these  meters  can  ensure  the  same 

accuracy  as  tracking  ones  if  we  consider  measurements  with  sufficiently  fast  signal 
fluctuations. 

During  attempts  to  measure  speed  by  Doppler  frequency  shift  for  an  incoherent 
pulse  signal  we  usually  obtain  very  low  accuracy  of  measurement,  due  to  which  with 
this  form  of  radiation  measurement  of  speed  as  the  derivative  of  distance  is  pre¬ 
ferable.  The  tangential  component  of  speed  can  be  measured  as  the  derivative  of  an 
angular  coordinate. 

Accuracies  of  measurement  of  speed  as  the  derivative  of  a  coordinate  found  in 
a  number  of  cases  have  acceptable  magnitudes  for  accelerations  which  are  not  too 
high;  with  high  accelerations  accuracies  of  measurement  of  speed  are  low.  This  *ls0 
pertains  to  optimum  meters  in  the  case  of  purely  random  change  of  the  coordinate. 
With  quasi-regular  change  of  it  potential  error  of  measurement  of  speed  approaches 
zero  as  t  -*  co,  for  radial  speed  in  certain  cases  even  faster  than  error  of  measure¬ 
ment  by  Doppler  shift  of  the  signal  frequency.  Consequently,  in  these  cases 
instrument  error  predominates. 

Quantitative  estimation  of  the  influence  of  interferences  on  speed  meters  is 
determined  by  the  fact  that  these  meters  in  most  cases  are  coherent.  Therefore,  the 
influence  of  the  most  wide-spread  interferences  reduces  simply  to  the  influence  of 
equivalent  noise  and,  consequently,  to  change  of  the  signal-to-nolse  ratio. 

Thus,  we  have  conducted  a  rather  detailed  analysis  of  speed  meters  from  posi¬ 
tions  of  accuracy  of  measurement,  including  investigation  of  the  question  of 
cessation  of  these  measurements  under  the  influence  of  intense  noises  and  inter¬ 
ferences.  In  order  of  formulating  still  unsolved  problems,  connected  with  a  la¬ 
ment  of  speed,  we  should  first  of  all  pay  attention  to  investigation  of  the  re- sc  l.uti 
capability  of  speed  meters,  including  synthesis  of  meters  optimum  from  this  point 
of  View.  Currently  urgent  questions  of  resolution  of  targets  still  have  not  found 
sufficiently  complete  theoretical  solution  and  need  careful  consideration. 

It  is  desirable,  besides  frequency,  to  Investigate  phase  uiscriminators ,  v.ni-.n 
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can  be  applied  with  success  in  Doppler  speed  meters,  giving,  possibly,  no  worse 
results  than  frequency  discriminators .  The  number  of  analyzed  types  of  frequency 
discriminators  also  should  be  increased. 

Very  urgent,  for  meters  of  other  parameters  of  motion  of  the  targets,  too,  is 
more  detailed  study  of  questions  of  bre&koff  of  tracking.  In  particular,  it  should 
be  interesting  to  find  solution  of  these  questions  with  application  of  smoothing; 
circuits  of  high  order.  Apparently,  here  we  will  not  manage  to  obtain  all  necessary 
regularities  purely  theoretically,  and  it  is  necessary  to  utilise  appropriately  formu¬ 
lated  experiment. 

In  these  investigations  we  assumed  Gaussianness  both  of  the  reflected  signal,  "no 
also  the  process  of  change  of  speed.  Although  this  assumption  corresponds  to  a 
very  large  number  of  practical  cases,  it  nonetheless  is  of  interest  to  investigate 
accuracy  of  speed  meters  with  other  assumptions.  It  would  also  be  very  interesting 
to  contract  a  whole  complex  of  investigations  for  slow  fluctuations  of  the  signal, 
the  speed  of  which  is  commensurate  with  the  speed  of  processes  of  set-up  in  the 
systems,  The  questions  found  in  this  chapter  are  only  a  very  superficial  reflection. 
Questions  of  the  influence  on  speed  meters  of  various  forms  of  interferences, 
including  synthesis  of  meters  optimum  in  the  presence  of  thse  interferences,  need 
more  careful  consideration. 
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CHAPTER  X 


MEASUREMENT  OF  ANGULAR  DATA  WITH  A  COHERENT  SIGNAL 
§  10.1  Introductory  Remarks 

Measurement  of  angular  data  is  one  of  the  most  important  functions  executed  by 
radar  sets  of  various  assignment.  Continuously  increasing  requirements  on  accuracy 
of  measurement  of  angles  has  led  to  a  need  for  thorough  theoretical  research  of 
possibilities  of  radar  measurement  of  angular  data.  Especially  important  is  the  prnb 
lem  of  finding  potential  accuracy  of  goniometry  in  conditions  of  a  fluctuating  radar 
signal  received  against  a  background  of  internal  noises,  and  also  the  problem  of 
synthesis  of  circuits  of  optimum  goniometers  realising  this  potential  accuracy. 
However,  In  contemporary  radar  literature  there  exists  a  comparatively  small  numbi  r 
of  works  on  these  problems. 

The  first  works  in  which  there  are  attempts  at  optimization  of  radar  goniometers 
are  [10  and  li  ] .  In  them  there  is  considered  the  problem  of  optimum  measurement.  ,,i 
anp.ular  data  by  a  surveillance  radar .  Here  there  is  introduced  a  series  of  very 
limiting  assumptions.  Circuits  of  goniometers  are  assumed  assigned  up  to  and  Indue.': 
the  amplitude  detector,  and  only  post.-detector  processing  is  optimized.  The  ierg.-f 
is  assumed  either  not  fluctuating  at  all,  'or  fluctuating  so  that,  its  reflecting  sur¬ 
face  does  not  change  during  the  time  of  passage  over  the  target  of  the  directional 
pattern  of  the  antenna,  but  takes  independent  values  in  different  periods  of  ;;  •annin-- 
For  solution  of  problems  of  optimization  in  these  works  there  i.s  used  the  theory  . -f 
statistical  maximum  likelihood  estimates. 

We  note  further  the  work  [4b],  in  which,  in  point  or  fact,  the  radio  channel 
of  a  tracking  radar  goniometer  is  optimized.  We  consider  the  method  of  direction 
finding  with  a  scanning  directional  pattern.  The  circuit  of  the  radio  channel  again 
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is  assumed  assigned  up  to  and  including  the  amplitude  detector.  The  signal  is 
assumed  to  be  l'luetuating  so  that  its  amplitude  is  constant  within  the  duration  or 
pulses,  but  Is  independent  from  pulse  to  pulse.  For  solution  of  problems  of  optimiza¬ 
tion  there  is  used  the  method  of  inverse  probability. 

The  very  limiting  initial  assumptions  used  in  [10,  11,  'hi]  lower  the  value  of 
the  results  obtained  in  them.  However,  already  in  these  works  them  is  shown  the 
connection  between  the  considered  problems  and  mathematical  statistics,  although  its 
powerful  techniques  are  evidently  used  insufficiently. 

Recently  there  appeared  works  [12,  ho ]  where  there  is  solved  the  problem  of 
estimating  angular  data  on  the  basis  of  the  observed  realization  of  the  signal.  Th- 
signal  is  assumed  l'luetuating,  but  rigidly  correlated  during  the  time  of  observa* 
Consideration  was  conducted,  for  example,  for  methods  of  .instantaneous  comparison  oj 
signals,  both  in  amplitude  and  phase.  In  [12,  46]  they  used  estimates  of  maximum  a 
posteriori  probability.  The  essential  fact  is  that  in  these  works  with  respect  to 
tnc:  circuit  of  tne  goniometer  there  were  introduced  no  preliminary  assumptions,  and 
it  was  completely  optimized. 

The  assumption  of  rigid  correlatodness  of  the  signal  for  the  time  cf  observation 
in  ' nose  works  is  rather  limiting.  More  common  in  practice  is  the  case  when  the  time 
of  correlation  of  fluctuations  of  the  signal  is  comparable  to  or  considerably  less 
than  the  time  of  observation. 

In  tne  present  and  subsequent  chapters  we  shall  give  a  detailed  and  systematic 
study  of  the  problem  of  radar  measurement,  of  angular  data  relying  on  this  last  case. 
The  account  will  be  conducted  basically  in  the  same  plan  as  in  all  the  preceding  . 
chapt-rs:  first  we  synthesize  and  study  optimum  circuits;  then  wp  analyze  circuits 
..lose  to  optimum.  During  the  synthesis  of  optimum  goniometers  we  will  make  no  pre¬ 
liminary  assumptions  about  the  possible  circuit  of  the  goniometer.  However,  we  sn«J 
assume  assigned  the  method  of  direction  finding  (i.e. ,  the  structure  of  the  an1 enna 
sysiciii)  and  the  method  of  coding  angular  data  in  the  radar  signal,  determined  by  this. 
Here  we  shall  systematically  consider  existing  or  possible  methods  of  direction 
i Inning, 

.Synthesis  of  radar  goniometers  without  assignment  of  the  method  of  direction 
finding  is  a  difficult  problem  which  can  be  solved  sufficiently  accurately  only  for 
antennas  of  the  phased  arrpy  type.  This  question  is  the  subject  of  §  10.13. 

In  the  present  chapter  we  shall  study  the  problem  of  radar  measurement  of 
angular  data  with  a  coherent  signal.  The  material  here  is  divided  into  three  basic 
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groups  of  problems:  goniometers  with  a  tracking  antenna,  goniometers  in  which  tracking 
is  carried  out  electronically  (not  by  the  antenna),  and,  finally,  nontracking  goniom¬ 
eters  (not  containing  a  feedback  circuit). 

The  main  part  of  the  chapter  is  devoted  to  goniometers  with  a  tracking  antenna, 
since  this  class  of  goniometers  is  the  broadest.  First  we  synthesize  the  circuit  of 
an  optimum  radio  channel  for  these  goniometers  with  very  general  assumptions  about 
the  method  of  direction  finding  utilized.  Then  this  circuit  is  specified  for  the 
most  important  methods  of  direction  finding  utilized  in  practice:  the  method  of 
pattern  scanning,  the  method  of  scanning  with  compensation,  of  instantaneous  amplitude 
comparison  of  signals,  the  method  of  phase  center  scanning  and  of  instantaneous  phase 
comparison  of  signals.  The  most  attention  is  paid  to  the  question  of  the  influone.- 
on  accuracy  of  synthesized  goniometer  circuits  of  various  deviations  from  iaoalru  .:s 
in  them,  inevitable  during  practical  realization  of  the  circuits. 

Then  we  study  radar  goniometers  with  antennas  of  phased  array  type.  For  these 
goniometers  together  with  the  optimum  radio  channel  we  also  synthesize  the  optimum 
method  of  direction  finding  (optimum  processing  of  the  field  in  the  aperture  of  the 
antenna  system) . 

Then  v;e  investigated  total  error  of  a  closed-loop  goniometer  tracking  system  in 
linear  conditions  (with  small  mistuning  )  and  touch  briefly  on  question  of  nonlinear 
phenomena  in  tracking  goniometers,  occurring  with  high  noise  levels  (breakoff  of 
tracking).  Approximately  in  the  same  aspect  we  consider  goniometers  in  which  tracing 
is  carried  out  electronically.  Here  we  study  the  so-called  method  of'  two-dimensional 
scanning  of  the  directional  pattern. 

At  the  end  of  the  chapter  wo  study  nontracking  goniometers.  Here  basic  attention 
is  paid  to  synthesis  of  the  "estimator  unit"  (or  "unit  of  primary  processing"),  which 
issues  the  maximum  likelihood  estimate  of  an  angular  coordinate  from  the  realize1 ion 
of  a  signal  of  finite  duration,  within  limits  of  which  the  angular  coordinate  u‘  Uv 
target  does  not  change.  We  study  methods  of  instantaneous  amplitude  and  phase  e.-i'  j, ar¬ 
son  of  signals  most  frequently  used  in  nontracking  goniometers . 

The  last  section  is  devoted  to  study  of  the  influence  of  certain  forms  or  Inf-- in¬ 
ferences  on  radar  goniometers. 

§  10.2.  Radar  Methods  of  Direction  Finding 

In  radar  goniometers  the  measured  parameters  (angular  coordinates  of  the  *ar. •<  '■) 
are  coded  in  the  received  radar  signal.  On  angular  target  coordinates  (on  current 
angular  mismatches  in  goniometers  with  a  tracking  antenna)  there  may  depend  both  M.e 


amplitude  and  the  phase  of  the  received  signal.  The  form  of  this  dependence  is  deter¬ 
mined  by  the  structure  of  the  antenna  system  or,  so  to  speak,  the  method  of  direction 
finding  applied  in  the  goniometer.  Obviously,  the  structure  of  optimum  goniometer 
systems  will  essentially  depend  on  the  method  of  direction  finding;  therefore,  before 
solving  the  problem  of  synthesis  of  optimum  goniometers  we  shall  give  a  description 
of  methods  of  direction  finding.  Our  description  will  be  rather  short,  inasmuch 
as  radar  methods  of  direction  finding  are  well-known. 

At  present  there  have  been  proposed  a  large  number  of  methods  of  direction  find¬ 
ing,  using  different  physical  principles.  The  most  well-known  of  the  methods  of 
direction  finding  is  the  so-called  method  of  scanning  the  directional  pattern  of 
the  receiving  antenna  [47].  Reception  of  the  signal  in  this  method  is  by  an  antenna 
whose  directional  pattern  scans  with  respect  to  the  axis  of  scanning  in  an  angular 
sector,  narrow  as  compared  to  the  width  of  the  pattern.  On  the  received  signal  here 
there  is  superimposed  a  signal,  modulated  in  amplli ude  according  to  a  law  which 
depends  on  the  angular  uivergence  of  the  target  from  the  axis  of  scanning. 

We  shall  find  the  form  of  amplitude  modula¬ 
tion  of  the  re-.,  i.vod  signal  introduced  by  the 
scanning  pattern.  Here  and  subsequently  we  shall 
li.mit  ourselves  to  the  case  of  measurement  of  one- 
angular  coordinate  of  the  target,  considering 
tracking  of  the  other  coordinate  exact.  The 
grounds  for  such  consideration  will  be  given  in 
Chapter XII.  devoted  to  multi-dimensional  meters. 

Consider  Fig.  10.1,  in  which  there  is  uepict^a 
a  section  of  a  sphere,  passed  from  an  antenna 


Axis  of  tha 


Pig.  10.3,  The  method  of 
scanning  of  the  directional 
pattern  of  a  receiving  antenna. 


through  a  target  (with  large  distances  to  the  target  this  section  can  be  considered 
two-dimensional).  If  we  designate  the  measured  angular  divergence  from  the  axis  of 
scanning  by  a,  the  angle  bf. tween  the  axis  of  the  directional  pattern  and  the  axis  of 
scanning  by  7,  and  the  polar  coordinate  of  the  current  position  of  the  axis  of  tnc 
directional  pattern  by  $(t),  then,  as  it  is  easy  to  see  from  Pig.  10,1,  the  angle 
between  the  direction  to  the  target  and  the  axis  of  the  directional  pattern  will  be 
equal  to  _ 

T  (0  =  -+“*'  +  2lfacos  9  (/). 

Let,  us  assume  that  the  directional  pattern  (fur  voltage)  has  axi symmetric 
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form  Gg(<p).  In  this  case  the  received  signal  will  be  amplitude-modulated  according 
to  the  law 

Ut(t,  «)  =  fi{l/a'-|-Tf,-(-2aTcos&(0}.  (10.2.1) 

Here  we  assume  that  target  is  irradiated  by  a  certain  nonscanning  pattern.  For 
definitiveness  we  shall  consider  this  assumption  carried  out  if  nothing  further  is 
said.  More  complicated  cases  can  e^ily  be  considered  if  desired,  and  the  difference 
of  them  will  be  quite  immaterial. 

In  expression  (10.2.1)  function  g(<p)  in  a  definite  way  is  normalized.  Its 
normalization  will  be  selected  later.  Coefficient  G  accounts  for  the  gain  of  the 
directional  pattern. 

For  small  a  expression  (10.2.1)  can  be  rewritten  in  the  following  form: 

«)  =  £0f)[l  +t*a«eos&(01,  (10.2.2) 

where 

t‘a  =  g'(Y)/j?(TT)  (10.2.5) 

is  the  gain  factor  of  the  directional  pattern  along  the  axis  of  scanning. 

Obviously,  when  the  target  Is  located  on  the  scan  axis,  amplitude  modulation  of 
the  received  signal  disappears;  therefore,  the  direction  determined  by  the  scan  axis 
is  also  frequently  called  the  equlsignal  direction. 

The  law  of  change  of  angle  $(t)  may  differ.  When  &(t)  =  ^CKt  +-  JL  we  obtain 
so-called  conical  scanning  of  the  directional  pattern  (with  angular  frequency  ft  )j 
if  $(t)  takes  values  +  tt/2,  +  7 r,  +  Jrr/2,  etc.,  changing  over  intervals 

of  time  we  obtain  so-called  quadrant  scanning  (with  period  TCK  ) . 

The  next  method  of  direction  finding  which  we  shall  consider  is  the  method  of 
scanning  with  two  directional  patterns,  often  called  the  method  of  scanning  with 
compensation.  (As  we  shall  see  later,  this  method  provides  compensation  of  the  har:.  - 
ful  influence  of  fluctuations  of  the  signal.)  In  the  given  method  reception  of  1  no 
reflected  signal  is  effected  by  two  directional  patterns  scanning  with  respect  to  one 
axis.  Angles  of  inclination  of  axes  of  the  patterns  to  the  scan  axis  may  be  d i  iTo-Tit 
In  particular,  one  of  the  angles  may  be  equal  to  0,  which  corresponds  to  one  fixed 
pattern. 

The  mutual  location  of  the  target  and  the  patterns  in  the  metnod  or  scanni nr 
with  compensation  is  depicted  in  Fig.  10.2,  where  by  a  we  again  designate  angular 
divergence  of  the  target  from  the  scan  axis;  by  —  the  angle  between  the  scan 


-505- 


^  -  Axis  at  the  first 

direct ional  pattern 

S 

\ 

\ 

\ 

\ 


n  f  Target  j 

L  ! 


\  ^  Axil  of  the  seoor.d 

\  direotion&l  pattern 

X  / 

FL;#  1C,  2,  Metnod  ol'  scanning  compen- 

c\  8.  ■  .1.  on , 


axis  and  the  axis  of  the  i-th 
pattern  (i  =  1,  2);  by  ^(t)  -  the 
current  value  of  the  polar  coordinate 
of  the  i-th  pattern.  From  this 
figure  it  is  easy  io  see  that  the 
angle  between  the  direction  to  the 
target  and  tne  axis  of. the  i-lh 
pattern  is  equal  to 

t(  (/)  =  V  •*  +  y!  4-  2«ti  cos  hit). 

If  we  now  designate  by  G.g^(cp)  flv 
form  of  the  i-th  pattern  (for 
voltage),  we  find  that  the  signal 


received  in  this  pattern  will  be  amplitude-modulated  according  to  the  law 


Un  (t,  *)  =  Si  I V*%  +  K'<  +  2«t <  cos  (<)} 


(10.2.4 ) 


From  (10,2,4)  it  is  clear  that  if  the  target  is  located  on  the  scan  axis  modula¬ 
tion  of  signals  received  in  both  patterns  disappears,  i.e.,  the  scan  axis  determines 
the  equi signal  direction.  We  note  also  that  if  one  of  the  directional  patterns  is 
fixed,  i.e.,  for  it  qn  =  0,  the  signal  received  in  this  pattern  will  have  amplitude 
Ual  (t,  a)  =  gi(a),  depending  on  the  angular  divergence  of  the  target,  from  the  r.ca 
axis,  but  not  depending  on  time. 

For  small  a,  (10,2.4)  ••an  be  recorded  in  tne  form 


is  the  gain  factor  of  the  directional  pattern. 

Methods  of  scanning  of  a  directional  pattern  without  compensation  and  with 
compensation  are  usually  used  in  goniometers  in  which  tracking  is  carried  out  direct.  Ly 
by  the  antenna,  In  these  goniometers  the  measured  value  of  angular  divergence  of  tt  >• 
target  from  the  scan  axis  is  used  to  control  the  antenna,  which  turns  in  such  a 
way  that  the  scan  axis  passes  through  the  target.  Consequently,  the  angular  position 
of  tiie  scan  axis,  obviously,  is  also  the  measured  value  of  the  angular  coordinate  of 
the  target,  and  angular  divergence  of  the  target  from  the  scan  axis  is  the  difference 
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between  the  true  value  of  the  angular  coordinate  and  i .s  measured  value. 

Let  us  consider  now  the  method  of  direction  finding  called  the  method  of  instan¬ 
taneous  amplitude  comparison  of  signals  (IAC)  [27,  48,  49].  In  this  method,  as  we 
know,  during  measurement  of  angle  a  reception  of  the  reflected  signal  is  conducted 
by  two  patterns,  the  intersection  of  which  by  the  plane  of  angle  a  is  depicted  in 

Fig.  10,3.  If  we  designate  by  7 
the  angle  between  the  axis  of  the 
i-th  pattern  (i  =  1,  2)  and  the 
equisignal  direction;  by  a  —  the 
angula  divergence  of  the  target, 
from  the  equisignal  axis;  and  by 

Fig.  10.3.  Method  of  instantaneous  amplitude  ag,(<p)  —  the  form  of  the  i-th 
comparison  of  signals, 

pattern  in  the  considered  plane 

(voltage),  then  it  is  clear  that  amplitude  of  signal  received  by  the  1st  and  2nd 
patterns  will  be  equal,  respectively,  to, 

=  (30.2.7) 

*)  — f»(T,+“*)- 


Blr«ctlon  to 


When  a  =  0,  i.e.,  when  the  target  is  located  on  the  equisignal  direction,  arnpli  - 
tudes  of  the  received  signals  become  identical,  since  6^(7^)  =  g2(72)  (FiS*  ^*3). 

Let  us  note  that  from  the  formal  point  of  view  the  IAC  method  can  be  considered 
a  particular  case  of  the  method  of  scanning  with  compensation,  in  which  the  directional 
patterns  are  motionless  and  have  coordinates  $^(t)  =  0  and  $2(t)  =  it. 

For  small  a  expressions  (10.2.7)  can  be  rewritten  in  the  form 


a)=g,(Yi)(l  —  »»*,«),  a)  —  £i(Y»)(l  +>w0. 

where  gain  factors  u„  are  determined  analogously  to  (10.2.6). 

a.  1 


(jo.  :>.-) 


The  IAC  method  is  used  both  in  goniometers  with  a  tracking  antenna  and  in  nt-ii- 


t, racking  goniometers.  In  the  last  case  the  directional  patterns  arc  selected  cufii- 
ciently  wide  so  that  the  sector  in  which  they  intersect  covers  the  sector  01  possible 
values  of  the  angular  coordinate  of  the  target.  Here  the  patterns  are  motionless, 
and  the  angular  coordinate  of  the  target  is  measured  by  the  difference  of  amplitudes 
of  the  received  signals. 

Next  we  consider  the  so-called  method  of  linear  or  two-dimensional  scanning  ['•;). 


In  this  method  a  rather  narrow  directional  pattern  periodically  passes  over  a  certain 
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Fir..  10.  'i, 
scanning. 


Method  of  two-dimensional 


angular  sector,  covering  the  sector  of 
possible  values  of  the  angular  target 
coordinate.  If  the  angular  target  coordi¬ 
nate  in  this  sector  is  a  (Fig.  10.4),  tne 
intersection  of  the  pattern  with  the  con¬ 
sidered  plane  has  with  respect  to  power 
the  form  Gg(<p)  (we  assume  that .  Irradiation 
or  the  target  is  by  this  pattern,  sivi  w*- 
disregard  the  propagation  time  of  the 


radar  signal  to  the  target  and  back),  and  il  —  angular  velocity  of  motion  of  1  he 
directional  pattern  over  the  sector,  then  at  the  input  of  the  receiver  there  will  «• 
received  a  periodic  sequence  of  signal  packs  (pulses),  having  form  Gg(£2t)  and  delayed 
relative  to  the  beginning  of  the  period  time  t ^  *■  a/Q.  In  other  words,  the  received 

signal  will  be  amplitude-modulated  according  to  the  law 

u*(t,  «)  =  £g(Q(/  —  *a  +  nTa)\,  {10.2.9) 

n 

where  T  —  period  of  survey  of  the  sector  by  the  directional  pattern. 

Here  it  is  assumed  for  simplicity  that  the  pat. tern  has  no  reverse  movement  ov- r 
the.  Sector.  If,  upon  reaching  the  boundary  of  the  sector  the  pattern  instantly  .jumps 
to  its  beginning;  obviously, 

T a  •  Q/Q, 

where  1>  —  angular  dimension  of  tne  sector. 

Goniometers  using  the  met  nod  ot  two-dimensional  scanning  are  usually  trackinr.- 
t.vp”.  However,  tracking  here  is  carried  out  by  at;  electronic  circuit,  which 
tracks  the  signal  pulses.  Therefore,  the  method  of  two-dimensional  scanning  if.  o''1-, 
called  the  method  of  pulse  tracking;.  This  method  we  shall  consider  subsequently. 

Let  us  now  turn  to  consideration 
of  the  so-called  method  of  phase 
center  scanning.  In  this  m'l.hod  re¬ 
ception  of  the  reflected  signal  is  by 
an  antenna  whose  phase  center  shifts 
(scans)  in  the  aperture  plane  of  the 
antenna.  Then  the  received  signal 

becomes  phase-modulated  according  to  a  law  which  depends  on  the  acceptance  angle-  ul 
the  radar . signal,  l.e,,  ori  the  angular  position  of  the  target. 


■¥**ss*aw9« » 
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Let  us  find  the  form  of  this  modulation.  We  designate  by  ct  the  angle  between 
the  target  direction  and  the  normal  to  the  aperture  plane  of  the  antenna  (which 
determines  the  equiphase  direction),  and  by  6(t)  —  the  coordinate  of  the  projection 
of  the  phase  center  on  the  considered  plane  (Fig.  10.5).  Then,  obviously,  the  phase 
of  the  received  signal  is  time-dependent  and  is  equal  to 

®(*«  *)  =  ?.+-^j^sfna,  (10.2.10) 

where  <?0  —  phase  of  the  received  signal  when  the  target  is  on  the  equiphase  direction; 

■  X  —  wavelength  of  the  radar  signal. 

For  small  a,  sin  a  in  (10,2.10)  can  be  replaced  by  a.  The  method  of  phase 
center  scanning  is  usually  used  in  goniometers  with  a  tracking  antenna.  The  angle  a 
here  is  the  difference  between  the  true  and  measured  values  of  the  angular  target 
coordinate . 


A  considerably  more  wide-spread  method  of  direction  finding  is  the  method  of 
instantaneous  phase  comparison  of  signals  (IPC)  [27,  48,  49],  Here  during  measurement 

of  angle  a  reception  of  the  re- 

,  fleeted  signal  is  by  two  antennas 


Ph»s«  s»nter  of 
fir«t  ttttnnt 


PhM9  e«irttr  of 
jecond  or.t  ftnnA 


Fig.  10.6.  Method  of  instantaneous  phase  com¬ 
parison  of  signals. 


whose  phase  centers  lie  in  the 
plane  of  angle  a  and  are  separated 
distance  d,  called  the  base  of 
the  antenna  system.  By  a  we  shall 
understand  the  angle  between  the 
target  direction  and  the  normal 
to  the  plane  In  which  the  phase 
centers  lie  (Fig.  10,6).  It,  is 
easy  to  see  that  phases  of  slgnv's 
received  by  the  1st  and  2nd 
antennas  are  equal,  respectively, 


$,(*,  *)=?•  —  x sin •)=?•+  t sin *> 

where  all  designations  are  the  same  as  in  (10.2,10). 


(10,2.11) 


The  IPC  method  is  used  both  in  goniometers  with  a  tracking  antenna,  and  als 


wit-h  a  nontracking  antenna.  In  nontracking  goniometers  the  antenna  system  .Is  motion¬ 


less,  and  its  base  d  is  not  too  great  for  angular  sector  |a|  <  arcsin  \/2d  [in  which 
phases  ^(t,  a)  and  4>2(t,  a)  (10,2.11)  unambiguously  determine  a] 
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It;  cover  the  sector  or  possible  values  of  angular  coordinates  of  the  target.  Angular 
target  coordinate  a  is  determined  in  this  case  by  the  difference  of  phases  of  the 
received  signals. 

Thus ,  we  have  characterized  all  basic  methods  of  direction  finding  appLind  at 
present,  in  radar.  We  note  the  possibility  of  combined  use  of  various  met  hour,  ol' 
direction  finding.  Generalizations  in  this  direction  are  obvious,  I-'or  instance,  it 
is.  possible  to  use  a  method  with  simultaneous  scanning  of  the  directional  pat  tern 
and  phase  center  scanning. 

The  received .signal  in  this  case  becomes  modulated  in  amplitude  and  phase  will- 
laws  of  modulation  which  depend  on  the  angular  position  of  the  target,  i . o . ,  become;*  . 
as  it  were,  more  informative,  which  should  lead,  ultimately,  to  increase  of  accuracy 
of  measurement  of  angular  data.  Also  there  can  be  used  the  method  of  instantaneous 
amplitude-phase  comparison  of  signals,  consisting  of  the  reception  uf  the  re. fleeted 
signal,  in  two -antennas  with  separated  phase  centers  and  directional  patterns  opened 
u  certain  angle  to  one  another.  The  received  signals  in  this  method  will  differ 
both  in  amplitudes  and  in  phases,  the  difference  of  which  depends  on  the  acceptance 
angle  of  the  radar  signal.  Continuing  generalizations  in  this  direction,  we  arrive 
a1-  a  radar  method  of  direction  finding  which  consists  of  reception  of  a  radar  signal 
iti  an- arbitrary  number  of  antennas,  directional  patterns  and  phase  centers  of  which 
;i'-on  by  certain  laws.  Any  of  the  methods  of  direction  finding,  is  a  particular  case 

i 

of  such  a  generalized  method  and  is  ob'  ,••>  i  iv-d  un-n  si  c-ri  fy  1  rig  thr-  number  of  receiving 
antennas  and  laws  of  scanning  of  their  pa1 ft  ms  ana  phase  centers. 

Subsequently  we  shall  consider,  as  far  as  possible,  goniometers  with  the  •  u.-iu; i'- 
•aji.-.ed  n.eu.oi,  of  direction  finding,  specifying,  where  it  is  necessary,  final  results , 
In  particular,  this  approach  is  applicable  to  goniometers  with  a  t ran King  antenna. 


Optimum  Radio  for  Goniometers 
with  a  Tracking  Antenna 


Jn  the  following  sections  we  will  study  the  most  important  class  of  radar  gonionr 


i -burs  —  goniometers  with  a  tracking  antenna-.  The  present  section  is  devoted  to 
synthesis  of  an  optimum  radio  ehanAcl  for  such  goniometers. 


Ac  we  already  said,  among  goniometers  with  a  tracking  antenna  wo-  include  goniom¬ 
eters  for  whicn  target  tracking  is  produced  directly  by  the  ardenn«  array.  Goniom¬ 
eters  of  this  type  are  very  widely  used,  inasmuch  as  they  possess  best  the  power 
characteristics  (power  is  always  radiated  in  the  direction  of  Ukj  target). 

In  t;,c  case  of  goniometers  with  a  tracking  antenna  the  optimum  radio  channel 


can  be  synthesized  for  the  generalized  method  of  direction  finding  described  in  the 
preceding  paragraph,  when  reception  of  the  reflected  signal  is  conducted  in  any 
number  of  antennas,  directional  patterns  and  phase  centers  of  which  scan 
by  arbitrary  laws.  Here  we  shall  assume  that  there  exists  a  single  equisignal  direc¬ 
tion:  if  the  target  is  located  on  this  direction,  the  amplitude  and  phase  modulations 
of  the  received  signals  introduced  during  scanning  of  the  directional  patterns 
and  phase  centers  of  the  antennas  disappear.  This  assumption  is  very  significant 
subsequently. 

Most  methods  of  direction  finding  applied  In  practice  —  scanning  of  the  direc¬ 
tional  pattern  without  compensation  and  with  compensation,  IAC,  phase  center  scanning, 
IPC  —  are  applicable  to  this  case. 

Thus,  we  assume  that  the  goniometer  has  n  antennas,  and  the  received  signal  at 
the  output  of  the  i-th  antenna  due  to  scanning  of  its  directional  pattern  and  pnase 
center  is  modulated  in  amplitude  and  phase  by  laws  Ual(t,  a)  and  <J^(t,  a),  depending 
on  the  angular  divergence  a  of  the  target  from  the  equisignal  axis.  Obviously, 
ual(t,  0)  =  const  and  4>^(t,  0)  =  const,  since  by  condition  coordinate  a  =  o  dele  min- -s 
the  equisignal  axis.  We  assume  that  there  is  carried  out  normalization 

(/„(/,  0)  =  1.  (10.3.1) 

We  introduce  the  designation 

(/,</,  a)  =  (/.,(*,  (lo.i.;  ) 

Quantity  ( t,  a)  we  shall  call  the  complex  directional  pattern  of  the  i-th  antenna 
of  the  goniometer. 

The  received  signal  at  the  output  of  the  i-th  antenna  can  be  recorded  in  the 

form 

Vi  (0  =  V^7i  Uti  (/,  «) #,  (/)  (a  (0  cos  -f  ij<  (/)-{- 

*({!)=•/ Pti  Re  Ui(t,  *)E(t)u(i)zlm'‘-\-/N,{ni(i).  ( 10 • ' * 5 ' 

Here  ufl(t)  and  ^(t)  are  laws  of  amplitude  and  phase  modulation  of  the  sounding 
signal;  function  u  (t)  is  normalized 

r, 

-ihj  M0W-1,  (10,3,4) 

0 

where  Tr  —  the  period  of  repetition  of  the  sounding  signals 

*(/)= «.(<)  e,4</);  (i  /  1  ) 


1 


:V?±— 
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a(t)  and  b(t)  —  independent  stationary  random  processes  with  aero  mean  value  and 
with  correlation  iunction  a(t)a(s)  =  b(t)b(s )  =  p(t  -  a),  normalized  so  that 


p(0)  =  l; 

£(/)=«(/)+/6(0; 


(10.J.6) 


n,  (t)  —  white  noise  with  unit  spectral  density;  noises  n^(t),  1=1,  2,  n 

1  are  independent; 

N  —  spectral  density  of  noise  added  to  the  signal  at  the  input  of  the  i-th 
antenna; 

p  —  mean  power  of  this  signal. 

C  x 

We  assume  that  tne  time  position  and  carrier  frequency  of  signal  (10.;'. 5)  are 
known  exactly.  This  means  that  we  know  exactly  the  delay  of  the  received  signal 
(distance  to  the  target)  and  L'oppler  shift  of  frequency  of  the  reflected  signal 
(speed  of  tne  target).  Being  interested  exclusively  in  the  problem  of  measurement,  of 
angular  data,  we  can  consider  these  assumptions  realized.  The  influence  of  inaccurate 
Knowledge  of  the  delay  and  frequency  of  the  received  signal  on  measurement  of  angles 
will  be  considered  subsequently  during  •as  analysis  of  goniometer  circuits. 

The  set  of  signals  (1U.5.5)  w 1 1 J  form  an  n-dimensional  normal  process,  charac¬ 
terized  by  a  matrix  of  correlation  functions  Rtt^,  tp.,  a)  =  |  |  a)  |  |  , 

From  (10.5.5)  we  can  easily  find  that 

*U  «)  =  VKfci  P  0,  -  tt)  Re  Vi  (/,.  a)  U*i  (tt,  a)  X 

X  U  Ut)  «*  {/,)  e'*'-  •  •••’  -f-  bu  VuktNti  a  (/,  -  /,),  (10.5.7) 


where  -  KronecKer  delta,  and  by  2*  tne re  is  designated  the  complex  conjugate  of  z. 

To  finding  the  operation  executed  oj  the  optimum  radio  channel  we  fined  to  know 
the  joint  functional  of  the  probability  density  of  the  set  of  signals  (iu.5.5).  Such  a 
functional  was  already  given  in  §  6.7.  In  this  case  it  is  equal  to 


T  T 

P\yM,  vM . a]=KexP{-iJ (/,)<« A} 

0  0 


( 1U . 5 . H ) 


where 


(0,  x)  —  interval  observation  of  the  process; 

Y(i)  —  column-vector  of  signals  (10.5,5); 

Y+(t)  —  row  vector  of  these  signals; 

Vt \  i  >  —  lip;  I*  ,  t  II !  —  matrix  of  no-railed  inverse-correlation  functions, 

^  1,1  1  d  satisfying  equation 


r 

Jw(/„/,)R(/l,/|la)rf/i=I8(/,-/>)1 


(10.5.0) 


(I  —  uni*  matrix) . 
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In  more  expanded  form  matrix  equation  (10.5,9)  can  be  written  in  the  form  of  the 


following  system  of  integral  equations: 

a  r 

E  J  W<i  (tv  t.)  Rik  (tv  tv  »)  dtt  =  (/;- 1,). 

1*1  9 

Coefficient  K  in  (10.3.8)  is  determined  by  the  relationship 

^  AC _ 1  ffe  *»>  •)  m/i  t  v  At  ji 


(10.3.10) 


■r— -T f  ( Sp  w(<„y<M<.= 

•  • 

fjg  J  j  Wii  ('„  tt)  dttdtx. 


Ij=iVi  (10.5.11) 

We  introduce  likelihood  function  L(a),  which  is  simply  the  functional  of  the 
distribution  of  probabilities,  considered  as  a  function  of  parameter  a. 

In  Chapter  VI  it  was  shown  that  operation  z(t)  of  an  optimum  radio  channel  of  a 
meter  of  angle  a  is  determined  by  relationship 


I 

|  z(x)d\ 


_ d  In  L  (a) 


(10.3.12) 


Here  likelihood  function  L(a)  is  taken  in  interval  (t,  t-At),  where  At  considerably 
exceeds  the  time  of  correlation  of  fluctuations  of  the  signal,  but  during  At  the 
angular  coordinate  of  the  target  a  can  be  considered  constant. 

Substituting  (10.3.8)  in  (10.3.12)  and  considering  (10.3,11),  we  can  obtain 


d\nL(< 


S  1  J  {*^r.,<v.»L+ 

l.  /* i  t-u  i-u  l 


(10.3.13) 


Thus,  to  find  the  operation  of  an  optimum  radio  channel  we  need  to  find  values 
of  functions  W, j(t^,  tg)  and  their  derivatives  with  respect  to  a.  when  a  =  o. 

We  3hall  look  for  a  solution  of  system  of  equations  (10.3.9)  in  the  form 


Wu  (tv  y  =  f  (tv  t.) Re  (ft  (tv  a)  U*J  (t„  «)  X 

x«(y  «•</,)  ew,,''-’+  -p^=8(/„  y, 


(10.3.1'' ) 


where  fuii'  fion  v(t1,  t0)  Is  slow  in  comparison  with  Substituting  expressions 

(10,3,7)  and  (10.3,14)  in  equations  (10.3.10)  and  replacing  under  the  signs  of  inter¬ 
vals  rapidly  oscillating  functions  by  their  time-averaged  values,  we  obtain 


fcattiiLLiVrtJ-  t..m  -  mvjt,  acs  It 


for  v(t1,  t?)  tiie  equation 


A/e  ^  £|  U  (/,)|*  | S  A<|  Ut  (/„  a)|*  Jp  (/,  -  /,)  o  (t„  (t)dt,  ■ 
+p(f, -*.)+*(/, ./,)=of 


where  Af  —  effective  width  of  the  spectrum  of  signal  fluctuations 

G 


A/«  = 


J  t(0dt 


(lo.3.lc) 


(10.3. 11:-  ’) 


h^  =  Pc  ^/ANq^AI’  ^  —  ratio  of  mean  signal  power  at  the  output  of  the  i-tn  antenna 

to  the  power  of  the  corresponding  noise  in  the  band  of  signal  fluctuations. 

Equation  (10,3.15)  must  be  solved  during  synthesis  of  circuits  of  optimum  gone 
cters.  In  the  case  of  goniometers  with  a  tracking  antenna  it  can  be  solved.  As  we 
determined,  we  need  to  find  only  the  values  of  function  v(t^,  t~)  and  its  first 
derivatives  with  respect  to  a  when  a  =  0.  However,  for  goniometers  with  a  tracking 
antenna  ( t ,  0)  -  1  [by  virtue  of  normalization  of  (10,3,1)].  Substituting  a  =  0 
in  (10.3.15)  we  obtain 


i 

ht  A/0  ^  Jj«  (/t)|*  p  (tt  -  /,)  9  (/„  U)  |.=0  dt,  + 


(10.3.  If  ) 


A,  —  A,  -|~  A,  -f-  •  •  ■  -f*  A„. 


(10.3  16') 


We  introduce  now  the  assumption  of  smallness  of  the  period  of  repetition  of  the 
signal  as  compared  to  the  time  of  ecu  .-1  at  ion  of  its  fluc~..ations,  which  was  proven 
and  widely  used  in  the  preceding  chapters.  With  this  assumption  function  | u ( t ^ ) | 
will  be  rapidly  oscillating  as  compared  to  other  functions  under  the  sign  of  the 
integral  In  (10,3.16),  and  therefore  it  can  be  replaced  there  by  its  time-averaged 

value,  Using  normalization  (10,3,4),  instead  of  (10.3.16)  we  obtain  equation 

I 

M/e  J  rt'.- W'..  -*.)+*('..  '.)U=0,  ,  2j  , 

i-U  v  ’  *'  ’  ' 

coinciding  with  equation  (4.3.5)  (with  accuracy  of  a  coefficient).  Solution  of  this 


equation,  as  it  was  shown  in  Chapter  IV,  has  the  form 


0(,|*  /*)l-=0  2kA /.  j  /itS.’i)  +  I 


(10.3.1b) 
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where 


$.(•)  =  Afc  Jp(0e'“'<« 

(10.5.19) 

is  the  spectrum  of  fluctuations  of  the  signal,  normalized  in  such  a  way  that  SQ(0)  = 
=  1. 

We  determine  now  function  v^t^,  ^2^10=0*  Differentiating  equation  (10.3.19) 
with  respect  to  a  and  considering  a  =  0,  we  obtain 


X‘’(uiu^+»'('..y.=o+ 

* 

+Mf«  f  MOI’p(^-^(U.)U>.=°- 

t-u 


Hot  stopping  to  discuss  methods  of  solution  of  this  equation,  we;  immediately 
give  the  final  result 


«'(<..  j  «>i]x 


t-U  1-1 

Xo(tt,  /*)»('.  t,)dtt 


( 10 . 3  .  ill ) 


It  is  easy  by  simple  substitution  of  this  expression  in  (10.3.20)  to  prove  that, 
this  really  is  its  solution. 

We  Introduce  'subsequently  the  assumption  that  T  «  (!’  —  period  of  scanning 

r  OK  OK 

of  directional  patterns  and  phase  centers),  which  practically  always  is  realized. 

Here  |u(t„)|  under  the  integral  in  (10. 3. 21)  changes  considerably  more  rapidly  U. ti¬ 
the  remaining  functions,  and  can  be  replaced  by  its  time-averaged  value,  equal  to  l . 
The  expression  for  v1  (t^,  ^2^0=0  then  ta!ces  the  simple  form 

v(/..yl  =4/.  ({S‘‘£lt'‘<'»*)|,ix 

*  !-*»<= 1 

Xt»  |.a0-  (1.;.  1-j 


Thus,  we  have  found  all  the  basic  characteristics  necessary  for  construction  of 
the  operation  of  an  optimum  radio  channel. 

Using  (10.3,21'),  (10.3.8)  and  (10.3.11),  It  is  possible  to  expand  express u  n 
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(10,3.12)  In  the  following  way: 


t  t 


t-kt  /.*=!  t-kt  t-kt 

'  «)«(',)«* (*x*». oyifgx 

Xifc ft) -Re  f  f  u <*,)«♦</,) x 

**  t-kt  t-it 

l«=o  f 


uf,  as  this  is  done  in  Chapter  IV,  we  introduce  function  h.  onT 
v(t.,  t2)  by  equation 


and  designate 


J  A, OUT  (^1  —  ^l)  ^|OBT  (^«  ~  t»)  dlt -  AjA/ c^ll  ^»)  >=0, 


**•«(')  = /MW,.  /,+/)|a=0 


(10.3.22) 
(t),  related  to 

(10.3.23) 


=0  (10. 3. 23') 

[as  can  be  seen  from  (10.3,18)  v(t1,  t1  +  t)]^,.,  depends  only  on  t],  then  from 
(10.3,22)  we  can  obtain  an  explicit  expression  for  operation  of  an  optimum  radio 
channel : 

*77,  {iff  I  f  h^x~ •4)[][jKK7*‘t,‘(*'*)X 

t-kt  ™ 

n 

X  « (s)yt  (s)  ]  *»ds  [-  J]  h ,  A  «)  |’X 

i-t 

x|  J  Mr  (t  -  *)  [J]  hiU  (S)y,  (s)]  ^ds  |  J  |^. 


i-ki 


i=i 


(10.3. ?h) 

Expression  (10.3.24)  shows  what  operations  the  optimum  radio  channel  of  a  radar 
,  r 

goniometer  should  produce  on  the  received  signals.  The  most  essential  here  are  opera¬ 
tions  of  optimum  linear  filtration.  Pulse  responses  of  the  obtained  optimum  filters 
in  a  definite  way  are  matched  with  the  spectrum  of  signal  fluctuations.  The  filter 
with  pulse  response  h^(t),  determined  by  relationship  (10.3.23),  already  has  been 
repeatedly  encountered  in  preceding  chapters.  The  square  of  its  gain-frequency 
response  has  the  form 

_  ^1$*  (*») 


!#,«»■,  (Ml* 


(10.3.23) 


Phase-frequency  response  of  this  filter  is  arbitrary.  If  we  approximate  S0(cd)  by 


function 


then  for  I  HlonT(i<u)  P  we  obtain 


ppr 


I  ^ 

'( 2A/./r+Tj) 


(10.5.26) 


(10.5. ?7) 


i.e.,  the  form  of  the  square  of  the  gain-frequency  response  of  this  filter  coincides 
with  the  form  of  the  spectrum  of  signal  fluctuations,  and  the  width  of  its  trans¬ 
mission  band  is  larger  than  the  width  of  the  spectrum  of  fluctuations  by  a  factor  of 
^1  +  h^.  The  physical  meaning  of  this  fact  was  discussed  in  Chapters  IV  and  VII. 

The  second  filter  contained  in  (10,5.24)  has  pulse  response  h20n,I(t)  (10.5.2?), 
i.e.,  frequency  response 


LI  _  V'M.w 

n,aar  0®)  —  -f  )  * 


(10.5.28) 


This  filter,  obviously,  is  not  realizable  physically.  The  question  of'  construc¬ 
tion  of  a  physically  realizable  equivalent  of  this  filter  will  be  considered  below 
in  §  10.5. 

For  construction  of  a  block  diagram  realizing  operation  (10,5.24)  it  is  useful 
to  rewrite  the  latter  in  real  form.  For  this  we  introduce  Intermediate  frequency 
M np,  considerably  exceeding  the  width  of  the  frequency  spectrum  of  signals  y^(t) 
(10.5.5).  Then  operation  (10,5.24)  can  be  reduced  to  form 


1  n  _ 

=  f  Alow  (■*-«)  cos  u>BP(t-s)  Jj/^X 

t-U  <=l  et 

X  [  h iU\i  ( s ,  0)  yt  (s)  Ul  (s)  cos  [®rs  ^  (s)J  -f 

1  t 

+<&<(s.0)|/<(s)tf*(s)sin(®rs  +  'H«)l]^s{  (  Al0Bt(t  —  s)X 

V-AI 

ft  _ _ 

hiHi  (s)  U»  (S)  COS  [®r  S  4-  'Xs)l^s 

i=l 

n  t 

—  2  hJU’n  ( s ,  0)T  (  A|0BT  (%  —  s)  cos  may  (%  —  s)  x 
xS/S  cos  («,s  +  f(s)]  }* 


( 10 . 5 . 29 ) 


where  o>r  =  a>Q  -  £onp  heterodyne  frequency. 


The  block  diagram  of  the  unit  realizing  operation  (10.5. 29)  (with  an  accuracy 
of  immaterial  coefficient  8Af Q  /PQ  ),  is  shown  in  Pig.  10. 7.  First,  in  the  circuit 

there  occurs  normalization  of  the  re- 
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Fig.  10,7,  Optimum  circuit  of  the  radio 
channel  of  a  radar  goniometer  with  a  gen¬ 
eralized  method  of  direction  finding:  1) 
adder;  2)  optimum  filters  with  frequency 
response  0.,T(l«)j  5)  optimum  filter 


with  frequency  response  H 


2  0I7T 


(i“)3  *0 


ceived  signals  in  order  to  eliminate 
effects  related  to  nonidentical  gain  of 
directional  patterns  and  unequalness  of 
noises  acting  in  each  channel  (if  this 
takes  place).  If  the  gain  of  the  pat¬ 
terns  and  noises  are  identical,  the 
shown  normalization  is  absent. 

After  normalization,  the  signal 
from  the  output  of  each  antenna  is  sepa¬ 
rated  into  two  channels,  conditionally 
called  subsequently  the  first  and  second, 
and  in  each  channel  it  is  heterodyned. 
Here  signals  of  the  heterodyne,  directed 
towards  the  second  channels  (see  Fig. 
10.7),  are  shifted  with  lespect  to 
signals  directed  towards  the  first 
channels,  by  tt/2.  Heterodyne  signals 
should  coincide  in  form  with  the  emitted 
radar  signal. 


square-law  detector. 

After  heterodyning,  the  signals  in  the  first  channels  are  multiplied  by  deriva¬ 
tives  with  respect  co  the  measured  angle  in  the  equisignal  direction  of  moduli  of 
complex  gains  of  corresponding  directional  patterns,  and  signals  in  the  second 
channels  are  multiplied  by  the  derivatives  of  the  arguments  of  complex  gains  of  thee- 
patterns.  After  that  all  signals  are  added,  filtered  by  an  optimum  filter  with 
characteristic  (10.5.25)  and  are  fed  to  one  Input  of  the  multiplier  (phase  detector). 
As  a  reference  signal  for  this  phase  detector  there  is  used  the  sum  of  signals  of  the 
first  channels  (see  Fig.  10.7 )»  pa  sed  through  precisely  the  same  optimum  filter. 

This  same  sum,  furthermore,  proceeds  to  an  optimum  filter  with  characteristic 
(10.5,27),  is  detected  by  a  square-law  detector  ami  is  multiplied  by  the  sum  of 
derivatives  in  the  equisignal  direction  of  moduli  of  complex  gains  of  all  directional 
patterns,  (taken  with  weights  equal  to  the  signal-to-noise  ratio  in  the  corresponding 
channel'-.).  The  obtained  signal  is  subtracted  from  the  output  signal  of  the  phase 
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detector. 

Thus,  all  operations  produced  by  the  optimum  circuit  are  sufficiently  simple 
and  are  encountered  in  one  form  or  another  in  radar  goniometer  technology.  However, 
the  sequence  of  operations  and  responses  of  the  filters  are  new. 

The  physical  meaning  of  transformations  of  the  signal  in  the  optimum  circuit 
we  shall  discuss  later,  in  examining  concrete  methods  of  direction  finding. 

Let  us  turn  to  the  question  of  potential  accuracy  of  measurement  of  angles  in 
goniometers  of  the  considered  type.  As  it  was  shown  in  Chapter  VI,  the  equivalent 
spectral  density  of  the  optimum  radio  channel  is  equal  to 


where  likelihood  function  L(a)  is  constructed  as  before  in  an  interval  of  miration 
At,  small  as  compared  to  the  time  of  correlation  of  angular  shifts,  but  sufficiently 
great  as  compared  to  the  time  of  correlation  of  fluctuations  of  the  reflected  signal 
[in  this  case  expression  (10. 3. 30),  as  it  is  possible  to  show,  does  not  depend  on 
At] . 

Calculation  by  the  formula  (10. 3, 30)  using  expressions  (10. 3.8)  and  (10.3.11) 

gives 

This  formula  is  very  important  subsequently. 

Using  expressions  (10.3.7),  (10.3.8)  and  (10,3,14),  it  Is  possible  to  reduce 
(  O.3.31)  to  the  following  forms 


50n,  =  {^  j  [l+oMUoW'X 


S0M  =  4<[-ij  \ 

"  4  *il  4^14  I  4 _ 1 


t—M  Ml  l,/=l 


(10.3.31) 
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Expression  'in1.'*. 3?)  is  very  cumbersome,  since  ir,  contains  uncalculable  inte¬ 
grals.  Calcula '  integrals  in  this  formula  in  such  a  general  form,  without 

specifying  func  —  J^(t,  a),  i.e.,  the  method  of  direction  finding,  is  difficult. 

These  calculations,  and  also  investigation  of  potential  accuracy  we  shall  postpone 
until  our  consideration  of  concrete  methods  of  direction  finding.  Formula  (10.3.31:) 
will  be  the  starting  point  for  these  considerations. 

Thus,  we  succeeded  in  a  very  general  form  in  synthesizing  the  circuit  of  an 
optimum  radio  channel  of  a  radar  goniometer  with  a  tracking  antenna,  ?h«.  results 
obtained  here  are  basis  for  a  systematic  study  of  this  class  of  goniometers  from  Lie 
point  of  view  of  their  potential  and  real  properties,  which  will  be  conducted  in 
subsequent  paragraphs. 

§  10.4.  Method  of  Scanning  of  the  Directional 
Pattern  (Optimum  Circuits) 

The  method  of  scanning  of  the  directional  pattern  has  been  used  in  radar  for  a 
long  time.  Experience  ir.  the  use  of  this  method  testifies  to  its  low  noise  immunity 
to  active  interferences  which  are  modulated  by  frequencies  close  to  frequencies  of 
scanning,  and  to  decrease  of  accuracy  >i'  .measurement  of  angles  by  this  method  in  the 
presence  of  amplitude  fluctuations  of  the  ref looted  signal,  the  spectrum  of  which 
contains  as  components  the  frequencies  of  scanning.  In  particular,  in  the  pr'-c-noe 
of  such  fluctuations  jf  the  signal  in  circuits  of  the  method  of  scanning  the  pattern 
utilized  in  practice  even  with  complete  absence  cf  noise.;  there  exists  a  final 
fluctuating  error  of  target  trucking.  Che no  factors  have  a  simple  physical  explana¬ 
tion:  when  using  the  method  ol’  pattern  scanning  the  useful  information  about  the 
angular  coo minutes  of  the  target  is  included  in  the  amplitude  of  the  received 
signals,  and  any  distortion  of  their  amplitude  leads  directly  to  distortion  of  the 
useful  information  and,  ultimately,  to  error  or  measurement.  In  this  connection 
study  of  optimum  circuits  of  the  method  of  pattern  scanning  which  have,  obviously, 
means  of  optimum  suppression  of  the  harmful  influence  of  amplitude  fluctuations  of 
reflected  signal  is  of  great  theoretical  and  practical  interest, 

10.4,1.  Synthesis  of  Optimum  Circuits  for  the  Method  of  Scanning 

the  Directional  Pattern 


' . r_*  optimum 
tin;  general  circu 
f(t,  u)  =  (i  (the 
by  formula  (10, f. 


circuit  for  the  method  of  pattern  scanning  is  easily  obtained  from 
:1 1  of  fig,  10,7,  For  this  method,  obviously,  n  =  1  (one  antenna), 
phase  center  of  the  antenna  is  motionless),  and  U  ^ ( i . ,  u)  is  expressed 
; j ) .  Using  (10.3.LO),  we  obtain  the  optimum  circuit  for  measurement 
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of  angle  a  in  the  form  depicted  in  Pig,  10,8, 

The  circuit  of  Fig.  i0,8  contains  three  channels  to  which  the  signal  proceeds 
after  heterodyning.  In  the  first  channel  there  first  is  produced  multiplication  of 

the  signal  by  a  function  varying 
according  to  the  law  of  its  amplitude 
modulation,  introduced  by  the  scan¬ 
ning  pattern,  and  then  optimum  filtra¬ 
tion  (10.3,25).  The  output  signal  of 
this  channel  enters  the  phase  detector. 
Useful  information  about  angular  co¬ 
ordinates  of  the  target  is  contain':! 

Fig.  10.8.  Optimum  circuit  of  the  radio 

channel  of  a  goniometer  with  a  scanning  in  the  side  spectral  components  of  the 

pattern:  1— optimum  filters  with  frequency 

response  H.  onT(lw);  2  —  optimum  filter  received  signal,  and  in  the  absence  of' 

with  frequency  response  H&  onT(la>);  3  -  the  shovm  multiplication  we  would  be 

square-law  detector. 

forced  to  further  insert  a  sufficiently 

broad-banded  filter,  which  would  not  cut  off  the  side  spectral  components  of  the 
signal.  This  would  lead  to  unnecessary  increase  of  noises  at  the  filtef  output.  The 
operation  applied  in  the  optimum  circuit  produces  transfer  of  the  side  spectra], 
components  of  the  signal  to  the  center  frequency,  after  which  there  can  be  carried 
out  filtration  of  the  signal  by  a  sufficiently  narrow-band  filter,  passing  the 
signal  and  noise  in  the  optimum  relationship. 

As  the  reference  signal  to  the  phase  detector  there  proceed  center  spectral 
components  of  the  received  signal,  separated  by  an  optimum  filter  in  the  second 
channel.  The  filter  here  in  the  same  as  in  the  first  channel. 

At  the  output  of  the  phase  detector  there  will  be  formed,  obviously,  the  basic 
component  of  the  signal  of  error.  The  third  channel,  as  it  Is  easy  to  see,  is 
intended  exactly  for  compensation  of  the  harmful  influence  of  amplitude  fluctuate 
of  the  reflected  signal.  At  first  the  signal  in  this  channel  is  filtered  by  an 
optimum  filter  with  response  (10.3.28  ),  and  then  it  is  detected  by  a  square-lav/ 
detector,  at  the  output  of  which  there  are  obtained  in  pure  form  amplitude  lie. .'.tui¬ 
tions  of  the  signal.  Multiplying  them  by  a  function  which  varies  according  to  the 
law  of  pattern  scanning,  we  separate  the  information  about  angular  coordinates  con¬ 
tained  in  the  amplitude  which  is  false.  The  false  information  is  then  extracted 
from  the  total  information  separated  by  the  first  two  channels.  Thus  there  occurs 
optimum  compensation  of  the  harmful  Influence  of  amplitude  fluctuation;;  of  the  signal. 


Having  considered  in  general  form  the  work  of  the  optimum  circuit,  let  us  turn 
to  investigation  of  certain  limiting  cases  of  practical  interest.  The  first  of  tneae 
case3  is  the  case  of  a  high  frequency  of  scanning,  considerably  exceeding  the  width 

of  the  spectrum  of  signal  fluctuations. 
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Mg.  10.9.  Optimum  circuit  of  the  radio 
channel  of  a  goniometer  with  a  scanning 
pattern  with  high  frequencies  of  scan¬ 
ning.  1  —  optimum  filters  with  frequency 
response  oni(iu>). 


Here,  as  it  is  easy  to  see,  the  third  chan¬ 
nel  in  the  circuit  of  Pig.  10,8  disappears. 
The  circuit  of  the  optimum  radio  channel 
takes  the  form  depicted  in  Pig.  10.9.  Tin 
physically  obtained  simplification  is 
undei-standable,  since  with  high  frequnclc 
of  scanning  amplitude  fluctuations  of  tin 
signal  which  are  low-frequency  cease  to 


affect  accuracy  of  direction  finding.  The  circuit  of  Fig.  10.9  is  rather  simple  and 
is  very  attractive,  but  in  the  practice  of  radar  goniometry  it  has  not  been  encoun¬ 
tered.  More  detailed  study  of  this  circuit  is  of  interest  and  will  be  made  in  the 

following  section. 

Let  us  turn  now  to  another  extreme  case,  when  the  frequency  of  scanning  is  con¬ 
siderably  smaller  than  the  transmission  band  of  th<>  filter  (10.3, 

Here  multiplication  by  cos  $(t)  in  the  first  channel  can  be  transferred  to  the 
o  ;t, put-  of  the  filter.  The  circuit  of  the  optimum  radio  channel  takes  the  form 
depicted  In  Fig.  10.10,  where  the  filter  nas  the  square  of  the  gain-frequency  response 

| //.out  Ml  =-(1+1 iSiMr  (lo.  >4.1) 

We  already  mot  a  filter  of  such  form  in  Chapter  VII.  As  was  shown  there 

j:iv  . (2t»)  | ''  is  a  double-humped  curve  with  maxima  at  frequencies  u>^  and  for 

which  ho,  (u.)  «  1,  and  a  dip  to  4h/(l  +  h)'"  at  zero  frequency.  Thanks  to  this  form  .  ■ 

tn<-  gain-frequency  response  of’  the  filter,  we  in  the  very  best  manner  suppress  center 

’■omponentn  of  the  signal,  emphasizing  to  the  greatest  degree  its  side  components, 
-firing  the  useful  information.  Here  we  achieve  the  maximum  possible  decrease  of  the 
harmful  Influence  of  amplitude  fluctuations  of  the  signal  on  accuracy  of  direction 
finding.  When  h  <  1  the  response  of  the  filter  becomes  single-humped.  Physically 
this  is  explained  by  the  fact  that  for  high  noise  levels  it  becomes  more  profitable 
to  cut  off  natural  noises  more  strongly  than  to  worry  about  decrease  of  the  influence 
of  signal  fluctuations. 

We  note  that  the  circuit  of  the  method  of  pattern  scanning  usually  applied  in 
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practice  coincides  in  structure  with  the  circuit  of  Fig.  10.10,  The  results  above 
show  in  what  cases  this  circuit  turns  out  to  be  optimum,  i.e.,  realizes  the  poten¬ 
tialities  of  the  method  of  pattern  scan- 


Flg,  10.10.  Optimum  circuit  of  the  radio 
channel  of  a  goniometer  with  a  scanning 
pattern  with  low  frequencies  of  scanning: 

1  —  optimum  filter  with  frequency  response 
onr  (ia0l  2  ~  square-law  detector. 


ning.  More  detailed  study  of  this  cir¬ 
cuit  and  comparison  of  it  with  the  circuit 
of  Fig.  10.9  will  be  given  in  the  next 
section. 

In  conclusion  let  us  note  that 
optimum  circuits  for  measurement  of  the 


angle  in  another  plane  will  be  precisely  the  same,  only  everywhere  multiplication  by 
cos  $(t)  will  be  replaced  by  multiplication  by  sin  &(t). 

10.4.2.  Equivalent  Spectral  Density  of  the  Optimum  Circuit 
of  the  Method  of  Scanning  the  Directional  Pattern 

Let  us  turn  to  the  question  of  the  potential  accuracy  of  the  method  of  pattern 
scanning. 

Considering  n  =  1  in  (10. 5.51),  substituting  there  expression  (10.2.2)  and  pro¬ 
ducing  calculation  of  Integrals,  we  obtain 

Sow I  «nsrrr dm + 

—a* 

4-  V  lr  |«  f  M«)S, (a>  +  feO)  J-i 

+  L  1  J  1+AS,(«)'  l  +  AS,<«+ABTrf“7  ’ 

A=  — OO  —00 

|  (ca*(01W.  cos* (/) tu*‘dt\ 


whe  re 


(10.4.2) 


(  10 . 4  ,  ) 


T  —  period  of  scanning; 

C  K 

SI  =  2f/Tck  —  angular  frequency  of  scanning. 

Let  us  note  now  that  SQ  [T  for  measurement  of  the  angle  in  the  other  plane  will. 

O 

have  the  same  form  as  (  10.4.2),  only  coefficients  c  and  c^,  should  be  replaced  by 
.2 


r.. 


s“  and  s^,  respectively: 

*' = rT7  j  l8in  d  {i)v  dt'  ** = fir  |  s‘n  *  w 


e,kmdt. 


(!■ 


Tlie  complicated  form  of  formula  (10,4.2;  loes  not  permit  us  to  see  directly 
from  it  the  law  governing  change  of  G.  depending  upon  h  and  other  quantities. 
Therefore  we  will  consider  the  most  interesting  limiting  cases,  as  we  di  i  In  oxaminin, ; 
the  optimum  circuit. 
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In  the  case  of  a  rather  high  frequency  of  scanning,  when  SQ(a'  +  il)  ~  0,  the 
second  component  in  parentheses  in  (10.4.2)  vanishes  and  we  obtain 

-•  —«o 


K«*l  j  •  *  j  . |  (10.4.3) 

*-«o  —to 

In  the  usually  occurring  range  of  variation  of  h  the  second  integral  in  (10.4.5) 
is  negative  [in  approximation  (10,3.26)  this  occurs  when  h  >  1],  Then  S  T  will  be 
the  smallest  if  •-  r«* 


C,  =  ~  fc°s  »(/)<//=  °, 


and  s  onT  Is  equal  to 


Saar  — 


i*24V  r  S,(m)> 
J  t+hs* 


i+ksjL*)' 


( 10.4  a O ) 


(10.4.7; 


Accuracy  in  this  case,  obviously,  does  not  depend  on  the  form  of  the  law  of 

2 

scanning  and  is  determined  only  by  c  If  it  was  problem  of  measurement  of  only  one 
angular  coordinate,  then  the  best  scanning  would  be  jumps  of  the  directional  pattern 
to  two  extreme  positions  in  the  plane  of  this  angle.  Here  cos  $(t)  =  ii,  and  cr'  1. 
However,  such  scanning  is  unsuitable  if  it  is  necessary  to  measure  angular  coordinates 
of  a  target  in  two  planes,  Roughly  speaking  e1'  determines  that  part  of  the  total 

O 

received  power  which  goes  to  measurement  of  the  angle  it.  < ne  plane.  Coefficient  s" 

o  **■» 

(10.4,4)  has  analogous  meaning  (obviously,  c'  +  sc'  =1).  In  this  connection  the 
relationship  of  cc'  and  s'  should  be  selected  based  on  the  required  relationship  of 
accuracies  of  measurement  of  angles  In  die  two  planes.  In  particular,  if  these 
accuracies  must  he  .Identical,  which  normally  is  the  case  then  wo  naturally  consider 

o  2 

e“  =  s  -  1/2.  This  we  shall  assume  subsequently. 

Lot  us  now  turn  to  the  limiting  case  of  low  frequencies  of  scanning.  If  the 
frequencies  of  scanning  are  so  low  that  for  those  values  of  k.  for  which  c^  “  0,  we 
still  have  S^(cu  +  kfi)  Sq(<u),  then  Instead  of  (10,4.2)  we  obtain  (considering,  as  v. 
agreed,  =  1/2) 


c _ 


ns,(*)  y 


(10.4.8) 


For  comparison  of  accuracies  at  high  and  low  frequencies  of  scanning  let  us  note 

,  p  p 

that  during  transition  from  low  frequencies  of  scanning  to  high  quantity  £m/p.0h  soriT 


changes  by 


J  It +AS.H1' 


(10.4.9) 


This  integral  coincides  with  the  second  integral  in  (10.4.5),  As  we  already 
established,  for  sufficiently  large  values  cf  h  [in  approximation  (10,3,26),  when 
h  >  1]  this  integral  is  positive,  i.e.,  accuracy  of  high-frequency  scanning  is  higher 
than  accuracy  of  low-frequency  scanning.  For  small  h  everytning  will  be  the  opposite. 
This  fact  is  .curious.  It  is  explained  by  the  fact  that  for  small  h  the  basic  influ¬ 
ence  on  accuracy  of  direction  finding  is  rendered  by  natural  noises.  At  low  fre¬ 
quencies  of  scanning  the  total  transmission  band  of  the  filters  must  be  smaller. 


which  leads  to  decrease  of  natural  noises. 

Let  us  now  perform  calculation  by 
formula  (10.4.2)  with  approximation  of  the 
spectrum  (10,3.26).  For  simplicity  we  snail 
consider  the  case  of  conical  scanning  of 
the  directional  pattern,  i.e.,  c±^  =  i/2, 
and  at  i  /  ±  1,  c.,  =  0,  Performing  the 
necessary  calculations,  we  obtain 


«  —  1  Vt+»  (1+1^1+*)  yy 

50"T"^  »  ^ 
w  r  +  2<.-M  +  4K«  + 


~  V  +  (6A  +  10  +  2K  1  -t  h)  ?«  + 

+  <3*  +  4)V  + +  0  _ 

+  4(A*  +  4A  +  6  +  2f  \  +  h)V  +  4/»(l  +A|6l+V 


(11.4  ,V> ) 


where  £  =  ft/ 2£f 


The  graph  of  the  dependence  of  S. _  on 

A  *  '.'ll  1 

•  too  , 

t  h,  calculated  by  formula  (10.4,10),  is 

Fig.  10,11,  Dependence  of  S nnT  on  h  for  shown  in  Fig.  1C. 11.  All  laws  governing 


the  method  with  a  scanning  pattern  for 
different  frequencies  of  scanning. 


change  of  S  RT  are  easily  perceived  from 
this  graph:  with  growth  of  h,  rather 


sharply  drops}  for  values  of  h  normal  in  measuring  systems  (when  h  >  1)  with  do/Ci'ease 
of  the  scan  frequency  S0I,^  increases. 

We  note  the  very  simple  formulas  l'or  s  ^  ensuing  from  (10.4.10)  for  large  anu 
small  values  of  the  signal-to-noise  ratio  for  high  and  low  frequencies  of  scanning: 


-3“  C>li 


0nT  frl'H 


Jom-  ^AfeA* 


vlUcVK  A>1,  X,<  liS°nT 


h<  1,  C>li 


h<\, 


.11  ) 


dSlff. 


The  simplicity  of  these  formulas  permits  us  to  recommend  them  as  basic  during 
appraisals  of  potential  accuracy  of  the  method  of  pattern  scanning.  From  them  It 
is  clear  that  with  low  frequencies  of  scanning,  the  equivalent  spectral  density  with 
growth  of  the  3ignal~to-noi.se  ratio  increases  considerably  slower  than  with  high 
frequencies  of  scanning.  However,  even  with,  low  frequencies  of  scanning  as  h  — ►  cu 
quantity  Sor!T-»0,  This  contradicts  the  established  opinion  that  with  low  frequencies 
of  scanning  even  without  noises  accuracy  will  be  limited  thanks  to  the  influence  of 
amplitude  fluctuations  of  the  signal.  Such  an  opinion  developed  only  as  a  result 
of  operations  of  nonoptimal  circuits.  With  optimum  processing  of  signals,  as  can 
be;  seen  from  what  Ijas  been  said,  we  succeed  in  sufficiently  completely  compensatin', 
the  harmful  influence  of  amplitude  fluctuations  of  the  signal.  Lot  us  note  the", 
formulas  (10.4.11),  although  calculated  for  a  rather  particular  approximation  of  the 
spectrum  of  signal  fluctuations,  give  a  sufficiently  good  approximation  for  Srtrr  in 
more  general  cases, 

5  10. b.  Investigation  of  Synthesized  Circuits  for  the  Method 
of  Scanning  of  hires tlst.al  Patterns 

10.0.1.  Intro In  etc r.y  Inmarko 

In  the  present  section  we  shall  pursue  a  stus.y  "S'  a  group  of  questions  connected 
with  practical  realization  of  circuits,  close  to  optimum.  As  a  result  ef  tinea 
investigations  we  snould  find  how  well  it  if.  possible  to  realize'  the  potential 
accuracy  of  the  method  of  pattern  scannl.  Furthermore,  it  is  necessary  to  obtain 
sufficiently  .'.imp.1  e  formulas  for  j  -u.. » l;L  n  of  accuracy  of  real  "ircul  tr. . 

i’irst  >”•  a.u.  n  nee-  to  rind  what  features  distinguish  real  circuits 

from  theoretical.  Circuits  synthesized  in  the  preceding  section  in  the  form  in  which 
the,,  are  depicted  in  Pigs ,  10, b,  1  u , 'j  arid  10, j"  are,  obviously,  very  simplified , 

They  reflect  only  the  basic,  fundamental  operations  produced  on  the  signal.  In  Mo 
practical  realisation  these  circuits  will  require  additional  technical  components. 

The  basic  ones  of  thes  components,  of  course,  should  be  cots'.  He  red  n'U'ii.g  analysis 
of  the  real  accuracy  of  the  considered  circuits.  In  itself  appraisal  of  the  complex¬ 
ity  of  technical  construction  of  different  circuits  is  also  one  of  the- Important 
characteristics  of  real  circuits. 

In  Mg.  10.11  as  an  example  there  is  depicted  a  circuit  of  the  type  of  Fig. 
lo.lu  inking  Int  ■  account  basic  technical  components,  inevitable  during  construction 
of  this  circuit.  The  signal  in  tills  circuit  first  .-nte-ic:  n  :.-J/.er,  earn  7  lug  out 
identical  transfer  of  signal  to  the  intermediate  frequency.  Thi..  mixer  is  the  basic 
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source  of  natural  noises  added  to  the  signal.  Then  there  follows  an  UPCh  [i-f  ampli¬ 
fier]  whose  passbana  is  usually  v<  ry  great  (considerably  exceed  the  width  of  the 

spectrum  of  signal  fluctuations). 
j  f  |  After  the  UPCh  the  signal  enters  a 

|  .  |  i  Lj  1  UJ  4  L J  $  I— Uj  0  L«i  a  mixer  with  phase  modulation.  Here 

I  |  i-  ft)  the  si6nal  is  transferred  to  the 

!  I  i  from  wig*  rind«r  second  intermediate  frequency  with 

.  j  f roci  ip»«d  m«t«r 

i  , _ ,  inversion  of  uhase  modulation.  Then 

1 - - - [FJ - - 

■*  there  is  an  amplitude  modulator. 

Fig.  10.12.  Practical  circuit  of  the  radio  .  . 

channel  of  a  goniometer  with  a  scanning  carrying  out  multiplication  of  the 

pattern;  1  —  mixer  of  r-f  amplifier:  2  —  .  n  _  , .  , 

heterodyne  oscillator;  —  UPCh;  4  —  mixer  signal  by  a.  function  varying  aceuro- 

with  phase  modulation;  5  —  controlled  hetero-  .  .  _ ,  ,  . .  . 

dyne  with  phase  modulation;  6  -  amplitude  inS  to  law  amplitude  moaula- 

modulator;  7  —  controlled  generator  of  ampli-  .  .  ..  ,  . 

•v-ude  modulation;  8  -  narrow-band  filter;  9  -  tlon  introduced  by  the  antenna.  The 

system  of  automatic  gain  control;  10  —  ampli-  _ _ _  ,,  ..  ..  ,  , 

tude  detector;  11  —  phase  detector;  12  -  GON  frequency  of  tne  signal  ol  the-  .ict- 

[ reference  voltage  generator].  erodyne  with  phase  modulation  is. 


Fig.  10.12.  Practical  circuit  of  the  radio 
channel  of  a  goniometer  with  a  scanning 
pattern;  1  —  mixer  of  r-f  amplifier;  2  — 
heterodyne  oscillator;  3  —  UPCh;  4  —  mixer 
with  phase  modulation;  5  —  controlled  hetero¬ 
dyne  with  phase  modulation;  6  —  amplitude 
modulator;  7  —  controlled  generator  of  ampli¬ 
tude  modulation; 8  —  narrow-band  filter;  9  — 
system  of  automatic  gain  control;  10  —  ampli¬ 
tude  detector;  11  —  phase  detector;  12  —  GON 
[ reference  voltage  generator]. 


continuously  tuned  by  the  system  of  speed  measurement,  and  its  phase  modular.! on,  as 
well  as  the  modulating  signal  from  the  amplitude  modulator,  is  tuned  by  the  system 
of  range  measurement. 

After  these  operations  the  signal  enters  a  narrow-band  filter  whose  frequency 
response  is  matched  as  far  as  possible  with  the  spectrum  of  fluctuations  or  the 
signal  (usually,  of  course,  matching  concerns  only  the  transmission  bandwidth  of  she 
filter)  .  In  view  of  the  limitedness  of  the  range  of  linearity  of  amplifiers  in 
practical  circuits  there  always  are  used  AGC  systems,  maintaining  the  necessary 
signal  level  in  the  circuit.  From  the  output  of  the  narrow-banu  filter  the  signal 
enters  an  amplitude  detector  and  then  a  phase  detector.  Reference  voltage  proceeds 
to  the  phase  detector  from  a  generator  of  reference  voltages  (GON);  the  same  volta  1 
controls  scanning  of  the  directional  pattern. 

Analogous  variants  of  circuits  of  Figs.  10.8  and  10.9  complicated  by  bar.:',.: 
technical  components  we  shall  not  give,  since  they  are  very  similar  to  the  "iroui.  f 
considered  Just  now,  from  the  example-  of  which  wc  clearly  son  the  basic  i  '‘  c-c 
such  complication. 

Thus,  practical  circuits  rather  greatly  differ  from  their  theoretical  p rot-  v.yp. 
How  it  is  easy  to  establish  in  what  components  of  practical  circuits  di tTe reive  of 
the  operations  produced  on  signals  from  idealized  optimum  operations  is  pus rifle . 
First  of  all,  due  to  the  limited  accuracy  of  measurement  of  speed  there  will  he- 


i  Ha -sr-d-.  'ataay :  an. 
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produced  insufficiently  exact  tuning  of  the  frequency  of  the  heterodyne  with  phase 
modulation,  and  after  transformation  the  signal  will  have  a  frequency  differing 
somewhat  from  that  to  which  the  narrow-band  filter  is  tuned.  Due  to  the  limited 
accuracy  of  measurement  of  range  the  phase  modulation  of  the  heterodyne  signal  will 
lag  somewhat  relative  to  the  phase  modulation  of  the  received  signal  (or  outstrip 
it).  The  same  pertains  to  the  signal  of  the  amplitude  modulator. 

In  the  case  of  pulse  radiation  to  avoid  losses  of  the  useful  signal  pulses  of 
the  amplitude  modulator  (strobes)  are  made,  as  a  rule,  even  several  times  longer 
than  pulses  of  the  received  signal.  Finally,  the  form  of  the  spectrum  of  fluctuation. 
of  the  reflected  signal,  and  also  the  signal-to-noise  ratio  in  the  circuit,  necessai; 
fur  calculation  of  the  frequency  response  of  the  narrow-band  filter,  are  known  by 
us  very  approximately.  This  will  lead  to  uncontrollable  divergence  of  the  frequency 
response  of  the  narrow-band  filter  from  the  calculated,  which  may  be  considerable. 

Thus,  to  exactly  realize  an  optimum  circuit  in  practice  is  impossible.  It  is 
possible  to  exactly  maintain  the  structure  of  trie  circuit,  i.e,,  the  sequence  of 
basic  operations  produced  on  the  received  signal;  however  parameters  of  the  circuit 
will  differ  to  greater  or  lesser  extent  from  their  optimum  values. 

Wc  shall  make  several  remarks  about  comparative  appraisal  of  circuits  of  Figs. 

10. 9  and  10,10  from  the  point  of  view  of  complexity  of  their  technical  construc¬ 
tion.  It  is  clear  that  the  circuit  of  Fig.  30.8  is  the  most  complicated  of  them, 
and  we  shall  subsequently  allot  to  it  the  minimum  attention. 

Circuits  of  Figs.  3.0,9  and  1.0,10  can  be  considered  identical  in  complexity; 
in  any  case,  the  difference  between  them  is  insignificant.  The  fact  is  that  the  most 
complicated  components  of  these  circuits  (UP^h's,  mixers  with  inversion  of  phase 
modulation,  amplitude  modulators,  phase  detectors)  are  contained  in  both  circuits 
in  identical  number, 

Subsequently  tne  circuit  of  Fig.  10,8  (but  with  parameters,  possibly  differing 
from  their  optimum  values)  we  shall  call  a  quasi-optimum  circuit;  the  circuit  of  Fig. 
i w.o  —  a  circuit  with  narrow-band  filters;  and  the  circuit  of  t-lg.  lb.  10  —  a  circuit 
with  a  broad-band  filter.  These  names  correctly  reflect  the  essence  of  the  matter 
and  v/ill  be  used  as  basic  terms. 

10.9,2,  Investigation  of  the Quast-Optl.mum  Circuit  and  tne  Circuit 

With  Narrow-Band  Filters 

We  start  our  investigation  of  circuits  with  the  circuit  of  Fig.  10.8.  Let  us 
assume  that  the  heterodyne  signal  has  the  form  v  (t)  cos  [ojp  +  cp(t)J,  where  vfl(t) 


differs,  in  general,  from  the  amplitude  modulation  of  the  received  signal  ua(t), 
and  <y(t)  differs  from  its  phase  modulation  ^(t).  Thus,  the  received  signal  is 
multipli.  'w 

o*  (i)  cos  -f  f  (/)!  =  Re  c  (/)  e  r  , 

0(i)—0a(t)elfin.  (10.5.1) 

The  pulse  response  of  filters  in  the  first  two  channels  we  designate  h.  (t)  cos 
[u^  t  +  0^(t)].  These  filters  we  shall  consider  identical,  which  substantially  will 
simplify  further  calculations.  The  pulse  response  of  the  filter  in  the  third 
channel  we  shall  designate  by  hg(t)  cos  [to  1  +  9g(t)].  We  set 

M0  =  M/)e'MO,  A/i  (<«)=  jAt(/)ewrf/,  /  =  1,2,  (10.5.2) 

i.e.,  H^(ia>)  —  frequency  response  of  the  low-frequency  equivalents  of  the  considered 
filters . 

For  definitiveness  during  the  analysis  of  circuits  we  shall  limit  ourselves 
only  to  consideration  of  uniform  conical  scanning  of  the  directional  pattern. 
Modulation  of  the  received  signal  U„(t,  a)  is  expressed  in  this  case  by  formula 
(10, 2. 2) .  Obviously,  the  basic  laws  obtained  here  are  qualitatively  preserved  with 
other  law3  of  scanning. 

The  signal  at  the  output  of  the  circuit  of  Fig.  10,8  with  these  assumptions 
can  be  recorded  in  the  following  rather  bulky  form: 


z  (t)  =  (  Re  hy  {t  —  x)  V  y  (x) Ret)  (x) e,<v  cosQxdx  X 

— 0» 

X  J  Re  hy  (i  —  x)  e*"" v<<  y  (x)  Re  v  (x)  e^'Vx  — 

—00 

—  [  $  Re  (A  —  *) ®""P  {‘  'y  (x) Re v (x) e,BrVxj* cos Q/. 


(10.5.5; 


Producing  in  reverse  order  the  reasonings  by  which  we  performed  transition 
from  expression  (10.5.24-)  to  (10,5.29),  it  is  possible  to  reduce  (10.5.5)  to  the: 

most  convenient  for  further  calculations,  namely: 

*  t 


*(/)=Re  J  h*y(t  —  xJoWj/ftJcosOxe^’dx  x  j 

-«  t  -00 

- 1  J  A**.  {*-'*>  Wy  (x)  e'*kVx  |‘  cos  (it. 


(10.5.4  ) 


The  first  stage  of  calculation  of  accuracy  of  the  circuit  is  calculation  of  tht 
slope  of  the  discrimination  characteristic  (or  transmission  factor  of  the  radio 
channel) 


K*~  *  ^  r  H^L 


and  of  systematic  error 


A==r 


Llim  -f  f 


!«~0 


(10.5.5) 


(10. 5.6) 


We  shall  calculate  these  quantities  i.n  detail,  since  tile  calculations  produced 
here  are  typical  for  calculation  of  goniometer  systems.  Multiplying  in  (10.5,4)  the 
integrals,  averaging  under  the  sign  of  integrals  the  rapidly  oscillating  terms,  and 
producing  also  statistical  averaging  ,  we  obtain 

*(0=  j  J  PcU, (/„  «)  U& (tt,  a)  cos  O txu*  (/,)«(/,) X 

—00  —  OO 

X  9 (/,  - /,) h* (t  -  /,) A,(/- Q v (',) w*  (/,) dtjt, 4. 

t 

-f-  Nt  J  |  A,  (/  —  t)  I*  |  v  (x)  |*  cos  Clxdx  — 

-[  J  \  P*u* (<». a) uu (/„  a) a* (/,) « (y K<.-yx 


X  V  (<  -  y  A,  (/  -  y  o  « ,)  o*  (/,)  a  A  - 

-N#f  |A,(/-t)|*[o(t)|Mx]cosQ/. 

•  4.  -  J  (10.5.7) 

Then  we  allow  for  the  circumstance  that  functions  u(t)  and  v(t)  vary  consider¬ 
ably  more  rapidly  than  the  remaining  font-  ■.  ions  under  the  signs  of  integrals  in 
(10.5.7) .  Averaging  them,  we:  have 

_  t  I 

*  (0 = *i  J  J  W.  (t„  *)  y.  (**. «)  cos  n/,p  (/, — y  x 

— «0 

X  A»*  (<  -  y  A, «  -  / j  4-  *A  J  |  /»’,(/— *)|*  cos 

I  I  ~*° 

-  COS  Qt  [x4  J  J  PtUa  (/„  a)  UB  (tv  a)  p  (tx  -  y  X 

X  A#*  (/  -  y  A,  (/  -  y  dfjt,  -  N.X,  \  I  h,  (t  - 1)  I*  *] . 


whe  re 


T, 

*.=*7^1* 


.  x.=— nw(/)i*rf/. 


(10.5.6) 


(10.5.9) 


Finding  the  derivative  of  (10.5.8)  with  respect  to  a  for  a  «=  0  and  averaging  it  in 
time,  we  find 
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<S>  00 

[JjV(/I)A,(/!)p(/,-/t)(l  -j-cosQ^,  -  /,))X 

0 O  00 

Xdtidt,-~  2  Re  f  Jv  ('.)  A,  (',)  P(/ -  /,)  cos Q/.rf/.rf/J  = 

0  0  J 

00 

= w  j  II <*•) l*  +  l"i (*'«  +  iO) I* ~ 

—  2  Re  //,  (f'o)  //,*  (/'a  4-  j'0)J  S„  (u>)  dm.  (10,5.10) 

Considering  a  =  0  directly  in  expression  (10.5.8).  we  obtain  A  =  0,  i.e.,  systematic 
error  is  absent. 

Now  we  shall  study  calculation  of  the  basic  accuracy  characteristic  of  a  circuit. 
—  the  equivalent  spectral  density.  This  quantity  is  defined,  as  it  is  known,  in  the 


following  way: 


r  oo 

S,K»=  -^imy-Jrf/  j  z(l)z(\)  rft.|^ 


(10. 5. U ) 


Omitting  the  calculations,  which  are  very  similar  to  those  just  now  made,  we 
obtain  a  result  in  the  following  form: 


where 


5»«.  J  II  # .  <<•)  \' + 1  Hx  («•-)  I1 1  ,  (<«•>  +  «)!■  + 

+ 2 1  Ht  (fe)|  I*  |  Ht  </•  -f  »2)  I*  -  4//,  (<•  + 12)  X 
XRe//,  (<»)  //,*  (i«  +  »Q)1 11  -f  A'S.  (.  +  2)]  X 

00 

X  U + A'5.  (®)j  (/•)  |* + 1  //,  (i« + iQ)  !*  - 

“2 Re//, (/•)  H*  (<® 4-  |Q)J S, (®) (/u,j~2, 


1  r  I* 

Yt\  u(0»*  (0  j 

_ 

77  Jl  5  (<)!*«« 


*1 


(ltub.  if  ) 


(1  V  .15) 


Expression  (10.5.12)  is  rather  bulky.  However,  from  ic  we  can  draw  certain 
general  conclusions  with  respect  to  the  influence  on  of  various  factors.  In 

cni? 

particular,  from  (10.5.12)  it  is  clear  that  imperfectnesses  of  heterodyning  lead  U 
equivalent  change  of  this  signal-to-noise  ratio  according  to  the  formula  (10,5.15). 
It  is  easy  to  see  that 


<1 


r. 


_ 


where  the  sign  of  equality  is  attained  only  in  ease  v(t)  =  u(t). 
u  (’-)  are  pulses  of  duration  x  ,  v  (t)  —  pulses  of  duration  x  , 
modulation  of  the  signal  (or  it  is  exactly  inverted),  we  obtain: 


7]  u  (0  v*  (/)  dt  ’ 


Tr 

77 1 1  ®  (0  \'dt 


For  instance,  when 
and  there  is  no  phase 


(10,5.14) 


Thus,  any  imperfectness  of  heterodyning  leads  to  an  effect,  equivalent  to  in¬ 
crease  of  natural  noises  of  the  receiver. 

This  phenomenon  has  a  very  general  character.  In  the  preceding  chapters  it  was 
shown  that  it  occurs,  for  instance,  in  range  and  frequency  metering  radar  circuits. 
Imperfectness  of  heterodyning  in  all  cases  led  to  equivalent  decrease  of  the  signal- 
to-noise  ratio,  where  this  decrease  is  expressed  by  a  single  formula  (10,5.12).  It 
is  obvious  that  this  phenomenon  will  take  place  In  all  circuits  of  radar  goniometers. 
Therefore,  subsequently,  during  investigation  _>f  goniometer  circuits  we  for  simplic¬ 
ity  shall  consider  heterodyning  ideal.  Import ectness  of  heterodyning  if  desired 
can  easily  be  accounted  for  by  means  of  replacement  of  signal- to-noise  ratio  h  by  h'. 

Let,  us  consider  now  in  greater  detail  expression  (10.5.12)  for  It  contains 

three  components:  one  which  does  not  depend  on  signal-to-noise  ratio  h,  a  second  whir:, 
is  proportional  to  1/h  and,  a  third  which  is  proportional  to  1/h'-.  The  first  compo¬ 
nent  arises  as  a  result  of  nonlinear  transformation  of  the  useful  signal,  carried 
out  in  the  circuit.  This  component  is  the  result  of  incorrect  selection  of  character¬ 
istics  of  filters.  In  the  optimum  circuit,  as  we  noted  in  the  preceding  section, 
such  a  component  of  error  is  absent.  The  other  two  components  in  (10,5.8)  are  ex¬ 
plained,  respectively,  by  interaction  of  the  useful  signal  with  noise  and  nonlinear 
transformation  of  noise.  These  components  of  error  cannot  oe  completely  eliminated, 
and  it  is  possible  only  to  decrease  them  by  proper  selection  of  characteristics  of 
filters . 


2£ 


i 

1 

j 

W 
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3y  direct  variation  of  expression  (10.5.12)  with  respect  to  frequency  responses 
of  filters  it  is  easy  to  prove  that  reaches  a  minimum,  when  |H1(i»)|i'"  is 

determined  by  formula  (10.5.25),  and  Hg(ico)  is  determined  by  formula  (10.5.28),  where 
hs  will  be  replaced,  of  course,  by  h.  Then  SSKB  will  become  equal  to  ScnT.  This 
confirms  the  correctness  of  the  obtained  results. 

Let  us  return  now  to  the  question  of  the  physically  realizable  equivalent  of  an 
optimum  filter  with  frequency  response  (10.5.28),  left  unsolved  in  §  10.5.  Prom 
formula  (10.5.12)  it  is  clear  that  frequency  response  H2(io>)  is  contained  in  it  in 
the  form  of  expressions  Re  H2(ico)H2(icu  +  ifl) .  This  means  that  will  not  vary  if 
instead  of  a  filter  with  characteristic  H2  QnT  (its)  we  use  a  filter  with  character is  tic 

H g  0ni  (iu>)e~i'lcwTcK ,  where  k  is  any  integer.  Selecting  k  so  large  that  h2  tj„,;  (kT,^.)  = 

=  Af  v(t,  t  +  kT0K)|a=Cl  0,  it  is  possible  to  make  a  filter  with  character¬ 

istic  H0  onT  (i<o)e-ila“TcK  physically  realizable. 

We  turn  to  consideration  of  the  circuit  of  Fig.  10.9.  It,  as  it  was  established, 
is  optimum  for  high  frequencies  of  scanning.  Therefore,  besides  allowance  for  non- 
idealnesses  of  processing  in  this  circuit  it  is  of  interest  to  estimate  also  tv- 
worsening  of  accuracy  as  compared  to  the  optimum  which  this  circuit  gives  for  other 
face  values  of  the  frequency  of  scanning.  If  filters  in  the  circuit  have  frequency 
response  H^iou),  and  the  heterodyne  signal  has  the  form  (10.5.1),  the  expression  for 
equivalent  spectral  density  is  obtained  immediately  from  (10.5.12),  If  there  w*  a-1 
H2(iw)  =  0.  Then 


j  II  Hx  (/•)  r + 1  //,  (/•)  I*  \hx  aim + JB)  1*1  X 
X  U  +  hSt  (.)]  U  +  AS,  («o  4-  0)1  dm  X 

00 

x{  j  II  Hx  <<•)  I*  + 1  Hx  (/•  +  iQ)  |*1  S,  (.)  d»p 


In  spite  of  the  considerable  simplification  of  this  formula  as  compared  to 
(10.5.12),  it  is  difficult  to  perceive  the  dependence  of  accuracy  of  measurement,  on 
the  form  ol'  the  frequency  response  of  the  filter  or  the  magnitude  of  the  frequency 
of  scanning  directly  from  it.  For  investigation  of  these  depi  ndences  it  is  nr.-cessa  ry 
to  produce  calculation  of  integrals  In  (10.5.15),  using  suitable  appi oximations  of 
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the  frequency  response  of  the  filters  and  of  the  spectrum  of  fluctuation. 


Let  us  produce  this  calculation,  aj  proximating  frequency  response  of  the  filter 


H.(ico)  by  expression 


//.(<•)  = 


im 


,  +  2tfT 


(10.5.16) 


and  S0(o>)  by  expression  (10. 3. 26).  Here  we  obtain 


•S»K* 

+ 


+  (!+*)■ 


KAM«*  +  2<i+*) 


_ l  r(i  +  *)U,-Kt-M)»(i+fc» 

Y  \L  2 (l -x) Jtfc*  +  (!+*)«] 


2*)1 

J  ' 


2*(1-H  ■t)U,  +  S;»(M-jr>)  +  4(j;-l),(l  +  x)(l  +  2x) _ 
(;•+(*-  l),](C*  +  4)(«*  +  4je*) 

Jf«(C<  +  C1<Su:,  +  4x  +  3)  +  2(A  -l)»(^+  1)  (2jc  +1)1  , 
<!- -r)  (?*  +  (*- I  )«l(«’  +  4i’")  -  ' 

I  r2ir'(l+Jr)H*  +  ^l(5jcH4j;+3)+2(Jf-l),U+l)(2r  +  l)) 

T*L  lC*  +  (*- W  +  4*>) 

4-  C4  (j  +  2X)  ±  V  (1  4-  x«)  (4x  +  3)  +  2(x  +  i)«  (1  +  2*)]  , 

*  ^  2*lC«  +  (l  +  jr)*J 

1  1  (jr+DMV-H-t-MVKf  +  S^)  \ 

“A*  2x(<‘+4x«)  /’ 


f 


(10.5.17) 


where  C  =  ft/2Af  c  ;  X  «  Af  ^  /A1‘0. 

Let  us  investigate  formula  (10,5.17).  Although  it  is  obtained  with  rather 
particular  approximations ' of  the  frequency  ’-cspunse  of  the  filters  and  of  the  spectrum 
of  fluctuations  of  the  signal,  the  laws  governing  change  of  S  expressed  by  this 
formula  are  preserved,  too,  in  more  gy  (•••.., r.t;<  First  of  all  we  shall  consider 


limiting  cases  when  the  lav/s  01  var ration 


"'UKB 


are  considerably  simplified.  For 


small  x  Instead  of  formula  (10.5.17)  we  obtain 

*  —  1  <*+»  1  ^*+2 1  ii±i\ 

,K"  2p.*Af.x  (V  +  2)»  Vl_r  A  '  A*  J '  (10.5,16; 

Thus,  the  spectral  density  of  error  with  decrease  of  x,  i.e,,  with  narrowing  ■: 
the  passband  of  the  filter,  grows  inversely  proportionally  to  >..  For  small  the  com¬ 
ponent  of  error  from  nonlinear  transformation  of  the  useful  signal,  monotonically 
drops  with  growth  of  the  frequency  of  scanning.  The  remaining  components  of  error 
almost  do  not  depend  on  C. 

For  large  x,  i.e,,  with  expansion  of  the  passband  of  the  filters,  formula 
(10.5.17)  takes  the  very  simple  form 


s»,= 


2KA/.A* 


(10.5.19) 
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From  this  it  is  clear  that  for  sufficiently  broad-banded  filters  the  spectral  density 
of  error  of  measurement  is  caused  basically  by  nonlinear  transformation  of  the  signal 
and  grows  proportionally  to  x,  Error  in  this  case  does  not  depend  on  the  frequency 
of  scanning. 

For  large  £  equivalent  spectral  density  is  equal  to 


J<K| 


_ ! _ (  2+  */£ 

V  A 


x  +  2  +  \/x  \ 

A*  ) 


(10. 5.20) 


From  (10,5.20)  one  may  see  that  £^HB  reaches  its  minimum  at  x  =  y'l  +  h.  This' 
is  understandable,  since  the  considered  circuit  for  large  C  is  optimum.  Decrease 
or  increase  of  x  in  comparison  with  |/1  +  h  reads  to  increase  of  the  spectral  density. 
For  small  C  we  also  obtain-  a  very  simple  formula: 


■'•KB  ' 


1  A*  I  1  lr  I  °  2+1/ur  |  x -f-  2  4- 1  lx  \ 


(10.5,21) 


In  this  case  tne  optimum  for  x  is  attained  when  x  -  1  +  h  (5^  reaches  Its  minimum 
value),  and  not  when  x  =  ^1  +  h,  since  for  small  £  this  circuit  is  not  optimum,  and 
the  laws  will  be  different  here. 

In  order  to  Judge  the  relative  change  of  accuracy  of  the  considered  circuit  as 
compared  to  the  optimum,  it  is  of  interest  to  investigate  ratio  s0Kg^> onl,.  Spectral 
density  S  nT  with  approximation  of  the  spectrum  of  fluctuations  by  formula  (10.3.  ;•<',) 
was  calculated  in  the  preceding  section  and  was  presented  by  formula  (10, 4. It).  Ihc 
graph  of  the  dependence  of  ratio  SaKB/SonT  on  h  for  different  values  of  x  and  £  is 
shown  in  Fig,  10,13.  From  this  figure  it  is  clear  that  at  high  frequencies  of 
scanning  (C  »  100)  accuracy  of  the  considered  circuit  is  close  to  optimum  in  a  vary 
broad  range  of  variation  of  x  (for  x  =  2-10  ratio  S3Kg/SonT  =  1-1.5).  For  low  fre¬ 
quencies  of  scanning  accuracy  of  the  considered  circuit  rather  strongly  differs  in 
the  optimum;  the  difference  is  even  greater,  the  larger  h.  This  is  explained  by  fu< 
fact  that  at  low  frequencies  of  scanning  the  equivalent  spectral  density  of  tr.e  con¬ 
sidered  circuit  as  h  co  seeks  a  finite  magnitude  (since  there  is  a  component  of 
S3KB  caused  by  nonlinear  transformation  of  the  useful  signal);  for  an  optimum  circuit 
equivalent  spectral  density  as  h  -*•  ro  tends  to  zero. 

We  shall  now  discuss  the  spectral  density  of  parametric  fluctuations.  As  it 
was  shown  in  Chapter  VI,  it  has  the  form 


1  d ■ 


lira  ™ 

r-*oo  1 


{v 
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of  the  radio  channel  of  a  goniometer  with 

a  scanning  patterns  -  C  =  100 j  -  -  -  C  = 

10;  -.  ?  =  1. 


We  shall  calculate  C  for  the 
nap 

case  of  high  frequencies  uf  scanning, 

when  SSKB  is  already  small,  and  a  con¬ 
siderable  share  of  total  error  is 
caused  by  parametric  fluctuations. 
Calculations  in  firming  S  are  very 
similar  to  those  by  which  we  calculated 
and  d^(B.  Therefore,  we  shall 
immediately  give  the  final  result 

j|  //,(<«) 

5nap=2*— —  . 

|  J  | //,<<«*)  |»S, («)<#«]* 

—00 

(io.tj.2?) 

Thus,  S  does  not  depend  on  the 
'  nep  r 

tignal-to-noise  ratio  and  frequency  of 
scanning.  Calculation  by  (10.5.23) 
with  approximation  (10.Jj.l6)  and 
(10.3.26)  gives 


c  _  I  I  +  3*  +  x* 

“•‘’“"i?;  jru+jt) 


(10.5.24  ) 


For  large  x  quantity  S[]pi.  *-*•  l/Af  ^  ;  for  small  x  spectral  density  Sn0^.  *"* 

— ►  1/xAf  r  =  l/Af  laws  of  this  kind  are  preserved  qualitatively  also  for  other 

forms  of  frequency  response  and  of  the  spectrum  of  fluctuations. 

10.5.3.  Investigation  of  a  Circuit  with  a  Broad-Band  Filter 

Let  us  consider  now  the  circuit  of  Fig.  10,10.  If  we  designate  the  frequency 
response  of  the  filter  in  this  cixcuit  Il(ito),  the  expression  for  the  equivalent 
spectral  density  of  such  a  circuit  could  be  obtained  from  (10.5.8),  if  we  sot  H^(ito) 

=  0,  and  H0(io>)  =  H(icu). 

However  let  us  note  that  for  not  too  low  frequencies  of  scanning  modulation  of 
received  signal  introduced  by  ses.nning  pattern  will  be  delayed  during  passage  through 
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the  filter,  This  delay  should  be,  of  course,  introduced  in  the  reference  signal 
from  the  GON  in  order  to  ensure  a  maximum  value  of  the  transmission  factor  of  the 
radio  channel.  Calculations  of  characteristics  of  a  circuit  in  these  conditions  have 
to  be  redone. 

The  signal  at  the  output  of  the  circuit  of  Pig.  10,10  has  the  form 


z(/)=cosQ</-i,)|  J  h(t-x)y(%)u(%)e*''dx  |\ 


(10.5.25) 


where  h(t)  —  complex  amplitude  of  the  pulse  response  of  the  filter  in  this  circuit 
[determined  as  in  (10.5, 20) ] ,  and  delay  -r  should  be  selected  from  the  condition  of 
maximum  Kfl.  Using  formula  (10.5.5)»  we  can  obtain  (calculations  are  similar  to  those 
already  made,  and  therefore  we  omit  them) 

A=0, 


00 

** = £§7 1  J  H  H*  <*'•  + <-Q) «  dm 


In  an  analogous  way  from  formula  (10.5.11)  we  have 


(10.5.26) 


ao 

-OO 

X  |  -S,  (•)  S.  (•  +  °)  +  x  1-5.  (•)+$.(•+ 8)]  +  xr|  dm  x 

00 

X[  {  |//(i-)//*(/«+/0)/s»(.)rf-]“J. 


(10.5.27) 


We  shall  perform  our  calculation  from  this  formula,  using  approximation  ( 1< • . 1  . h  ) 
2 

for  j  Jl( icu)  |  and  (10.3.26)  for  S0(o>).  As  a  result  of  calculation  of  integrals 
(10.5.27)  we  obtain 

„  _  x+l  II  P1  +  (l 4- x)*l ( 1  -4- *) _l 

^  “  j#f . *  \T*  +  4  (I  +  ■*>•  ^ 

,  1  g  +  P(ILg«4-4x  +  3)  +  2(x-n«(x  +  1)(2x-+ I)  , 
fT  p*  +  (x -!)*][;*  +  4  (x  +  i)*l  x 

.  t*  +  K»(l  +  x)»  +  4(x-Q«(x«  +  3x+in 

*1  l?«  +  (x-l)*](t'  +  4)[;«  +  4(x  +  ])M  f  f 


(10.5.78) 


where  as  before  t,  -  H/2Af  ;  x  =  Afi  /Af 


Let  us  consider  different  limiting  cases  for  £  and  x.  For  small  x  from  (l':. 5. 1'1  j 
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we  have 


><n: 


'&fcX  5*  + 


+  4^*  '  h  '  h*  J' 


(10.5.29) 


From  this  it  is  clear  that  the  equivalent  spectral  density  for  small  x  is  inversely 
proportional  to  x  and  monotonieally  drops  with  increase  of  £  (the  drop  is  basically 
due  to  the  component  of  error  caused  by  nonlinear  transformation  of  the  useful 


signal) .  Comparison  of  (10.5.29)  with  (10.5.18)  shows  that  for  small  x  the  circuit 
of  Fig.  10.10  has  spectral  density  less  by  a  factor  of  (£r‘  4-1 )  (£  +  4)/(£  4-  P)4" 
than  the  circuit  of  Fig.  10,9.  However,  let  us  note  that 


i  ^  «*.+  jjjgVjvjj  ,  , 

(C‘+2j« 

so  that  both  circuits  for  small  x  are  practically  identical. 
F'or  large  x  from  (10.5.2b)  we  obtain 


^A/eA‘‘  (10.5.50) 

Comparison  of  (10.5,50)  and  (10.5. 19)  shows  that  for  large  x  the  circuit  of 
Fig.  10.9  has  a  spectral  density  half  he  i  a  as  the  circuit  of  Fig.  10,10, 

We  now  consider  the  case  of  large  From  (10.5.28)  w?  obtain 

1  /1  +  1/Jt  .  x-i  2+\lx\ 

S”a--gAU\rir~+  F  )'  (10.5.51) 

Here,  obviously,  there  is  an  optimum  .it  .<  •-  j/r  4-  li,  Comparison  of  (10.5.51) 
and  (10,5.20)  shows  that  for  large  <  Hio  circuit  of  Fig.  10.9  has  the  best  accuracy 
(for  small  h,  twice  as  good,  for  large  h  —  better  by  a  factor  of  -  )• 

Finally,  for  low  frequencies  of  scanning  (small  £)  from  (10.5.?8)  we  obtain 

= igib  (2 + 1  /x + 2  -4^+ t+y~)-  (lo.oj  ■■■) 

which  completely  coincides  with  (10.5.21).  fhus,  comparison  of  circuits  of  Fig.  10.9 
and  Fig.  10.10  shows  that  these  circuits  for  identical  parameters  (x  and  C)  have 
approximately  identical  accuracy;  the  circuit  of  Fig.  10.9  is  less  critical  to 
widening  of  the  pass  band  of  the  filters  and  ensures  for  wide  filters  twice  the 
accuracy  (with  respect  to  equivalent  spectral  density)  of  the  circuit  of  Fig.  10,10, 
For  more  detailed  study  of  accuracy  of  the  circuit  of  Fig.  10.10  in  Fig.  10.14 
there  Is  constructed  the  graph  of  the  dependence  of  S8KB/SonT  on  h  for  this  circuit, 
calculated  with  the  same  approximations  as  In  the  preceding  case.  From  this  graph  • 
i t  is  clear  that  the  considered  circuit,  in  general,  realises  the  potential  accuracy 
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channel  of  a  goniometer  with  a  scanning  pattern: 

-  ?  =  100;  ■■  -  -  C  =  10;  £  =  1. 

of  the  method  of  pattern  scanning  worse  than  the  preceding  circuit.  For  low  frequen¬ 
cies  of  scanning  (£  <  10)  only  in  the  range  h  =  1-10  does  it  ensure  accuracy  wors-.- 
than  the  potential  by  a  factor  of  1-1.5 (with  respect  to  equivalent  spectral  density). 
With  further  growth  of  h  ratio  S0K^SonT  rather  sharply  increases  (due  to  the  component 
of  error  caused  by  nonlinear  transformation  of  the  signal).  For  high  frequencies  of 
scanning  (C  **  100)  accuracy  of  the  circuit  nears  the  optimum  (saHB/Son,3  -  1-1.5)  when 
h  >  10. 

We  note  that  ratio  Sg^/Som  f'or  the  considered  circuits  in  a  wide  range  of 

change  of  their  parameters  does  not  exeed.  4. 

§  10,6,  Method  of  Scanning  with  Compensation  and 
Instantaneous  Amplitude  Comparison 
Signals  (Optimum  dlrcuitsV 

Besides  the  method  of  scanning  the  directional  pattern  of  the  receiving  antenna 
in  goniometrical  practice  there  are  widely  applied  the  method  of  scanning  with  com¬ 
pensation  and  the  method  of  instantaneous  amplitude  comparison  of  signals  (IAC).  In 
the  use  of  these  methods  there  are  simultaneously  observed  several  signals,  received 
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by  different  directional  patterns.  Inasmuch  as  fluctuations  of  amplitudes  of  the 
signals  received  by  the  various  patterns  will  be-  identical,  this  is  the  prerequisite 
for  their  elimination  or,  at  least,  partial  compensation.  Therefore  from  these 
methods  there  is  anticipated  heightened,  as  compared  to  method  of  pattern  scanning, 
accuracy  of  measurement  during  a  fluctuating  signal,  and  also  increased  noise 
immunity  against  amplitude-modulated  active  interferences. 

Finally,  a  very  important  consideration  in  favor  of  the  method  of  scanning  with 
compensation  and  IAC  is  connected  with  the  efficiency  of  use  of  the  aperture  of  the 
antenna  system.  The  fact  is  that  during  use  of  the  method  of  pattern  see  uni  rig  oru. 
may  approximately  assume  that  there  is  used  power  from  only  part  of  the  antenna 
aperture.  The  section  f-  :>m  which  power  is  selected  shifts  over  the  aperture  of  ti  ■■ 
antenna  in  accordance  ;h  a  certain  periodic  lav;.  In  the  presence  of  angular  diver¬ 
gence  of  the  target  f>  ,m  the  equisignal  direction  the  distribution  of  the  field  in 
the  aperture  of  the  antenna  is  asymmetric,  and,  consequently ,  there  occurs  periodic 
change  of  amplitude  of  the  received  signal.  If  all  the  power  from  the  aperture  of 
the  antenna  system  was  used,  the  received  signal  would  have  constant  amplitude  and 
would  not  contain  information  about  angular  coordinates  of  the  target.  Thus,  during 
use  of  the  method  of  pattern  scanning  the  received  power  comprises  only  a  certain 
share  of  the  power  reaching  the  aperture  of  hie  antenna  system  (usually  half).  This 
circumstance  is  fundamental. 

During  use  of  scanning  with  compel  sat  K  n  rr.  i  lAr  one  may  approximately  assume 
that  in  one  channel  there  is  used  power  from  one  part  of  the  antenna  aperture,  and 
in  other  —  pov/er  from  the  remaining  part,  so  that  the  total  received  power  is  equal 
to  all  the  power  entering  the  aperture  of  the  antenna  system.  In  the  case  of  asym¬ 
metric  distribution  of  the  field  in  the  aperture  (with  angular  divergence  of  the 
target  from  the  equisignal  direction)  the  powers  entering  each  of  the  channels  are 
unequal  and  their  difference  depends  on  the  angular  coordinates  of  the  target.  Thus, 
the  compensation  method  and  IAC  ensure  more  efficient  use  of  the  aperture  of  the 
antenna  system  than  the  method  of  pattern  scanning!  total  pov/er  received  during  use 
of  these  methods  is  approximately  twice  the  average  power  received  with  the  method  of 
scanning  the  directional  pattern  of  the  antenna  system. 

In  the  present  section  we  shall  study  potentialities  of  the  method  of  scanning 
with  compensation  and  IAC  and  their  optimum  circuits.  We  combine  consideration  of 
these  two  methods  in  view  of  their  very  great  similarity  physically  and  mathemati¬ 
cally. 
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From  the  technical  point  of  view  these  methods,  of  course,  rather  greatly 
differ,  which  is  not  decisive  in  this  case. 

10,6.1,  Synthesis  of  Optimum  Circuits  for  Methods 
of  Scanning  with  Compensation  and  IAC 

The  optimum  circuit  for  the  method  of  scanning  with  compensation  can  easily  be 
obtained  from  the  general  circuit  of  Fig.  10.7,  where  it  is  necessary  to  set  n  «  2 
(two  antennas),  4u(t,  a)  =  0  (phase  centers  of  antennas  coincide  and  are  fixed),  and 
Uia(t,  a)  is  determined  by  formula  (10. 2. 4).  Here,  using  in  (10.2,4)  different  con¬ 
crete  values  for  laws  of  scanning  of  patterns  ik(t),  it  is  possible  to  consider  a 
large  number  of  particular  cases  of  the  method  of  scanning  with  compensation.  How¬ 
ever  we  immediately  will  separate  methods  of  scanning  in  which  this  method  has  the 
best  potential  properties  and  subsequently  will  limit  our  consideration  to  only 
such  cases. 

From  consideration  of  the  general  circuit  of  Fig.  10.7  It  is  clear  that  the 
optimum  circuit  of  the  method  of  scanning  with  compensation,  besides  the  two  basic 
channels,  contains,  in  general,  an  additional,  third  channel  which,  as  was  shown  in 
§  10.3,  carries  out  singling  out  of  false  information  from  the  amplitude  fluctuations 
of  the  signal,  which  permits  us  subsequently  to  partially  compensate  the  harmful 
influence  of  these  fluctuations.  It  is  easy  to  see  that  with  fulfillment  of  condi¬ 
tion 

cos  (t)  -f-  cos  »,  (<) = 0  (  U  . .  .  i ) 

in  the  circuit  measuring  angle  a  the  third  channel  disappears.  Consequently,  with 
fulfillment  of  condition  (10.6,1)  in  this  circuit  there  occurs  automatic  compensation 
of  amplitude  fluctuations  of  signals,  i.e.,  there  is  realized  that  concept  which  was 
pursued  during  development  of  the  method  of  scanning  with  compensation. 

Let  us  consider  conditions  (10.6.1)  in  greater  detail.  They  signify  a  defj.ni 1 
symmetry  of  receiving  channels.  If  h^  =  h2  and  the  directional  patterns  of  the 
antennas  are  identical,  these  conditions  will  be  satisfied  when 

M0  ==•(') -=».(*)  +  *•  (in.) 

Expression  (10,6.2)  means  that  the  directional  patterns  occupy  the  extreme  possible 
positions  and  scan  without  changing  their  mutual  location.  The  directional  patterns 
forming  such  a  figure  are  sometimes  called  ''waltzing." 

Thus,  only  with  fulfillment  of  condition  (10.6.2)  does  the  method  of  scanning 
with  compensation  ensure  complete  compensation  of  amplitude  fluctuations  of  hi1.. 
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signal.  Any  other  forms  of  scanning  one  should  recognize  as  unsatisfactory,  since 
they  do  not  ensure  realization  of  the  potential  of  this  method.  In  particular,  the 
widely  known  variant  of  the  method  of  scanning  with  compensation  with  one  fixed  and 
one  scanning  pattern  should  be  recognized  as  a  failure.  Henceforth  we  shall  limit 
ourselves  only  to  consideration  of  this  method  with  "waltzing"  patterns,  considering 
here  spectral  densities  of  noises  in  the  channels  to  be  identical. 

We  shall  make  a  series  of  remarks  about  the  optimum  circuit  of  scanning  with 
compensation.  Making  the  proper  simplifications  in  formula  (10.3.29),  we  can  record 
the  optimum  operation  of  the  radio  channel  for  this  method  in  the  form 

t 

»(■*)==  {  Aioat  (*  “  4)  COS  «>np  (t  —  s)  (s)  —  yt  (s)]  X 

t-lt 

t 

X  COS  *  (* ) «,  (s)  cos  [»rs  -}-  ^  (s)J  ds  f  Al0n,(x  — s)X 

t-n 

X  COS  »ap  (*  —  4)  fa.  («)  +  </.  (s)l«a  (•*)  cos  [<ofS  -f  <j.  (s)J  ds, 

(10.6.3) 

where  y^(s)  —received  signals,  expressed  by  formulas  (10.3,3). 

Let  us  designate  the  useful  components  cf  these  signals  by  y^s) ,  i.e.,  yi(s)  = 
=  y±(«)  '  Then 

Vx  (s) — y '•  («)  (4)  -  yt  (4H-  V%nt  (s)  -  (s) = 

=y.(s)— *.(«)+/ N/t-  (4),  n.  (s)~nl(s)  —  nt(s),  (lO.G.'i ) 

Vx  («) + y*  (4)  =y»  (4>+  y>  (4)+  /  Wjtx  (4)  4-  Vna»  (*)  =- 
= y,  (sH-y,  (*H-  ^  (s).  K+  (g) — (*)  4-»*  (*)• 

Inasmucn  as  x,,(s)  and  rig(s)  are  independent,  independent,  too,  will  be  noises 
n  (s)  and  n  (s).  It  follows  from  thx.a  that  from  the  point  of  view  of  statistical 
characteristics  it  is  possible  to  form  the  sum  and  difference  of  signals  after  their 
mixing  with  the  two  Independent  noises  or  it  is  possible  to  add  independent  noises 
already  to  the  "sum"  and  "difference"  signal.  This  remark  is  very  significant, 
since  technically  it  is  often  more  convenient  to  form  the  sum  and  difference  signals 
directly  at  the  outputs  of  the  antenna  system.  Using  this  remark,  it  is  possible  to 
present  the  circuit  of  the  optimum  radio  channel  in  the  compensation  method  in  the 
form  depicted  in  Fig.  10.13. 

Let  us  discuss  in  greater  detail  the  operation  of  the  circuit  of  Fig.  10.15. 

In  this  circuit  signals  from  outputs  of  the  antenna  system  first  enter  a  unit  which 
forms  their  sum  and  difference  (hybrid  ring  junction,  T-Junction,  etc).  The  sum 
and  difference  signals  are  heterodyned.  Then  the  difference  signal  is  multiplied 
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by  a  function  varying  according  to  the 

law  of  scanning  of  the  directional 

patterns.  After  these  transformations 

the  signals  are  filtered  by  optimum 

filters  with  response  (10,5.25)  and  are 

multiplied.  The  optimum  circuit  of 

Pig.  10.15  is  not  more  complicated  than 

known  circuits  of  the  method  of  scanning 

with  compensation  and  therefore  deserves 

the  attentive  study  which  will  be  conducted  in  the  next  section.  When  the  frequency 

of  scanning  of  the  directional  patterns  is  sufficiently  small  as  compared  to  the 

width  of  the  passband  of  the  filters  in  the  circuit  of  Fig.  10.15,  multiplication  of 

the  difference  signal  by  a  function  varying  according  to  the  law  of  scanning  can  be 

carried  out  after  filtration.  Here  the  circuit  can  be  transformed  to  the  form 

depicted  in  Fig.  10.16,  Here  signals  directly  from  the  output  of  the  antenna  system 

are  heterodyned,  are  filtered  by 

optimum  filters  with  response 

(10.3.25),  are  detected  by  square- 

law  detectors,  and  are  subtracted; 

the  obtained  difference  is  multiplied 

by  a  function  varying  accorctlrg  to 

the  .law  of  scanning.  This  circuit, 

well-known  in  goniometer  practice, 

is  close  to  the  optimum  only  for  low-frequency  scanning  of  the  directional  patterns. 
The  optimum  circuits  for  the  IAC  method  are  very  similar  to  the  circuits  of 

scanning  with  compensation.  If  we  take  as  initial  prerequisites  identity  of  di ra¬ 
tional  patterns  of  the  antennas  in  the  goniometer  with  IAC  and  identity  of  noises 
added  to  the  signals,  the  optimum  circuit  for  IAC  will  be  obtained  from  the  elr-uif 
synthesized  just  now  for  the  method  of  scanning  with  compensation  (Fig.  1C. y-  )  if  we 
there  set  $(t)  =  0.  The  optimum  circuit  for  IAC  is  shown  in  Fig.  10.17.  C;.  .iously 

it  can  be  converted  Identically  to  the  form  in  Fig.  10. 18.  Both  variants  of  circuits 
for  IAC  are  known  and  have  been  described  in  the  literature  [49], 

bet  us  note  that  with  unequalness  of  directional  patterns  of  the  antenna  system 

and  unequalness  of  noises  in  optimum  circuits  for  IAC  besides  the  two  basic  channels 
there  would  appear,  just  as  for  the  method  of  scanning  with  compensation,  an  addi¬ 
tional  channel  Intended  for  compensation  of  harmful  effects  caused  by  the  shown 


Fig,  IJ.16,  Optimum  circuit  of  the  radio 
channel  of  a  goniometer  using  scanning  with 
compensation  for  low  frequencies  of  scanning; 
1)  optimum  filters  with  frequency  response 
onT(i“)j  2)  square-law  detectors. 


Fie  .JJ.15.  Optimum  circuit  of  the  radio 
channel  of  a  goniometer  using  scanning 
with  compensations  l)  optimum  filters  with 
frequency  response  (ice). 


Fig.  10.17.  Variant  of  an  optimum  circuit 
of  the  radio  channel  of  a  goniometer  with 
IAC  (circuit  with  multiplication  of  sig¬ 
nals).  1)  optimum  filters  with  frequency 
response  curve  on...  (1»). 


Fig.  10.18,  Variant  of  an  optimum  circuit 
of  the  radio  channel  of  a  goniometer  with 
IAC  (circuit  with  subtraction  of  signals): 
1)  optimum  filters  with  frequency  response 
curve  GnT( !“>) ;  2)  square-law  detectors. 


outputs  of  the  antenna  to  which  it  is  join..; 


a i symmetry,  however,  consideration 
of  these  cases  does  not  have  practical 
value. 

In  conclusion  we  note  that  for 

measurement  of  an  angular  coordinate 

of  a  target  in  another  plane  the 

optimum  circuits  of  the  method  of 

scanning  with  compensation,  obviously, 

do  not  change,  only  multiplication  by 
must/ 

cos  $(t)/oe  replaced  by  multiplieati- u. 
by  sin  $(t).  Optimum  circuits  of 
in  general,  do  not  depend  on  what 
angular  coordinate  of  the  target  is 
measured:  IAC  circuits  will  measure 
one  or  the  other  angular  coordinate 
of  the  target  depending  on  the  pair  of 


10.6.2.  Equivalent  Spectral  Densities  of  Optimum 
Circuits  for  Methods  of  Scanning 
with  Compensat ion  and  IAC 


Let  us  turn  to  the  question  of  potential  accuracy  c f  the  method  of  scanning 
with  compensation  and  IAC,  We  fivsv  consider  the  compensation  method.  Considering 
ir,  (10.3.31)  n  «  2,  $^(t,  a)  *  0,  introducing  (t,  a)  according  to  expression 
(1C, 2.4),  considering  here  all  assumptions  of  symmetry  made  in  the  beginning  of  this 
section,  in  particular  (10.6.2),  and  then  calculating  integrals  in  (10. 3. 31),  for 
equivalent  spectral  density  of  the  optimum  circuit  we  obtain  the  following  expressi 


(IO.6.5) 


where  in.  =  +  h2  (i.e.,  hj.  —  ratio  of  total  signal  power  received  by  both  direc¬ 

tional  patterns,  to  the  power  of  noise  of  one  channel  in  the  band  of  signal  fluctua¬ 
tions),  and  coefficient  c^  is  the  same  as  in  formulas  of  accuracy  for  the  method  of 
pattern  scanning  (10, A. 3).  Equivalent  spectral  density  during  measurement  of  an 
angular  coordinate  in  another  plane  is  expressed  by  the  same  formula  as  (10,6.5), 

p  p 

where  it  is  necessary  to  replace  c'  by  s  (10.4.4).  As  also  in  the  method  of  pattern 

?  2 

scanning,  coefficients  c"  and  s  ,  the  sum  of  which  is  equal  to  1,  characterise, 
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roughly  speaking,  the  distribution  of  received  power  for  measurement  of  angles  in 
various  planes. 

Usually  there  is  required  identical  accuracy  of  measurement  of  both  angles; 
therefore  we  naturally  select  the  law  of  scanning  so  that 

C*  =  s'  =  -j.  (10.6.6) 

This  we  shall  assume  subsequently.  However,  r^te  that  if  we  need  to  measure  only 
one  of  the  angles,  best  accuracy  will  be  rendered  by  switching  of  the  directional 


patterns  in  the  plane  of  this  angle  or  even  measurement  with  fixed  patterns,  located 
in  the  given  plane;  in  these  cases  cos  3-(t.)  =  ±1  and  =  1.  For  motionless  patient 
we  obtain  nothing  other  than  a  two-dimensional  variant  of  the  IAC  method. 

It  is  easy  to  show  that  potential  accuracy  of  IAC  when  there  5  s  required 
measurement  of  angles  in  two  planes  with  identical  accuracy  is  expressed  by  formula 
(10. 0.5),  where  a  =  1/2.  From  this  it  follows  that  potential  accuracy  of  IAC  anu 
of  the  method  of  scanning  with  compensation  are  identical. 

Comparison  of  formulas  (10.6, 5)  and  (10,4.5)  shows  also  that  potential  accuracy 
of  IAC  (or  of  the  method  of  scanning  with  c ompensation)  and  of  tho  method  cf  patt'-rn 
scanning  (with  use  in  the  latter  of  high  frequencies  of  scanning)  are  identical  if 
we  consider  identical  the  total  powers  received  in  each  case.  However,  as  was  alreau 
shown,  the  power  received  in  the  method  of  pattern  scanning  is  approximately  hall 
the. total  power  received  in  the  method  of  scanning  with  compensation  or  with  IAJ  (itr 
an  antenna  with  the  same  total  aperture  area).  Thus,  if  we  fix  the  aperture  area 
of  the  antenna  potential  accuracy  of  the  method  of  pattern  scanning,  even  with  high 
frequencies  of  scanning,  will  be  less  than  the  •■accuracy  of  IAC  (of  the  method  of 
scanning  with  compensation).  However,  we  note  that  this  is  connected  with  fir  v.<  o' 
use  of  the  aperture  of  the  antenna  system  during  the  method  of  pattern  scanning. 

Let  us  consider  formula  (10.6,5)  in  greater  detail.  For  small  noises,  i.e., 
when  rsT  »  1,  from  (10,6.5)  we  obtain  the  very  simple  expression 


Sea*  — 


I 


*5  M/, 


('  ''.".7) 


(remember  that  we  set  c  -  1/0). 

Inasmuch  as  In-  =  (P  .  +  P  „)/2N,  Lf  ,  equivalent  spectral  density  in  fn.i::  oa. 

tf.j  v  X  O  c  v/  O 

does  nut  depend  on  statistical  character! at.i cs  of  fluctuations  of  the  signal. 

In  general  we  make  our  calculation  oy  formula  (10.6.5),  using  approx ima‘  ic 
(10.5.2 6)  of  the  spectrum  of  fluctuations.  Here,  we  obtain 
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(10.6.8) 
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We  already  have  the  graph  of  function  (10.6.8)  in  Fig.  10.11  (ease  £  =  co) . 

We  note  also  the  formula  for  S 

(10.0.8) : 


onT  for  small  values  of  hv,  easily  obtained  from 

5o„  =  - 


(10.6.9) 

Subsequently  for  brevity  we  shall  call  the  c.'.  •■•.u.  i  ts  ox  Figs.  10,15  and  lC.ly 
circuits  with  multiplication,  and  the  circuits  r'i'  Figs.  10.16  and  10,16  —  circuits, 
with  subtraction  of  signals. 


5  10 . 7  •  Investigation  of  Synthesized  Circuits  for  Methods  of 
Scanning  witTT Compensation  and  for  lAC 

We  shall  investigate  real  accuracy  of  synthesized  circuits  for  the  method  of 
scanning  with  compensation  and,  correspondingly,  for  IAC.  The  meaning  of  this  inves¬ 
tigation  is  to  account  for  the  influence  on  accuracy  of  different  deviations  from 
optimality  in  parameters  of  these  circuits,  inevitable  during  their  practical  realiza¬ 
tion  . 

Peculiarities  appearing  during  practical  realization  of  theoretically  synthesized 
circuits  were  described  in  sufficient  detail  in  §  10,5.  All  tne  facts  mentioned 
there,  obviously,  directly  apply  to  the  considered  circuits  as  well.  However  here 
there  are  certain  additional  peculiar! i<- vhi.  n  must  no  considered  during  calcula¬ 
tion  of  real  accuracy.  Basically  they  reduce  to  the  fact  tnat  in  each  channel  of 
these  circuits  thi-re  are  mixers  and  UPCh's  ,  and  these  devices  are  complicated  and 
■1.1  f'.'i  -u.U  to  make  Identical;  from  tills  there  follows  nonidentity  of  the  frequency 
responses  of  the  channels  inevitable  in  practical  realization  of  such  circuits,  the 
influence  oi  which  on  accuracy  we  must  consider, 

Thus,  we  shall  assume  subsequently  that  filters  in  channels  have  different 
pulse  responses 

A,  (0  cos  [•»np<  +  6,  (01  «*  M  0  cos  [*avt  4-  (01 . 

For  frequency  responses  we  preserve  designations  uf  (10.5.2). 


10.7.1.  Investigations  of  Circuits  with 
Multiplication  of  Signals 

The  output  signal  from  the  circuit  of  Fig.  lu.15  can,  obviously,  be  recorded 
in  t.he  form 
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*(0=R*  J  A, (/  —  x) ly. <-=) H-y, (x)) « (-«) e^*  dxX 

t 

x  [  h\  (<  -  x)  (x)  -yt  (t)|  «*  (*)  e-^’cos  » (,)  dx. 


(10.7.1) 


where  y^(t),  (for  i  =  1,  2)  are  determined  by  formula  (10.3.3).  in  which,  in  turn, 
a)  are  expressed  by  formula  (10.2.4). 
n.’he  output  signal  from  the  circuit  of  Pig,  10.17  lias  a  simpler  forms 


«}« Re  J  hx(t  —x)\yt  (t)  V- y, <x)] a (-s) e'’*-'  rf-c X 

—09 

X  }  A*,  (/  -  *)  Iff,  (t)  - y,  <*)1  «»  dx, 


(10.7.2) 


where  y.(t)  is  also  given  by  formula  (10.3.3),  in  which  U  ,  (t,  ct)  are  express* 1  by 
formulas  (10.2.3). 

Then  substituting  the  obtained  expressions  in  ( 10 . f . 3 )  and  (10.3.7)  and  acting 
by  the  rules  already  dascribed.  It  Is  easy  to  find  that  in  both  cases  A  =  u,  and  K_ 


will  be  expressed  bi  the  same  formula 


t  '  r  !  \  \ 

\  J  '  •  i  ) 


Using  formula  (10.3.11).  we  obtain  in  both  cases  the  following  expression.- 


O  _  *"fl9 

- - r:  ie 

K*.  f 


m 

J  iff.  (<-)i*  i//,  (mimi;+  i>iS»  (•» 

» m 

V  r 

j  Re  Hi  ((•)  H*,  (Im)  S,  (•)  dm 


(1  '-'.'I.*) 


Prom  (10,7. !0  it  follows  that  the  minimum  of  Sr  (which  It.  is  easy  to  prove  b., 
simple  variation)  takes  place  when  limits)  •-  H,(iu>)  and  |H^(ia>)|  are  exr  reused  e,- 
formula  (10.3.23).  This  minimum  is  equal  simply  to  S, .  ..  Kurthermo  ro ,  from  ( '.  : .  .3 

and  (lj.T.k)  it  is  easy  to  perceive  the  influence  of  iionirient  i  ty  of  f  re  quei.  ■  ■/  l-  •• 
rjponfr-3  of  filters.  Obviously,  nonidentity  of  the  gain- frequency  responses  '■  ■: ■■•tr. 

"  little.  ftonideiit.lt  y  of  phase-frequency  responses  lead,  it-  essential  in-'f-uir--  of 
Z  (as  a  result  of  decrease  of  K ) .  Actually,  with  differ* mot.  of  the  phase 


cue  toy  responses  Atp(ui) 


Kr  =  j  Iff.  (») |*  Iff,  (i-il*  5.  (.)  cos  Af  («)  dm, 


(i 


from  wtii  :n  wo  clearly  see  the  cause  of  decrease  of  Kj- ,  In  parti  ulur,  if  . -i  ■'  1  ■ )  3 : 
i.mfic  ier.My  greet  (r.  uc  i,<-s  limits  try  .‘.till  In  l.v  vj  v  i  ni  i  ,y  *  f  its  maxi  mtr-  ■  : 


^r^JSTfTiSf'  r  /Z3.-3  jv  m unn 


WfJmFJA 


' } 
I 


I  Ii±  ( Ico)  I  ),  may  be  zero  or  even  change  sign. 

9mm 


The  circuit  vvi.il  not  work  here.  Tlius, 
of  basic  importance  for  the  considered 
circuits  is  making  the  phase-frequency 
responses  of  filters  identical. 

Let  us  calculate  by  formula 
(10,7. k),  considering  filters  identical 
and  approximating  their  gain-frequency 
response  by  formula  (10.5.16).  Here 

we  obtain 

=  ' 


.  I  /  2 +J 
2^Afc  ^  hi 


2  jiff  ,  *  +  2+1/.V  \ 

""  ,9  .♦ 

hi  ) 
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t  A  -C  * 

$  /Aic* 


where  as  before  x  =:  of 

This  formula  Is  very  simple,  and 
from  it,  it  is  easy  to  perceive  all  the 


laws  governing  variation  of 


Fig.  10.19.  The  dependence  S31f^'S0ir,,  on  in 

for  circuits  v.ith  multiplication  of  signals 
in  goniometers  using  scanning  with  compen¬ 
sation  or  IAC. 


Curves  of  the  dependence  of  o3ia^S0in. 
.  n  'a  .  are  shown  in  Fig.  10,19.  From 


this  figure  it  is  clear  o; .at  change 
of  the  filter  in  very  wide  limits 
(x  --  0.5-10)  for  h~  >  1  leads  to  increase  f  spectral  density  ss  -compared  to  the 
optimum  by  riot  more  than  ::  times. 

The  spectral  density  of  parametrl--  1'luc tuations  for  trie  considered  circuits 
witn  identical  filters  is  easily  calculated  by  formula  (10.5*2?)  and  turns  out  to 
■-'.cuiMtc-iy  coincide  with  expression  (lo.9.£3).  Analysis  of  this  expression  v/as  niac¬ 
in  lu.v. 

Investigation  ol'  the  Circuit,  with  Subtraction  of  Signals 
1  or  the  Method  of  Scanning  wi th  Compensation 

I,-. t  us  turn  to  conside rat, ion  of  the  circuit  for  the  method  of  scanning  with 
compenuoti  on  (Fig.  10,1b),  As  we  established,  tills  circuit  is  'Is-"  to  th-  optimum 
only  with  low  .frequencies  of  scanning.  How'-ver,  a  circuit  of  tnl  r.  type  is;  un-  .1  'c. 
practice,  and  it  is  A'  interest  to  analyze  its  accuracy  jor  ,'ac- ■  values  of  the  fre¬ 
quency  ol  ocanninr  wnich  are  nut,  too  low. 

The  output  ...li'.nel  ul'  \.iit.  cirr  tit  of  pig.  ,  ,,lt.  nus  t,.-.  form 
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FiaiAeifmtti 


i 

2 (t)  =  cos  C  [t  -  T.)  {I  j  A,  (/  —  ,) yt(z)u  (t)  e'-Vx  I*  _ 

— *00  * 

-|^/i,(/-x)^(x)«(x)e'--Vx|,j  ,  (10.7.6) 

where  y.(T)  and  y-(T)  are  the  same  as  In  (10. 7.1),  and  t  -  delay  of  the  reference 

C  J  O 

signal,  selected  from  the  condition  of  me.ximum  ke  (see  §  10.5). 

This  condition  exceptionally  hampers  calculation  In  general,  and  we  subsequently 
shall  limit  our  consideration  to  the  case  of  conical  scanning  of  directional  patterns. 
In  this  case  all  calculations  are  considerably  simplified,  and  after  simple  calcu¬ 
lations  we  obtain 

** = ^77 1 J  l"*  (M  ('*» + «'Q)  + 

—00 

I  (10.  ! .1 ) 

00 

j  {liw,  (/-)!•  i//,(/.+  iQ)l‘  + 

— 00 

+  l^.(MI*|//,(i«+«Q)n  +  "j  S.(m+D)\X 

*  [ 1  +  ~i  5.  («)] ■  -  ~  | Hx  «»)|*  \Ht  (/*  +  iQ)l*  X 
X  5*  (®)  S#(«  -|-Q)  |  dm  X 

X|  J  [fft  {i-)  //*,  (<<*+/n)  +  H»  H  V»+m  s0(«)rf® I -\  ( in .  7 .  ) 

•in 

where  hj.  —  ratio  of  the  total  signal  power  to  the  power  of  noise  of  one  channel  in 
the  band  of  signal  fluctuations.  Systematic  error  A  in  the  considered  case  Js  also 
equal  to  0, 

Let  us  consider  formula  (10.7.8)  in  greater  detail.  From  it.  we  can  easily  > 

eeive  that  in  general  for  different  gain-frequency  responses  of  filters  thcr'-  exi;-.  ■ 

a  component  of  equivalent  spectral  density  caused  by  nonlinear  transformation 

the  useful  signal.  This  component  in  tne  given  circuit  causes  error  ._.f  mease ri-uient 

even  With  complete  elimination  of  noises.  With  identical  cain-f requeue;.’  '.'iwa'' * r-r- 
\ 

istics  of  filters  such  a  component  of  equivalent  spectral  density  disappears , 
influence  of  r.onidentity  of  filters  on  accuracy  of  the  considered  circuit  lends  basi¬ 
cally  to  appearance  if  this  component  of  error. 

We  shall  conduct,  further  Investigation  of  foimula  (10.7.6),  considering  fijier:. 
Identical  and  using  usual  apDroxlraat J  urn  ('u'.3.26\  and  (10.5.1'  ).  Here  we  ol. tein 


(10.7.9) 


c  _  l  +  JT  s/  I  I  t4  +  ?M5x»  +  4x4.3)  +  2(x-  l)*(*  +  l)  <2.t  +  |)  , 

•K*  ^a/.x  A(At  |i*  +  (•*-*- 1 )*1  ft*  +  4 (xTTn  r 

_ 2  (t  +x>R*  +  04-x),M 

“a|  t'+Mx  +  O'  j* 


whore  as  before  C  -  H/2Af  0  ;  x  =  At'  ^  /Af^. 

For  high  frequencies  of  scanning,  i.e.,  for  large  C  from  (10. 7. 9)  we  obtain 


<S»K»  — 


/I  -H/x 
\  ^  ' 


x  4-  2  +\lx 

hi 


} 


Comparison  of  tills  formula  with  (l1', 7. 5)  snows  that  for  high  frequencies  of 
scanning  the  considered  circuit  gives  accuracy  identical  to  the  accuracy  of  the 
circuit  of  Fig.  10.19  only  when  x  »  1  and  h9  »  1.  In  the  remaining  cases  accuracy 
of  the  considered  circuit  is  approximately  half  the  accuracy  of  the  circuit  of 
Fig.  10.19  (in  equivalent  spectral  density). 

For  low  frequencies  of  scanning  from  (10.7.9)  we  obtain  for  S  an  expression 

3ICB 

exactly  coinciding  with  (10.7.9),  -.e,,  the  accuracy  of  the  considered  circuit  in 
this  case  is  the  same  as  accuracy  < -f  the-  circuit  uj.  Mg.  10.19. 


Curves  of  the  dependence  of 
S’sKB^or’y  on  h-,,  calculated  wi'h 
approximations  (10 .3.20)  and 
(10. 9 . \0 ) ,  for  different  £  are 
shown  in  rig,  10.20,  From  this 
figure  it  is  clear  that  in  the 
range  of  changes  C  =  1-3  the  con¬ 
sidered  circuit  sufficiently  wM.l 
realizes  the  potential  of  the 
method  of  scanning  with  compensa¬ 
tion,  giving  for  x  =  1-5  equiva¬ 
lent.  spectral  density  exceeding 


Tig.  10.20.  The  dependence  of 

llr  on  h_  for  a  circuit  with 
3CE  om  z. 

subtraction  of  sLgnalc  of  a  goni¬ 
ometer  using  scanning  with  compen 

sation:  -  r,  =  3;  -  -  -  C-  1; 

-.  -.  -•  l  =  0.(4. 


by  not  more  than  1,8  times).  For  higher  frequen- 


(and  for  h^  >  1,  SSKB  exceeds  S onT 
cles  of  scanning  properties  of  this  circuit  worsen, 

10,7.3.  Investigation  of  a  Circuit  with  Subtract!  ->n 
of  Signals  for  IAC 

Let  us  analyze,  finally,  the  last  circuit  of  Fig.  10.18  for  IAC.  The  output- 
signal  of  this  circuit  is  equal  to 


z 


<0~|  J 

— |  J  (<  ~  0  yt  (0  «  (0  , 


where  yi(t)  are  the  same  as  in  (10.7.2).  Substituting  this  expression  ir.  (10. 3.-) 
and  (10.5.11),  we  obtain,  respectively. 


^a~2n£FT  j  11^ *  (Ml‘i  5o  (“)  d(o, 

-00 


*S»K»  -- 


4* 


]  {llW, (Ml4  + 1//, (Ml4l  +  (•> ]'-  %  I",  (Ml*  \Ht  (HI*  5;  («,)}  «/«  X 


oo 

x{  S  \\H  I  (Ml*  -f-  \II \  (M|*l  S#  (iu)  dm  j  \  (iO.7.13) 

’4c  ’ 

It  is  easy  to  see  that  (10.7.7)  and  (10.7.8)  for  small  Q  are  transformed  into 
(10.7.12)  and  (10.7.13),  respectively,  i.e.,  accuracy  of  the  circuit  of  Fig,  10, io 
for  IAC  and  accuracy  of  the  circuit  of  Fig.  10. 16  for  the  method  of  scanning  wiln 
compensation  for  low  frequencies  of  scanning  are  identical.  From  (10.7.13)  it  is 
clear  that  nonidentity  of  the  gain-f requenc.y  responses  of  filters  leads  in  u."  e 
circuit  to  the  some  effect  as  in  the  circuit  of  Fig.  10,16  of  the  method  of  v-annin 
with  compensation;  the  appearance  of  a  very  undesirable  component  of  r,  '■■■>■•■  ■■  -1 
by  nonlinear  transformation  of  the  signal.  Furthermore,  in  the  considered  circs; ! t 
for  different  gain-frequency  responses  there  will  exist  certain  systematic  error 
differing  from  zero,  calculable  by  formula  (lo.h.6): 


-h4'y- 


(10.7.14) 


$  (| Hy  (/«*)!'  - 1 Ht  [  1  +  ^  s.  (Ik)  ]  dm 

J  u«.  m\' + 1 «.  5,  («)  </«» 


In  particular,  when  | ( Ioj )  |  ^  --  K|H2(ixo)|  '  (  i.e.,  if  only  gains  of  the  channels 
differ)  and  with  approximation  (10.5.12)  v/e  will  have  a  quite  simple  expression 


■ _  1  1  -K  (  I  .  jt +  l\ 

i  +  /c  V2  ^  )' 


(10.7.1:,) 


Caculation  of  S5KS  for  approximations  (10.5.26)  and  (10.5,16)  will  lead,  obvi¬ 
ously,  to  formula  (10.7.5),  since  S3KB,  as  we  already  noted,  coincides  with  (10.7. .  j 
when  i'  «  1,  which  In  turn  reduces  to  (10,7.5). 

The  spectral  density  of  parametric  fluctuations  we  shall  consider  again  for 
identical  filters  (when  systematic  error  is  equal  to  0,  equivalent  spectral  density 
of  error  Is  also  small,  and  parametric  fluctuations  give  an  appreciable  contribution 
to  total  error  of  measurement).  In  this  case  it  completely  coincides  with  (10,5 .25). 

We  sum  up  our  investigation.  First  w  with  identical  channels  the 

circuit  of  Fig,  10.15  for  the  method  of  scanning  with  compensation  and  the  circuit 
for  the  method  of  IAC  (Figs  10,17  and  10. 1>')  have  absolutely  identical  accuracy, 
rather  close  to  the  potential  accuracy  of  these  methods.  The  circuit  of  Fig.  10.16 
l'or  the  method  of  scanning  with  cornpen.  f.i.-i,  '  s  c.i  <  se  in  accuracy  to  these  circuits 
only  at  low  frequencies  of  scanning.  With  increase  of  the  frequency  of  scanning 
accuracy  of  this  circuit  monotonically  worsens,  attaining  a  limit  of  approximately 
half  its  magnitude  at  low  frequencies  of  .’.canning. 

Monidentity  of  channels  influences,  in  general,  different  circuits  differ"  n‘.  V. 
In  the  circuits  of  Figs.  10.15  and  10,17  with  nonidentical  channels  accuracy  remai.*.. 
absolutely  identical.  In  these  circuits  the  basic  influence  on  accuracy  is  rendered 
only  by  nonidontity  of  the  phase-frequency  responses  of  the  filters,  leading  to 
decrease  of  the  transmission  factor  of  the  radio  channel  and  through  it  to  increase 
of  equivalent  spectral  density. 

In  the  circuits  uf  Figs.  10.16  ana  10.16  the  basic  influence  on  accuracy  comes 
from  nonidentity  of  the  gain-frequency  responses  of  the  filters.  In  the  cireuit  of 
pig,  j ; , it .  for  the  method  of  scanning  with  compensation  this  nonidentity  leads  to 


the  appearance  oi  a  cornu 


orient  of  error  caused  by  nonlinear  transformation  «>i  the 


;lgnai ,  and  in  the  circuit  for  the  IAC  method  (Fig.  in.l'),  furthermore,  it  leads 


-560- 


to  the  appearance  of  systematic  error. 

Now  we  introduce  considerations  about  the  technical  complexity  of  the  considered 
circuits . 

As  we  already  said  in  §  10. 5,  the  most  complicated  components  of  goniometer 
circuits  are  the  UPCh's,  mixers  with  inversion  of  phase  modulation,  and  amplitude 
modulators.  It  is  easy  to  see  that  circuits  with  compensation  contain  the  least 
number  of  such  components:  each  of  these  circuits  has  2  channels  w_th  such  components 
and  provides  measurement  of  angular  target  data  in  two  planes.  It  is  easy  1.0  so-: 
that  the  circuit  of  the  IAG  method  (Pig,  10.17)  for  measurement  of  angular  coordinate 
in  two  planes  will  already  require  3  such  channels  (since  here  there  should  be  1 
channel  with  the  sum  signal  and  2  channels  with  the  difference  signal),  and  the  cir¬ 
cuit  of  Pig.  IO.18  even  requires  4  channels  (2  channel  for  measurement  of  the  angle 
in  one  plane  and  2  in  the  other).  Thus,  the  circuits  of  the  method  of  scanning  w.iih 
compensation  are  the  simplest,  the  circuit  of  the  IAC  method  of  Fig.  10. iy  is  morn- 
complicated,  and  the  circuit  of  Fig.  10.18  is  the  most  complicated. 

If  we  assume  that  making  both  the  phase-frequency  responses  of  filters  anu 
their  gain-frequency  responses  identical  is  a  difficult  task,  then  among  the  consid¬ 
ered  set  of  circuits  the  circuit  of  Fig.  10,15  of  the  method  of  scanning  witn  com¬ 
pensation  will  have  obvious  advantages  over  the  other  circuits:  naving  ti.e  greatest 
accuracy  and  simplicity,  it  is  least  critical  to  nonidentity  of  channels,  However, 
in  many  cases  it  is  easier  to  ensure  identity  of  gain-frequency  response  of  l'ilv.m, 
In  this  case  the  advantage,  for  the  same  reasons,  will  lie  or.  the  side  of  the  ci:t  :u:i>. 
(Fig,  10,16)  of  the  method  of  scanning  with  compensation  with  use  in  it  of  low  fre¬ 
quencies  of  scanning.  However,  in  view  of  the  small  difference  of  accuracies  of  w.. 
different  circuits  these  recommendations  one  should  consider  very  relative,  and  t1  - 
best  solution  can  be  realized  only  by  taking  into  account  the  concrete  situation. 


§  10.8,  Method  of  Phase  Center  Scanning 

Let  us  turn  to  investigation  of  phase  methods  of  direction  finding,  us)-.,:  f,  c 
direction  finding  of  a  target  effects  connected  with  the  dependence-  (under  -.-it  a  in 
conditions)  of  phases  of  arriving  radar  signals  on  angular  conrdinai  es  of  t  )■■■■  l  ar'i.'-l  . 
The  simplest  of  the  phase  methods  of  direction  finding  In  the  in* -thud  of  r  ha  b-  r 

scanning.  The  given  method,  if  it  le  possible  to  say  so,  is  tin  Mp ha ansi'-r"  . .f 
the  method  of  pattern  scanning. 

Tin:  deficiency  of  this  method  '.a  lowering  of  Use  a.'-.-urft?'.  -  f  ui  motion  :  i  n  , '  1  • 


with  1-w  i’rcquenci -s 


■a  w.r 
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included  in  the  law  of  measurement  of  the  phase  of  the  arriving  signal,  and  at  low 
frequencies  of  scanning  this  law  will  be  distorted  by  phase  fluctuations.  Here 
intuition  does  not  suggest  any  measures  of  compensating  phase  fluctuations.  Study 
of  the  potential  of  this  method,  therefore,  is  of  special  interest. 

10,8,1,  Optimum  Circuit  for  the  Method  of  Phase  Center  Scanning 


1 'he  optimum  circuit  for  the  method  of  phase  center  scanning  is  easily  obtained 
from  the  general  circuit  of  Fig.  10.7  if  we  there  set  n  -  1  (one  receiving  antenna), 

U  ( i. ,  a)  i  (i.e.,  tne  signal  during  reception  cool,  not  i  t-t.ain  amp 3  itude  roan  la *h. 
and  0(t,  a)  is  expressed  by  formula  (10.2,7).  Substituting  these  date  it.  (id  , 
we  obtain  the  optimum  circuit  of  the  method  of  phase  center  scanning  in  tne  lorn, 
depicted  in  Fig,  10,21,  The  circuit  for  measurement  of  the  angle  in  the  other  plan* 


uu(tlcas[u,t+<Ht)J 


Fly.  10,21.  Optimum  cirpu.it  of  the  radio 
cuannej.  of  a  goniometer  using  phase  cento 
scanning.  1)  optimum  filters  with  fre¬ 
quency  response  11^  (its) , 


will  bo  obviously,  the  same,  only  mul¬ 
tiplication  by  0 ( t )  must  be  replaced  by 
multiplication  by  a  function  varying 
according  to  the  law  of  motion  of  the 
projection  of  the  phase  center  in  the 
other  plane .  The  output  signal  of  the 
antenna  system  here  ii.ui.ee ialn'i /  enters 
two  channels,  In  whi.cn  there  is  refill  r.e 
heterodyning.  A  peculiarity  of  hefcero- 


,  uyning  in  the  considered  case  Js  the 

circumstance  tnat  the  signal  of  the  heterodyne  proceeds  to  one  of  tne  channels 
through  a  yinst  snifter  shifting  the  phase  of  this  signal  tj/2.  Then  the  signal  in 
;  ;.:r  ■  nannel  is  multiplied  by  a  function  varying  according  to  the  la w  of  scanning 
of  Uni  phase  center  (more  exactly,  by  the  projection  of  this  function  in  the  p 3a:  ■■ 
of  the-  measured  angle).  After  such  transformations  signals  of  both  channels  art 
filtered  by  an  optimum  filter  with  response  (10,3.28)  and  are  multiplied. 

the  physical  meaning  of  these  transformations  is  approximately  the  same  as  in 
the  optimum  circuit  of  tne  method  of  pattern  scanning.  Multiplying  the  received 
signal  by  a  function  which  varies  by  the  law  of  phas"  center  scanning,  we  transl’erod 
tne  side  spectral  components  of  the  signal,  containing  useful  information,  to  the 
center  li  equericy ,  al  ter  which  it  is  possible  to  fitter  the  signal  by  a  sufficiently 
nan  ow-banu  filter,  passing  a  minimum  <:  i  noises  without  loss  nf  useful  information 


oi  tne  signal.  It  is  curious  that  there  is  not  any  compensation  of  phase  fluctuations 
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of  the  signal.  Inasmuch  as  this  circuit  is  optimum,  then  from  this  there  follows 
the  conclusion  about  the  impossibility  of  compensation  of  phase  fluctuations  of  the 
signal.  In  order  to  grasp  the  peculiarities  distinguishing  phase  from  amplitude 
fluctuations,  partial  compensation  of  which  turns  out  to  be  possible,  we  note  the 
following:  addition  of  a  constant  to  amplitude  will  change  its  law  of  distribution 
of  probabilities,  but  addition  of  a  constant  to  phase  will  not  change  its  distribu¬ 
tion  of  probabilities.  This  graphically  shows  that  fluctuations  of  phase  lead  ro 
more  significant  distortion  of  information  included  in  tne  phase  than  occurs  for 
amplitudes . 

10,8.2.  Equivalent  Spectral  Density  of  the  Optimum  Circuit 
for  the  Method  of  Phase  Center  Scanning 

Let  us  consider  potential  accuracy  of  measurement  of  angles  by  the  method  of 
phase  center  scanning.  Considering  in  formula  (10.3.51)  n  =  1,  substituting  there 
expression  (10.2.7)  and  producing  the  necessary  calculations,  we  obtain 


S”"~ (•£)'„,  {c*  |  t  +'«!(•)  d~ 


where 


<• 


'jdsr  jV";  “♦“fir  f  ««)«"'<«; 


(10.C.1) 


T„„  —  period  of  phase  center  scanning; 

U  -  2m/TCK  —  angular  frequency  of  scanning; 
a  —  wavelength; 

d  —  maximum  deviation  of  the  phase  center  from  its  center  positon. 

o  o 

In  the  other  plane  0^  will  have  the  same  form,  only  cjj,  and  mu::‘  V 

2>  p 

replaced  by  and  js^J  ,  expressed  analogously  to  (10,8,2)  through  the  law  of 
motion  of  the  projection  of  the  phase  cente-  in  this  plane. 

Let  us  consider  certain  limiting  cases.  With  high  frequencies  of  scanning,  v  ; 
obtain 


S 


obt 


*.(»)* 

■|  +AS,(») 
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From  this  it  is  clear  that  the  best  scanning  ic  symmetric  scanning  of  the  phase 


center,  where  c^Q  =  0.  Then  (10.8.3)  takes  form 


SoBT - 


l*)' 


[  f  .  S'WL-dmY'  , 
[J  1  +  M.W  J 


( 10.8.4) 


2 

coinciding  with  (10,4.8)  with  replacement  of  |i.&  by  ird/X,  and  of  c  by  c^. 

Regarding  magnitudes  of  coefficients  and  s^j  it  is  possible  to  conduct 

*  O 

reasoning  analogous  to  the  reasoning  regarding  coefficients  c  and  s  for  the  method 
of  pattern  scanning  (§  10.4).  Here  it  will  become  clear  that  if  it  is  required  to 
measure  only  one  angle,  the  best  scanning  will  be  Jumps  of  the  phase  center  tc  two 
extreme  positions  in  the  plane  of  this  angle,  where  =  1  and  =  0,  11,  howewu  , 
it  is  required  to  measure  angles  in  two  planes  with  identical  accuracy,  the  law  oi 
scanning  of  the  phase  center  one  should  select  in  suen  a  manner  that  =  j/1-* 

Subsequently,  we  assume  namely  the  latter. 

At  low  frequencies  of  scanning,  obviously, 
lar  coordinates  is  impossible. 

As  h.  -*  co  (decrease  of  noises)  we  obtain 


* cd,  i.e.,  measurement  of  augu- 


Jonr  • 


(10.8,3) 


Thus,  for  the  method  of  phase  center  scanning  due  to  fluctuations  of  the  phase 
of  thu  signal  for  finite  ft  there  exists  error  uf  measurement  differing  from  zero 

even  with  complete  elimination  of  noi.-es. 

fur  investigation  of  the  general  case  we  produce  by  formula  (in. 8.1)  a  calcula¬ 
tion  using  approximation  (10.3.28)  for  5,;(<o).  bet  us  consider  the  case  of  uniform 
circular  scanning  of  the  phase  center,  i.e.,  with  c^i±1  =  1/2,  and  with  i  r4  +1,  c(f>j 
=  o.  Here  we  obtain 


on  h,  calculated  by  this  formula  (for  different 
om 


wtid  re  r  =  ft/2Af__. 

Curves  of  the  dependence  of  S _ 
values  of  C),  are  shown  in  Fig.  10.22.  From  the  curves  it  is  clear  that  with  growth 
of  h  spectral  density  SonT  monotonically  drops  to  a  certain  finite  quantity,  seeking 
0  as  '  —  co.  With  decrease  of  C  it  monotonically  increases,  inenasing  to  inllnity. 
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10.8.5  Investigation  of  the  Synthesized  Circuit  for  the  Method 
of  Phase  Center  Scanning 


Let  us  consider  now  the  question  of  the  real  accuracy  of  the  circuit  oj  iig. 
10.21.  We  assume  that  filters  in  this  circuit  have  pulse  response  h(t)  cos  [u^t 
+  t/(t)].  We  Introduce  also  designations  analogous  to  (lo.t-.f).  The  output  signal 
of  the  circuit  of  Fig.  10.21  here  will  have  the  form 


, (t) «=  Re  J  fi*  (t  -  *)e%  (t) u*(*)dxX  $  h(t-x) M  te  W  * («)*.  ( ' ' 1  •  • 7 ) 

where  y(x)  —  received  signal. 

Subsequently  we  shall  limit  ourselves  to  the  case  of  uniform  circular  scanning 
of  the  phase  center  in  the  aperture  plane,  where  o(t)  =  d  cos  fit. 

Calculation  by  the  usual  rules  using  formula  (iu.5.")  and  (  lj  )  gx»> 


Re  Hx  (lm)  H\ (U>)  IS,  (•)  -  S.  <•+  Q)  1  dm. 


(■  ••  •  ) 
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(rj  h  J. 

x  |  Ht  (i« + /fi)|*j  [1 + as.  (•)]  [l  +  hst  (« + 0)]  dm  X 

«o 

X  (  J  Re //,(<*)  //%  (iu.)  (S4  (•)  -  S,  («  +  ft)jrf«}  • 


(I'j.y.'j) 


It  is  also  easy  to  calculate  that  systematic  error  A  =  0.  Prom  (10. 8,9)  it  is 
clear  that  nonidentity  of  gain-frequency  responses  little  affects  accuracy  of  the 
circuits  nonidentity  of  phase-frequency  responses  leads  to  decrease  of  and,  con¬ 
sequently,  to  increase  of  SgKB.  Here  considerable  divergence  of  phase  responses  can 
even  lead  to  change  of  the  sign  of  K^. 

Calculation  by  formula  (10. 8. 9)  we  perform  on  the  assumption  of  identity  of  tl 
filters,  approximating  their  frequency  responses  by  formula  (10. 9. 12).  here  vie  ob¬ 
tain  for  S3KB  an  expression  coinciding  with  (IO.9.17),  only  factor 

C  (l  +  x)2/|A  Af  [?2  +  2(1  +  x)2]2  before  the  braces  must  be  replaced  by  the  simcl- 

3.  C 

' )  o  p  h 

+  (1  +  x)  '/(nd/X)  Af  c  t,  .  This  will  introduce  definite  changes  in  the  law  of 
the  dependence  of  S  on  h,  x  and  C.  In  particular,  for  small  x  we  will  have  the 


following  expression  for  3^: 


1  ;*+ia  .  «’+2 1  v  + 

i  +  +  F > 


from  which  we  see  infinite  growth  of  S,.  ,,  a..  " 


Por  large  x  wc  o'u  tain 


(x)V**C*  ’ 


(lo.e.n ) 


Here  we  see  the  exceptional  criticality  of  the  circuit  to  expansion  of  the 
pass hand  of  the  filters.  Equivalent  spectral  density  increases  proportionally 

f 

x ' .  However,  the  dependence  on  the  frequency  of  scanning  is  preserved.  Increase 

j  f 

of  the  frequency  of  scanning  leads  to  considerable  decrease  of  the  equivalent 
spectral  density. 

With  respect  to  limiting  cases  for  C  we  note  that  for  large  £  the  expression 
for  Sr,KB  will  coincide  with  (lb. 9<W0)  (with  replacement  of  p&  b,y  ird/X),  i.e.,  in  this 
case  aeeur&cy  of  the  considered  circuit  coincides  with  the  accuracy  of  the  circuit 
of  fig.  io. 8  for  the  method  of  pattern  scanning.  I'or  small  C  W-;  have 


<l  +  *>‘  O  S+I/JT  ,  x  +  2+  l/x  \ 


(1  ;.o.ir) 
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Fig.  10.2?.  The  dependence  of  ^1<B/S(,nT  on 

h  for  a  quas  1  -optimum  circuit  of  the  radio 
channel  of  a  goniometer  with  phase  center 
scanning:  -  C  “•  100;  --■-£  =  10. 


i.e.,  the  drop  of  accuracy  is  propor¬ 
tional  to  e4. 

Curves  of  the  dependence  of 
S3w/S  onT  on  h,  calculated  with  these 
same  approximations,  are  shown  in 
Fig.  10.2?. 

As  can  he  seen  from  these  curves, 
with  high  frequencies  of  scanning 
(C  ”  100)  the  considered  circuit  suf¬ 
ficiently  well  realizes  potential 
accuracy  of  the  method  in  a  wide  range 
of  variation  of  x(>;  =  2-10).  For  luvrer 
frequencies  of  scanning  (£  =  10)  accu¬ 
racy  of  the  circuit  already  will 
sharply  depend  on  x  (for  h  =  5  change 
of  x  from  2  to  10  leads  to  increase 
of  S3JB  by  approximately  20  times). 

Thus,  results  of  investigation  ol 
the  method  of  phase  center  scanning 
can  he  summarized  in  the  following 
way:  this  method  is  applicat.lt  only 


with  sufficiently  high  frequencies  of  scanning  (5  53  100),  where  it  ensures  accuracy 
equal  to  the  accuracy  of  high-frequency  scanning  of  the  directional  pattern  (or  the 
method  of  scanning  with  compensation  or  IAC),  only  ua  =  ird/'X  and  the  received  power- 
are  identical;  the  synthesized  circuit  of  the  method  of  phase  scanning  is  not  vi-r." 
critical  to  the  degree  of  matching  of  filters  with  the  spectrum  of  fluctuations  <•; 
signal  only  at  very  high  frequencies  of  scanning;  already  at  C  “  10  it  Lecc m- 
critical  that  it  is  possible  to  place  in  doubt  t.he  expediency  of  its  practical 
realization. 

From  the  obtained  results  it  is  clear  that  In  many  cases  the  i:r  thud  of  t 
center  scanning  is  less  desirable  in  comparison  with  the  al.ove-considered  amplit 'na¬ 
me  mods  of  direction  finding. 


!  4 


1 


.1 

,£ 
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§  10.9.  Method  of  Instantaneous  Phase  Comparison  of  Signals 


10.9.1.  Optimum  Circuits  and.  Potential 
Accuracy  for  IPC 

The  method  of  instantaneous  phase  comparison  of  signals  (IPC)  is  the  phase 
analog  of  the  IAC "method.  In  IPC  circuits  the  presence  of  several  outputs  of  the 
antenna  array  with  separated  phase  centers  means  that  phase  fluctuations  of  the 
received  signals  differ  only  by  a  constant  component,  and,  consequently,  there  exist 
the  prerequisites  for  compensation  of  phase  fluctuations.  This  indicates  that  from 
the  IPC  method  we  are  justified  in  expecting  higher  accuracy  of  measurements  during 
operation  on  a  fluctuating  signal,  than  from  the  method  of  phase  center  scanning. 

The  circuit  of  the  optimum  radio  channel  for  IPC  is  easy  to  obtain  from  the 
general  circuit  of  Fig.  10.7  if  we  there  set  n  =  2  (two  receiving  antennas),  Uai(t, 
a)  =  1  (amplitudes  of  the  received  signals  are  identical),  and  we  introduce  4^(t,  a) 
according  to  expressions  (10.2.8).  The  circuit  of  the  radio  channel  of  IPC  is 

obtained  here  in  the  form  depicted  in 
Fig.  10.24,  which  can  easily  be  abso¬ 
lutely  identically  transformed  to  the 
form  depicted  in  Fig.  d0.25. 

In  both  variants  of  optimum  IPC 
circuits  signals  from  the  output  of  the 
antenna  system  after  transformations 
of  the  type  of  addition  or  subtraction 
of  these  signals  enter  two  channels. 
There  the  signals  are  heterodyned,  where 
heterodyne  signals  proceeding  into  these 
channels  are  shifted  in  phase  m/2. 

Then  the  signals  are  filtered  by  an  optimum  filter  of  type  (10.3.25)  and  are  multi¬ 
plied.  Both  circuits  are  very  simple  and  are  similar  to  the  circuit  of  the  radio 
channel  with  phase  center  scanning  (if  in  the  latter  we  exclude  multiplication  by 
the  function  varying  according  to  the  law  of  scanning). 

Potential  accuracy  of  IPC  can  be  calculated  by  formula  (10.3.31)  if  there  we 
set  n  =  2,  Uaj_(t,  ct)  =  1,  and  introduce  ®^(t,  a)  by  formula  (10.2.8).  Then 


Fig.  10.24.  Variant  of  the  optimum  cir¬ 
cuit  with  formation  of  the  sum  and  differ¬ 
ence  signals  of  the  radio  channel  of  a 
goniometer  for  IPC.  1)  optimum  filters 
with  frequency  response  T(icu). 


u 


(10.9.1) 


L 
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Fig.  10.25.  Variant  of  the  opti¬ 
mum  circuit  (without  formation  of 
the  svim  and  difference  signals)  of 
the  radio  channel  of  a  goniometer 
for  IPC.  1)  optimum  filters  with 
frequency  response  onT(ico)* 


This  formula  will  completely  coincide 
with  (10.6.5),  characterizing  the  potential 
accuracy  of  the  method  of  scanning  with  com¬ 
pensation  and  IAC,  if  there  we  replace  u  on 

2 

by  7rd/X  (as  we  agreed,  c  =  1/2).  It  follows 
from  this  that  potential  accuracy  of  IPC  is 
identical  with  potential  accuracy  of  IAC  (or 
the  method  of  scanning  with  compensation),  if 
the  total  received  powers  in  both  cases  are 
identical  and  if  pa  =  ird/X.  Accuracy  of  the 
method  of  phase  center  scanning  nears  the 


accuracy  of  IPC  only  at  high  frequencies  of 
scanning  (if  the  received  total  powers  in  both  cases  are  identical). 

The  dependence  of  SonT  on  different  factors  was  studied  in  sufficient  detail  in 

§  10.6. 


10.9.2.  Investigation  of  Synthesized  Circuits  for  IPC 


Let  us  analyze  real  accuracy  of  synethesized  circuits  of  IPC.  All  assumptions 
about  circuits  and  designations  we  keep  the  same  as  in  the  preceding  paragraph.  VJe 
consider  first  the  circuit  of  Fig.  10.24.  The  output  signal  of  this  circuit  has  the 
form 


(10.9.2) 


whore  y^(t)  —  are  the  received  signals. 

Substituting  this  expression  in  (10.5.5),  (10.5.6),  (10.5.11)  and  (10.5.22), 
we  can  calculate  Kfl,  A,  and  8n&p,  It  is  interesting  to  note  that  the  results 
here  are  absolutely  the  same  as  for  the  circuit  of  Fig.  10. 15  or  for  the  circuit  of 
Fig.  10.17,  only  na  is  replaced  by  md/X,  i.e.,  is  expressed  by  formula  (I0.7.2), 
formula  (10.7.3),  A  *  0,  and  Sn8p  (with  identical  filters)  is  expressed  by 
formula  (10,  7.  6).  Investigation  of  accuracy  of  these  circuit;-,  w&o  conducted  in 
detail  In  $  10.7.  We  recall  the  basic  results  of  this  investigations  with  identical 
channels  the  circuit  well  realizes  potential  accuracy  of  measurement j  the  degree 
of  matching  of  filters  with  the  spectru,-  of  signal  fluctuations  weakly  influences 
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accuracy  of  the  circuit;  the  greatest  danger  to  identity  of  channels  is  noniderit. i  ty 
of  phase-frequency  responses  of  filters,  leading  to  decrease  of  and  increase  of 

The  circuit  of  Fig.  10. 25  in  its  properties,  as  it  turns  out,  considerably 
differs  from  the  circuit  of  Fig.  10.24.  The  output  signal  of  the  circuit  of  Fig. 
10. 25  has,  obviously,  the  form  (10.9.2),  only  under  the  sign  of  the  first  integral 
instead  of  the  combination  of  received  signals  there  should  be  y^(x),  and  under  the 
second  integral  —  yg(t).  Substitution  of  this  expression  in  (10,9, f)  after  simple 
calculations  gives  for  Kfl  again  the  expression  (10,7,2)  (with  replacement  of  |i  lj 
77.d/>.),  However,  the  other  characteristics  of  the  circuit  turn  out  to  be  different. 
In  particular,  2^  for  this  circuit  equals 


w 

=  7  { f  II  tf.WItf.WO  +AAW)'- 

(“T J  -«0 

- \-h\  St(m)'  Re  Ht  dm  -f 

40  QO 

+4"*I  j  Im  H,  (H  fl\  (»'«»)  se  (<«)  dm]  X  [  5  Re  H,  (im)  //*,  (ho)  S,  (<o)  dm  ]~2  .  ^  ^ . 

furthermore,  systematic  error  A  for  this  circuit  is  different  from  ro  and  is 


i.-q^al  to 


1m  H,  (»w)  //*,  (im)  S,  (m)  (ha 


2  A  J  Re  H,  (ho)  //♦,  (i'w)S,  (co)  dm 


(10.9.4) 


With  identical  filters,  obviously,  accuracy  of  both  circuits  of  Fig.  10.24  and 
i j,:,  1 0,29  are  Identical.  However,  nonidentity  of  filters  in  the  circuit  of  Fig. 

1’ leaua  to  considerably  more  serious  consequences  than  in  the  circuit  of  Fig. 
10,24,  Analysis  of  expression  (10.9.5)  shows  that  with  nonidentical  filters  in  to; 
circuit  of  Fig,  10 . 25  there  occurs  decrease  of  and,  consequently,  increase  of 
^j!;s  t.u  the  same  measure  as  for  the  circuit  of  Fig.  10.24.  However,  nonidentity  of 
filters  here  leads  to  the  appearance  of  a  component  of  equivalent  spectral  density 
caused  by  nonlinear  signal  transformation.  This  component  of  equivalent  spectral 
density  «aune£*  in  particular,  error  of  measurement  in  the  considered  circuit  even 
with  total  absence  of  noises.  Finally,  a  very  negative  property  of  the  considered 
circuit  Is  the  presence  of  systematic  error  with  nonidentical  filters.  Let  us  note 
that  the  basic  influence  on  accuracy  of  tbr  circuit  it  rendered  only  by  nonidentity 
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of  phase-frequency  responses  of  the  filters.  To  the  above  we  must  add  that  the 
circuit  of  Fig.  10,25  is  more  complicated  technically  than  the  circuit  of  Fig.  10.24, 
since  it,  like  tho  circuit  of  Fig.  10.18,  requires  for  measurement  of  the  angles  in 
two  planes  four  UPCh's,  four  mixers  with  inversion  of  phase  modulation,  etc.,  while 
the  circuit  of  Fig.  10,23  in  this  respect  is  similar  to  the  circuit  of  Fig.  10.17 
and  requires  only  three  UPCh's,  etc.  On  the  basis  of  this  we  can  draw  conclusions 
concerning  the  obvious  advantages  of  the  circuit  of  the  IPC  method  of  Fig.  10.24 
ovex*  the  circuit  of  Fig.  10.25.  Let  us  note  that  investigation  of  real  properties 
of  circuits  leads  to  this  conclusion.  In  ideal  conditions  both  circuits  are  identi¬ 
cal. 

Thus,  the  IPC  method  has  the  same  potential  accuracy  as  IAC  or  the  method  of 
scanning  with  compensation,  if  u  and  ird/X.  are  identical.  Accuracy  close  to  the 
potential  for  the  IPC  method  can  be  realized  with  success  in  practice  by  the  circuit 
of  Fig.  10.24. 


§  10.10.  The  Method  of  Flat  Scanning  (Optimum  Circuits) 

Let  us  study  the  method  of  flat  scanning  or  the  method  of  tracking  by  puls:, 
packs.  With  this  method,  as  was  shown  in  §  10.2,  there  is  realized  tracking  of 
pulse  packs  of  the  received  signal  by  an  electronic  circuit.  Pulse  packs  are  received 
at  the  moments  of  passage  of  the  directional  pattern  through  the  target  during  its 
scanning  in  a  certain  angular  sector,  in  which  this  target  is  located. 

Thus,  the  method  of  tracking  by  pulse  packs  no  longer  belongs  to  methods  with 
a  tracking  antenna,  and  the  preceding  results,  in  particular,  general  results  of 
§  10.3,  here  are  not  directly  applicable.  Synthesis  of  the  optimum  circuit  here 
should  be  done  anew. 

10.10.1.  Synthesis  of  an  Optimum  Circuit 
for  the  Method  of  Flat  Scanning 

Let  us  assume  that  the  directional  pattern  (for  power)  of  the  antenna  array  of 
a  goniometer  using  the  method  of  tracking  by  pulse  packs  has  in  plane  of  the  measured 
angle  a  symmetric  form  Gg(<p).  For  g(cp)  we  select  the  following  normalizations 

1  f 

BJ7  J  (lo.io.i) 

— «0 

where  ft  —  angular  velocity  of  motion  of  the  pattern  over  tho  sector; 

Tn  —period  of  repetition  of  pulse  packs. 


Antenna  gain  is  accounted  for  by  coefficient  G.  Here  the  received  signal  can 
be  recorded  in  the  form  (10.3.5),  where  <J>(t,  a)  =  0  (the  antenna  array  during  recep¬ 
tion  does  not  introduce  in  the  received  signal  any  phase  modulation),  and  U&(s,  ct) 
is  determined  by  formula  (10.2.6).  The  amplitude  and  phase  modulations  of  the 
sounding  signal  are  arbitrary. 

We  introduce  one  assumption  with  respect  to  the  character  of  fluctuations  of 
the  received  signal.  The  assumption  wo  make  here  reduces  to  the  fact  that  reflecting 
properties  of  the  target  do  not  change  during  the  time  during  which  the  directional 
pattern  passes  over  the  target.  This  will  lead  the  signal  inside  the  pack  to  be 
rigidly  correlated  or,  so  to  speak,  the  pack  will  be  "harmoniously  fluctuating,"  The. 
degree  of  correlatedness  of  different  packs  may,  in  general,  be  arbitrary,  since  the 
period  of  repetition  of  the  packs  almost  always  is  comparible  with  the  time  of 
correlation  of  fluctuations  of  the  signal.  The  assumption  of  "harmoniously  fluctua¬ 
ting"  packs  is  very  significant  later. 

Furthermore,  we  shall  subsequently  consider  that  the  period  of  repetition  Tr  is 
considerably  less  than  the  duration  of  a  pulse  pack.  This  assumption,  in  general, 
is  more  limiting  than  the  preceding  one;  however,  in  many  cases  it  to  greater  or 
lesser  extent  is  realized.  Furthermore,  it  also  will  considerably  facilitate  our 
finding  of  optimum  operations  for  the  method  of  tracking  by  pulse  packs. 

To  find  the  operation  of  the  optimum  radio  channel  for  the  method  of  tracking 
by  packs  we  need,  as  usual,  to  first  construct  the  likelihood  functional  L(a)  of 
parameter  a.  For  this  we  must  solve  integral  equation  (10,3.9)  cr,  ultimately, 
equation  (10.3.1*0.  Solution  of  the  last  equation  for  the  method  of  tracking  by 
pulse  packs  involves  considerable  difficulties,  since  here  that  method  which  we 
used  in  examining  goniometers  with  a  tracking  antenna  is  unappiicable .  However  here 
very  useful  is  our  assumption  of  "harmoniously  fluctuating  packs."  Really,  function 
Ua(t2,  a)*2,  under  the  sign  of  the  integral  in  (10.3.14)  differs  from  zero  only  in 
the  environments  of  moments  iT  +  ot/fi,  determined  by  the  width  of  the  directional 
pattern  and  the  rate  of  scanning  (i  —  integers).  We  assume  for  definitiveness  that 

/  —  Ai,<(rt  —  /n)7’n  +  #/0<(fl  —  /n+l)rn  + 

+  «/Q<...<«r.-f  a/Q</.  (10.10.2) 

The  assumption  of  harmonious  fluctuations  of  the  signal  inside  the  packs  means 
that  during  a  time  of  the  order  of  duration  of  one  pack  the  correlation  function  of 
fluctuations  of  signal  p(t)  practically  does  not  vary.  We  also  consider  the  assump¬ 
tion  o"  smallness  of  the  period  of  repetition  of  the  signal  Tr  as  compared  to  the 
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duration  of  the  pack,  thanks  to  which  It  is  possible  under  the  sign  of  the  integral 

O 

In  (10.3,15)  to  replace  |u(t2)l  by  its  time-averaged  value,  which  is  equal  to  1. 
Here  from  equation  (10.3.15)  we  can  obtain  the  following  expression  (see  also 
Chapter  VI ) s 

n 

Afe\  ?  » +  til  +  «>« = 0,  (10.10.3) 

where  h,  as  before,  is  the  ratio  of  mean  signal  power  to  the  power  of  noise  in  the 
band  of  fluctuations  of  the  signal. 


tik = P  1(/  -  k)Ta\,  oiH = o  (iTn  -f  a/fl,  kTa  +  a/Q). 

Thin  equation  is  solved  using  discrete  Fcurier  transforms.  Considering 

s  o  (.)=r,A/0  S  p(*ra)e-,"*r« 

■  *3.-00 

it  .1  a  u Ample  to  obtain 


|  *r"  SoTjm)**'-1** 

v*‘=-ui[r  j  " 

-«/r. 


(10.10.  t) 


(ic.io.::) 


(10.10.6) 


We  rwte  that,  as  can  be  seen  from  (10.10.6),  Vjt  does  not  depend  on  a.  Thus,  we 
coulu  rind,  not  the  whole  function  v(t,j,  t£),  but  only  a  set  of  its  values  in  dis¬ 
crete  moments  of  time  (10.10.2).  However,  this  very  set  of  values  is  necessary  to 
us  for  construction  of  the  operation  of  the  optimum  radio  channel. 

The  operation  of  the  optimum  radio  channel  ?.(t)  for  the  considered  case  should 
be  found  from  relationship 

f  *W<a—-TE-Lj.  (10.10.7) 

t-U 

A 

whore  a  —  estimated  value  of  angle  a,  introduced  in  the  radio  channel  from  the  output 
of  the  tracking  circuit  [this  is  the  distinction  between  (10,10.7)  and  (lO.J.lr) ]  . 
Hence 

#  i  i 

f  *(*)*=—£■  Re  f  f  *)UA‘v*)X 

i—U  *■  l-WI-W  '  '  .10,8) 

a  to  the  presence  of  function  U  (t^,  a)Ua(t2,  a)  in  (10.10,8)  under  the  sign 
of  me  integral  the  Integrand  will  differ  from  zero  only  in  the  environment  of 


moments  of  time  (10.10,2)  where  function  v(t^,  t^)  takes 
with  this  (10,10,8)  can  be  rewritten  in  the  form 


value  v. 


In  connection 
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(lO.lJ.-j) 


S  Re 


whe  re 

trr+n/a+u 

*<  =  [  Ui  (/,  «)  u  (0  y  (tje1*  dt; 

irr+«/B-K 

6t  —  intervals  of  time  of  the  order  of  the  duration  of  a  pulse  pack. 
Consider  now  quantity  hQlt»  related  to  •/..  by  relationship 


(i0.10.10) 


7*  S  *»*♦<»-«  —  —  otihAfe. 


If  we  introduce  the  discrete  Fourier  transform  of  sequence  h 


Ok 


V  htk  tMr* , 


from  (10.10.11)  it  is  easy  to  find  that 


ASor  (*») 


(10.1 


(10.10.1^) 


(10.10.15) 


where  SQT  (os)  is  expressed  by  formula  (10. 10.  o) .  With  the  help  of  expression 
(lO.lO.y)  can  be  rewritten  (with  accuracy  to  a  proportionality  factor)  in  the  lurm 


t—At  k-zji—n  l~n-m 

Then,  considering  (10,10,10),  wo  can  write 


(10. 10.14) 


«  fT,+  »/fi+W 

£  A»-<Z<=  v  hk.t  j  Ut{t ,*) u (t) y (/) e‘m,'dt  — 


4=«—  HI  ir, +  H/8-W 

4 


(1.1.  '  1  ' 


-  f  W,  +  «/□-()  t/.  (/.a) « (/)  j,  (/)  e'"^, 

t-u 

where  function  h^(t)  is  introduced  in  such  a  way  that  hQ(kTr)  =  hQk;  values  of  this 
lunation  in  the  remaining  moments  of  time  are  not  essential  and  can  be  anything, 
inasmuch  as  due  to  filtering  properties  of  function  Ua(t,  a)  they  simply  disappear. 

Substituting  (10. 10. IS)  in  (10.10.14),  we  obtain 

4  n  4 

j  £  rB|J  M*7’B+«/2-*)tf.(t,«)x 

‘  -m  <--»/ 

Xu(x)y(%)elm,'dt  j’se 

4 

j  ds  |  J  ftv{s  —  x)  Ua  (x,  a)  u  (t)  y  (x)  e'"*-'  dx j* 
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4- *4 


4— *4  4— *4 


•srggjas 


or 


i 

I 


i 

I 


*•  (®) I  f  Ms  — ■*) (■*. «) « (■*) y  dv 


(10.10.16) 


Thus,  in  the  considered  case  the  optimum  operation  already  has  a  familiar  form, 
derived  earlier  (see  Chapter  VI).  However,  the  pulse  response  of  the  optimum  filter 
hQ(t)  is  assigned  by  the  set  of  its  values  h01c  in  moments  of  time  kT  by  relation¬ 
ships  (10.10.12)  and  (10. 10.13).  In  the  remaining  moments  of  time  values  of  pulse 
response  are  arbitrary. 

Let  us  consider  this  optimum  filter  in  greater  detail.  We  introduce  for  the 
correlation  function  of  fluctuations  of  tne  signal  the  approximation  p(t)  = 

- 2Af  1 1 1 

=  e  c  I  I,  l.e,,  we  approximate  the  spectrum  of  fluctuations  by  expression 
(10.3.26),  Here,  from  (10.10,5)  we  obtain 


—  2pe  COS  +  I 


where  p  c  =  e“2Ai  c  1111 

By  virtue  of  (10.10.13)  we  have 


(10.lt 


hT.&f'V-fl) _ 

hTnAf,(l  -  p^)  +£  -  2P«  *Ta  +  f 


(10,10.10) 


It  is  of  interest  to  find  the  pulse  response  h(,(t)  of  the  optimum  filter  in  the  form 


Lu 


h,(t)=ce-Uf°"', 


(10.10.15) 


l.e.,  the  gain-frequency  response  of  this  filter  has  the  form 

e 


\H.(H  !*=- 


i  + 


(2AfI.,) 


Here  |  i*0T  (iu>)|  ,  defined  by  relationship  (10.10.1b),  should  fc<  th"  i-'.nr.l 


n 


_2Af,  kT 

transform  of  sequence  ce  .  We  bring  (10,10,1b)  to  form 

i  u  kTah\*{\  —  p*)  / 1  B 

l*ir.MI“ - jr - /  r  ~  T e  * 


A  =4jArnA/c  (1  —  P*)  +  (*  +Pr)'  + 

+ VhT»Nc  (l  -  v\) + (T~~io)\ 

YWnMTK-  'O+iiTiti  ~ 
~Vhfn&l0\T^7tj+  { f-  Pflj\ 


(i  , r  ) 


whe  re 


{  i 1  . 1  .  1  ) 
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»ro«P.„..,w^.nn  i  . . iiiif  in  imhhiwiw  m 


From  this  it  is  easy  to  find  that  the  pulse  response  can  be  taken  namely  in  the  form 

(10.10.19), 

where 

..  \nAIB 

"font —  2 T,  *  (10.10. 22) 

A  and  B  are  determined  by  formulas  (10.10.21),  and 

Yk7\IfcO  —  p«) 
c==- - 3 - 

Thus,  the  optimum  filter,  as  also  in  the  preceding  cases,  has  a  frequency  response 
similar  to  the  spectrum  of  fluctuations  of  the  signal;  however  the  width  of  the 
'filter  passband  has  a  more  complicated  dependence  on  h.  The  passband  also  essentially 
depends  on  the  degree  of  correlatedness  of  neighboring  pulse  packs,  i.e.,  on  quantity 
T  Af  .  In  particular,  when  T  n  AfQ  »  1  (neighboring  pulse  packs  fluctuate 
independently)  and  t n  «  Tn  the  passband  of  the  optimum  filter  should  satisfy 
condition 


1 

J7 


^  A/onr 


(10. 1C. 23) 


where  t  n  —  duration  of  the  pack. 

Consequently,  the  optimum  filter  in  this  case  should  integrate  every  pack,  where 
response  of  the  filter  to  a  given  pack  should  attenuate  before  the  arrival  of  the 
following  pack.  In  Fig.  10.26  there  is  depicted  the  dependence  of  AfonT  on  h  for 
different  values  of  T n  Af  As  can  be  seen  from  this  figure,  with  growth  of  h, 

Af^nT  increases;  however  the  rate  of  this  growth  drops  with  increase  of  T n  Af c 

(i.e.,  with  constant  h  with  growth  of  the  number  of  correlated  packs  the  passband  of 

the  filter  narrows).  Physically  these  laws  are  understandable. 

Operation  (10.10.6)  can  easily  be  reduced  to  a  real  form  analogously  to  how  we 
obtained  expression  (10.3.29).  Here  there  become  clear  the  block  diagrams  of  the 
optimum  radio  channel  realizing  operation  (10. 10.16).  We  can  offer  two  block  diagrams 
of  the  optimum  radio  channel,  depicted  in  Figs.  10.27  and  10.28.  The  circuit  of 
Fig.  10.27  is  obtained  when  in  expression  (10.10,6)  we  carry  out  exact  differentia¬ 
tion  with  respect  to  parameter  a.  In  this  circuit  the  output  signal  from  the 
antenna  is  first  heterodyned,  as  in  other  optimum  circuits,  and  then  enters  two 

channels.  In  these  channels  the  signal  is  gated.  Gate  pulses  in  one  channel  in  form 

should  coincide  with  the  form  of  .the  pack,  and  in  the  other  channel  —  with  the 
derivative  of  the  pack.  The  time  position  of  the  gate  pulses  is  established  in 
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10,26,  dependence  of  the  oandwiali. 
ui  the  optimum  filter  Afojri  on  h  for 

goniometers  ual.ni/  the  method  of  flat 

c canning. 


accordance  with  the  measured  delay  of  the 
packs  (i.e,,  In  accordance  with  the 
measured  angular  position  of  the  target). 
After  gating,  the  signals  are  filtered  by 
optimum  filters  with  response  (10,10,1.8) 
and  are  multiplied. 

The  block  diagram  of  Fig,  10.28  is 
.  \ 

obtained  If  we  replace  calculation  of  the 
•derivative  In  (10.10,6)  appro,  imal;-?!/  vj 
calculation  of  the  difference.  The 
signal  in  this  circuit  after  net'TO'iyMliig 
as  in  the  preceding  case,  enters  tw < 
channels  where  it  Is  gated.  Gate  pultp-r. 
In  both  channels  coincide  in  form  wlr.n 


the  form  of  the  pula/;  pack;  huv/nvor,  they 


are  detuned  relative  to  each  otnei  in  time 


by  a  certain  time  interval.  The  time 
position  of  these  gate  pulses  is  ns  tut- 
lishod  in  accordance  with  the  measured 


delay  of  the  packs;  however  their  ru lat.i 


detuning  is  preserved, 


Then  the  signal:;  are  filtered,  detected  by  a  square -law 


defector,  and  one  signal  is  subtracted  from  the  other. 


Fig,  10,27,  Optimum  circuit  with  fig.  10,28,  Optimum  circuit  with  detuned 

differentiation  of  gates  of  the  gates  of  the  radio  channel  of  a  goniometer 

radlv  channel  of  c.  goniometer  with  with  flat,  scanning  of  the  directional 

flat,  scanning  of  the  directional  patterns  1)  optimum  filter'-  with  discrete 

pattern!  1)  optimum  filters  with  frequency  response  H0T  ( loo) ;  2)  square- 

disc  rote  frequency  response  :l 

H0T  (!“')•  law  detectors. 

*  n 
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The  obtained  circuits  are  very  similar  to  the  circuits  of  the  optimum  radio 
channel  of  a  range  finder,  if  we  ignore  the  form  of  the  optimum  filters  and  of  the 
gate  pulses.  This  is  understandable,  since  in  both  cases  the  matter  ultimately 
leads  to  measurement  of  delay  of  the  signal  relative  to  the  beginning  of  the  period. 
Filtration  was  different  due  to  the  different  fluctuating  properties  of  the  received 
signal:  if  in  range  finders  pulses  of  the  signal  whose  delay  v; as  measured  were 
rigidly  correlated,  the  correlation  coefficient  of  the  equivalent  packs  of  pulses  in 
the  method  of  angular  tracking  by  packs  no  longer  Is  equal  to  unity.  The  form  of 
gate  pulses  is  determined  in  the  given  case  by  the  form  of  the  pulse  packs. 

10.10,2.  Equivalent  Spectral  Density  of  Optimum  Circuits 
for  the  Method  of  Flat  Scanning 


flat 


Let  us  consider  now  the  potential  accuracy  of  measurements  using  the  method  of 

scanning.  Equivalent  spectral  density  in  this  case  can  be  presented  in  the  form 

i 


(10 . 10. 24 ) 


whe  re 


(10.10.25) 


2 

The  form  of  the  directional  pattern  affects  accuracy  through  quantity  c  .  Let 
us  calculate  this  magnitude  for  some  approx inai  ton  of  the  directional  pattern.  If 
v;  take  a  Gaussian  directional  pattern 


(10.10. 20) 


[taking  into  account  normalization  (10.10,1)],  where  A9  —  width  of  the  directional 
pattern  of  a  level  of  half  power,  then  it  is  easy  to  find  that 


C*  = 


V 


(10.10.27) 


From  (10.10.25)  it  is  clear  that  c.^  increases  infinitely  with  increase  of  the 
steepness  of  the  leading  edge  of  the  pack. 

Let  us  consider  formula  (10.10.24)  in  greater  detail.  Obviously,  as  h  -*■  co 
quantity  SQnT  -*  0,  i.e,,  in  the  absence  of  noises  there  does  not  exist  fluctuating 
error  of  target  tracking,  in  spite  of  fluctuations  of  the  received  signal.  As 
h  -*■  0 
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To  more  fully  judge  the  laws  governing  variation  of  SonT,  we  calculate  It  toy 
formula  (10.10.24)  with  approximation  of  the  spectrum  of  signal  fluctuations  toy 
expression  (10.3.26).  Here,  as  was  shown,  (co)  is  expressed  by  formula 

II 

(10.10.5).  Substituting  (10,10.5)  in  (10.10.24),  we  obtain 

•  i  i  /  1  +  f! 

/_ _ _ —  i+y 

(hT „Afc)'  4-  2 hT nAfc  ^  T+l*  ' 

fc  A(r«6/.)«+27-n4fc— |  (10.10.29) 

Curves  of  the  dependence  of  S  on  h  for  different  values  of  T  n  Afc  are 

shown  in  Fig.  10.29.  As  can  toe  seen  from  this  figure,  SonT  drops  rather  rapidly 

with  increase  of  h.  Very  curious  is  the  dependence  of  S„„  on  T  „  Af  .  With 

oni  n  c 

growth  of  T  Af  for  an  assigned  magnitude  of  h  quantity  S  drops,  i.e., 
n  c  n  on? 

accuracy  of  angle  measurement  increases.  The  physical  explanation  of  this  phenom¬ 
enon  is  the  following.  Increase  of  Tr;  Af  for  a  fixed  h  means  that  there  occurs 
decrease  of  the  frequency  of  repetition  of  packs  with  Increase  of  the  energy  in 
each  pack.  As  a  result  there  is  increased,  if  it  is  possible  to  express  it  thus, 
the  energy  of  signal  sections  which  retain  their  coherence  during  reflection  from 
a  fluctuating  target.  Increase  of  accuracy  due  to  this  effect  depends  on  h.  Fc  »• 
large  h  it  is  insignificant;  for  h  =  1,  S  onT  will  decrease  approximately  by  a  factor 

of  4  (with  change  of  T  Af  from  0.3  to  100). 

In  conclusion  we  note  that  for  the  method  of  tracking  by  packs  it  is  sometimes 
profitable  to  take  as  the  power  characteristic  the  ratio  of  maximum  signal  power 
(which  would  exist  if  the  directional  pattern  of  the  antenna  always  "Hooked"  at  the 
target)  to  the  power  of  noise  in  the  band  of  signal  fluctuations.  Designating  this 
characteristic  by  it  is  easy  to  find  its  relationship  to  h  (with  approximation 
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(10.10,2b)  of  the  directional  pattern  1 


AU=i,32^A. 


(10.10. 


If  we  designate  by  <i>  the  magnitude 
of  the  examined  angular  sector  and  consider 


that  OT 


<F,  from  (10. 10. 1C)  we  obtain 


sxz 

,\Va1 


Pig.  10.29,  Dependence  of  Son,,  on  h 

for  the  method  of  flat  scanning  of  the 
directional  pattern. 


A*- 1,32-^ -h. 


We  note  that  the  order  cf  magnify!' 
of  h[n  for  the  method  of  tracking  by  pul. 
packs  is  comparable  with  the  order  of 
magnitude  h  for  methods  with  a  tracking 
antenna  (since  with  these  methods  the 
directional  pattern  of  the  antenna  system 


always  "looks"  at  the  target).  Inasmuch 

so  wo 

h  as  usually  Aq>  «  <t>,  for  the  method  of 


tracking  by  pulse  packs  h  «  h  ,  i.e.,  the 
method  of  tracking  by  pulse  pacits  in  L'.jtiS 


of  power  is  considerably  inferior  to  methods  with  a  tracking  antenna.  However,  here 
it  in  necessary  to  consider  other  tactical  furr-tlcns  of  the  method  of  tracking  by 
pulse  packs  (tracking  of  many  targets),  compelling  us  to  put  up  with  this  loss  in 


terms  of  power. 

§  10.il.  Investigation  of  Synthesized  Circuits 
for  tSe  Method  of  Flat  Scanning 

Let  us  pursue  the  study  of  real  accuracy  of  the  synthesized  circuits  of  Figs. 
Ic.fY  and  10.28  for  the  method  of  flat  scanning.  We  consider  here  certain  basic 
factors  of  the  type  of  various  nonidentities  and  imperfectnesses  affecting  accuracy 
of  measurement  of  angles.  First  of  all,  the  gate  pulses  fed  to  different  channel 
of  the  synthesized  circuits  are  practically  formed  each  separately,  and  therefore 
will  not  be  matched  in  form  both  with  each  other,  and  also  with  the  form  of  the  pulse 
pack.  Thus,  the  gates  must  be  considered  different  and  differing  in  form  from  the 
pulse  pack. 

Filters  in  the  circuits  should  be  matched  with  the  spectrum  of  signal  fluctua¬ 
tions.  However,  as  already  repeatedly  noted,  this  matching  cannot  be  realized 
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sufficiently  accurately  practically,  and  during  the  analysis  of  the  frequency  re¬ 
sponse  of  the  filters  it  should  be  considered,  in  general,  arbitrary.  Regarding 
identity  of  filters  in  each  of  the  circuits,  it  is  possible  to  consider  it  suffi¬ 
ciently  good. 

10.11.1.  Investigation  of  a  Circuit  with 
Differentiation  of  Gate  Pulses 

Let  us  consider  first  the  circuit  of  Fig.  10.27.  We  Introduce  for  characteris¬ 
tics  of  the  filters  designation  (10.5.2).  urthermore,  trains  of  gate  pulses 
entering  different  channels  of  this  circuit  we  designate  by  u^(t)  -and  u?(t).  Then 
the  output  signal  can  easily  be  reduced  to  the  form' 

z(t)  —  Re  J  h(l-x) «, (x  -x) u  (x) y  (x)  ela>'dx  X  $  «, (/  -  x) u* (x) y  (x) e~"*Vx,  (io.li  ) 

—  OO  HJQ 

V. 

where  t  —  delay  of  gate  pulses  issued  by  the  tracking  system. 

By  formula  (10.5.5)  it  is  easy  to  find  that  the  slope  of  the  discrimination 
characteristic  of  the  considered  circuit  is  determined  by 

+«/r. 


=  J  | Ht*  (ia>) | * Sor* (®) d<o  x  IC'„ (0) C,t (0) -j- C4, (0)  C'M (0)), 


(I'M  1.2) 


whe  re  HrJi<o)  =  Ttt  J  h(kTn)  e,**r“  —  discrete  Fourier  transform  of  the  pulse  re- 

*a-Oo 

spon3e  envelope  of  the  filters; 


W = 57  «>(<-' i)dt-. 


(i" :  ,fj) 


U,(t)=u(i); 


strokes  designate  derivatives  (note  that  results  obtained  here  are  very  similar  iv. 
results  of  Chapter  VII,  dealing  with  range  meters). 

Furthermore,  in  this  case  there  will  exist  systematic  error  equal  to 

%/Tn 

Ch (0) (0)  +  j  I //r, f  ]ffr  (|»)|.Sor  (*)</»] 

. _ _ — _ L— 7T,  "  "  J  (  X :  1  , 

*»  =  /n\  i  '  ; — x — - — 


'.»(0)C,7(0)  + 


+  C„(0)C'„(0) 


As  can  be  seen  from  (10,11.4),  systematic  error  is  absent  if  C„,,(0)  ::  (o) ■ 

x  (0)  =  0.  Thi3  condition,  obviously,  means  that  one  of  the  gate  pulses  should  hr* 
symmetric  and  the  other,  asymmetric  (with  a  symmetric  pulse  pack), 


Equivalent  spectral  density  in  this  case  turns  out  to  be  equal  to 


*?» 


*»— f  |  | H,t (<•) |* (C„ (0) C„ (0) + Cf,(0)  + 

+ kS„'  (0)  Cj,  (0) + C.  (0)  C*„  (0)  -fc 

+SC„(0)C,  (0)  Clt  (0)]  +  2/i'S^  (.)  Cj,  (0)  <4  m  <>•  X 


X { |C,. (0) c. (0) + c„ (0) C» (0)1  X  J  I Mr. <H I' V. (•> *•}  '•  <l°.u.5> 

Prom  tnia  expression  it  is  clear  that  whan  Cg^(O)  CQ2(0)  /  0  there  exists  a 
component  of  error  caused  by  nonlinear  transformation  of  the  signal;  it  does  not 
depend  on  h  and  will  give  error  of  measurement  with  complete  elimination  of  noises. 
This  component  of  error  disappears  together  with  systematic  error. 

It  is  difficult  to  study  in  more  detail  the  dependence  of  S3KB  on  different 
parameters  in  view  of  the  complexity  of  expression  (10.11.5).  We  will  conduct  this 
study  in  two  stages.  First,  we  assume  gating  to  be  ideal;  equivalent  Bpectral 
density  during  ideal  gating  we  shall  designate  by  SUJIH.  It  is  easy  to  find  that 


-l 


■m 


|//r^(fc»)Ht  +  ASwV(«*)]  d* 


« 


r^m 


(10.11.6) 


We  produc4  by  formula  (10.11.6)  calculation  for  the  most  typical  approximations  of 

characteristics  of  the  filter  and  of  the  spectrum  of  fluctuations  of  the  signal.  We 

.  -2AfAt 

shall  approximate  the  response  envelope  of  the  filters  by  expression  h(t)  =  e  v  . 
Then  by  the  formula  (10.11.2)  we  have 

ff.ff.i-— 

r"' ...  fj-ancosiir.  +  i  ’  (10.11.7) 

whe  re 

ratio  of  the  effective  passband  of  the  filter  to  the  width 

of  the  band  of  fluctuations  of  the  signal. 

For  SQT  (cu)  we  introduce  approximation  (10.10,17),  Substituting  (10.10.17)  in 
n 

(10,11.6),  we  obtain 
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Th©  curve  of  the  dependence  of  SMHH/SonT  on  h,  where  SonT  io  calculated  with 


these  sane  approximations  and  is  given  by  formula  (10.3.0.29)#  is  shown  in  Fig.  10. JO 


on  h  for  circuits  of  the  method  of  flat 
scanning: 


- HE - 1,*/,-*  — - 

f  •  ’  •  •  >*,** 


As  can  be  seen  from  the  figure,  nonmatching 
of  filters  with  the  spectrum  of  fluctuations 
has  greater  influence,  the  larger  quantity 
TnAfc.  The  difference  between  SMKH  and 

can  attain  a  very  considerable  magni- 

onT 

tude  (a  factor  of  10  or  more). 

Knowing  the  dependence  of  ^,HH/scnT 
on  basic  parameters  of  the  circuit,  we  con¬ 
sider  now  ratio  •  This  ratio 

essentially  depends  on  the  form  of  the  gate 
pulses.  For  simplicity  we  shall  consider 
that  gate  pulses  possess  the  necessary 
symmetry.  The  influence  of  asymmetry  of 
gate  pulses  was  already  estimated  quali¬ 
tatively.  If  we  consider,  for  instance, 
gate  pulses  u^(t)  symmetric,  and  gate  pulses 
ug(t)  asymmetric,  in  (10.11.5)  we  have  the 
'following  simplification:  C12<°>  *  °* 

C2Q(0)  .  0,  Cj0(0)  =  0.  Taking  Into 
account  this  simplification,  it  is  easy  to 
see  that  for  sufficiently  large  h  (h  2  10) 


ratio  S  _/s  will  not  depend  on  characteristics  of  the  filters,  but  will  depend  on 
MHH 

characteristics  of  the  gate  pulses: 


C„ffi  +  C«(0)C|o(0) 
Cf0(0)C'„(0)« 


(io.n.9) 


We  produce  calculation  by  formula  (10.11.9) •  For  this  we  approximate  the 


directional  pattern  of  the  antenna  system  by  formula  (10. 10.26). 
have  fc  n 
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f 


(10.11.10) 


uAt)^yr^\,\5t 


(i)’ 


wh'-ift  t n  =  f/£cp  —  duration  of  the  pack  at  lt:vtO  O.h. 

Gate  pulses  u.  (t)  we  approximate  also  by  a  Gaussian  functibn 


-»(^r 


«,(/)==e  ,  (lo.ii.n) 

where  i  -  duration  of  the  gate  pulse  at  level  0.5. 

Gate  pulses  u?(t)  we  consider  derivatives  of  Gaussian  pulses,  i.e., 

-w/— i2 

ut (/)  =  ie  {ht}  .  (10,lt,!. 

With  such  approximations  all  coefficients  in  (10.11.9)  are  easily  calculated,  as  a 
result  of  which  v/e  obtain 


S.»  /«  +  CVV 


(10.11.13) 


Mg.  10,31,  The  dependence  of  Sg^g/S^^,  on 

the  relationship  of  durations  of  the  pack, 
and  gate  pulses  in  a  circuit  with  differ¬ 
entiation  of  gate  pulses. 


v/here  E  —  — ;  »=—  . 

Thus ,  always  Sg^/S^,^  s  1.  The 
sign  of  equality  Is  attained  when  =  1. 
The  graph  of  the  dependence  of 
on  £  for  different  values  of  q  is  shown 
5.:  tig.  10.31.  As  can  be  seen  from 
this  figure,  imperfectness  of  gating  can 
lead  to  very  great  worsening  of  accuracy 
of  measurement. 

Having  dependence  ^,MH/SonT  (Fig. 
10.30)  and  Sg^/S^,,,,  (Fig.  10. 31),  v/e 
can,  if  we  so  desire,  find  the  ratio 
for  S3KB/SonT.  We  recall  once  again  that 
Fig.  10,31  is  constructed  for  large  h. 

The  spectral  density  of  parametric 
fluctuations  will  be  given  for  the  case 
of  ideal  gating.  It  turns  out  to  be 
equal  to 
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ir.  wtiftfj/uran 


f  I H  Tu  (/«*)  |*  Sq^  (**)  dm 
—  2*~— ! _ 

{  \HTu (lm)\'SaT' (-)«/«]' 

.  -«/rB  J 


(10. li, in) 


As  can  be  seen  from  this,  it  does  not  depend  on  h.  If  the  filter  has  a  suffi¬ 
ciently  wide  band,  Snap  turns  out  to  be  equal  to  T^coth  T^Afg.  With  decrease  of 
Afc  quantity  Snftp  grows.  When  TnAfQ  a  1  we  have  3nap  *  Tn<  If  the  filter  h»e  » 
sufficiently  narrow  band,  then  Snap  «  Tn  noth  AffiTnx,  where  r.  -  Af^/Af^,  Lav/c 
governing  the  change  of  Snflp  here  are  as  before,  only  the  approximation  of  .1^  t>, 

T  with  Increase  of  Af  is  slower, 
n  0 

10.11.2.  Investigation  of  a  Circuit  with  Detuned  Gate  pulses 

Let  us  turn  to  consideration  of  the  circuit  of  Fig.  lO.fcfc.  All  designs  t i  <>r,r  we 

leave  the  same.  The  output  3ig.nal  of  this  circuit,  obviously,  has  form 

*  *  t  * 
*(/)=  J  h (/-■»)«, (x-\-h)y(x)u(x)t,m^dx  ~  f  h*(t-%)u„ (t-i -l-8) //(’)«•(*) . 
—00  — « 

(1C.11  ,1g) 

From  formula  (10. 5.5)  it  is  easy  to  find  that  the  slope  of  the  discrimination 


characteristic  of  the  given  radio  channel  is  equal  to 


/c*= p%  c««  <-  *n  x  ?  |  Hjm  (i«)  |*  s„r< <«)  dm, 

•*1*1 


( J 0,  1  1,1c) 


Systematic  error  with  the  general  assumptions  with  respect,  to  the  form  of  gnU 


pulses  differs  from  zero  and  is  equal  to 


a _ ^  £*•(*)*  —  £»#(—  *)*  +  Cu(0)  —  Cii(O)  v>  *  f  I />/  f,,w 


(10,11.  ■ ) 


As  in  the  preceding  case,  systematic  error  is  caused  by  nonidentity  of  gat  in/;. 
Systematic  error  will  be  absent  if  C^(o)  ■  Cg,j(0)  and 

conditions  in  general  are  rather  rigid  and  practically  signify  identity  of  gri. im¬ 
pulses  in  both  channels.  Obviously,  to  ensure  identity  of  gate  pulonr,  in  tw<,  channel! 
Is  practically  more  difficult  than  simply  to  ensure  symmetry  of  gate  pulses  In  each 
channel,  which  was  required  for  elimination  of  systematic  error-  in  tne  preceding 
case.  Thus,  from  this  point  of  view  the  circuit  of  Fig,  10. pH  one  should  conn  id'  r 
somewhat  more  critical  to  Imperfectnesses  of  gating  than  the  circuit  of  Fig. 
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'I 'I  !"!  I 


'equivalent  spectral  density  for  the  cormiaei-cu  circuit.  I.,;  equal  to 


4m.  »&  j  l HIt (im) |‘ {C„ (0)* + CM (0)'  - C)t (28)* - 

-  c„  (28)*  +  2  HSV'  (•)  l c„  (0)  Clt  (8)*  -f  •  C*  (0)  C*  ( -  »)'  - 
-CM(28)C„(8)C(,(8)-C#1<-28)CH(-8)C|t(a)|4- 

+  (.)  (C,.(8)*  -CH(-  8)M}  <f«  x 

x{  l'\HrtV*)\'S0ra(»)d.X 

'  X  IC*»* (*)£» (?)  *“  C|«(—  8)  C'M (  8)1 1  \ 


(lO.ll.l'J) 


From  Mi'. i  obtained  axp reunion  It  is;  clear  that,  fur  arbltr«r,'r  ImperlYctness  of 
gn'lug  3b  tli<:  oxp"<. union  for  fl  there  exists  a  component  cauueu  by  nonlinear  trans- 
Jwmtlon  of  tb"  signal,  It  will  give  fluctuating  error  even  with  complete  absence 


of  iiblicv,  llil o  component  of  error  disappears  wn<  m  C.0(b)'- 


(-o)4,  l.e.j  v;h< 


there  in  no  systematic  error, 

Iii  In’/oatigutlng  accuracy  «f  tie  c-.-nr, l  lor-  J  circuit  It  In  also  Important  to 
uUlnhllr,li  the  Influence  on  battle  diameter1  oti  s  •.  f  the  circuit  of  detuning  of  gate 
pdlu'ip  Li,  llux'e  It  In  necenoary  to  note  the  following:  tiieor<  tiu.ul.ly,  th"  considered 
circuit  more  exactly  approximates  the  optimum,  the  less  0;  however,  in  practice,  for 
email  b  v/e  will  obtain  ^riiriall  valued  of  ti  >  » i| •  of  the  discrimination  characteristic 

hjji  which  will  load  to  worsening  or  d;/i. wil  •  du*r»cU!rlotl  wj  of  the  system,  Conse¬ 
quently,  detuning  l<  must.  he  Delected,  In  gcne'-ul,  noticeably  differing  from  zero,  In 
ord<«r  to  investigate  the  cicpenucnce  of  on  6,  we  introduce  approximation  (10,11,10) 
jv,'  "^(t),  and  gate  pulses  u^(t)  and  Up(i.)  we  assume  Identical  and  approximate  them 
by  express  ion  (10,11.11),  Here,  as  it  la  ea3y  to  calculate, 


f«  l'1* 

C„<l)  C„m  -  C.  <- 1) C„ (-  6)  e  '  ,TP 

re  t  s  y"-  ;  I ~  -  “  ;  Af _ width  of  the  directional  pattern. 


(10.11.19) 


Thu  graph  of  the  dependence  of  -  C *, .fJ(“'J)G^(.j("b)  on  z  when  i  *=  1 

is  in  Pig,  7.17  (there  this  dependence  io  iflven  also  for  other  approximations  of  the 
pui.se  pacK.  ana  gate  pulueSj  however,  for  understanding  qualitative  laws  one  approxi¬ 
mation  muITIcub).  Analysis  of  Fig.  7.17  of  Chapter  vil  shows  that  C  10(6)C10(6)  - 
-  arid  consequently,  also  the  slope  of  the  discrimination  character¬ 

istic  K„  attain  a  maximum  at  ■/.  **  0.4,  i.e.,  v/hori  time  detuning  of  gate  pulses  is 
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approximately  b0%>  of  the  duration  of  the  pack.  Thus,  namely  such  detuning  is  desir¬ 
able  in  practice. 

Investigation  of  the  dependence  of  SgKB  on  different  parameters,  as  in  the  pre¬ 
ceding  case,  we  produce  in  two  stages.  First  we  consider  cases  of  ideally  matched 
gate  pulses  and  zero  detuning.  The  value  of  here  we  designate  by  .  It  is 
not  difficult  to  see  that  in  this  case  is  expressed  again  by  formula  (10.11.3). 

Studying  ratio  sMMH/sonT*  we  examineJ  as  the  preceding  case,  ratio  . 

For  simplicity  we  shall  consider  that  gate  pulses  are  identical.  Influence  of  non¬ 
identity  of  gate  pulses  we  have  already  studied  qualitatively.  Here,  as  it  is  easy 
to  see,  for  sufficiently  large  h  (h  5  10)  we  have 


£=*-=**  [Ctt  (0)  C4,  (8)*  +  Clx  (0)  C„ (-  8)’  - 

-  CM<»)  Clt  (8)Ctl  (8)  --  C,i  (-  28)  C„  (-  8)  C„  (5))  X 

X  [ Clt .  (8)  C„  (5)  -  Cl0  (-  8)  C'„  (-  6)1  ‘ a.  y  (10.11. 20 ) 

Using  the  earlier  Gaussian  approximations  for  pulse  packs  and  gate  pulses,  we 


obtain 


«.«.  _  (\  +e*  V  i  —-***+  .-wr7? 

S«„  2£  )  5,65*/*  e 


(10.11.21) 


Fig.  1C. 32.  The  dependence  of  ^KB/SM}1H  on 

the  relationship  of  durations  of  the  pack, 
gate  pul*es  and  detuning  between  gate 
pulses  in-  a  circuit  with  detuned  gate 
pulses. 

of  the  circuits  of  Figs.  10.27  and  10,26  for 


The  graph  of  the  dependence  of 
Sat®/SMMH  on  for  different  values  of 
z  is  shown  in  Fig,  10.32,  As  can  be 
seen  from  this  figure,  the  value  z  =  o,4 
is  characteristic  in  that  approximately 
at  this  z  there  occurs  the  local  minimum 
of  Sg^Syj^,  very  close  to  unity.  Thus, 
mismatch  of  gate  pulses,  if  only  gat<. 
pulses  in  the  various  channels  are 
identical,  with  detuning  5  «*  •  t., 

leads  to  considerable  worsen. In,  f 

accuracy  as  compared  with  the  case  of 
ideal  gating. 

Finishing  the  present  section,  v/e 
shall  say  several  words  on  comparison 
the  method  of  tracking  by  pulse  packs. 
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In  accuracy  the  circuits  are  almost  identical.  If,  however,  we  taih  about  those 
small  differences  which  nevertheless  take  place,  then  it  is  possible  to  note  somewhat 
lower  criticality  of  the  circuit  of  Pig.  10.27  to  imperfectness  of  gating:  to  elimi¬ 
nate  systematic  error  in  the  circuit  of  Fig.  10.27  it  is  necessary  to  ensure  only 
symmetry  of  gate  pulses,  while  in  the  circuit  of  Fig.  10.2b  gate  pulses  must  be 
identical. 

§  10.12.  Comparison  of  Methods  of  Direction  Finding 

For  the  practice  of  radar  goniometry  it  is  extraordinarily  interestingly  to  hav< 
comparative  characteristics  both  of  methods  of  angular  direction  finding  and  also 
of  separate  circuits  of  radar  goniometer  radio  channels.  Ouch  comparison  and  bash 
conclusions  from  it  were  produced  in  the  preceding  sections;  however  it  is  of  interest 
to  systematically  expound  the  questions  pertinent  here.  •  ■ 

Potential  accuracy  corresponding  to  different  methods  of  direction  finding  in 
most  cases  is  expressed  by  formulas  of  the  same  time.  Namely  for  methods  of  pattern 
scanning  with  high  frequencies  of  scanning,  scanning  with  compensation,  IAC,  phase 
center  scanning  with  high  frequencies  of  scanning,  IPC,  and,  finally,  flat  scanning 
(when  h  >  l)  minimum  equivalent  spectral  densities  are  expressed  by  the  single  formula 

Sour=[c'h'-  j  •  (10.12.1) 

—CO 

In  (30.12.1)  by  n  it  is  neceesa--;  '  o  un  ;<  i. stand  the  ratio  of  the  total  mean 
signal  power  received  by  the  antenna  system  of  the  goniometer  to  the  power  of  noise 

p 

acting  ir.  one  channel,  and  coefficient-  c  is  expressed  through  parameters  of  the 
goniometer  antenna  system  and  differs  lor  different  methods  of  direction  finding; 
for  methods  of  pattern  scanning,  scanning  with  compensation  and  IAC 


(10.12,2) 


where  p,  —  gain  factor  of  the  .directional  pattern  in  the  direction  of  the  axis  of 

(X 

axis  of  scanning  or  the  equisignal  axis; 

for  the  method  of  phase  center  scanning  and  Tl'O 


C* 


(10,12,5) 


where  d  —  amplitude  of  oscillations  of  the  phase  center  or  the  distance  betwen  phase 
centers,  X  -  wavelength; 


for  the  method  of  flat  scanning 


j  fit)'*?' 


(10.1P.14  ) 


where  fi  —  angular  velocity  of  pattern  scanning; 

T  —  period  of  repetition  of  pacKs; 

g(<P)  —  power  directional  pattern  (appropriately  normalised) ; 
in  particular,  for  a  Gaussian  directional  pattern 

(1  *!••■) 

where  A<p  —  width  of  the  directional  pattern  for  the  Vji'jI  of  half  power. 

In  all  the  enumerated  cases,  whan  equivalent  spectral  densities  are  c/.prvi-.f.<.  j 
by  formula  (lO.ly.l),  it  is  rather  simple  to  compare  methods  or  direction  find  in*-. 
For  this  it  is  necessary  to  compare  the  alfnal-to-noino  ratios  h  and  cutn 1 dents 
c  fur  the  different  methods  of  direction  finding,  lairing  compari-tf  h  of  slgnal-t-  - 
noise  ratios  It  is  possible  to  indicate  the  following;  If  (.)»"  up- rlure  area,  of  u m 
antenna  system  of  the  goniometer  is  fixed,  then  in  the  method  of  i-cannlng  with  <. *./in- 
pen3ution,  IAC  and  Il’C  there  in  received  all  the  power  reaching  the  aperture  of  the 
antenna  system;  in  the  methods  of  pattern  and  phase  scanning  only  halt  tie.  p>  wer  is 
received,  i.e,,  the  oignal-to-noleo  ratio  for  the/ju  methods  is  approximat'd!,;/  J.til  I 
that  for  the  above-mentioned  methods. 

In  the  method  of  flat  scanning,  as  already  noted,  the  si'-an  receiv'd  p'  w<  r  if 
uoually  a  minute  eharo  (of  the  order  of  whore  Aq-  —  width  of  the  directional 

pattern;  <J>  —  angular  dlmenaiono  of  the  scan  sector)  of  the  power  which  would  V". 
received  by  an  antenna  with  the  sain**  aperture  using  the  I  Ad  m<  tied,  Ikwovur,  1" 
comparison  of  the  method  of  flat  scanning  with  methods  IAC,  IK  and  c-th '  r;  ,  ! 1  i  r. 

necessary  to  consider  other  tactical  functions  of  the  method  of  flat  s'"  at  ml  nr,  fin' 

fying  the  indicated  power  losses,  Thus,  if  we  ignore  the  in-  tied  of  flat  si-annln*  , 
of  tnc  remaining  method#  of  direction  finding  from  the  point  of  vir-w  ol  Ur  :» 1  m -'el* 

to-noise  ratio  beat  are  the  method  of  nioinning  wl  th  compensation,  and  llr-  i  ,  '  h  dr  •  <' 

1A0  and  I  PC,  where  all  the  power  I'l-eoniti/  the  ap>  rturt  of  Id*  an'  ■  ena  sy.  ".m  j >..  ;, 
Mow  wo  produce  comparison  of  gain  factor#  v,  obviously,  ",  depends  n  the  c  •- 
metric  ciiaractorlntics  of  the  aperture  of  flu:  antenna  n/ntcr-,  imr*-,  fo  *- f ■  •  rs.;». 
form  and  area  of  the  aperture  gain  lectors  c  for  tne  m<  •h  /di;  >d  pul  i.i-rii  s-’wni  1  nr , 
scanning  wl  th  compensation  ami  ] A<!  completely  coincide ,  If,  J o,  WiftUiir". ,  v/-  iriv« 
a  square-  aperture  witli  dimvniil- -n  d  in  i  i."  p lun*>  of  tne  angle  In'  *, Ji.|*  »»»; ,  J  ■  * 


these  methods 


(10.12.6) 


where  X  —  wavelength. 

Thus,  comparison  of  the  methods  of  pattern  scanning,  scanning  with  compensation 
and  IAC  absolutely  definitely  testifies  to  the  advantages  of  IAC  and  the  method  of 
scanning  with  compensation  over  the  method  of.  pattern  scanning.  Here  the  method  of 
scanning  with  compensation  and  IAC  are  equivalent. 

We  produce  now  comparison  of  the  phase  method  with  IAC.  In  a  number  of  cases 
the  advantage  of  the  phase  method  is  obvious.  This  occurs  when  the  antenna  system 
aperture  consists  of  two  parts,  separated  a  considerable  distance  J  from  each  ether 

p 

Here  quantity  (ird/X)  considerably  exceeds  the  possible  gain  factors  of  the  direc¬ 
tional  patterns,  which  can  be  provided  due  to  the  dimensions  of  the  aperture  of  the 
antenna  system. 

Less  clear  is  the  question  of  comparison  of  methods  of  IAC  and  IPC  if  the 
aperture  is  of  simple  form,  for  instance  square.  If  the  dimension  of  the  aperture 
in  the  plane  of  the  angle  interesting  is  d,  the  gain  factor  of  the  directional 
pattern  which  we  will  have  for  the  IAC  method  is  expressed  by  formula  (10.12.6).  But 
it  is  absolutely  obvious  that  if  we  use  the  IPC  method,  dividing  the  aperture  into 
two  parts,  we  obtain  a  distance  between  phase  centers  equal  to  d/2.  Putting  d/2 
instead  of  d  in  (10.12.5)  and  comparing  the  obtained  expression  with  (10.12.6),  we 
see  that  IAC  and  IPC  are  equivalent.  Thus,  with  an  aperture  of  the  assigned  simple 
form  it  is  possible  to  use  IPC  or  IAC. 

Thus,  consideration  of  slopes  c  did  not  change  our  conclusion  concerning  the 
equivalence  of  IAC,  IPC  and  scanning  with  compensation  and  their  advantage  with  re¬ 
spect  to  methods  of  pattern  scanning  ana  phase  center . scanning,  which  in  the  same  con¬ 
ditions  are  equivalent  to  one  another. 

For  comparison  of  the  method  of  flat  scanning,  for  instance  with  IAC,  it  Is 
necessary  to  compare  the  square  of  the  gain  factor  of  the  directional  pattern  in 
IAC  lx."  with  c  (10.12.4).  With  a  Gaussian  approximation  of  the  directional  pattern 

a  « 

O 

instead  of  (10.12.4)  we  have  expression  (10.12.5)  for  c  .  With  such  an  approximation 
of  the  directional  for  IAC  we  have  «*  2/Acp2,  Thus,  for  the  method  of  flat  scanning 
on  the  assumption  of  equality  of  the  mean  received  powers  there  is  a  somewhat  better 

i 

result.  However,  as  already  noted,  comparison  of  the  method  of  flat  scanning  with 
IAC,  IPC  and  other  mpthods  is  not  quite  just  in  view  of  tne  difference  of  the 
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tactical  function  of  these  methods. 

We  have  till  now  left  from  consideration  methods  of  pattern  scanning  and  phase 
scanning  in  cases  when  the  frequencies  of  scanning  are  not  too  high.  However,  this 
gap  is  easily  filled  if  we  recall  results  of  comparison  of  these  methods  in  the 
shown  cases  with  cases  of  high-frequency  scanning.  Such  comparison  was  conducted 
earlier  and  showed  that  accuracy  of  methods  of  pattern  scanning  and  phase  scanning 
rather  sharply  drops  with  decrease  of  the  frequency  -  ’  scanning,  numerically,  the 
drop  of  accuracy  with  decrease  of  frequency  of  scanning  can  be  found  from  graphs 
of  Figs,  10,11  and  10,22. 

Thus,  we  have  compared  the  considered  methods  of  direction  finding.  The  best 
one  should  recognize  is  the  methods  of  scanning  with  compensation,  1AC  and  IPC.  The 
worst  results  come  from  methods  of  pattern  scanning  and  phase  center  scanning, 
especially  at  low  frequencies  of  scanning. 

§  10.13,  Optimum  Measurement  of  Angular  Coordinates 
by  Antennas  of1  Phased  Array  Type' 

Till  now  we  were  occupied  with  synthesis  and  study  of  optimum  radar  meters  of 
angular  coordinates  with  assigned  methods  of  direction  finding.  By  this  we  under¬ 
stood  that  there  is  assigned  the  structure  of  the  antenna  array  of  the  goniometer, 
i.e,,  there  are  determined  operations  produced  on  the  electromagnetic  field  in  the 
aperture  of  the  antenna  array.  Such  a  formulation  of  the  problem  is  limited.  It 
does  not  give  a  complete  answer  to  this  question:  if  we  are  assigned  the  geometric 
form  and  dimensions  of  the  aperture  of  the  antenna  array,  what  method  of  direction 
finding  will  be  best? 

Certainly,  it  is  possible  by  comparing  all  methods  of  direction  finding  to 
establish  the  best  of  them,  However  there  is  no  guarantee  that  there  will  not  be 
found  a  certain  method  of  direction  finding,  not  considered  by  us,  which  gives 
greater  accuracy  of  angle  measurement.  In  order  to  obtain  an  answer  to  this  qucs'jin, 
it  is  necessary  to  synthesize  an  optimum  goniometer,  originating,  not  from  an  assigned 
method  of  direction  finding,  but  from  an  assigned  aperture  of  the  antenna  sy.  tern. 

In  one  case,  very  important  and  interesting,  the  technique  de lopeu  in  ti.c 
preceding  sections  permits  us  to  carry  out  complete  synthesis  of  the  goniometer  cir¬ 
cuit,  including  operations  produced  in  the  antenna  system.  We  are  talking  about  the 
case  when  there  are  used  antennas  of  the  phased  array  type. 

Such  antennas,  as  it  is  known,  consist  of  a  set  of  disc  rite-  radiators  (usually 
isotropic),  each  of  which  is  fed  current  with  its  own  amplitude  and  phase.  , .'.elect. i  r-n 
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oi'  amplitudes  and  phases  of  feed  of  the  radiators  permits  us  to  obtain  from  the  sys¬ 
tem  of  radiators  various  forms  of  directional  patterns.  Clearly,  the  sum  of  the 
effective  areas  of  the  radiators  is  approximately  equal,  to  the  area,  occupied  by  all 
the 'radiators  so  that  power  losses  due  to  the  discrete  structure  <  ’■una 

arrays  are  insignificant.  Interest  in  antennas  of  the  phased  a’  resent 

has  sharply  increase- 

During  use  of  antennas  of  the  phased 
array  type  the  received  signals  from  every 
element  of  the  antenna  usually  are  firs., 
processed  separately  up  to  and  including 
transformation  of  frequencies,  and  only 
then  are  they  cross-processed.  This 
cross-processing  determines  the  structure 
of  the  device,  which  should  be  selected 
^  optimally. 

Fig.  10.53.  Finding  the  form  of  signals  Let  us  assume  that  the  antenna  array 

received  by  elements  of  an  antenna  array. 

i-ohi-is's  (>f  n  elements,  having  (in  a 

certain  system  of  coordinates)  polar  coordinates  H^,  cu,  |1^  (i  =  l,  2,  n) . 

Vector  n  of  the  normal  to  the  incident  wave  (which  we  consider  planar  in  the  vicinity 
of  the  antenna)  we  assume  has  coordinates  a  and  p  (Fig.  10.53) .  If  we  designate  by 
q>0  the  phase  of  the  incident  wave  at  tr.  igj».  of  coordinates,  the  phase  of  the 
signal  received  by  the  i-th  element  of  the  antenna  v/ ill  be  equal  to 

*i(<,  *i  P)==  T«4--x-(/?is'0*<s>n*eos(pi  — PJ-f-^cosajCOsa). 

Mien  the  received  signals  are  recorded  in  the  form 

*(<)  =  / /^  Re  £(0«  (OX 

<fv  +  (*4  »ln«4  llD  •  QO»  (P,  — P)  +  Rt  C0t«4  CO,.] 

X®  +KrA^*»«<(0» 

where  >■  —  power  of  the  signal  received  by  the  i-th  element  of  the  antenna, 

C  l 

—spectral  density  of  noises  acting  in  the  channel  of  this  element. 
Subsequently  to  facilitate  calculation  we  shall  limit  our  consideration  to  the 
most  important  practical  case  of  a  flat  square  uniform  array  with  identical  elements 
(Fig.  10.34) .  Here  for  definitlvene3s  we  shall  consider  the  variant  with  a  tracking 
antenna,  i.e.,  in  the  process  of  target  tracking  the  actual  array  turns  tc  match  the 
normal  to  the  array  plane  with  the  direction  to  the  target.  Considering  here  mis¬ 
match  with  respect  to  one  of  the  coordinates  equal  to  zero,  as  we  did  in  all  cases. 
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we  can  consider  the  array  oriented 
so  that  one  of  its  sides  (we  call  it 
transverse)  is  parallel  to  the 
leading  edge  of  the  incident  wave. 
Then  signals  received  by  elements 
of  transverse  rows  will  be  identical. 
This  is  equivalent  to  observing  n 
signals  of  power  mPc  ^ ,  where  PQ  ^  — 
power  received  by  one  element;  m  — 
number  of  elements  in  the  transverse 
row;  n  —  number  of  elements  in  the 
longitudinal  row.  Denoting  by  d 

Fig.  10.54,  Square  uniform  antenna  array. 

the  distance  between  elements  in  the 

longitudinal  row  of  the  array,  we  see  that  the  phase  in  the  i-th  row  of  radiators 
(i  =  1,  2,  ....  n,  Fig.  10.5-i)  is  equal  to 

«)  =  -y-</sina.  (10.1,5.1) 

Thus,  the  received  signals  turn  out  to  be  equal  to 


m  (0 — 

=  V'ffi/>elReE(0«(*)e  '  -\-VNtn'i(t). 


We  now  use  ar -general  expression  for  the  operation  of  the  optimum  radio  channel 
(IO.5.29).  Substituting  (10.5.1)  In  this  formula,  we  obtain 

l  „ 

* M  =  inert *d  (  Aioat (*  —  S) cos «Bflp (t-s)X^  ly< (*) a * (®) sin l“rS  +  ’S’ ^ ds * 

<_*/  1=1 i 

1  « 

X  £  Aionr^  —  s)cosa>rtp(x--s)  X  V  ($)  «a  (s)cos  [u>rs  -j-  (s))  ds.  (1...1  j.5) 


The  block  diagram  realizing  this  operation  is  depicted  in  Fig.  10.59.  As  can  bo 
seen  from  this  diagram,  the  signal  from  each  element  of  the  antenna  is  separated 
Into  two  channels,  in  which  it  is  heterodyned  by  voltages  shifted  relative.-  to  each 
other  in  phase  by  m/2.  Signals  heterodyned  with  one  phase  arc  added,  are  filtered 
by  an  optimum  filter  with  gain-frequency  response  curve  (10. 5. 29)  and  enter  tun 
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Kit,.  block  diagram  of.  an  optimum 

receiver  during  measurement  of  angular 
coordinates  with  the  help  of  an  antenna  of 
phftr.u.l  array  type:  i)  adder;  2)  optimum 
filters  with  frequency  response  onT  (i(v). 

c  is  any  number,  including  a  negative  num.Vvr, 
changed  by  tills. 


phase  ue sector  as  reference  voltage, 
Signals  heterodyned  toy  voltage  with 
the  other  phase,  are  added  with 
scales  1,  2,  , n,  are  filtered 
toy  the  same  filter  and  enter  the 
other  input  oi  the  phase  detector. 
Summation  with  scales  has  a  simple 
physical  meaning:  tne  further  a 
given  radiator  is  removed  from  th'- 
1-th,  the;  greater  the  information 
about  angular  coordinates  i.n  the 
signal  from  this  radiator  and  the 
greater  the  weight  with  which  tills 
signal  should  be  considered,  Note 
that  the  weights  with  which  we  con¬ 
sider  signals  from  different  radia¬ 
tors  are  determined  ambiguously: 
a;.,  cca.'.i  tur.m  can  be  used  quanti¬ 
ties  c,  c  +  1,  , c  -l-  n  -•  i,  rfhero 
Operation  of  the  circuit  in  no  way  is 


We  now  calculate  potential  aociu ; oy  o:  measurement  of  angular  coordinates  by  a 
phased  array.  For  this  we  use  general  formula  (10.3,52),  Substituting  there  expres¬ 
sion  (if. .13,1)  fox'  the  equivalent  spectral  density  of  measurement  of  one  angle  (taking 
into  account  the  usual  assumption  that  we  have  to  measure  both  angles  with  identic* 
accuracy),  we  obtain  the  following  formula: 


•Soot  — 


S,  (»)  da 

I +  *!«•<•> 


(10.13.3) 


where  h...  —  l-atio  oi'  total  signal  power  received  by  all  elements  of  the  array  to  the 
spectral  density  of  noise  in  one  channel; 

d  —  distance  between  neighboring  radiators; 

X  —  wavelength. 
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We  calculate  the  sum  in  (IC.13.3)}  finally  we  find 


Somr  = - 5 - .  (10.13,4) 

f  S*(»)  dm  /i*  —  1  i  ltd  \* 

2«  J  l+AiS»<tt>  3  \TJ 

—co 


It  is  interesting  for  comparison  to  consider  analogs  of  the  methods  of  IAC  and 
I PC  during  use  of  phased  arrays  as  antennas  and  to  compare  accuracy  with  the  potential 

accuracy  found  by  us. 


I’ig,  10,36,  Coupling  of  radiators  of  the 
array  with  the  IAC  method, 


In  the  IAC  method  all  signals 
received  by  radiators  are  added,  and 
there  will  be  formed  a  difference  signal 
representing  the  difference  between  Li,c 
sum  of  the  signals  of  one  half  of  th>. 
radiators  and  the  sum  of  the  signals 
of  the  other  hall'  of  the  radiators 
(Fig,  10,36),  Further  processing  will 
only  be  on  these  two  signals.  Her--,  .1 
is  easy,  producing  the  shown  opera'. I  ic¬ 
on  the  signals  (10,15, ^)>  fin*  '-nut 
the  sum  signal  is  proportional .  V 


£+(*)—  cos  sin  a, 


(sum  directional  pattern),  and  the  difference  is  proportional  to 

8  -  (a)  =sin  ^  sin  a 

(difference  directional  pattern).  Comparing  these  expressions  with  e,li , *■■)  and 
considering  normalization  (10,3,1),  it  is  easy  to  calculate  the  gain  factor  <.,r  tir 
directional  pattern  entering  all  formulas  for  accuracy  of  the  IAC  methods 


n  *d 


(1 


i.e.,  the  equivalent  spectral  density  of  the  IAC  method  in  equal 


^on*  — - - £ - <  ) 

f  S,  (•)  dm  n *  (vtd  \* 

2"  J  1  +  W«)  4  1*7 
-00 


Comparing  this  expression  with  (10,13,4),  we  see  that  the  optimum  method  of  measure¬ 
ment  of  angles  ensures  somewhat  higher  accuracy  than  IAC  5  however  this  gain  is 
Insignificant.  When  n  >  6 

S'm _ 4  b*  —  I  4 

3^7-T  Sr~T' 

We  shall  now  consider  the  IPC  method.  With  this  method  radiators  are  coupled 
as  shown  in  Pig.  10.37,  i.e.,  the  signals  of  two  groups  of  radiators  are  added 
separately,  and  subsequently  only  the  two  sum  signals  thus  obtained  are  processed. 

These  two  signals  are  easily  found  by  corre¬ 
sponding  summation  of  signals  (10. 13. 2).  It  is 
easy  to  find  that  one  of  the  sum  signals  differ, 
from  the  second  only  by  complex  factor 
in  ird/X  sin  a 

e  .  From  this  it  is  clear  that 

the  equivalent  base  of  the  considered  IPC  method 

Pig.  10.?7.  Coupling  of  radiators  is  equal  to  nd/c.  Consequently,  potential 
of  the  array  in  tne  IPC  method. 

accuracy  of  thi3  method,  too,  is  expressed  by 
formula  (10.13.6).  Thus,  accuracies  of  IAC  and  IPC  are  identical  and  somewhat  lower 
than  the  accuracy  of  the  optimum  method  of  direction  finding. 

In  the  obtained  results  on  synthesis  of  the  optimum  method  of  direction  finding 
using  antennas  of  phased  array  type  it  would  have  been  possible  to  pass  to  the  limit 
e  — *  co,  d  ~  1/n.  Here,  a  discrete  array  is  turned  into  an  antenna  with  a  continuous 
aperture  [51]» 

Thus,  from  consideration  of  antennas  of  phased  array  type  it  is  clear  that  there 
c x i 3 1 s  an  optimum  method  of  processing  the  field  in  the  aperture  of  ar.  antenna  system 
(method  of  direction  finding)  which  does  not  reduce  to  the  widely  applied  IAC  or  ITC 
methods.  However,  accuracy  of  measurement  provided  by  the  optimum  method  insignifi¬ 
cantly  exceeds  accuracy  of  IAC  or  IPC  (by  18#  for  equivalent  spectral  density),  which 
has  no  special  practical  value. 

§  10.11-.  Analysis  of  Accuracy  of'  Tracking  Radar  Goniometers 

In  the  preceding  sections  we  studied  in  detail  radio  channels  of  tracking  radar 
goniometers.  However  accuracy  of  measurement  of  angular  coordinates  of  a  target  by 
a  tracking  goniometer  is  determined  to  n.  considerable  extent  by  the  structure  of  the 
smoothing  el rcuits.  In  Chapter  VI  it  was  shown  that  mean  square  fluctuating  error 
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Is  determined  by  the  characteristic  of  the  radio  channel  SaKB  and  characteristics  of 
the  smoothing  circuits Thus,  for  instance,  during  application  of  linear  smoothing 
circuits  with  constant  parameters  error  is  determined  by  effective  bandwidth  of  the 
system  Afs^  *  which  depends  basically  from  the  form  of  the  smoothing  circuits. 
Furthermore,  by  smoothing  circuits  we  determine  dynamic  error,  constituting  a  con¬ 
siderable  share  of  total  error  of  tracking  a  target  by  angles. 

The  present  section  considers  different  types  of  smoothing  circuits  and  analyzes 
accuracy  of  measurement  of  angular  coordinates  by  tracking  radar  goniometers. 

10.14.1.  Influence  of  a  System  of  Automatic  Gain  Control 
on  Accuracy  of  Tracking  Goniometers 

In  analysis  of  accuracy  of  tracking  radar  goniometers  It  is  necessary  first  of 
all  to  consider  the  influence  of  the  system  of  automatic  gain  control.  From  results 
of  Chapter  II  it  follows  that  the  AGC  system  can  be  considered  in  first  approximation 
a  linear  inertial  amplifier  of  the  signal  amplitude  envelope,  the  gain  factor  of 
which  depends  on  the  level  of  amplitude  of  the  signal.  Action  of  AGC  leads  basically 
to  normalization  of  the  output  signal  of  the  amplifier  covered  by  the  AGC  loop,  so 
that  the  mean  value  of  signal  amplitude  remains  constant.  In  this  approximation  the 
AGC  system,  as  it  is  easy  to  see,  does  not  affect  the  magnitude  of  equivalent  spectral 
density  at  the  input  of  the  discriminator. 

However  for  analysis  of  accuracy  of  a  tracking  goniometer  as  a  whole  the  AGC 
system  must  be  taken  into  account.  Actually,  due  to  automatic  gain  control  there 
Is  established  a  definite  gain  factor  of  the  radio  channel,  depending  on  the  signal- 
to-noise  ratio.  This  leads  to  dependence  of  the  effective  bandwidth  and  other 
chax-acteriotlcs  of  the  closed  tracking  system  on  the  signal-to-noise  ratio,  which  In 
a  certain  way  affects  fluctuating  and  dynamic  error  of  a  tracking  goniometer. 

In  goniometers  using  one  antenna  the  gain  factor  of  the  radio  channel  with 
automatic  gain  control  is  calculated  just  as  in  §  7.10,  The  AGC  loop  in  these 
goniometers  covers  the  UPCh,  whose  passband  is  sufficiently  wide  as  compared  to  the 
band  of  subsequent  filters.  The  input  signal  of  the  radio  channel'  has  the  form 
(10. >.3).  Gain  of  the  UPCh  Ky  is  established  in  such  a  way  that 


Kr2  (2Nt&fr  +  P0)ss  const, 
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where 


Na  —  spectral  density  of  noise; 


Al'  y  —  Bandwidth  of  the  amplifier  covered  by  the  AGC  loop. 

Hence,  as  It  is  easy  to  see,  the  slope  of  the  discrimination  characteristic  is 


equal  to 


_ 


(10. I'M) 


where  y  A f  /Af  —  ratio  of  the  hand  of  amplification  of  the  UPCh  (o  the  band 

y  of  the  signal; 

Kq  —  slope  of  the  discrimination  characteristic  in  the  absence  of 
A  noises; 

h  —  ratio  of  mean  signal  power  to  the  power  of  noise  in  the  1 
of  signal  fluctuations. 

In  circuits  of  goniometers  using  several  antennas  there  exists  a  variety  of 
methods  of  coupling  in  automatic  gain  control.  Most  frequently  automatic  gain  con¬ 
trol  is  coupled  in  one  of  the  channels,  simultaneously  controlling  amplification  of 
the  remaining  channels.  In  this  case  the  slope  of  the  discrimination  characteristic 
of  the  goniometer  has  the  form  (10,14.1);  however,  by  h  it  is  necessary  to  under¬ 
stand  the  slgnal-to-noise  ratio  of  only  she  one  channel  in  which  the  AGC  system  is 
coupled.  In  a  number  of  cases  to  the  AGC  system  inure  is  simultaneously  inserted 
voltage  from  several  channels,  taken  with  certain  scales.  The  slope  of  the  discri¬ 
mination  characteristic  will  again  be  expressed  by  formula  (10.12.1),  where  by  h  it 
is  necessary  to  understand  the  weighted  f>  of  the  signal- to-noi  sc  ratios  in  the 
channels  to  which  the  AGC  system  1.;  r.ou. led .  quantity  K  is  calculated  analogously 
in  more  complicated  cases,  too. 

Besides  the  influence  on  the  transmission  factor  of  the  radio  channel  automatic 
gain  control  also  leads  to  decrease  of  the  spectral  density  of  parametric  fluctuatin' 
i .acreage  of  the  spectral  density  of  parametric  fluctuations  is  caused  by  the  du.vdu- 
lating  action  of  the  AGC  system,  This  decrease  can  be  easily  calculated  with  the 
help  of  results  of  Chapter  II.  According  to  (2,J.5b)  the  spectral  density  of  para¬ 
metric  fluctuations  with  the  presence  of  an.  AGC  system  is  connected  with  the 

nap 

magnitude  of  £  calculated  in  the  preceding  sections  by  relationship 
l;0  p 


_  c;  1 


(10.14,2) 


where  n  —  a  coefficient  which  depends  on  parameters  of  the  AGC  system  and  the  signal- 


to-nolse  ratio,  where 


n'—na 


■'  ;-vi  -i-  ;y.. 


/ -  - o ;  tttvgi” i  ‘s t> it  •  Wx-ra  tjvj *\v!.\ 


Here  hQ  —  the  signal-to-noise  ratio  corresponding  to  a  signal  equal  to  the  delay 
level  of  the  AGC  system;  nQ  —  the  value  of  parameter  n  corresponding  u  the  delay 
level  (see  also  Paragraph  7.10.1). 

10.14.2.  Errors  of  Goniometers  with  Smoothing  Circuits 
with  Constant  Parameters 

Usually  in  smoothing  circuits  of  radar  goniometers  there  are  used  filters  with 
constant  parameters.  Here  it  is  essential  that  the  structure  of  the  smoothing  cir¬ 
cuits  of  tracking  goniometers  in  distinction  from  range  finders  and  speed  metern 
turns  out  in  a  number  of  cases  to  be  rather  complicated,  inasmuch  as  smoothing  cir¬ 
cuits  include  such  elements  as  actuator  motors,  power  amplifiers,  etc.,  necessary 
for  rotation  of  the  antenna. 

Changes  of  smoothing  circuits  here  can  be  carried  out  only  by  introduction  of 
additional  correcting  links. 


forms : 


Smoothing  circuit  transfer  functions  used  in  practice  have  one  of  the  following 
3 : 

JJ  (n) -  o  l-f  pf*  fj  _ ft  (i  ■\-  pT,y 

p  0  + jr.xi  +  pr,;*  nu yp>—p  (i+pT&XiTWjr' 

HmW  p  <i +  />!•,) (i ^iv <P)  —  j <f+  ^ro,f|7+  pT,)'  ’  ) 


where  T  >  T  >  T  . 

r  2  ;  '>  ■ 

Smoothing  circuits  of  a  very  simple  type  in  the  form  of  an  integrator  (RC-l'J.Lt'  r) 
or  a  double  integrator  (double  RC-filter)  with  correction,  studied  in  detail  in  the 
preceding  chapters,  in  the  practice  of  radar  goniometers  are  almoBt  never  met. 
Therefore,  we  will  pursue  our  study  of  meters  with  smoothing  circuits  of  type 
(10.14.J),  using  methods  of  approximation  for  calculation,  developed  in  radar  auu  - 
matlon,  since  obtaining  of  exact  results  here  is  very  difficult  in  view  of  the  com¬ 
plexity  of  these  expressions. 

Smoothing  circuits  are  characterized  by  Q-factor  D  and  time  constants  T^ ,  T,., 


However,  in  practice,  smoothing  circuits  are  bettor  characterized  by  c'-rol]' 
generalized  parameters,  having  considerably  greater  physical  and  technical  meanings 
Q-factor  D,  cutoff  frequency  cu  and  reserve  phase  stability  ^  . 

Cutoff  frequency  <x>  f>  Is  determined  by  relationship 


I  ('■«)!*= l, 


(]o.-i4  ,n ) 


•  "•‘“n  rT—mnmirriMf  in » wiwiitf 'n—niit. 


the  reserve  of  phase  stability 


T«=*+arg  H  (i«c). 


(10. in. 5) 


Those  parameters  usually  are  assigned. 


The  relationship  of  time  constants  T , ,  T!r  and  T,  with  parameters  D.tu  and  q>„  , 

x  t.  y  o  o 

In  general,  is  rather  complicated j  however  with  accuracy  sufficient  for  practical 
applications  it  can  be  fixed  as  follows. 

For  an  example  we  shall  consider  only  function  H^{p)  from  (10. 34.3).  Results 
l'or  the  remaining  transfer  functions  are  established  absolutely  analogously.  From 
(10.14,4)  we  have 

j //  (imt)  |  =  JL  - . 

11  *•  V\  +  «’r?  V  i  +  <*2rj 

It  is  easy  to  see  that  1/1V,  <  cofi  <  l/T^;  considering  |/l  "+  xc  *  x  for  x.  >  1  and 


'1  +  x/'  *  1  for  x  <  1,  for  H,(p)  we  obtain 


(10.14 .6) 


The  same  result  is  obtained  for  transfer  fun :i  ion  !l.^T.j.(p),  For  transfer  func¬ 
tions  of  type  l!pj(p)  and  HjV(p)  in  an  analogous  way  wo  i  inu 


•DW 


(10.14.Y ) 


We  consider  now  the  phase-frequency  .n.n-s .  V/e  have 

arg //,(/•«)  —  —  ---■ -a.c  tg^T,  -}•  *kc  lg®c  T,  —arc tg ®07V 

Considering  that-  arc  tg  x  *  tt/2  -  1/x  hen  r.  >  1  and  arc:  tg  x  **  x  v/nen  x  <  1,  it  is 


easy  to  1 


,'ind  that  for  h1(p) 


where: 


P°  “  f1  ~  ilr)H-»c7'»* 


P*  —  *5  ?#• 


(10.14.-; 


(10.14 ,9) 


For  transfer  functions  Hjj(p),  * 1  j ^ X ( P )  ami  analogous  expressions  will 


have  the  form 


—  smrC1  *  /  tI+O*"’  P*— *57  (*  ~  Tr)+2r«**' 


(10.14 . It ) 


Analysis  of  errors  of  the  used  approximations  shows  that  errors  hern  are'  1’ul‘l.y 
permissible  (92). 


wtsimw  .-.•»!  v-wtmimM  natsmsK  tTromaHe 


As  can  be  seen  from  expressions  (10.14.6)  and  (10. 14.10),  time  constants  T^, 

Tg  and  are  determined  by  parameters  D,  u.'c  and  9C  ambiguously,  i.e.,  there  exists 
a  broad  class  of  systems  with  assigned  D,  to  c  and  <pc  ,  but  with  different  time  con¬ 
stants  T^,  Tg,  and  T^.  Inasmuch  as  basic  parameters  D,  tu^  and  9  are  fixed,  these 
systems  possess  approximately  identical  dynamic  properties;  the  difference  of  time 
constants  T^,  Tg  and  T^  plays  a  less  essential  role.  However,  from  the  point  of 
view  of  operation  most  profitable  is  the  system  for  which  ratio  Tg/T-j  is  minimum 
[52].  Here,  in  particular,  the  system  has  a  phase-frequency  response  changing  little 
near  the  cutoff  frequency,  which  ensures  constancy  of  9 c  with  change  of  amplifica¬ 
tion.  Therefore  in  practice  there  are  used  basically  systems  possessing  for  assigned 
D,  cuc  and  9C  a  minimum  value  of  ratio.  T^/T^.  We  subsequently  will  limit  our  con¬ 
sideration  to  such  systems. 

Using  expressions  (10.14.8)  and  (10, 14.10),  in  Table  10,1  we  give  minimum  values 


of  ratio  T^/T,  for  fixed  D,  co  Q  and  p  Q  . 

From  this  table  it  is  easy  to  obtain  expressions  for  time  constants  ,  IV,  and 

T,  in  terms  of  basic  parameters  of  the  smoothing  circuits,  L>,  is  and  ®  given  in 

/  c  c 

Table  10,2, 

Table  10.1  ,,,  ,  .  .  .  , 

whflt.  hfl.fi  nrpflAnt.f-./  nun  \u*  ainrimo  - 

mp) 

/  T  \ 

iTF'l  rJz<-d  in  the  follovjii,'  way.  Smoot  11 ' ng  air 

M,(p) 

,  .  cults  of  goniometer  systems  are  character- 

||  \  J  ised  by  basic  parameter;:  U,  cu(,  ami  , 

Htt(P) 

,  _ _ Transfer  functions  of  smoothing  circuits 

v~”r  T5"j  have  form  (10.14 .J),  where  Tj,  and  T,t 

H\\\  (P) 

j  ,  are  expressed  through  h,  <u  r,  and  9,.  with 

"ifv,  ”®"/  the  help  of  Table  lo,h, 

//|V.(P) 

/  /— .  Numerical  values  of  basic  parameters 

\  Y  D)  _  for  real  tracking  systems  have  diriment 

values.  The  roourvo  phase  stability 
usually  is  selected  In  such  a  mann"r  that 
20°  fc  9  s  O'/"'.  Ummljy  9.  m  1>  1  and 

V 


os  and  b  „  can  have  different  values  depending  upon  the 
gonlometiM' (  li  *  1/nrjc,  o>  y  "  0-4  no  j/n»:v,  lPm 

easy  to  estub 1. J  sb  L f i< :  order  uf  tinr  constants  1’^  , 


a  no )  glmn.’iit 
C  v/  i  i,h  Ta  b  j 


of 
n  1 


the 


laid  u  i’ 
3 1  j 


iu»-i  'i 


Table  10.2 


H(P) 

r. 

Tt 

r. 

HXV> 

(£  - ') 

»•  \ 
"l>) 

2  «o0 

Hu  (p) 

537  (/?-*) 

4r(‘- 

V*t) 

P« 

2«c 

"m  (P) 

S3r(c-‘) 

4r('- 

-S): 

Jc_ 

4«e 

«iv  W 

P« 

4»o 

Let  us  turn  to  study  of  fluctuating  errors.  These  errors,  as  %t  is  known,  are 
expressed  through  the  effective  bandwidth  of  the  tracking  system.  \ 

Let  us  calculate  effective  bandwidths  of  closed  systems  for  all  types  of 
smoothing  circuits  (10.14.3).  '  They  are  determined  by  expression  V 


l +KaH  (i«) 


(10.14.11) 


where  Kj,  —  the  slop"  of  the  discrimination  characteristic  of  the  radio  channel. 

Substituting  for  H(io:)  consecutively  the  expressions  from  (10.14.3)  and  calcu¬ 
lating  this  Integral  in  every  case,  we  obtain  (calculated  by  M.  M.  Kreymerman) : 
for  Hjtp) 


Af  1  K»DVl  +  W(T,  +  Tt) 

“  4  <7\  +  T,)  (I  +  K^DT,)  -  TJtK»D  ’ 


(10.14.12) 


for  Hjj(p) 


*!•» — 7 1(>  +  2AC.Dr  J  K[  D'T\  +2w;o'(r,  +  2r.)  + 
+ K,DT,  (T,  +  27\)  (r,  +  27\  +  K,DT] )  — 
-K,DT’(l  +2Dr,ll-rl  T,(  1  4-2 K,DT,r- 
-  K.DT]  <r,  4-  27-,)'  4-',(r,-h2r,)(r,4-2r,4- 
H-  hi  +  2#c„Dr.)]  - ' ; 


(10. 14. 13) 


A/H=l(D*/c*r;  (2  r.)  -  kkdtxt%  (i  +  k*dt,) + 

+/f*o(r1+2r,)(2rl+r,i.Hr1rl(i+/cJlDrl)*- 

—  TtKAD(2Tt-\- TJ*  +  (7,  +  27\) (Tx  +  27*,)  x 

XO+^nW'i)!-1;  (io.i4.i4) 

for  HIV(p) 

*/.♦  -  7  {K\  D-Ti  \T,TJ(,D -2<7,  +  7.)(l  +  2D7,)|  + 

+ w]  D'T\  7,7.  [KDT]  4  27,  +  2r,l  - 

-  4K’  D*7’  <7,+  7-,)  (T;  +  7’  +  47",  7,)  - 

-  2 K[  tn\  7j  <7,  +  7.)  +  K.D7.7,  (KfPT\  +  27,+ 

+ 2TJ- + 4/t.Dr.r,  (?,  4- 7-j"  (I  +  2orj - 

-  2K„D<7,  +  7J  (T]  +  T ;  +  47,7,)  <K,D7’  +  27,  + 

+2r,)} {- T]  T\ K\ D*  +  4X.D7-;  7,  (7,  +  7,)(l  + 

+  27A.D)  +  *.07,7,  (T]  +  T]+  47,7.)  (K.D7;  + 

+.27,+  27.)  -  2/C.D  (7,  +  7.)  (7|  +  7;  +  47,7,)-  - 

—  7?(1+  2K.D7.)  (KaDT]  +  27, + 27,5 )  - 

-  47,7,  (7,  +  7.)’  (1  +  2K.D7J- + 2(7, +7.)  (7J  +  7J  + 

+  47,7,)(l+2K,D7,)(K.D7’  +  27,  +  27J)-.  (10.14. 15) 


Expressions  (10. 14.12)-(10. 14.15)  give  exact  values  of  the  effective  passbands 
of  the  closed  system.  It  Is  possible  to  express  them  in  parameters  D,  <PC  and  coc 
according  to  the  formulas  ( 10. l4.6)-(10. 14.10) .  For  large  values  of  K  D/o> 

(K^D/toc  §  10),  which  practically  always  takes  place,  in  Table  10.3  there  are  given 
simple  approximate  expressions  for  effective  bands  of  a  closed  tracking  system. 

Inasmuch  as  depends  on  the  signal-to-noise  ratio  in  the  radio  channel,  Af  3(j, 
also  will  depend  on  this  ratio.  We  note  that  for  large  reserves  of  phase  stability 
(<p0  3  50°)Af3fj,  for  all  types  of  transfer  function  has  the  came  asymptotic  form 

Knowing  the  effective  band  of  the  closed  tracking  system,  we  can  write  an  expres- 

p 

sion  for  fluctuating  error  of  angle  measurement,  which  is  equal  to  a ^  =  PS^Af  , 

To  decrease  fluctuating  error  it  is  necessary,  obviously,  to  decrease  Af  ^ .  As 
can  be  seen  from  Table  10.3,  to  decrease  Af  ^  it  is  necessary  to  decrease  o>c  and 
Kjj?  however  It  is  necessary  to  consider  that  dynamic  errors  here  will  increase. 

Optimum  valuer,  of  parameters  of  smoothing  circuits  must  be  selected  from 
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cons  Ido rat. Iona  of  a  compromise  between  dynamic  and  fluctuating  errors. 


Tabic  10,5 

//(/>) 

Hi  (P) 

^  K«  +  fu/2 

‘  4 

H11  (?) 

Km  +  "g  Po 

K  J  (4  —  $£)  —  2fe 

Hw  iP) 

KMU-ti/lV  +  jh 

4-|*-T 

W,v  (A) 

*a0-  »c/16)+|  n 

bevcral  words  about  the  condition  !)K^/co  ^  used  by  us,  allowing  to  obtain 

a  vvry  simple  expressions  for  effective  bands,  'i'nic  condition  is  realised  practically 
ttlwayn  If  h  »  1,  With  decrease  of  h,  as  can  be  seen  from  expression  (lu. 14 .  i ) , 
i'.R  starts  to  drop,  and  with  sufficiently  email  values  of  h  approximate  expressions 
for  effective  banns  of  Table  10,5  will  a i. read  /  be  incorrect.  This  is  necessary 
to  consider  during  practical  calculatlM.j . 


Ay  an  example  we  shall  calculate  fluctuating  error  of  measurement  of  an  angle 
by  «  sytsfcftm  using  IAC  with  the  circuit  of  Fig.  10. 1/  (or  the  method  of  scanning  with 
compensation  with  the  circuit  of  Fig,  10.1b).  We  assume  that  smoothing  circuits 
have  a  transfer  function  of  type  Hj(p).  Vie  consider  that  automatic  gain  control  is 
closed  through  the  sum  channel, 

Fur  calculation  of  fluctuating  error  we  U3e  formula  (10,7.9)  for  and 
(10,14,1)  for  Kj.  (where  h  is  replaced  by  h^-  —  the  signal- to-noise  ratio  in  the  sum 
channel,  and  -  1).  The  expression  for  the  effective  band  we  take  from  Table 
I0.5,  We  have 

,  ,  /*+-]-  *+2+t\ 

.....  .  ___jx 

(10.14.16) 


♦* 


X 


&!•  \ 


*1 

2  4  -tl 
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we  will  change.  Curves 


We  take  in  (lO.l4.l6)  x  =  5,  <P  c  =  30°.  Ratio  coc  /4AfQ 

p 

of  the  dependence  of  on  hv  for  different  cuc  /4Af  c  and  y  shown  in  Fig.  10,58, 


Fig,  10,38.  Example  of  the  dependence 
of  fluctuating  error  of  a  tracking 
goniometer  on  the  signal-to-noise  ratio. 
- a>c/4Afc  =0.1; - c  /4Af  c  = 

=  0.01. 


When  using  these  graphs  it  is  necessary 
to  consider  that  expression  (10.l4.l6)  is 
valid,  as  we  already  noted,  when 
DK_/co  £  10,  i.e.,  if  D  =  400  1/sec  and 
toc  =  10  l/sec,  expression  (10. 14.16)  is 
valid  only  when  5  1/4.  This  means  that 
the  curves  of  Fig,  10.33  are  valid  only  up 
to  values  1/(1  +  y/h^)  £  1/4,  For  instance, 
at  y  =  5  we  should  have  h^,  £  1,6;  at 
y  =  100  we  have  considerably  greater 
limitations  on  the  permissible  range  of 

values  of  hg  (h.,  §  33).  In  order  to  have 

a 

a  dependence  of  0/^  on  h^,,  valid  for  all 
values  of  hy,  it  is  necessary  in  (10.14.16) 
to  substitute  the  exact  value  of  the 
effective  band  of  the  closed  system 
(10.l4.12)-(10.l4.1!5) .  This  would  lead 


to  very  bulky  expressions,  and  therefore  we  will  limit  ourselves  to  the  given  approxi¬ 
mate  calculations,  covering,  incidentally,  the  most  interesting  cases  for  practice. 

We  shall  now  study  dynamic  errors  of  tracking  goniometer  systems.  First  of  all 
we  shall  consider  an  input  of  the  form 


a<0=M0+V>M0.  (10.14,17) 

where  ^(t)  —  known  functions; 

—  random  normally  distributed  coefficients  with  characteristics 

Hi  =0,  = 

The  presentation  of  an  input  in  the  form  (10. 14.17)  is  rather  general  and 
covers  a  large  number  of  practically  important  cases.  This  we  already  discussed  in 
detail  in  the  preceding  chapters. 

In  Chapter  VI  we  showed  that  mean  square  dynamic  error  in  the  considered  case 


will  be  expressed  by  formula 


(10.l4.l8) 


<„=  y  mumomo. 

i.i=i 

where  functions  s^(t)  have  Laplace  transforms 

Ek(o)~  _ • 

k[P'  i  +  *.//(/>)’ 

^(p)  —  Laplace  transform  of  functions  $^(t)j 
H(p)  —  transfer  function  of  the  smoothing  circuits. 

For  smoothing  circuits  of  any  of  the  types  considered  here,  having  astaticism 


of  the  1st  order,  for  large  t  we  have 


.  Mo. 

TaD  ' 


(10.14.1; , 


Formula  (10. 14.19)  is  most  often  used  in  practice  for  estimating  dynamic  errors 
of  tracking  systems.  Relationships  (10.l4.l8)  and  (10. 14.19)  show  that  the  steady- 
state  value  of  dynamic  error  only  exists  when  functions  $^(t)  have  a  bounded  1st 
derivative.  Otherwise  dynamic  error  grows  without  limit.  For  instance,  in  the  case 


of  linear  functions 


we  have 


•»(<)==  a*  +  atkt 


(10.14.20) 


(10.14.21) 


Mean  square  dynamic  error  here  is  equal  to 

3  m 

(10.14.22) 

Thus,  dynamic  error  is  inversely  proportional  to  the  slope  of  the  discrimination 
characteristic  and  Q-factor  D.  With  decrease  of  Kfl,  taking  place  with  decrease  of 
the  aignal-to-noise  ratio,  dynamic  error  increases.  For  example,  in  Fig.  10.39 
there  is  given  the  dependence  of  °n  Analogously  we  can  consider  error 

with  more  complicated  inputs  of  form  (10. 14.17). 

In  the  considered  simple  case  dynamic  and  fluctuating  components  of  total 
tracking  error  are  minimized  independently.  To  lower  the  first  component  it  is 
necessary  to  increase  Q-factor  D;  to  lower  the  second dtlr  is  necessary  to  incr^ape.the^ 
cutoff  frequency  o>c  .  However,  consideration  of  more  complicated  inputs  loads  to 
more  complicated  conditions  of  a  minimum  of  overall  error,  ensuing  from  the  com- 


Let  us  consider  dynamic  errors  with  purely  random  inputs.  As  it  is  known, 
during  depletion  [?  processing  (text  misprint)]  of  a  stationary  random  input  with 

.  spectral  density  S  (a>)  there  exists  dynamic 

it-  '■  —  .  ■  ■  — ~ j— i 

error,  the  mean  square  of  which  is  equal  to 

00 

,  /  **■*  ”  ST  ]  |l  +  KyH  (/»))* 

.  —7-  7 

X  X  For  calculation  by  this  formula  we 


approximate  S^(co)'  by  expression 

S  («)=/*►' 

■(  ’  \0.  |.|>v 


(10. 14.24 ) 


Fig.  10,39*  Example  of  the  dependence 
of  dynamic  error  of  a  tracking  goniom¬ 
eter  on  the  signal-to-noise  ratio  with 
an  input  in  the  form  of  known  functions 
with  random  coefficients. 


Let  us  consider  particular  cases 
occurring  with  different ■ relationships  of 

“lx*  Ti»  T2*  T3* 

We  turn  to  transfer  function  Hj(p). 
We  shall  use  approximations 


•<!,’  T7<®<77’  (io.i4.25) 

(which  already  were  used  in  deriving  formula  (10,14,6)).  We  note  that  when 
to  <  l/T  quantity  |  H^(ico)  |  »  1. 


_ f  dig  ^ 

«■  “  K\  2k  J  I  N  (<»)  I*  — 


i  s**l  ^  Jt_ 

3 *  KlDt’ 


V8*  /  3.  *  T 2 

~3*K\D*  fi  + 

17  <*  °v  ^  ~fi" 


(10.14.26) 


Analogously  for  the  remaining  types  of  transfer  functions  wo  obtain  the  following 

-  *  «  4  •  '  -•*••• 

results:  In  range  T1od^|  <  1  quantity  in  all  cases  is  identical  and  is  expressed 

by  formula  (10.14.26);  in  range  1/1^  <  of  <  l/T,,  for  transfer  function  HIi;r(p)  the 

p 

square  of  error  o„„,  has  tne  same  form  as  for  H  (p),  i.e.,  is  expressed  by  formula 

*  Yi  H  -J. 

(10,14,20),  and  for  functions  H-j-j(p)  and  H-j-y(p)  by 
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*  __  j  /  3  <7m  J3 _ 

*■*  3*  ^7  •‘7*  7f?»’+  J‘  r,  <*n<uv 


(10. 14 .  27) 


Note  that  the  obtained  formulas  occur,  of  course,  only  for  the  case  of  which 

ifl  not  too  small  [so  that  it  is  valid  to  disregard  the  one  in  the  denominator  of  the 

integrand  in  (10.l4.23)].  Time  constant  T1  in  formulas  (10,14.26)  and  (10.14. 27) 

can  be  replaced,  if  desired,  bv  the  expression  containing  parameters  os  ,  1)  and  <p„ 

c  o 

from  Table  10,3, 

In  Fig,  10,40  we  constructed  from  formula  (10. 14.26)  the  dependence  of 
KaCTfi>iH/ao^aO  =  2‘VaV  ~  mean  square  value  of  input)  on  the  width  of  the  spectrum  of 


input  <0^  for  different  co  Q 


During  calculation 


of  this  dependence  we  assumed  D  =  400  1/sec, 


9C  =  30u, 


68  0.1  sec.  Note  that  a  section 


V  t  10 

Fig.  10.40.  Example  of  the 
dependence  of  dynamic  error  of 
9.  tracking  goniometer  on  the 
width  of  the  spectrum  of  a  ran¬ 
dom  input. 


of  this  dependence  to  co^  =1  cps  is  valid  when 
DKflTp  j.?]  »  1,  i.e.,  Kd  »  1.25’10-^  [for 
y  =  100  in  formula  (10.14,1)  the  permissible 

_  j 

signal-to-noise  ratio  h  »  10  ],  The  section 

0)^  >  1  cps  is  valid  practically  only  at  83  1, 
i.e.,  for  rather  low  noise  levels. 

Let  us  turn  to  the  question  of  optimum  selec¬ 
tion  of  parameteis  of  smoothing  circuits  in  the 
presence  of  a  random  input.  This  question  we 
shall  consider  purely  illustratively,  inasmuch 
as  complete  analysis  is  very  difficult  to  perform 
here.  Let  us  assume  that  the  random  input  has  a 
square  spectrum  (10.14,24)  with  1/T^  <  co^  <  l/'JV. 
If  the  smoothing  circuit  has  transfer  function 
Kj(p),  total  error  of  tracking  is  equal  (when 
\  T,  »  1) 


*«  +  j  f* 

0*=B*  -f**  =2®0  - V 


’  i^/c*  p*  ‘ 


(10. 14.38/ 


Varying  this  expression  with  respect  to  co  and  P  ,  it  is  easy  to  find  tnat  the 

C  G 

optimum  cutoff  frequency  is  equal  to 
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iV  > 

s.«.y  jl  ’ 

and  the  optimum  reserve  of  phase  stability  for  Kj  =  1  P0  onT  =  2/5,  i.e., 
-  67°. 

Substituting  this  value  of  qp  in  (10.l4.32),  we  obtain  (for  =  1) 

•eoaT  =  0,88*^  ("5“  )  . 


(10.14.29) 

'Pc  - 


(10.14.30) 


Thus,  the  optimum  cutoff  frequency  is  proportional  to  the  bandwidth  of  the 
spectrum  of  the  random  input;  with  growth  of  the  spectral  density  of  this  input  o>c 
intereases,  and  with  growth  of  £^KB  it  drops;  however,  the  dependency  of  <ac  on  these 
quantities  is  rather  weak. 

The  given  example  shows  that  there  exist  optimum  values  of  parameters  of 
smoothing  circuits,  depending  on  the  type  of  input.  Optimum  values  depend  also  on 
the  signal-to-noise  ratio  (through  and  equivalent  spectral  density  E^)  and 
should  be  adjusted  with  change  of  this  ratio.  In  an  analogous  way  we  can  investigate 
cases  of  other  inputs. 

Let  us  consider  now  in  brief  the  question  of  the  influence  of  parametric  fluctua¬ 
tions.  As  shown  in  Chapter  VI,  the  presence  of  parametric  fluctuations  leads  to 
increase  of  errors  of  measurement.  With  smoothing  circuits  with  constant  parameters 
this  increase  is  expressed  by  relationship  (6.2.39).  As  we  have  seen  earlier,  the 
spectral  density  of  parametric  fluctuations  in  almost  all  cases  is  expressed  by 
formula  (10.5.23)  with  (10.5.24).  In  Paragraph  10.14.1  it  is  shown  that  with  AGO 
the  spectral  density  of  parametric  fluctuations  decreases  according  to  relationship 
(  10.14.2).  From  this  we  find  that  for  the  considered  circuit  error  taking  into 
account  parametric  fluctuations  is  expressed  by  formula 

('  +M,  >) (1  +  sfc  9S& i). 

? 

where  aQ  —  error  ignoring  parametric  fluctuations,  and  the  remaining  designations 
are  the  same  as  before  [see  designations  for  formulas  (10.5.24)  and  (10.14.2)]. 

10.14.3.  Optimum  Smoothing  Circuits  and  Smoothing 
Circuits  with  Variable  Parameters 


Smoothing  circuits  considered  in  the  preceding  paragraph,  as  already  noted,  are 
practically  the  most  commonly  used  in  radar' goniometers. 

However,  it  is  of  interest  to ‘discuss  other  possible  types  of  smoothing  circuits. 
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Although  the  problem  of  their  synthesis  in  principle  is  solved  in  the  rather  general 
assumptions  about  the  character  of  the  input  (see  §  6.8),  an  effective  solution 
cannot  always  be  obtained.  The  simplest  solutions  are  obtained  when  the  input  is  a 
stationary  random  process  or  a  process  with  stationary  increments.  The  smoothing 
filter  here  has  constant  parameters*  depending  on  the  statistical  properties  of  the 
input.  Here  the  smoothing  circuits  synthesized  for  the  goniometer  will  not  differ 
at  all  from  smoothing  circuits  of  a  range  finder  or  speed  meter  if  properties  of 
the  input  in  all  these  cases  are  identical.  Therefore  all  results  obtained  in 
Chapters  VTX  and  IX  regarding  optimum  smoothing  circuits  almost  without  change  can 
be  tranferredto  the  case  of  measurement  of  angles.  For  instance,  if  the  angular 
coordinate  of  the  target  is  presented  in  the  form  of  the  double  integral  of  white 
noise  with  spectral  density  Bg,  the  optimum  smoothing  filter  is  a  double  integrator 
with  correction,  with  transfer  function 


H(p)^K±iLt£hlt  (10.14.51) 

where  and  are  expressed  by  characteristics  of  the  radio  channel  and  in 
the  following  way: 


n-fssw 


(10.14.32) 


(coefficient  B2  has  dimensionality  [deg2  cps^]  and  is  equal  to  the  mean  square  of  the 
angular  velocity  developed  by  the  target  .in  1  sec).  Variance  of  total  error  of 
measurement  in  this  case  is  equal  to 


(10.14.33) 


Let  us  consider,  for  example,  a  tracking  goniometer  in  which  there  is  used  the 
IAC  method.  The  circuit  of  the  goniometer  with  smoothing  circuits  (10.i4.31)  is 
depicted  in  Fig.  10.15.  From  formulas  (10.7.5)  and  (10. 14.33)  we  find  that  total 
error  is  equal  to 


■■=i/9  [a  _■  /,a±i/?+f  +  2+i/xyi'/» 

K  [  'IPTi  **  +  *!  jj  ' 


(10.14.34) 


Considering  M-a  «  1.4/^p,  where  A?  —  width  of  the  directional  pattern,  we  reduce 
formula  (10.14,34)  to  a  form  convenient  for  calculation 


0,87 


r  * . 

/2+t/x  ,  jr  +  2+l/jf  \1 

1/4 
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Curves  of  the  dependence  of  <j/A< p  on  for  various  x  are  shown  in  Pig,  10, 41, 
Biring  calculation  we  assumed  Bg  -  10“^  deg2cps^,  A<p  -  l°,  Af  c  =30  cps. 

Note  that  parameters  of  the  optimum 
smoothing  filter  (10. 14. 32)  depend  on  the 
signal-to-noise  ratio.  With  practical  reali¬ 
zation  of  such  a  filter  they  will  be  selected, 
of  course,  constant,  and  error  can  be  expres¬ 
sed  by  a  fromula  differing  from  (10.14,33). 
This  and  similar  cases  were  considered  in 
detail  in  Chapters  VII  and  IX.  The  results 
obtained  there  are  easily  generalized  to  the 
case  of  goniometers. 

In  many  cases  a  minimum  of  errors  in 
radar  meters  is  ensured  with  the  use  of 

Pig.  10.41.  The  dependence  of  total 

error  of  an  tracking  goniometer  on  the  smoothing  circuits  with  variable  parameters, 
signal-to-noise  ratio  with  an  input  in 

the  form  of  the  double  integral  of  Practically  such  circuits  in  radar  goniom- 

white  noise. 

eters  are  almost  never  used;  however, 

considering  the  prospects  of  development  of  technology,  it  is  of  interest  to  analyze 
error  of  radar  goniometers  using  smoothing  filters  with  variable  parameters.  Here 
again  it  is  necessary  to  note  that  from  the  point  of  view  of  smoothing  the  goniometer 
has  no  Individual  specific  character  as  compared  to  meters  of  other  types.  Therefore, 
results  obtained  for  range  finders  and  speed  meters  are  almost  completely  transferable 
to  the  case  of  goniometers. 

Let  us  briefly  discuss  basic  propositions  concerning  smoothing  circuits  with 
variable  parameters.  If  the  angular  target  coordinate  varies  according  to  the  law 

i- 1 

where  —  normally  distributed  random  variables;  =  0;  p£p£  =  Mlk;  ^(t)  _  known 
functions,  the  optimum  smoothing  filter  will  have  variable  parameters.  Its  pulse  re¬ 
sponse  (with  an  optimum  discriminator)  and  variance  of  error  are  expressed  by  formulas 
(6.8.54 ) , 

If,  for  instance,  the  angular  target  coordinate  varies  according  to  the  law 

•(/)»(•,+ *,0+(  m+n.O, 

where  =  a^,  pg  -  Og,  according  to  (6. 8. 54)  pulse  response  of  the  smoothing  filter 

Is  equal  to 
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Variance  of  error  of  measurement  is  found  in  the  form 

.  •«+ 4* +1^  •»•?<• 

«*=- 


'+5i7^  +  3S^-V*  +  — 


- our 

With  growth  of  t  error  seeks  0,  For  large  t,  obviously,  we  have 

«•* _  ^Mf 


With  arbitrary  smoothing  circuits  with  variable  parameters  error  of  tracking 
is  determined  by  formula  (6.2.15).  No  difficulties  appear  during  use  of  this 
formula. 


§  10.15.  Nonlinear  Phenomena  in  Tracking  Goniometers 

The  whole  preceding  analysis  of  tracking  radar  goniometers  was  based  on  their 
linearized  presentation.  Such  a  presentation  is  valid  if  tracking  of  angles  is 
carried  out  with  sufficiently  high  accuracy.  In  this  case  it  turns  out  that  the  mean 
value  of  the  output  signal  of  the  radio  channel  is  proportional  to  the  current  angu¬ 
lar  mismatch,  and  the  spectral  density  of  noises  does  not  depend  on  mismatch.  How¬ 
ever,  these  idealizations  take  place  only  with  a  comparatively  high  signal-to-noise 
ratio.  In  real  conditions,  especially  in  the  case  of  the  action  of  interferences, 
essentially  decreasing  the  signal-to-noise,  mismatch  during  tracking  may  be  consid¬ 
erable  . 

Here  the  discrimination  and  fluctuation  characteristcs  of  the  radio  channel 
of  the  goniometer  become  nonlinear  functions  of  mismatch.  Study  of  the  process  of 
tracking  and  of  errors  of  goniometers  in  this  regime  represents  an  important  and 
interesting  task. 

The  task  of  investigating  tracking  systems  in  a  nonlinear  regime  was  considered 
in  §  6.5.  This  problem  is  very  complicated,  and  results  obtained  upon  its  solution 
are  approximate  and  particular.  However  by  them  we  can  draw  certain  conclusions 
about  nonlinear  phenomena  in  tracking  goniometers  and  find  the  order  of  numerical 
characteristics  of  these  phenomena.  We  then  use  these  results  to  study  the  pheno¬ 
mena  of  breakoff  of  tracking  occurring  with  a  sufficiently  high  level  of  noises, 
when  increasing  mismatch  becomes  comparable  to  the  v/idth  of  the  directional  pattern, 


(,  ) 


In  order  to  test  approximate  conditions  in  which  we  produced  analysis  in  §  6,3, 
we  shall  limit  ourselves  henceforth  to  the  simplified  situation  when  the  fluctuation 
characteristic  in  required  limits  can  be  considered  constant  and  equal  to  the 
characteristic  used  everywhere  earlier.  This  assumption  is  well  justified, 
since  due  to  demodulating  properties  of  automatic  gain  control  the  fluctuation  char¬ 
acteristic  is  essentially  leveled,  Furthermore, ‘most’' interesting  is  the  case  of 
allowing  for  nonlinearity  of  the  discrimination  characteristic.  In  the  preceding 
chapters,  conforming  to  requirements  of  linear  theory,  we  calculated  only  the  slope 
of  the  discrimination  characteristic  at  zero  mismatch.  Now  we  need,  in  general, 
knowledge  of  all  the  behavior  of  the  discrimination  characteristics. 

The  form  of  the  discrimination  characteristics  of  radar  goniometers  essentially 
depends  on  the  methods  of  direction  finding  utilized  and,  in  general,  turns  out  to 
be  very  complicated.  We  will  limit  ourselves  to  consideration,  as  an  example,  of  a 
goniometer  using  the  IAC  method.  For  a  goniometer  with  IAC,  in  which  reception  of 
signals  is  carried  out  by  two  directional  patterns  having  form  £^(9)  and  g?(< p),  the 
received  signals,  as  it  is  known,  can  be  recorded  in  the  form  of  formula  (10.3.3), 
in  which  n  *»  2,  and  U^(t,  a)  are  determined  by  relationships  (10,2.7),  Determining 
for  any  of  the  circuits  of  the  IAC  method  the  error  signal  and  averaging,  we  obtain 
(assuming  Identity  of  filters  In  the  circuits)  for  the  discrimination  characteristic 
the  following  expression: 


a  (a)  =  g§T-  f  Re  H,  (<•)  H\  (<»)  S0  («.)  da,  X 

•jL 


(10.1?,.l) 


X I  g]  (Ti  +  <*)  -  Si  (T»  -  *)1  =  k  Is?  (f .  +  «)  —  g]  (r,  -  «)l- 

Thus,  the  form  of  the  discrimination  characteristic  essentially  depends  on  the 
form  of  the  directional  pattern,  We  use  the  very  wide-spread  cosine  approximation 
of  the  directional  pattern,  considering  the  diagrams  identical: 


fft  (?)  =  Si  (?)  —  cos  J 

where  Acp  —  width  of  the  directional  pattern  at  the  level  of  half  power. 
We  also  assume  7^  =  =  A<p/2.  Here, 


(lo.ll,. *) 


We  obtained  a  discrimination  characteristic  1.n  the  form  in  which  it  was  approxi¬ 
mated  in  §  6.3.  Consequently,  it  is  possible  to  use  directly  the  results  of  1,  '..3, 
considering  the  half-width  of  the  selected  region  A  A<p. 


-6 03" 


From  results  of  §  6,3  it  follows  that  the  critical  value  of  the  ratio  of  mean 
square  error  of  the  linearized  system  c  to  the  half-width  of  the  selected  region 
A  -  A<p  at  which  breakoff  of  tracking  occurs  is  (oJ(  /Aq>) ^  «*  0.2  (by  the  criterion 
of  sharp  increase  of  the  average  time  to  the  first  breakoff)  anci  (oJ(  /A<p)  »  0.1 
(by  the  criterion  of  sharp  growth  of  mean  uquarc  error). 

Considering  ■  y'Sdf  (dynamic  errors  are  absent)  and  using  expression 

sa(B  for  the  investigated  circuit  (1C. 7. 5),  it  is  easy  to  find  the  critical  slgnal- 
to-noise  ratio,  at  which  failure  occurs 


I  lx  jr  +  2+1/-* 

P  +'  *» 

--  “p  —  =-  0,2  or  0.1, 


Hence  when  x  -  1  and  &S  Q  /Li  ^  »  loo  we  have  h  J(1  »  2.3  (by  the  criterion  of 
sharp  growth  of  mean  square  error).  The  obtained  magnitudes  of  hJ{j  coincide  in  order 
with  those  that  aro  known  from  practice. 

Consideration  of  more  complicated  examples,  accounting  for  the  proximity  of  the 
obtained  results,  does  not  have  moaning. 


§  10.16,  Nont racking  Hauar  donloim ;_ter£ 

We  shall  Investigate  radar  goniometers  not  containing  feedbacks  and  giving  an 
estimate  of  the  angular  coordinate  of  a  target  at  the  output  uf  an  open  circuit, 

There  exist  many  tactical  tasks  iri  whl<h  ■:.|>pll cation  of  ,1u;  t  such  goniometers  Is  moist 
expedient. 

As  a  rule,  nontracktng  goniometers  work  by  the  following  nebem*, ,  Directional 
patterns  or  the  antenna  system  uf  nuoh  goniometer;;  cover  the  sector  of  possible  values 
of  the  angular  coordinates  of  the  target.  The  goniometer  consists  i  '  two  basic  unit: i 
a  unit  of  primary  processing  of  the  signal  and  a  unit  of  secondary  processing.  The 
unit  of  primary  processing  continuously  issues  an  estimate  of  the  angular  coor J Lnatn 
of  a  target  from  the  observed  realisation  of  a  signal  of  duration  At.  lb1  re  time 
At,  naturally,  is  sufficiently  small  so  that  the  angular  coordinate  of  the  target 
will  not  vary,  The  unit  of  secondary  processing  smoothes  the  data  of  primary  pro¬ 
cessing  taking  Into  account  a  priori  laws  *<f  changr  of  angular  coordinates. 

Synthesis  of  an  optimum  nontracking  motor  wan  performed  in  $  0,0.  In  the  case 
of  a  rapidly  fluctuating  signal  and  for  oufflclently  1argo  signal-to-nolne  ratios 
the  optimum  operation  is  glvort  by  expruunlon  (6. 6. The  structure  of  the  optimum 
nontracking  meter  turns  out  to  to  very  cioiw  to  that  which  was  dnm-iM bed  above. 


% 


%  f 
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The  meter  contains  a  unit'  or  primary  processing,  called  in  Chapter  VI  an  "estimator 
unit,"  which  issueo  the  maximum  likelihood  estimate  of  the  measured  parameter  from 
the  segment  of  realisation  of  the  signal  during  a  time  considerably  exceeding  the 
time  of  correlation  of  the  signal,  but  considerably  smaller  than  the  time  of  corre¬ 
lation  oi  the  measured  parameter.  Then  there  follows  a  smoothing  filter  which  has 
a  puiau  response  given  by  relationship  (0,6,‘jJ),  Potent  1*3  of  nontracking 

meters  here  coincides  with  the  accuracy  of  tracking  meters, 

Then  wo  shall  study  synthesis  of  optimum  nontrauhing  goii.1  ofii"' tiro  using  the 
1AC  arid  3 1'G  methods,  For  these  methods  It  Is  possible  to  complctuly  find  the  optimum 
circuit  of  a  non 'racking  goniometer  (for  I'Af,  to  b™  sure,  w  1th  (>  certain  approximatl  ,i> 
of  the  directional  pattern),  other  math' da  of  direction  finding  iii  nont racking 
goniometers  are  practically  not  used, 

lo.io.l.  Optliiium  Circuit  -A  u  lli  rtt racking  '3' <nl om<  ter 

wj.’h  IAO 

Wn  otan  oui'  consiaeratioii  with  tie  IA’  mctlv'd,  With  this  jo-th  d  ttr  r-  t,-i 
reoolvsd  a  pair  of  signals  of  foils  {V  >,},}),  where  U  * ,  ( t ,  a)  are  <Jo  la  mined  by  formula 
(10,?,*,),  Correlation  functions  of  these  signals  U  given  by  rossic-r,  (10 
If  the  interval  uf  observation  of  signals  In  (o,  At),  then  th«  furs' tlonal  of  distil  - 
bu'  l"h  of  probab ill. ties  of  these  signals  has  the  form  (10,j},d)  J  taking  Into  account 
(1u,?.,l/.)  and  (i‘>,/,11 )  | ,  -do  that  this  functional  is  completely  d<  tcriiiihej,  w - 
need  tv  find  th"  matrix  <»l  1  i,v«r>ie.c.,rreiatl on  functions,  solving  equation  (!-,'■, i  ) 
for  this,  The  solution  may  again  be  sought  In  form  *hd  I'-'1'  v(tj ,  t  ^ )  w> 

obtain  equation  (l'-.i.i*,),  which  (with  Identical  mdimn)  can  bu  rewritten  In  th*-  j <  rm 

j1  p (< , - /.) p (<„  t,)dit  +rOt~i,)-\  I /(/,,  g»-o. 

*  (lo.l'.l, 

Hdlic uf orth  wo  shall  uuiirtlder  tlr-  patturun  Identical,  and  w  lnti"  do  ■<  Ui*i  approxl i»a- 
tlon  already  used  in  the  preceding  snciloiii 


*.(?>***.(?)  «co»"  ■£,  (iv.h  ,;■) 

where  At  -  width  of  th"  directional  pattern  for  th"  balf-p1  w  r  !•  vt3  , 

We  also  annuma  tint  7,  -  y,.  =  the  p<* tie  me,  or'  iin  at  the  half-p"W*  ) 

I’l'/'.l,  II er>  (10,10,1  )  taken  the  1  *.J  l--w1  ng  f  rmi 


W]1 


e{<, '.M'. H  P (',  - M  {•«(/,.  '») 0, 


( l1  ,  It , ',) 


xhO'j- 


whore  l'c  j-  —  t cila^  ru'.'Bivt.'d  power. 

An  can  tie  r **( #in  (10,  function  v(t^,  t,,)  will  net,  d*p*nrt  >n  a. 

We  compost  now  tin  maximum  llxollhoM  equation  l'or  ineesurement  of  parameter  a, 
Calculating  by  formula  (l*'.?s, 13}  it  is  n m  y  t.  prove  that  5  l r.  K/oa  *  o.  Thojefoi*  tn*- 
maximum  likelihood  equation  takvs  the  form 


I  U  k! 


-ill 


WiiO it 


flubs tl  luting  cv.).  reunion  (3o,  *- ,  1  Jt )  in  ( J v,U- ) ,  It  in  possible  to  convert 
equation  (10,lC,f)  l.,  &  raUdji'  «lmpl»  form  Pin  to  .lolvu  it  explifitly, 

Omitting  bliiij lit1  aniuulatiwhb  wo  glvo  tin.  /  Inal  rtsuiti 


H  il 


auB^-arcctgllRe J  t,)u(t ,)«#{/,Uto4,#,”,,‘X 


*i  if 

xvi(<,)y,(g^A  -Mj 


X (/,)!/, (',) dltdlt  ] [ 2Rv*j  j  p  (/, ,  \)  X 
X  u  (/,)  «*  (/,)  «,)  //.  ('.)  <M.  ]"'). 


(io.lfi.5) 


In  thiii  axjii'Miiiiloti  v/'  l.ttvn  t».  tu'  it  > v •>  i  unction  v(tj ,  t,,),  found  from  equation 

(1  c, 


Vr«-  a  hall  first  ccnsidor  th«-  cac:  m  rapid  flu*.; tuitions  of  tha  eign&l,  when  the 
time  of  correlation  oj  fluctuations  is  eoruil'n.irabiy  less  tiiun  At,  Ae  If  Is  oarjy  to 
iiijf,  equation  (l,n,1i  ,^)  In  this  cam*  ia  identical  to  equation  ( Id ,1>.1'[)i  and  lor 
v(fJ,  ft,)  we  obtain  solution  (lo.JS.lU),  Huh  i:f  Hu  ting  (lb, 3. 10)  in  expression 
(In,  1  fi *'-•)#  w*i  can  praeunt  the  optimum  operation  of  measurement  In  the  following  form! 


a  r=a  ~T..  arccig  |  j  rft  J  j  ^,onr  (*  *)  Hi  <*)  X 
X « («) e'“** </*  I'--  |  J  /*,oiit  (•«  -  <■»)«  (■*) e'****</^  J*J  X 

V 

x  [  j  diRcj  f/,onx  (*  —  S)  Hi  (•?) « 00  e'*f'  dsj  A, onT  (t  -  *)  X 
XVt(s)«*(s)c  ^'ds]-'j  , 


(10.16.6) 
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where  the  pulse  response  of  the  optimum  filter  h±  Qn:  is  determined  by  relationship 
(lu.3.23)  [the  gain-frequency  response  of  the  filter  is  given  by  formula  (10.3 , 25) ] . 
Expression  (10,16.6)  can  be  easily  converted  to  real  form  [analogous  to  the  transi¬ 
tion  from  (10.3.24)  to  (10.3.559)]. 

The  complete  block  diagram  of  an  optimum  nontracking  meter  using  1AC  can  be 
presented  In  the  form  depicted  in  Fig.  10,42.  Let  us  describe  briefly  the  work,  of 


•rcttff 


ut  ft!  cm  fat  -pun 


this  circuit.  Signals  from  the 
output  of  the  antennas  first  are 
heterodyned  (It  is  understood  that 
heterodyne  voltage  has  the  proper 
amplitude  modulation),  are  fil¬ 
tered  by  optimum  filters  with  fre¬ 
quency  response  (10.3.25),  are 
detected  by  square-law  detectors, 
and  are  subtracted.  The  difference 
is  integrated  and  enters  a  divider 


Fig.  10.42,  Optimum  circuit  of  a  nontracking  .  .  .  .  .  ,  ,  , 

meter  with  IAC  for  rapid  fluctuations  of  the  detected  by  square-law  detectors, 

signals  i)  optimum  filters  with  frequency  .  _  ,  , _ .  .  n),  .  „ 

response  on„.  (leu);  2)  sq'iare-law  detectors;  anJ  are  subtracteu.  The  duiierenc 

3)  integrators;  4)  dividers;  5)  nonlinear  is  integrated  and  enters  a  divider 

unit;  C)  smoothing  circuits. 

(as  the  dividend).  To  the  second 
input  of  the  divider  (the  divisor)  there  proceeds  the  integrated  result  of  multipli¬ 
cation  of  signals  from  the  output  of  the  optimum  filters  (phase  detection).  The 
result  of  division  enters  an  inertialess  unit  with  nonlinear  characteristic  y  = 

=  arc  ctg  x  (y  —  output,  and  x  —  input  quantities). 

The  output  signal  of  the  nonlinear  unit,  multiplied  by  Acp/ir  (A<p  —  width  of  the 
directional  pattern),  enters  the  smoothing  circuits.  Optimum  smoothing  circuits, 
as  shown  In  §  6.6,  are  a  linear  filter  with  pulse  response  (6.6,33). 

Let  us  consider  the  question  of  accuracy  of  measurement  of  angles  in  the 
synthesised  circuit. 

First  of  all  we  investigate  accuracy  of  the  estimator  unit.  In  general  in  the 
presence  in  the  circuit  of  an  estimator  unit  estimates  of  deviations  of  its  accuracy 
from  optimality  are  very  difficult  to  calculate.  However,  for  an  optimum  clicuit 
accuracy  can  easily  be  found.  It  is  possible  to  show  that  the  operation  performou 
by  the  estimator  unit  gives  an  asymptotically  efficient  estimate  of  the  angular 
coordinate  for  large  values  of  AtAf  ,  where  Af  —  band  of  fluctuations  of  the 
signal;  At  —  time  of  observation.  Variance  of  the  efficient  estimate,  as  it  is 


known,  is  expressed  by  formula 
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“  ~T 


y  * 


(10.16.7) 


where  L(a)  —  likelihood  function. 

Substituting  expression  (10.3.8)  in  (IO.16.7),  we  obtain 


UU  n 


0  0  /,/=! 


(10.16.8) 


(similar  transformations  we  already  made  in  §  IC.3  during  calculation  of  the  minimum 
possible  equivalent  spectral  density,  which  is  proportional  to  the  variance  of  the 
efficient  estimate).  We  substitute  expre-r.ions  (10.3.7),  (10,3.14)  and  (10.3. 18)  in 
(10.16,8);  then 


r  of  noise  In  the  band 


,  i-AfAj  <2,5  ?  Sq(w)  .  T-i 

a»*” "[  Af»-2n  J  I  +  htSt  J  *  (10.16.9) 

—00 

where  h-  =  P.  „/2NnAf c  —  ratio  of  signal  power  to  the  power  of  noise  In  the  band 

of  signal  fluctuations; 

Sq(u>)  —  spectrum  of  signal  fluctuations. 

Thus,  variance  of  the  efficient  estimate  decreases  with  growth  of  At  (Inversely 
proportional  dependence).  It  is  essential  to  note  that  the  found  variance  does  not 
depend  on  angle  a,  i.e,,  accuracy  of  measurement  of  the  angular  coordinate  does  not 
depend  on  the  position  of  the  target  in  the  considered  sector. 

We  shall  not  investigate  expression  (10.16.9),  since  with  an  accuracy  of  pro¬ 
portionality  factors  it  coincides  with  expression  (10.6.5),  studied  in  detail  in 
a  10. b.  We  indicate  only  the  order  of  error;  for  =  10  and  AtAfc  ^  10  we  obtain 
c  -  0.064  A<p, 

We  shall  prove  now  the  asymptotic  efficiency  of  the  estimate  issued  by  the 
estimator  unit.  As  it  is  known,  an  estimate  of  a  parameter  is  close  to  efficient  if 


'  da* 


(10.16.10) 


i.e..  If  the  mean  square  value  of  deviations  of  6'b(a)/6u  from  Its  mean  value  is 
negligible  (see  [8,  13]).  As  It  is  easy  to  show,  for  sets  of  normal  signals  of 
type  (IO.3.7)  we  have 
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(10.16.11) 


2  it  At  At  At 


XW"u(<..<.)tt,>V..  <„  *)dt,dtjtt,dt,. 

Substituting  in  (10.16.11)  expressions  (10.5.7),  (10.3,14)  and  (10.3.18)  [Instead 
of  v(ti,  t2)]  and  using  approximation  (10.16.2),  we  obtain 


(  dxL  («) 

dxL{a)\* 

V&f  c 

V.  da* 

da*  J  - 

2  \ 

/i  r  s,(u)«  . 

"  J  U  +  Ai;S«  («)]*  ^ 


From  which  we  have 


/( 


d*L(a)  , 
da *  “  <3a>  i 


/+oo 

JL  f _ 

*  j  li+M. 


(»)* 

(•)]' 


r 


da* 


+co 

3  »  +  M. 


(«) 


</» 


(10.16.12) 


(10.16.13) 


The  ratio  of  integrals  has  the  order  1/^/S'f  c  [with  a  square  approximation  of 
Sq(uj)  this  ratio  is  equal  to  1/ y/2ir Af  c  ].  Thus,  rati o  (10.16. 13)  has  the  order 
1/^  SF  and  seeks  0  with  growth  of  At  (as  compared  to  the  time  of  correlation  of 
fluctuations).  It  follows  from  this  that  for  large  AtAf  the  maximum  likelihood 

V 

estimate  beccmes  efficient,  and  operation  (10.16.6)  ensures  measurement  with  the 
minimum  possible  error,  given  by  formula  (10.16,9), 

Krror  of  the  goniometer  after  smoothing  can  easily  be  found  for  any  linear 
smoothing  circuits.  Actually,  by  virtue  of  the  asymptiotic  efficiency  of  the  esti¬ 
mate  issued  by  the  estimator  unit  the  output  signal  of  this  unit  will  be  equal  to  th" 

sum  of  the  true  value  of  the  angular  coordinate  a.nd  white  noise  with  spectral  dens'1/ 
2 

os(p  At,  where  At  —  duration  of  the  section  of  the  signal  processed  in  the  ootiratoi 

O 

unit.  Quantity  o3(j,  At,  as  can  be  seen  from  (10,16.9),  does  not  depend  on  At  and 
coincides  with  3onq  ,  met  during  the  study  of  tracking  goniometers.  From  this  it 
follows  that  tracking  and  nontracking  goniometers  with  ideal  construction  of  radio 
channels  and  identical  structure  ol  smoothing  circuits  (in  the  case  of  a  tracking 
meter  we  have  In  mind  the  structure  of  the  closed-loop  system)  wll  1  give  identical 
accuracy  of  measurement. 

In  146,  47]  considerable  attention  wan  also  paid  to  the  case  of  a  slowly 
fluctuating  signal,  For  this  case  synthesis  of  n»'t..rn,  In  general,  w as  not  currl'U 
out.  However,  it  io  possible  t<<  limit  ours'-lV'c.  synthcsl  n  of  i.lv-  unit  of  p  rj.mary 
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processing,  which  gives  the  stimate  of  an  angular  coordinate  for  a  small  time,  when 
this  coordinate  cannot  change. 

For  such  synthesis  it  is  necessary  in  expression  (10.16,5),  giving  the  maximum 
likelihood  estimate,  to  substitute  function  v(t^,  t^),  calculated  with  various 
assumptions  about  the  character  of  signal  fluctuation.  We  assume  that  during  the 
time  of  observation  At  the  amplitude  anu  phase  of  the  signal  cannot  change  (due  to 
fluctuations  of  the  target).  As  it  was  shown  in  Chapter  VI,  equation  (10, 16,?)  has 


in  this  case  the  solution 


°Vi>  const  -  — 


Here  (10,16. 5)  takes  form 


(1^.  1.6.1 


*  arcc<8  jjj J Vi  (0  «  (0  e' di 

-jj ft (0  « (0  <«]*  j  ■  [2Re  jy,  ( t )  u  (/)  dt  X 

« 

X  j* ft  (0  u*  (/) e~h,! dt  I  j. 


(10.16.15) 


The  block  diagram  of  a  unit  realizing  operation  (10.16,15)  Is  depicted  in  Fig, 
10.4?.  It  contains  a  filter  with  pulse  • •.■spons-:  envelope 

This  circuit  differs  from  the  preceding  circuit  in  that  basic  accumulation  in  the 
estiiuator  unit  occurs  immediately  after  heterodyning.  Accuracy  of  the  circuit  of 
_  _  Fig,  10,4?  is  very  difficult  to 

^  |  t-.f.  .n^  calculate.  It  is  possible  to  cal- 

U-.  ^  ■■■.■■  ,Q,  culate,  of  course,  variance  of 

Hyv  Jf  Ma  the  hEtimate  for  the 

.uT.,  *  considered  case.  Substituting  In 


|  H'Maarfe/ 


Fig.  10,4?,  Optimum  circuit  of  the  radio 
channel  of  a  nontracking  meter  with  IAC  with 
slow  fluctuations  of  the  signal t  l)  a  filter 
whose  low-frequency  equivalent  is  an  integrator 
with  clearing^  2)  square-law  detectors;  ?) 
dividers;  4)  nonlinear  unit. 
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(10,16,6)  uxpressionE  (10,?, 7), 
(lo,?,i4)  and  (lo.l6,l4),  and  also 
using  approximation  (10.16,2)  fc.r 


directional  patterns  of  antennas, 


ijl&Mfelil -j-.niuUjlh..t:.ij. li:i>i3-siiiiifc]CiiJ< at4Liiij4iiaiiL^ kgk[jii:  1  Jlifi jl Ju ,fii. r  — 4  i’lvilliuji .,  jjj&j. feBiltdliitimSriL la, 


we  can  obtain  a  very  simple  expression  for  variance  of  the  efficient  estimate  of  the 


angular  coordinate  a: 


(10.16.16) 


who  re 


is  the  ratio  of  the  total  energy  of  the  received  signal  (during  time  At)  to  the 
spectral  density  of  noise. 

However  it  is  easy  to  prove  that  the  maximum  likelihood  estimate  in  this  case 
differs  from  the  efficient  one:  ratio.  (10.16.2)  in  the  considered  case  turns  out  to 
be  constant  and  equal  to  0.36,  Consequently,  it  is  only  possible  to  state  that 

p 

variance  of  error  of  the  circuit  of  Fig.  10.43  cannot  be  less  than  a' Q^, 

In  order  to  find  the  accuracy  of  this  circuit,  it  is  necessary  to  directly  to 
find  the  mathematical  expectation  and  variance  of  quantity  a,  given  by  formula 
(10.l6.15).  We  will  not  produce  these  calculations,  but  note  only  that  as  q -*•  on 

A 

estimate  a  -*  a,  and  with  growth  of  q  it  decreases  proportionally  to  1/q. 

10,16.2,  Optimum  circuit  of  a  Nontracking  Goniometer  with  ipc 

We  now  shall  consider  the  phase  method.  With  this  method  there  is  received  n. 
pair  of  signals  of  form  (IO.3..3),  where  <t^(t,  a)  is  determined  by  formula  (10.2.0). 
Signal  amplitudes  are  not  modulated  during  reception,  i.e.,  U0.^(t,  =  Correlation 

functions  of  these  signals  are  given  by  expression  (10.3.7),  and  their  functional 
of  the  distribution  of  probabilities  in  interval  (0,  At)  has  the  form  (10.2.8),  and 
wc  need  only  find  the  matrix  of  inverse  correlation  functions.  Solving  equations 
(10.3.10)  by  methods  already  described,  we  can  find  that  in  the  considered  case  the 
inverse  correlation  functions  have  form  (10,2.14),  where  v(t^,  t,.J  satisfies  equal. h  • 
(10,16,2).  In  contrast  to  the  preceding  case  this  is  valid  without  any  approxima¬ 
tions  . 

The  maximum  likelihood  equation,  as  before,  is  determined  by  expression 
(10.16,4),  Substituting  (10.3.14)  in  it,  taking  Into  account  (10.3.2)  and  (10.2.6), 
v/e  obtain  likelihood  equation 

Re  e  T ' "  ‘  J  j  w  (t„  *,)  {/,  (/,)  yt  (/,)  x  u  (/,)#*  (*,)  dtidtt  =  0. 
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Prom  this  it  is  already  easy  to  obtain  an  explicit  solution  of  the  likelihood  equation: 

!uu 

0  .0 

I  it  u 

imj  | gy,(Otf,(gx 

(10.16.17) 

The  sector  of  uniqueness  of  measurement  of  an  angle  with  the  phase  method,  as 
shown  in  §  10.2,  is  |  otj  <  are  sin  X/2d.  When  d  »  X  the  sector  of  uniqueness  is 
small  and  in  formula  (10. 16.17)  sin  a  can  be  replaced  by  a. 

Let  us  consider  in  greater  detail  operation  (10.16,17).  Here  it  is  necessary 
to  substitute  function  v(t,,  t2),  found  from  equation  (10.16.3).  Let  us  consider  the 
case  of  rapid  fluctuations.  Here,  using  expression  (10.3.18)  for  v(t,,  tg),  we  can 
reduce  the  optimum  operation  (10.16. 17)  to  the  form 


lil  u 

staa=~-  arcctg  j  f  diRej  ht0ax  (t  -  s)yt  (a)  X 
Xa(s)tlmt’dsj  A,obt  (*  —  s) yt  (s) u * (s) ds  X 

tu  it  u 

J  f  Aionx  (T  —  Sj  yt  (s)  u  [ s )  eK’*  ds  j  hl0 ax  [*  —  s)  X 

Xfc(«)«*(«)e~H’*J  J, 


(10. 16.18) 


where  the  pulse  response  of  the  optimum  filter  (t)  is  determined  by  relatic.ush.1p 

(10.3.23)  [its  frequency  response  has  the  form  (10.3.25)].  The  optimum  circuit  of  a 
nontracking  goniometer  with  IAC  is  represented  in  Pig,  10.44,  Here  signals  from  the 
output  of  the  antennas  first  are  heterodyned,  where  the  output  of  one  of  the  antennas 
is  connected  to  two  channels  (we  call  them  for  briefness  the  2nd  and  3rd),  to  which 
there  are  fed  heterodyne  signals,  shlftei  in  ,  .ase  ir/2.  All  signals  after  heterodyning 
are  filtered  by  optimum  filters  with  gain-frequency  response  (10,3,25),  After  filtra¬ 
tion  the  signals  are  multiplied,  integrated,  divided  and  red  to  an  inertialess  non¬ 
linear  element  with  response  y  =  arc  ctg  x. 

The  output  signal  of  the  nonlinear  element  after  multiplication  by  X/2fd  enters 
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the  smoothing  circuits,  The  a  true  turn  of  the  smoothing  circuits  remains  as  before ( 
It  is  determined  only  by  statistics  of  change  of  the  angular  coordinate. 


Mg.  10, M.  opt  1  mutt1  circuit  of  a  iioiii.ra'.'hlitK  (enter  wjtn 
I  PC  for  fast  signal  Cl  *i7 tua t i <  <j-,r  t  3)  optimum  filters  with 
frequency  response  lij .  (lw)j  if)  ^itegratcraj  dJvldorj 

Jl )  nonlinear  cl<unni,tj  a  mo  ..thing  circuits, 

Vi l  us  dofiridiT  th>i  accuracy  tj«  pha.v  mf.'.ird  4<»'tu*  lent  fl'»-’tu*t|-.r,s(  <‘al- 

oulatlng  by  formula  ,K)  t).‘<  variance  of  the  f flclcnt  estimate,  it  is  *esy  to 

find  that  In  the  considered  eas"  it  le  <qual  to 


.1  ') 

and  differs  from  (lu.lb.y)  only  b,y  a  constant  factor, 

hapeqting  -bit)  conclusions  of  the  preceding  paragrap)  ,  1'  Is  p''#s},t/lo  to  i,r« -v* 
that  the  maximum  likelihood  eetliMite  found  by  us,  exprMtiiod  by  formula  (10, If.,)/),  i, 
Asymptotically  efficient  fur  large  &t  (In  comparison  with  the  t i n.r-  of  correlation  of 
signal  fluctuations)  i  Thus,  op»i'atioi>  (30,10,17)  will  onnure  it  minimum  possible  <n  i 
with  variance  (10,16,1*1).  K.xpn  bcIoi,  (tu.lo.lb)  for  o',’^  with  a-' curacy  of  a  propor¬ 
tionality  factor  coincides  with  oxprncsivn  (In.*  which  wmi  Investigated  In  '.i-t-ij  t 
in  5  ln,t.,  Therefore,  wo  shall  ir  i  «i,aiy.'ij  ,  V/c  shall  only  show  the  ui'i'T  i 
•  ri'ori  for  h?  *  10,  AU,f ,,  *  3  ■  >'n\>r  »  'V'i  >/mi, 

A"dU|'4oy  Of  tin’  syn*  tiin  1  ,u  .j  1  ■  oi,. ■  1 1* r  In  tin-  (.mouthing  ci  (•••ultn  is  the  re. in*.' 
as  in  the  preceding  uau".  Th"  i.ign*]  ; mccoulng  to  th>-  iiinootfiinj’  circuits  lu  cipnij 
to  the  sum  oi  the  true  vnJ'io  ol  *  1  ,* ■  angujar  cocr-lliia l«*  aim  v/nl  t<  »,•  - J «»,  with  rp<-i: i.ral 
detiul'-y  e£i(j  /it,  Thin  -plant  I  ty  <■.,{  |,.-1  n  With  h, *n*  *L  during  'll"  o'  -dy  uf  « 
gonllwi**U-r  with  IPC,  ‘Ihur,  wl <  n  i i-nl  i-iii.  tru«jtl,i,ii  radio  ch.'ii.  i  ld*‘iit1  ••el 


Hi,  l1',1*'*,  The  s. j>t Ji'.jKi  tlrsuj',  vf  V/.f’  i ft 1 1  > 
uhifijiFt  if  a  rtvilUA  HUir,  gonioiwu-r  with  IK 
A»»d  IUUW  flUOlUltl  o|i*  (if  tilt  glgne] l  i)  mui'H 
whonn  SnvM  re^uerrjy  •  'lviivaj <>iit «  ar« 
wiu.  «l''«riiig  p)  divider}  P)  n^nlti,«»r  *  3  ninont , 


i  t  r.ritai  e  if  th*j  smoothing  circuits 
ft,jov*i,A"y  >,1  t)  i  u-^r.t r<Ao Klr,^.  and 
tracking  2 PC  4«,nlo».*t*ri  is  idonti- 
ati . 

Let  u«  yoneider  nuw  th<«  of 

■  low  riutiiwaUon*,  wnen  AtAf0  « 
«,  l,  Xn  thin  wane ,  obvlouely, 
v(i.j,  l,,)  will  again  W  «Xf,/f('fiu*ia  by 
formula  {10,16,14),  and  the  ^ra¬ 
tion  &f  singling  wut  the  mAHlmuns 
likelihood  arigl<*  with  the  ph*ee 
tiirih'it  will  tak*  th*  iortr, 
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•In  «  *»■  ircctg  |Ro  j  yt  (0  u  (t)  dIX 

xjh(‘>»‘  (0  f1*  dl  jliii  j  y,  (/)  m  (/)  •"•'  X 

xjv.<0  «•  (0*"1**'  J. 


(10,16.30) 

1'iit#  bJLwt'A  Jihgi’blii  >A  a  <k /J/k  rot '  i „i  ,»r.  'v<M'l"ri  (1<',?.6,ih)  cun  bo  prayer ted 
lit  the  form  depleted  In  rir.i  I1-,  •  ,,  'hi'"  ft*  be »•  It*  this  circuit  hau  lo  it  portae  envelop* 

10,  l>4(, 

r/lth  reop*H' t  t'/  accuracy  of  th>i  3  <  u»*'j  <;  1  i'"ul  t  It  is  possible  to  cay  the  follow- 
Jut;,  Ait  also  in  tli?  |  riH'ti'liiig  ‘-tut«#  it  in  ti Any  to  ohow  that  the  eotimAto  lutfueu  oy 
thiii  circuit  id  i r 1 1  ujtl'jlunt.  Varl atitJ u  of  the  orflclnnt  estimate!  can  be  calculated 
arid  will  iktoi’niin*  un  ur,tlmat<?  from  beneath  of  variance  of  error  uf  the  circuit,  By 
uliii|,H<  ciAloulaUon  by  formula  (in.lh.U),  already  Known,  it  io  eawy  to  find  that 


(10,16,21) 


where  y  In  (ii  van  by  onp reunion  ( lo,  ji, ,  1 1 ) , 

i run  accuracy  <o'  thi  ei-milde rod  circuit  uiiuuld  bo  calculated  directly.  The 
uiegni tU'Jy  of  tj'UM  w'.'ui'n-iy  w«  do  not  ■■oiiaidor,  i.lni'c  Hu  dutcrminatlon  in  very 
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complicated  and  requires  special  investigation.  We  shall  discuss  this  in  greater 
detail  in  the  concluding  section  of  the  present  chapter. 

§  10,17.  Influence  of  Interferences  on  Coherent  Goniometers 

In  practice  a  goniometer  is  often  subjected  to  the  influence  not  only  of  a 

fluctuating  signal  and  Internal  noises,  but  also  to  active  and  passive  interferences, 

distorting  the  process  of  measurement  or  even  completely  disrupting  it  [70].  The 

number  of  Interferences  which  it  is  possible  to  create  for  radar  goniometers  is,  very 

♦ 

great,  liowevex1,  to  study  the  Influence  of  each  form  of  interference  in  the  same 
detail  a.3  the  influence  of  fluctuations  of  the  signal  and  natural  noises  is  hardly 
useful  due  to  the  large  number  of  particular  cases  which  can  be  encountered.  There¬ 
fore,  we  shall  study  the  Influence  of  interferences  basically  in  approximation, 
limiting  ourselves  to  giving  the  simplest  formulas. 

I'lrst  of  all  we  shall  classify  possible  interferences  to  goniometer  devices,  so 
that  we  see  in  what  order  we  are  to  study  them.  We  consider,  first,  active  inter¬ 
ferences.  They  can  be  sent  from  the  target  whose  angular  coordinates  are  being 
measured,  and  also  from  another  target,  located  j.n  an  essentially  different  direction. 

In  the  first  case  interference  acts  on  the  basic  lobe  of  the  directional  pattern 
and  in  the  second  —  on  side  lobes.  The  influence  of  both  types  of  interferences 
sharply  differs,  The  effect  of  Interference  acting  on  the  basic  lobe,  in  turn, 
essentially  depends  on  the  form  of  interference,  and  also  on  the  method  of  direction 
finding  utilized  in  the  considered  goniometer.  Interferences  with  amplitude  modula¬ 
tion  will  Strongly  affect  goniometers  with  pattern  scanning  and  weakly  affect  other 
goniometers.  Interference  with  great  power;  suppressing  the  useful  signals  through 
the  AGC  system,  will  have  a  different  affect  from  interference  with  low  power. 

Thus,  the  number  of  possible  ca.ses  here  is  very  great,  huring  the  study  of  ] 

interferences  we  will  widely  use  the  fact  that  the  influence  of  random  interferences 
on  a  coherent  radar,  due  to  narrow-dandedness  of  its  cornu* -nents ,  is  equivalent  to  the 
Influence  of  white  noise  (Chapter  VII). 

10.17.1.  Influence  of  Hr- <ad-P*and  Interferences  j 

on  Side  Lobes  i 

■j 

The  influence  of  active  interferences  on  sid*  lobes  of  the  directional  pattern  | 

of  radar  goniometers  is  a  very  likely  case.  At  the  same  time,  the  level  of  side  j 

lobes  of  1  -he  pattern  in  most  cases  is  such  that  we  cannot  provide  sufficient  suppres¬ 
sion  of  such  interference, 

r. .  . . *1  t**t  mrm  irrn  -  . . n 
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The  influence  of  random  interference  acting  on  side  lobes  can  be  estimated 
approximately  rather  simply.  If  the  interference  is  broad-band,  then  It  is  equivalent 
~to  white  noise,  the  magnitude  of  which  does  not  depend  on  angular  coordinates  of  the 
target,  i.e,,  it  is  equivalent  to  the  internal  noise  of  the  receiver.  Certainly,  in 
goniometers  with  pattern  scanning  such  interference  obtains  amplitude,  modulation; 
however  the  side  lobes  have  a  more  or  less  constant  level,  so  that  such  modulation 
can,  in  most  cases,  be  ignored.  Formulas  for  accuracy  of  a  goniometer  under  the 
influence  of  such  interferences  coincide  with  formulas  for  accuracy  of  goniometers  in 
normal  conditions  (without  interferences),  in  which  the  spectral  density  of  noises  ly 
must  be  replaced  by  NQ  +  N  n  ,  where  N  n  —  spectral  density  of  the  equivalent  noise 
replacing  interference.  Spectral  density  H  should  be  calculated  in  the  followin., 
way.  If  the  influence  is  a  broad-band  noise  interference  with  bandwidth  Af  , 
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(10.17.1) 


where  Pn  —  mean  power  of  Jamming  transmitter; 

G  —  gain  of  the  antenna  of  the  jamming  transmitter; 

X  —  wavelength  of  the  considered  rauar; 


n  —  level  of  side  lobes; 

d  —  distance  to  source  of  interferences, 
n 

If  the  influence  is  a  pulse  chaotic  Interference,  then,  using  formula  (7. 14. 9) 
derived  in  Chapter  VII,  we  obtain 


where  P 


_ ,  P m _ 1 

pulse  power  of  Jamming  transmitter; 


(10.17.2) 


v  —  mean  frequency  of  repetition  of  pulses  of  interference; 


T —  duration  of  interference  pulse; 

l  i 

Al'^  —  effective  width  of  the  spectrum  of  signal  modulation. 

Thus,  the  influence  of  broad-band  interference  on  the  side  lobe  leads  simply 
to  equivalent  increase  of  natural  noises,  i.e.,  to  equivalent  decrease  of  the  signal- 
to-nolse  ratio. 


10.17,2,  Influence  of  Broad-band  Interferences  From  the  Target 
Droad-band  interference  from  the  target,  (noise  or  pulse  chaotic  interference 
with  a  high  frequency  of  repetition)  is  also  u  very  common  type  of  interferences. 
However,  this  kind  of  interference  is  intended  primarily  for  suppression  of  such 
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functions  of  radar3  as  measurement  of  range  or  speed,  and  for  goniometers  does  not 
present  serious  danger.  In  fact,  this  interference  itself  carries  information  about 
angular  coordinates,  and  the  goniometer  can  measure  angular  coordinates  of  the  target 
from  the  interference. 

Let  us  consider  in  greater  detail  the  influence  of  such  interference  on  goniom¬ 
eters.  First  of  all  we  note  that,  in  view  of  the  considerable  excess  of  interference 
power  over  the  signal,  both  the  useful  signal,  and  also  natural  noises  will  be  suppres¬ 
sed,  by  the  AGC  system  and  measurement  will  be  conducted  exclusively  of  Interference, 
Considering  the  broad-bandedness  of  the  Interference,  it  is  possible  to  say  that 
accuracy  of  measurement  of  angles  will  be  determined  by  the  same  formulas  with  which 
we  determined  accuracy  of  goniometers  in  normal  conditions,  considering  h  »  co  (internal 
noises  are  absent)  and  ratio  Af  ^  /Af  c  «  1  (since  the  width  of  the  interference 
band  considerably  exceeds  the  width  of  the  passbands  of  filters  in  the  goniometer). 

In  both  circuits  with  scanning  (Figs.  10.9  and  10.10)  there  will  exist  fluctuating 
error  with  equivalent  spectral  density,  equal,  respectively,  to 


(10,17 .3) 

(lo.rM) 


These  formulas  are  obtained  from  formulas  (10,5,17)  and  (10,5,22),  From  this  it  is 
clear  that  tracking  of  a  target  by  interference  radiated  from  it  always  occurs  with 
limited  accuracy.  If,  for  instance,  p-a  =  O.P  l/deg  and  Af ^  »  luO  cpti,  then  for 

we  obtain  the  corresponding  values 

S0H1«O,O3  deg2/<rps,  5aH»a^0,06  deg2/cpe. 


In  many  cases  such  magnitudes  of  S._  are  already  impermissible;  therefore  the  con- 
sidered  Interference  for  the  method  of  pattern  scanning  of  diagram  will  be  rather 
dangerous,  especially  for  the  circuit  of  Fig.  10.10, 

Vie  note  that  for  the  circuit  of  Fig,  10,9,  for  which  the  frequency  of  scanning 
can  be  selected  as  high  as  one  wishes,  error  of  tracking  by  interference  can  bo  made 
minute,  if  the  frequency  of  scanning  considerably  exceeds  the  width  of  the  spectrum 
of  interference.  K] uctuatl ng  error  bore  remains  only  dui  to  the  parametric  component 
(if  there  are  dynamic  errors  of  tracking) ,  The  spectrn.1  density  of  parametric 
fluctuations,  as  it  is  '-any  to  find  from  formulas  ( 1 )  and  (1  .15.!?),  will  be 
equal  to 
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For  circuits  with  multiplication  or  signals  of  the  compensation  method  and, 
correspondingly,  of  IAC  during  tracking  of  a  target  by  broad-band  Interference  radia¬ 
ted  from  it  we  have  -  0  [see  (10.7.5)  an  h-*o>J.  Thin  will  take  place  even  In 

the  case  of  nonidentity  of  channels .  However,  as  it  lr.  uaey  to  sec  from  (10,7,?), 
nonidentity  leads  to  decrease  of  the  slope  of  the  discrimination  characteristic  K^, 
which  will  lead  to  worsening  of  dyamic  properties  of  the  tracking  system  during 
tracking  of  Interference  rrom  the  target. 

In  the  circuit  with  subtraction  of  signals  for  scanning  with  compensation  the 
considered  interference  will  lead  to  the  worm  results.  In  the  case  of  nonidentity 
of  channels  will  differ  already  from  r.oru.  If  for  simplicity  we  consider  dif¬ 
ferent  only  the  gain  of  the  channels,  from  expression  (10, 7*8)  for  h  «■»  a>  and  At  Q  » 


»  Li±  It  1b  easy  to  obtain 


(10,17.6) 


where  k  -  ratio  of  the  squares  of  gain  factors  01  .cnannolu  of  the  radio  channel, 

For  the  IAC  circuit  with  subtraction  of  signals  for  nonl dent. leal  channels  F,&1<8 
will  also  be  expressed  by  formula  (10.17.6), 

Furthermore,  hero  there  will  exist  1  ysfomatio  error,  absent  in  the  circuit  of 
the  method  of  scanning  with  compensation 

4~ssrFT>'  <10*17*7> 

Tnus,  tracking  of  interference  from  a  target  will  have  error  only  In  the*  case 
of  ncnidoritlty  of  channels,  With  identify  of  them  results  will  he  precisely  the  same 
as  for  circuits  with  multiplication  of  signals,  l.e,,  S0KB  ■  0  and  A  *  0,  However,  In 
both  circulto  here  there  will  exist  fluctuating  error  due  to  parametric  fluctuations, 
The  spectral  density  of  parametric  fluctuations  will  as  before  be  expressed  by 
formula  (10,5,15).  As  already  noted,  thin  error  is  Insignificant. 

Absolutely  analogously  one  car  prove  that-  during  tracking  of  Interference  from 
a  target  using  the  method  of  phase  confer  scanning  there  will  exist  very  groat 
fluctuating  error  with  equivalent  spectral  clenn.1  ty 


*  * 


(10.17,6) 
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wh«re  A f  -  width  of  the  spectrum  of  Interference, 

When  uaing  a  goniometer  with  IPC  (Fig,  10.2.1)  we  always  will  have  -  0, 
Nonidentity  or  channels  will  lead  only  to  decrease  of  and  worsening  of  dynamic 
properties  ol'  the  tracking  system. 

When  uaing  IPC  by  the  circuit-  of  Fig,  10.24  interference  from  the  target  will 
have  considerably  stronger  influence.  For  an  example  we  shall  consider  the  gain-fre¬ 
quency  response#  to  differ  by  a  constant  A?,  Then,  during  tracking  of  interference 
from  a  target  there  will  exist  fluctuating  error  with  equivalent  spectral  deneity 

s",=7j^y'*,4T(^+w;  J 

*-7=rr, —  tg'Af.  (10.17.9) 

Af* 

[obtained  from  formula  (10.9.2)  as  h  •*»  cu] . 

Thus,  fluctuating  urror  here  increases  very  fast  with  growth  of  nonidentity  of 
phase-frequency  responses ,  Systematic  error  existing  in  this  circuit  is  equal  to 


With  identical  channels  this  circuit  behaves  Just  as  the  preceding  one. 

Consequently  tracking  of  broad-banr!  random  interference  from  a  target  when  using 
methods  of  scanning  the  directional  pattern  and  phase  center  occurs  fluctuating  error 
differing  from  zero.  This  error,  as  rough  calculation  shows,  is  considerable,  In 
methods  of  scanning  with  compensation,  IAC  and  IPC  with  identical  channels  S0KB=  0, 
and  fluctuating  error  (very  insignificant)  exists  only  due  to  parametric  fluctuations. 
Fluctuating  error  appears  in  circuits  without  formation  of  sum  and  difference  signals 
when  there  are  nonidentical  channels.  In  ci.rcuits  v/ith  formation  of  sum  and  difference 
signals  nonidentity  of  channel  leads  only  to  decrease  of  and,  consequently,  to 
worsening  of  dynamic  properties  of  tracking  systems, 

10,17.2.  Influence  of  Active  Interferences  with  L-F  Modulation 

As  already  noted,  against  goniometers  using  the  method  of  pattern  scanning 
there  may  be  used  interference  (noise,  pulse,  return)  with  low-frequency  amplitude 
modulation.  With  coincidence  of  frequencies  of  modulation  of  interference  with  tne 
frequency  of  scanning  this  interference  will,  obviously,  be  Very  effective.  For 
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goniometers  using  the  method  ox'  phase  center  scanning.  interference  with  low-frequency 


phase  modulation  will  lead,  obviously,  to  analogous  results.  We  now  pass  to  con¬ 
sideration  of  the  Influence  of  this  kind  of  Interference  on  goniometers. 

Let  us  Study  the  effect  of  interference  from  a  target  with  special  low-frequency 
amplitude  modulation  on  goniometers  using  the  method  of  pattern  scanning,  and  also 
the  compensation  method.  The  fluctuating  signal  considered  in  the  preceding  para¬ 
graphs  is  not  equivalent  to  such  interference,  since  it  contains  definite  phase  modu¬ 
lation.  We  will  produce  approximate  calculation  of  che  influence  of  the  considered 

r 

form  of  interference,  seeking,  basically,  qualitative  conclusions.  We  assume  that 
interference  has  the  form 

«n  UJ+  5  (01  COS  (»,/  +  <|>),  (10,17.11; 


where  ?,(t)  —  modulating  random  process  with  a  zero  mean  and  small  variance. 

Let  us  consider  first  the  method  of  pattern  scanning  in  conditions  of  applica¬ 
tion  of  the  circuit  of  Fig.  10,9.  For  simplicity  we  assume  that  the  circuit  is 
intended  for  work  on  an  unmodulated  signal  (there  is  no  inversion  of  phase  modulation 
and  corresponding  transformation  of  amplitude  modulation  of  the  received  signal),  and 
also  that  scanning  Is  uniform  and  conical.  The  received  signal,  after  heterodyning, 
will  obviously  have  form 

“aM-((0!(l+^*acosO/-f  ..  .)cos(»np/-f  «j*).  (10.17.12) 

Noises  and  the  reflected  signal  we  dis r-tg&s-ii-d,  considering  interference  sufficiently 
powerful.  Considering  the  a mafia* us  ~f  variance  and  the  narrowness  of  the  spectrum 
of  process  £(t),  for  the  output  signal  of  the  circuit  vie  obtain 


»«-![¥+( 


h  ( t  —  i)  $  (t)cos  Qt  dx  I . 


Hence  equivalent  spectral  density  of  fluctuating  error  is  equal  to 

C  _  2 S,(0)  _ 

Uihi  —  - -  ■  £S:, 


vihere  S  (ft)  —  spectral  density  of  ?(t)  at  frequency  ft; 


(10.17.13) 


(10.17.14) 


o’ n  —  variance  of  i{t); 

Af  —  width  of  spectrum  £ ( I; )  (one-way). 

Analogously  it  is  easy  to  prove  that  for  the  circuit  of  Fig.  10,10  equivalent 
spectral  density  during  tracking  of  the  considered  interference  will  be  precisely  the 
same.  Analysis  of  expression  (10.3.29)  shows  that  the  more  exactly  the  modulation 
of  interference  is  tuned  to  the  frequency  of  scanning  (i.e.,  Af  decreases),  the 
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greater  the  error  of  tracking. 

Now  we  consider  a  circuit  of  scanning  with  compensation.  In  the  circuit  of 
Fig.  10.15,  as  it  is  easy  to  show,  during  tracking  of  the  considered  interference _we 
will  have  =  0,  i.e.,  this  interference  is  well  compensated.  Nonidentity  of 
channels  will  only  lead  to  decrease  of  the  slope  of  the  discrimination  characteristic. 

In  the  circuit  of  Fig.  10.16  with  identical  channels  we  also  will  have  Sg^  =  0. 
However,  with  nonidentical  channels  there  will  appear  fluctuating  error  with  S3HB, 
equal  to 


2S. 


(10.17.15) 


where  k  —  the  ratio  of  squares  of  the  gain  factors  in  the  channels. 

With  identical  channels  k  =  1  and  S3KB  =  0.  However,  even  with  identical  channels 
in  both  the  considered  circuits  fluctuating  error  due  to  parametric  fluctuations  will 
remain.  Simple  calculation  shows  that  for  both  circuits,  assuming  identity  of  their 
channels 


a«p— 


(10.17.16) 


where  all  designations  are  the  same  as  before. 

If  the  spectrum  of  modulation  of  interference  does  not  contain  components  at 
zero  frequency,  Snaj,=  0,  and  guidance  from  such  interference  is  accomplished,  in 
general,  without  fluctuating  errors. 

Thus,  Interference  from  a  target  with  amplitude  modulation  is  very  dangerous 
for  the  method  of  pattern  scanning.  For  the  method  of  scanning  with  compensation  it 
is  no  longer  dangerous.  Fluctuating  error  will  exist  here  only  for  the  circuit  with¬ 
out  formation  of  sum  and  difference  signals  in  the  case  of  nonidentity  of  channels  of 
the  circuit.  In  the  remaining  case?.  S„„  “  0,  and  fluctuating  error  exists  only  due 
to  parametric  fluctuations,  if  only  the  spectrum  of  interference  modulation  contains 
components  at  zero  frequency.  This  error  has  an  insignificant  relative  magnitude;, 
and  for  ^  0  we  can  disregard  it. 

Absolutely  analogously  to  the  preceding  we  can  consider  the  influence  of  Inter¬ 
ference  with  low-frequency  phase  modulation  on  goniometers  using  the  method  nl‘  pha..." 
center  scanning.  Recording  interference  in  the  form  un  f'a  t  +  £(t)J,  v/h»- >■< ■ 

4(t)  —  random  process  with  a  zero  mean  and  small  variance,  it  Is  possible  to  easily 
show  that  the  equivalent  spectral  density  of  fluctuating  error  of  tracking  of  such 
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interference  is  equal  to 


P 

where  o n  —  variance  of  4(t)j 

At'  —  width  of  spectrum  5(t). 

lO.VJ.k,  Influence  of  powerful  Intermittent 
Interferences  from  Target 

Let  us  consider  the  influence  of  certain  types  of  interferences  from  the  target , 
the  influence  of  which  reduces  to  artificial  disturbance  of  the  process  of  reception 
of  the  radar  signal  (for  instance,  due  to  excitation  of  transients  in  the  receiver). 

We  are  talking  about  interference  from  the  target,  inasmuch  ac  interference  may  cause 
disturbances  of  this  type  only  with  considerable  excess  of  power  over  the  signal, 
which  can  occur,  basically,  during  influence  01  the  interference-  of  the  main  lobe , 

This  interference  can  be  return,  noise,  pulse  chaotic*  etc.  Specifics  connected 
with  interruptions  do  not  from  this.  .uratl.on  of  intervals  of  the  presence  of 

interference  and  the  frequency  of  their  vepn-.i: ion  uro  selected  such  that  there  does 
not  exist  a  steady-state  regime  of  work  oj  the  v«  eU  vor  either  with  respect  to  Inter¬ 
ference  or  to  the  signal,  and  the  receiver  1„  always,  us  it  were,  in  a  prolonged 
transient  regime,  Such  an  effect  appears  '.luring  fend  of  intermittent  Interference  of 
high  power  to  input  of  a  receiver  with  L  '  u,~  i  nailer  this  p cue  In  greater 

detail  As  already  noted,  in  evhvi-'Vi..  >.  .  v:ui  tt-  th-  n*«U»  1-1  amplifier,  covered  by  the 
AOti  system,  bar  a  stiff  Iclently  wide  passbana,  «•..  that  inertia  of  the  Add  riy;ifc:»  turns 
out  to  bo  uauall;/  considerably  greater  than  the  inertia  of  the  amplifier  covered  b.y 
It#  Aa  war,  shown  in  Chapter  XI ,  with  certain  uuuJfionul  limiting  aai.umphi"iwi  during 
feed  to  an  amplifier  Input  of  a  powerful  lnt<  _ rfo rene t*  it  immediately  lr. corner  linltcc 
and  emergen  from  the  limitations  after  time 
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whor'/  ~  time  constant  ul  the  I'lJter  f  !iut.  •met  I  ••  gain  eonl  i  j 
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K,  and  h  —  parameters  of  llneui  appro/ I :,wi (  1  * >■ ,  ,-f  t i,n  dependence  of  rain  of  the 
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u0r^  and  ri  3  —  level  of  limitation  and  voltage  of  delay  of  automatic  gain  control; 

un  —  amplitude  of  interference  at  the  input  of  the  UPCh, 

Here  there  is  eso  .  J  shed  such  UPCh  gain  that  the  useful  signal  is  completely 
suppressed.  After  turning  off  of  interference  the  output  signal  of  the  UPCh  is  equal 
to  zero  and  will  rise  to  its  normal  magnitude  approximately  after  time 

■  U0.i7.i8) 

where  and  b,  —  parameters  of  linear  approximation  of  the  dependence  of  UPCh  gain 
or.  control  volte, gc  at  a  point  corresponding  to  steady-state  regime  for  a  given  input 
level  ol'  the  useful  signal, 

Let  uc  assume  now  that  the  duration  of  the  time  of  continuous  influence  of 
Interference  Is  equal  to  t^,  and  the  duration  of  time  when  interference  is  turned 
off  I;:  equal  Iz  tBHKni  Hero  at  the  UPCh  output  thorn  will  occur  a  sequence  of  inter¬ 
ference  pulmT,  of  amplitude  equal  to  the  cutoff  level  of  the  UPCh,  regardless  of 
the  form  of  the  useful  signal,  It  is  obvious  that  in  this  ear,"  goniometers  using  the 
method  of  scanning  the  directional  pattern,  and  also  the  method  of  scanning  with 
compensation  or  IAC,  working  on  circuits  without  formation  of  sum  and  difference 
signals  will  absolutely  malfunction,  In  all  these  cases  the  output  signal  of  the 
goniometer  circuits  will  not  contain  information  about  angular  coordinates  of  the 
target, 

In  circuits  of  the  method  of  scanning  with  compensation  and  IAC  in  which  there 
arc  formed  sum  and  difference  signals  at  the  output  of  the  antenna  system  the  matter 
will  he  somewhat  different,  In  these  circuits  of  the  method  of  scanning  with  com¬ 
pensation  and  IAC  In  which  there  are  formed  sum  and  d i '  unco  signals  at  the  output 
of  the  antenna  system  the  matter  will  bo  somewhat  different.  In  these  circuits  the 
difference  signal  with  exact  tracking  of  the  target  is  equal  to  zero,  arid  with 
sufficiently  small  errors  of  tracking  this  signal  Is  close  to  zero, 

Thus,  one  may  assume  that  under  the  influence  of  interference  the  signal  in  the 
diffe renes  channel  does  not  fall  under  limitation,  The  amplitude  of  the  output  signal 
of  the  IJ}’. Ill  in  the  dll' J'c renco  channel  is  proportional  to  mismatch,  but  it  door;  not; 
rental h  Constant,  sine"  the  gain  factor  of  the  UPCh  in  the  difference  channel  drops 
as  a  result  of  work  of  the  AOC  system,  removing  i  coin  ii.mi.taf  j.oi  the  signal  ir.  the  sum 
channel.  If  is  easy  to  calculate  t.hut  amplitude  of  fh  signal  in  the  difference 

channel  will  dec  rouse  according  to  the  lav/ 
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(with  the  AGO  circuit  depicted  In  Fig.  2.20),  After  turning  off  of  Interference  the 
output  eignal  of  the  UPCh  to  the  difference  channel  disappears .  Therefore  at  the 
output  of  the  circuit  there  will  appear  pulses  of  duration  and  form  p.&a/2  u(t)uQ, 
where  u(t)  is  given  by  formula  (10,17,19),  and  uQ  —  cutoff  level  of  the  UPCh  In  the 
aum  channel.  Tracking  of  a  target  in  this  case  will  continue,  however,  inasmuch 
as  the  time  interval  between  pulses  of  the  error  signal,  equal  to  1b  usually 

great,  and  the  tracking  system  will  pass  into  a  mode  of  discrete  operation. 

Similar  phenomena  will  be  observed  In  circuits  using  phase  methods  of  direction 
finding.  Intermittent  interference  in  these  cases  also,  obviously,  will  not  lead 
to  considerable  disturbances  of  the  process  of  measurement  angular  mismatch.  Actually, 
aue  to  the  Influence  of  Intermittent  Interference  at  the  UPCh  output  there  appear 
pulses  with  amplitude  equal  to  the  cutoff  level  of  the  UPCh;  however,  the  phase  of 
the  filling  of  these  pulses  is  not  distorted  during  passage  through  UPCh.  Inasmuch 
as  useful  information  here  is  included  in  phase,  an  error  signal  will  be  produced. 
K.g.,  for  IPC  the  signal  of  error  will  be  pulses  of  duration  with  amplitude 

auQ/rd/X,  where  uQ  —  cutoff  level  of  the  UPCh  (with  identical  channels). 

Thus,  the  tracking  system  will  continue  to  work;  however,  due  to  the  great  time 
interval  between  pulses  of  the  error  signal,  equal  to  work  of  the  tracking 

system  will  be  in  discrete  mode,  Due  to  the  influence  of  such  interferences  dynamic 
properties  of  the  tracking  system  change, 

10.17.5.  Influence  of  Passive  Interference 
On  the  basis  of  results  of  Chapter  I  we  can  affirm  that  the  signal  from  a  pas¬ 
sive  interference,  received  by  the  antenna  of  a  goniometer,  after  multiplication  by 
the  reference  signal  Is  equivalent  to  a  stationary  normal  process  with  a  definite 
spectral  density  3 n  (0),  depending  on  the  difference  of  Doppler  frequencies  of  the 
signal  from  the  target  and  from  the  interference.  The  spectrum  of  interference  is  a 
sequence  of  expanded  spectral  lines,  removed  from  each  other  the  frequency  of  repeti¬ 
tion  of  the  signal.  The  width  of  each  line  is  determined  by  irregularity  of  motion 
of  the  dipoles,  the  wavelength  of  the  radar,  the  speed  of  the  radar  with  respect  to 
the  cloud  of  interferences  and  the  width  of  its  directional  pattern.  As  we  already 
noted  In  §  7.14,  the  width  of  each  spectral  line  Is  tens  of  cycles  per  second  with 
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a  motionless  radar  and  can  reach  thousands  of  cycles  per  second  with  a  moving  radar. 
Therefore  with  good  approximation  in  coherent  goniometers  passive  interference  is 
equivalent  to  white  noise  with  spectral  density 


Na 
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where  —  reflecting  surface  of  the  target}  , 

a  —  reflecting  surface  of  the  interference  in  the  resolution  volume  of  the 
radar; 

da),,  —  difference  of  Doppler  frequencies  of  the  signal  from  the  target  and  from 
interference ; 

f(0D)  —  form  of  the  spectral  line  of  interference  (f(0)  =■=  1). 

As  soon  as  passive  interference  is  reduced  to  equivalent  white  noise  its  influ¬ 
ence  on  accuracy  of  goniometers  can  easily  be  accounted  for.  In  goniometers  with 
one  antenna  (i.e."',  in  goniometers  with  scanning  of  the  directional  pattern  or  phase 
center,  'and  also  with  flat  scanning  of  the  pattern)  for  calculation  of  accuracy 
during  passive  interferences  we  can  directly  use  the  formulas  derived  in  the  pre¬ 
ceding  paragraphs,  only  the  signal-to-noise  ratio  should  be  replaced  by  the  signal- 
to-lnterference  ratio 


/(4»„)  ’  (10.17.21) 

The  magnitude  of  a^/ an  is  usually  considerably  less  than  one.  Acceptable 

slgnal-to-interference  ratios  occur  only  with  sufficiently  large  frequency  separa¬ 
tions  of  the  signal  and  interference  when  f(Au>^)  «  1.  With  coincidence  of 

the  speeds  of  the  target  and  interference  «  0  and  f(ha>„)  w  lj  therefore  the 
signal-to-interference  ratio  in  this  case  will  be  minute. 

In  the  case  of  goniometers  with  two  or  more  antennas  the  possibility  of  use 
during  passive  interferences  of  the  formulas  for  accuracy  derived  for  the  case  of 
natural  noises  is  not  clear.  The  fact  is  that  the  directional  patterns  receive 
reflected  signals  from  the  same  reflectors;  therefore  interferences  at  the  output 
of  the  antennas  are  correlated,  However,  It  is  possible  to  show  that  in  the  practi¬ 
cally  most  interesting  cases  this  correlation  doe?  not  lead  to  change  of  the  shown 
formula.  Let  us  consider,  for  instance,  a  goniometer  with  IAG.  Let  us  designate 
signals  from  the  passive  interference  at  the  output  of  the  antennas  by  n  n  ^(t) 
and  nn  ,-,(t).  If  we  assume  the  cloud  of  reflectors  uniform  in  a  sufficiently  wide 
angular  range,  and  the  directional  patterns  of  antennas  identical,  interferences 

P 

n  n  ^(t)  and  n  n  ^(t)  are  correlated  and  have  identical  variances 
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If  at  the  output  of  the  antennas  there  are  formed  sum  and  difference  signals, 
interferences  in  the  sum  and  difference  channels  will  be  equal  to: 

*n+(0  =  *n,  (0 +  *„,('). 

(0—  (0- 

It  is  easy  to  see  that  the  sum  and  difference  interferences  are  not  correlated. 
Actually, 

*i+(0«n7(0  =  n^W-  /In,  (0*  =  0- 

Consequently,  accuracy  of  IAC  circuits  with  formation  of  sum  and  differnce  ■  '■ 
signals  in  the  presence  of  passive  interference  can  be  estimated  by  the  formulas 
derived  for  the  case  of  natural  noises  with  replacement  of  the  signal-to-noise  ratio 
by  the  slgnal-to-interference  ratio  (10.17.21).  A  circuit  without  formation  of  sum 
and  difference  signals  with  identical  channels,  as  we  know,  is  identical  to  a  cir¬ 
cuit  with  formation  of  such  signals.  Consequently,  accuracy  of  circuits  without 
formation  of  sum  and  difference  signals  with  passive  interferences  is  expressed  by 
the  formulas  derived  for  the  case  of  natural  noises. 

Everything  said,  obviously,  also  pertains  to  the  method  of  scanning  with  com¬ 
pensation  and  to  the  IPC  method. 

Thus  it  is  rather  easy  to  approximately  allow  for  the  influence  of  passive 
interferences;  under  the  influence  of  passive  Interference  goniometer  circuits  be¬ 
have  the  same  way  as  with  natural  noise  with  some  new  spectral  density,  which  is 
expressed  through  parameters  of  the  interference.  More  exact  analysis  is  compli¬ 
cated,  although  in  principle  it  is  a  clear  problem.  We  will  not  continue  our  study 
of  these  questions. 

§  10. l8.  Conclusion 

In  the  preceding  sections  we  synthesized  and  studied  in  detail  optimum  radar 
goniometers,  Basic  attention  was  allotted  to  synthesis  and  analysis  of  radio  channels 
of  goniometer  devices.  Namely,  here  there  is  manifested  to  the  greatest  extent  the 
specific  character  of  the  problem  of  measurement  of  angles,  in  many  respects  differing 
in  initial  prerequisites  and  results  of  the  conducted  investigation  from  that  pre¬ 
sented  in  chapters  devoted  to  other  radar  meters.  To  a  considerably  lesser  extent 
this  specific  character  affects  smoothing  circuits  of  meters,  since  the  structure  of 
smoothing  circuits  does  not  depend  on  the  method  of  encoding  the  measured  parameter 
in  the  radar  signal,  but  is  determined,  basically,  by  liws  of  change  of  the  para¬ 
meter. 
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Synthesized  circuits  of  optimum  radio  channels  of  tracking  goniometers  were 

found  close  in  basic  features  to  circuits  described  in  the  literature,  created  on 

the  basis  of  technical  and  physical  intuitions.  An  exception  are  the  circuits  of 

optimum  radio  channels  of  goniometers  using  the  method  of  pattern  scanning  or 

scanning  with  compensation.  For  these  methods  of  direction  finding  synthesized 

i 

circuits  ensure  considerable  or  even  total  compensation  of  the  harmful  influence  of 
amplitude  fluctuations  of  the  signal  and  somewhat  differ  from  known  circuits. 

Analysis,  which  was  allotted  considerable  attention,  had  as  it  purpose  to  reveal 
the  criticality  of  circuits  to  various  deviations  from  optimality  in  their  structure. 
We,  showed,  in  particular,  that  imperfectness  of  heterodyning  (imperfectness  of  inver¬ 
sion  of  amplitude  and  phase  modulations  of  the  received  signal)  is  always  equivalent 
to  some  decrease  of  the  signal-to-noise  ratio.  In  circuits  for  the  method  of  scanning 
with  compensation,  IAC  and  IPC  nonidentity  of  channels  leads  to  very  harmful  con¬ 
sequences.  Here  there  is  established  the  evident  advantage  of  circuits  with  forma¬ 
tion  of  sum  and  difference  signals,  which  turned  out  to  be  least  critical  to  non¬ 
identity  of  channels. 

Let  us  enumerate  the  most  important  problems  concerning  radar  goniometers  not 
touched  on  or  insufficiently  illuminated  in  the  present  chapter  and  requiring  further 
Investigation. 

The  first  problem  is  the  problem  of  synthesis  of  an  optimum  radar  goniometer 
when  the  method  of  direction  finding  is  not  assigned,  and  there  are  assigned,  e.g., 
only  the  dimensions  and  geometric  shape  of  the  aperture  of  the  antenna  array. 

In  this  chapter  this  problem  was  solved  for  antennas  of  phased  grids  type.  For 
the  case  when  the  aperture  of  the  antenna  array  is  an  arbitrary  planar  region,  the 
problem  of  synthesis  of  an  optimum  goniometer,  including  processing  of  the  field  in 
the  assigned  aperture,  has  not  yet  been  solved.  The  essence  of  this  problem  and 
difficulties  in  its  formulation  were  discussed  in  detail  in  §  10.13. 

Another  important  problem  not  yet  solved  is  the  problem  of  synthesis  of  optimum 
radar  goniometers  for  the  case  when  the  time  of  correlation  of  fluctuations  of  the 
radar  signal  is  comparable  to  the  time  of  correlation  of  angular  shifts  of  the  target. 
This  problem  is  very  important,  inasmuch  as  the  shown  case  is  often  encountered  in 
practice.  However,  In  the  way  of  solution  of  this  problem  there  are  considerable 
difficulties  of  a  mathematical  character. 

We  note  further  a  number  of  problems  concerning  smoothing  circuits  of  goniom¬ 
eters.  Here  it  is  necessary  to  produce  systematic  study  of  a  priori  statistics  of 
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angular  ehlf to  ui  the  target  and  to  synthesis  optimu.ru  ‘smoothing  circuits.  It  is 
Interesting  a.l&o  tv  investigate  the  influence  or  Inaccuracies  in  assi,;*.jHont  of  a 
priori  statistics  of  angular  shifts  on  accuracy  of  the  goniometers. 

finally,  very  far  from  complete  solution  are  problems  connected  with  investi¬ 
gation  c.f  nonlinear  regimes  of  tracking  goniometers,  here  It  would  be  desirable  to 
obtain  more  exact  expressions  for' error  of  tracking  with  large  mismatch  and  for  an 
average  time  to  brvakoff  of  tracking  with  real  smoothing  circuits  of  tracking 
goniometers . 

The  enumerated  problems  present  doubtless  practical  interest.  However,  even 
the  problems  already  solved  permit  ur.  to  handle  many  questions  of  radar  goniometry, 
in  particular,  to  correctly  select  in  each  cast?  the  structure  of  the  goniometer  and 
to  sensibly  make  various  technical  simplifications,  estimating  their  effect  before¬ 


hand. 


■  '  •  C  H  A  P  T  :E  R  XI  _ _ 

MEASUREMENT  OF  ANGULAR  COORDINATES 
WITH  AN  INCOHERENT  SIGNAL 

§  11.1.  Introductory  Remarks 

In  radar  practice  incoherent  pulse  radiation  is  widely  used.  Let  us  remember 
that,  according,  to  the  terminology  of  Chapter  I  we  called  incoherent  pulse  signals 
with  random  initial  phases  of  the  high-frequency  filling  in  each  pulse. 

Use  of  incoherent  signals,  as  was  shown  in  the  preceding  chapters,  provider, 
in  general,  lees  possibilities  both  in  radar  detection  of  targets  and  also  in 
measurement,  of  coordinates.  However,  in  many  cases  the  loss  due  to  incoherence  is 
not  essential,  and  generation  of  such  signals  is  a  technically  simpler  task  than 
generation  of  coherent  pulse  signals.  Therefore,  application  of  incoherent  signal 
is  often  fully  justified  and  desirable.  In  the  present  chapter  we  will  pursue  a 
systematic  study  of  radar  goniometers  using  Incoherent  signals,  or  more  simply,  of 
incoherent,  goniometers. 

in  distinction  from  a  coherent  signal.,  statistical  properties,  of  an  incoherent 
signal  reflected  from  a  target  are  very  complicated.  The  functional  of  the 
dlf.tr l nut  Ion  of  probabilities  of  a  fluctuating  incoherent  signal  cannot  be  ca  L'-uiu 
in  general.  In  connection  v/lth  this,  we  also  cannot  synthesize  the  circuit  of 
optimum  incoherent  goniometers.  Therefore,  we  shall  be  limited  here  to  an 
appro;  imate  approach  to  synthesis  if  optimum  circuits,  similar  to  that,  which  was 
used ,  for  instance,  in  Chapter  7J1I. 

li,  rent  to  the  problem  nf  synthesis .  analysis,  of  incoherent  circuits  can 

is  |  u":,i  i,  In  general,  without  any  e.w-.ent.  i  a  1  limit'iti  .ns.  As  a  resul •  of  ’ .  j , 

analysis  in  the  present  chapter  we  t lir)  accuracies  of  dilTeren1  c ir  mi • s  of 
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incoherent  goniometers,  we  investigate  dependences  of  these  accuracies  on  different 
parameters,  we  compare  real  accuracy  with  potential.  Consideration  is  conducted 
consecutively  for  all  the  methods  of  angular  direction  finding  described  in  §  10,2. 

Thus,  in  its  structure  and  actual  content  the  present  chapter  Is  close  to  the 
preceding,  which  was  devoted  to  coherent  goniometers.  Further  we  shall  widely  use 
the  designations  of  the  preceding  chapter. 


§  11.2.  Optimum  Radio  Channel  of  Incoherent  Goniometers 
In  examining  the  problem  of  synthesis  of  the  optimum  radio  channel  of  incoherent 
goniometers  we,  as  in  the  preceding  chapter,  start  from  a  generalized  method  of 
direction  finding,  consisting  in  reception  of  a  signal  on  several  antennas  with 
scanning  directional  patterns  and  phase  centers.  Preserving  all  the  designations 
introduced  in  §  10.5,  we  can  record  output  signals  of  the  antennas  of  the  considered 
goniometer  in  the  form 

Vi  <0=  /Ah  (0  *)  «a  (0  {a  (0  COS  [mjt  -H  (0  + 

•)+i(0I+M0sinK<+^(0+^(<.  *)  + 

+m}+VN,ini(t)~VF7i**Ui(t,  a.) E (f) X 

X«(0eK'+iMO+/N.<*<</).  (  '  5 

where  6(t)  takes  constant  random  and  independent  values  in  every  period  of  repetition 
of  the  signal,  uniformly  distributed  in  interval  (0,2v),  and  U.ft)  and  V'(t)  —  periodic 

a 

functions  with  period  Tr,  being  the  intray.erlod  amplitude  and  phase  modulations  of 
the  incoherent  signal. 

The  functional  of  the  distribution  of  probabilities  of  an  incoherent  signal 
for  certain  cases  (for  instance,  for  a  small  signal-to-noise  ratio)  was  calculated 
iii  Chapters  V  and  VI,  A  peculiarity  of  the  considered  Problem  is  the  presence  of 
several  dependent  signals,  for  which  it  is  necessary  to  obtain  a  Joint  functions1 
of  the  probability  density.  We  repeat  in  brief  the  reasonings  of  Chapters  V  and  VI  in 
reference  to  this  more  general  problem.  The  conditional  functional  of  distribution 
of  probabilities  of  signals  (11.2.1)  with  assigned  phases  &(t)  has  form  [see 

(10. 3. B) 3* 
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where  a.  —  angular  coordinate  of  the  target; 

m  —  number  of  periods  of  repetition  of  the  signal  in  the  interval  of  observation 
(0,  T)  (ail  designations  here  are  the  same  as  in  §  10,5), 

If  in  (11,2.2)  we  substitute  for  W^j(t^>  t.g)  expression  (10, 3. 14)  (with 

replacement  of  ip(t)  by  i//(t)  +  6(t)),  functional  (11,2,2)  can  be  reduced  to  form 


v/here 
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and  t*k*  k.  “  1,  2, 
of  the  signal. 


Vu  =  o(kT„  IT r)\ 
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,fk J 

<*-T)  rf 


(11,2.4) 


. m  are  values  of  phase  6(t)  in  different  periods  of  repetition 


For  production  of  an  unconditional  functional  of  distribution  of  the  considered 
signal  it  is  necessary  in  (11,2,3)  to  average  phases  b^,  62,  . ..,  &m<  This  averaging 
in  general  is  herd  to  produce,  Hovie/er,  for  instance,  v/lth  a  sufficiently  small 
r l.gnal-to-noise  ratio  it  is  possible  to  expand  functional  (11,2,3)  in  a  series  of 
powers  of  this  ratio  and,  being  limited  to  the  first  two  terms  of  the  obtained 
expansion,  to  produce  averaging,  Here  vie  will  obtain 

(/i  Vn  (01 

»  *' «xp  |-f  |j  I V  U,  <*r,  I  «)f„  ]*j. 

Here  wo  e. Iso  used  the  circumstance  that  by  virtue  of  (1 0.3.10)  for  a  small 
slgnal-to-nolse  ratio  vjt^,  t.,)  «  p(t,(  -  t,J,  so  that  v,^  •«  i. 

It  in  possible  to  sliovi  that  the  unconditional  functional  of  probability  .  y 

of  ini  incoherent  signal  will  have  the  same  form  in  certain  .other  canes,  for  Ain't  tinea 
in  the  nt  r»v'<  d  'luetualior.;-.  of  the  signal,  wti'  ti  nulr.et:  1'j.uc :  e  Indfipenrn-.r.  r.l;/ , 

here  the  nign/O-to-nol.  r.e  ratio  can  be  any  tiling,  i  *.  u  t  ■-  c*r  ]  n '  - 1 )  V.  i. ;/ ,  vie  start  from 
expri.:'..'!  on  (li.2,b)  fe  r  l.h"  f  nnc  t  li.ni' 1.  of  the  proha  hi  11 by  density  of  the  signal. 
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Proceeding  from  this  expression,  it  is  possible  to  construct  the  operation  of 
the  optimum  radio  channel  of  an  incoherent  goniometer.  In  fact,  obviously,  we  have 


where  the  stroke  denotes,  as  always,  the  derivative  with  respect  to  a  (here  we  used 
the  fact  that  In  K' ,  as  it  is  easy  to  show  (see  §  10,2),  does  not  depend  on  a).  It 
follows  from  this  that  operation  of  the  optimum  radio  channel  consists  of  formation 
of  signal  z(t),  for  which 


2(A7'r)  =  Re 


<hUj(kTr,  «)x 


?  n 

X  |  « (0  y ,  (0  e'**'  dt  qiU”}  (kTr,  i)  X 

»r 

X  j  u*(l)y}{t)t-l^dt,  (11.2.6) 


where 


qJ 


!c£ r 


ratio  of  signal  enerrv  ;  ,r  ih-:  period  of  repetition  at  the  output 


of  the  j-th  antenna  to  the  spectra L  density  of  the  corresponding 
noise  (the  applied  normalization,  as  one  shall  see  from  what 
follows,  la  very  convenient); 

/v 

a  —  measured  value  o'"  the  angular  coordinate  (in  the  case  of  goniometer 
with  a  tracking  antenna,  as  in  the  preceding  chapters,  a  should 
be  replace!  by  zero). 

Further  processing  consists  of  simple  summation,  or  as  it  is  said,  Incoherent- 
accumulation  of  quantities  z(kTr). 

Let  us  consider  the  question  of  the  circuit  realization  of  optimum  operation 
(11,2,0),  Here  in  the  present  section  we  limit  our  consideration  to  goniometers 
with  a  tracking  antenna,  for  which  the  optimum  circuit  has  the  simplest  form, 
Considering  that  JQj(t,  0)  -  1  [see  (10,3,1)],  we  can  rewrite  operation  (11,2,0)  in 
the  following  fora: 


-6?2- 


T™jw 


_ *fr 


2(ft7r)=Re  f  «(0yj(0e^rf/X 

/=i  <*— i)rr 

A  _ 

XS/ 0)-W(*rri  0)1  X 

/*=> 

*T, 

X  {  «*(0*/j^)e~/“«'  dt. 


(11. 2.7) 


(*-ur. 


One  of  the  variants  of  the  block  diagram  of  a  device  realizing  operation  (10.2.7) 
[sic]  is.  shown  in  Fig.  11.1  (we  shall  not  stop  to  discuss  the  transformation  of 
(11,2,7)  to  real  form,  on  the  basis  of  which  there  is  constructed  the  block  diagram, 

since  this  was  done  in 


of  an  incoherent  radar  goniometer  with  a  general¬ 
ized  method  of  direction  finding.  1  —  optimum 
filters  with  pulse  response  (11,2.8);  2  —  adders. 


modulations  and  with  inversion  of  phase  modulation, 
filtered.  The  filter  must  hove  pulse  response 

COS 


sufficient  detail  in  the 
preceding  chapter).  In  this 
circuit  signals  are  first 
normalized  to  the  same  level 
(normalization  is  necessary 
in  the  case  of  different 
gains  of  antennas  and  a 
different  level  of  noise:-, 
in  the  channels);  then  th<\y 
are  heterodyned  with  simulta¬ 
neous  multiplication  by  the 
law  of  intraperiod  amplitude 
After  this  the  signals  are 


(11.?, h) 


0,  t>Tr, 

i.e,,  must  realize  clearing  of  the  accumulated  voltage  at  the  end  of  the  period  oi 
repetition  of  the  signal.  Tin-  low- frequency  equivalent  of  this  filter  is  an  inlet: 
with  clearing.  When  the  signal  has  a  large  off-duty  factor,  i.e.,  the  duration  c.i 
the  signal  pulse  t,.  «  T  ,  as  the  indicated  filter  we  can  use  any  filter  with 


Ai 


will  di  satisfies  relationr.hij 


Ml.: 


The  signal  from  the  output  of  eaon  such  filter  enters  two  channels:  in  one 
channel  It  is  multiplied  by  a  function  varying  according  to  the  law  of  scanning  of 
the  directional  pattern  of  the  corresponding  antenna.;  in  the  other  after  a  shift  in 
phase  of  ir/ 2  it  is  multiplied  by  a  function  varying  according  to  the  law  of  scanning 
of  the  phase  center  of  this  antenna.  After  these  operations  all  signals  are  added 
and  proceed  to  the  phase  detector.  As  the  reference  voltage  of  the  phase  detector 
there  is  used  the  sum  of  signals  taken  directly  from  the  output  of  the  filters. 

This  circuit  may,  of  course,  be  modified.  For  instance,  multiplication  by 
functions  varying  according  to  laws  of  scanning  could  have  been  carried  out  before 
filtration.  However,  these  modifications  are  nonessential.  More  essential  is 
modification  connected  with  other  in'  irpretation  of  the  operation  of  taking  integrals 
over  the  period  of  repetition  in  (  ,2.7).  Namely,  it  is  possible  to  carry  out  the 

operation  of  heterodyning  in  the  aosence  of  modulation  of  the  heterodyne  voltage, 
and  then  pass  the  signal  through  a  filter  with  pulse  response 


(11.2.10) 


From  the  output  voltage  of  the  filter  it  is  necessary  then  to  separate  only 
the  values  corresponding  to  discrete  moments  of  time  kTr<  This  can  be  carried  out 
by  gating  the  output  voltage  of  the  filters  by  gate  pulses  of  sufficiently  small 
duration,  with  period  Tr<  Gating  may  also,  obviously,  be  carried  out  after  all 
operations  of  the  discriminator. 

A  filter  of  type  (11,2,10)  is  called  "matched  with  the  form  of  the  signal"  or 
"shortening."  Processing  using  such  a  filter  is  called  "f lltrational, "  while 
•processing  in  the  initial  interpretation  is  called  "correlation,"  These  terms  already 
were  introduced  in  Chapter  VIII,  and  we  shall  not  discuss  them  in  detail  here.  The 
block  diagram  of  f lltrational  processing  differs  from  the  circuit  of  Fig.  11,1 
insignificantly:  the  heterodyne  signal  should  have  the  form  cos  u^pt,  and  filters 

should  have  pulse  response  (11,2,10);  at  the  output  of  the  circuit  there  should  be 
a  gating  unit.  In  other  respects  the  circuits  coincide. 

Thus,  the  basic  diixerence  between  on  incoherent  circuit  and  the  corresponding 
coherent  one  (see  Fig.  10.7)  Is  that  in  the  incoherent  circuit  each  period  of  the 
signal  is  processed  separately,  and  results  are  totaled,  In  tne  coherent  circuit, 
due  to  the  presence  of  narrow-band  filters  there  occurs  joint  processing  of  many 
periods  of  the  signal, 
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More  detailed  study  of  synthesized  circuits  we  postpone  to  subsequent  sections, 

'i:V.*'.v  1- A;. ■,■"%:■■■■  ,-v •  ...  ■,• ... 

where  we  shall  consider  concrete  methods  of  "direction ^finding.  ■ 

Thus,  with  very  general  assumptions  with  respect  to  the  method  of  direction 
finding  we  performed  approximate  synthesis  of  optimum  circuits  of  incoherent 
goniometers.  The  purpose  of  further  investigation  is  a  detailed  and  systematic 
study  of  quasi-optimum  circuits  from  the  point  of  view  of  their  real  accuracy.  In 
particular  very  interesting  is  the  study  of  such  circuits  with  a  large  signal-to-noise 
ratio,  since  their  optimality  in  this  case  is  not  clear  a  priori.  Basic  attention 
during  the  study  of  different  circuits  we  will  allot  to  variants  with  correlation 
processing,  since  in  radar  goniometers  circuits  with  correlation  processing  are  the 
most  common.  However,  here  we  shall  not  limit  our  consideration  to  filters  carrying 
out  integration  of  the  signal  during  the  period  of  repetition:  characteristics  of 
filters  as  far  as  possible  will  be  assumed  arbitrary. 

Study  of  quasi-optimum  circuits  in  the  above-described  aspect,  as  already 
repeatedly  noted,  is  very  interesting  and  important  from  the  practical  point  of  view, 
since  only  such  study  will  allow  us  to  solve  the  question  of  the  possibility  of 
sufficiently  good  approximation  of  properties  of  optimum  circuits. 


§  11.3,  Method  of  Scanning  the  Directional  Pattern 
Let  us  turn  to  a  study  of  Incoherent  goniometers  using  the  method  of  scanning 
the  directional  pattern.  The  optimum  circuit  of  the  radio  channel  of  such  a 
goniometer  can  easily  be  obtained  after  certain  concretizations  from  the  general 
circuit  of  Fig.  11.1.  For  this  It  is  necessary  to  set  n  =  1  (one  antenna),  <!>(t,  a)  = 
=  0  (the  phase  center  of  the  antenna  is  fixed),  and  express  U  (t,  a)  by  formula 
(10.2.2).  The  optimum  circuit  can  easily  be  reduced  to  the  form  depicted  in  Fig. 

11.2.  This  circuit  is  known;  however,  the  conducted  synthesis  permits  us  to  more 
exactly  formulate  the  requirements  for  the  circuit  from  the  point  of  view  of  its 
optimality:  exact  processing  of  intraperiod  modulation  of  the  signal  and  use  of 

a  filter  whose  low-frequency  equivalent  is  an  integrator  with  clearing.  The  influence 
on  accuracy  of  all  possible  deviations  from  optimality  in  the  circuit  will  be  studied 
in  detail  in  the  present  section. 

Before  passing  to  analysis  of  real  accuracy  of  the  synthesized  circuit,  we  note 
that  the  circuit  of  Fig.  11.2  is  theoretical  and  reflects  only  the  fundamental 

operations  performed  on  the  signal.  The  practical  variant  of  this  circuit,  depicted 

* 

in  Fig.  11.5,  will,  of  course,  differ  somewhat  from  its  theoretical  prototype. 
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^ig. .11, 2.  Optimum  circuit  of  the  radio 
channel  of  ancincoherent  goniometer  with 
pattern  scanning:  1  —  optimum  filter  with 
pulse  response  (11.2.8);  2  —  square-law 
detector. 


channel  of  an  incoherent  goniometer  with 
pattern  scanning:  1  —  high-frequency 
amplifier-mixer;  2  —  amplitude  modulator; 
3  —  heterodyne  oscillator;  4  —  generator 
of  gate  pulses;  5  —  UPCh;  6  —  system  of 
automatic  gain  control;  7  —  amplitude 
detector;  8  —  pulse  detector;  9  —  phase 
detector;  10  —  GON  (reference  voltage 
generator). 


The  difference  is  caused  by  the 
necessity  of  introducing  certain 
elements,  necessary  during  practical 
use  of  the  circuit.  Such  ar, 
element  in  the  first  place  is  a 
system  of  automatic  gain  control 
[AGC].  It  is  introduced,  as  we 
already  said,  to  maintain  a  constant 
level  of  the  received  signal,  thanks 
to  which  the  amplifier  in  the 
circuit  always  works  in  linear 
conditions.  Furthermore,  In  the 
incoherent  circuit  of  the  method  of 
pattern  scanning  after  the  amplitude 
detector  in  practice  there  usually 
is  used  a  so-called  pulse  detector. 
The  discharge  time  of  the  capacitor 
in  the  circuit  of  this  detector 
is  selected  sufficiently  large 


(so  that  the  capacitor  was  discharged  before  the  moment  of  arrival  of  the  following 


pulse,  there  frequently  is  used  forced  discharge  of  this  capacitor).  Use  of  a  pulse 
detector  in  such  circuits  permits  us  to  obtain  a  very  high  transmission  factor  of 
the  radio  channel  with  minimum  technical  expenditures  (otherwise  at  the  output  of 
the  circuit  it  would  be  necessary  to  substitute  an  amplifier  with  a  rather  high  gain 
factor) . 

As  we  already  said  in  the  preceding  chapter,  an  AGC  system  in  the  first 
approximation  influences  only  the  3lope  of  the  discrimination  characteristic  of  the 


circuit,  and,  consequently,  such  characteristics  of  accuracy  as  equivalent  spectral 
density  can  be  calculated  without  taking  into  account  the  AGC  system.  The  influence 
of  the  AGC  system  on  the  slope  of  the  discrimination  characteristic  of  the  circuit 
and  on  accuracy  of  incoherent  goniometers  as  a  whole  we  shall  consider  later,  in 

§  11.7. 

The  pulse  detector,  as  calculations  show  [lo3)»  approximately  is  equivalent  to 
a  normal  amplifier.  Consequently, *  from  the  point  of  view  of  calculation  of  accuracy 
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of  i.iifj  goniometer  and  study  of  the  dependence  of  accuracy  on  the  signal-to-noise 
ratio  the  pulse  detector  is  a  link  such  as  can  be  omitted  in  general. 

Thus,  let  us  turn  to  analysis  of  accuracy  of  the  circuit  of  Fig.  11.2.  Calcula¬ 
tion  of  accuracy  characteristics  of  this  circuit  we  shall  produce  in  comparative 
dotal  1,  so  that  we  can  subsequently  omit  analogous  calculations.  Let  us  note  that 
ir, i.cc  calculations  are  very  ’.lose  to  those  with  which  we  dealt  in  examining  coherent 
-circuits. 

The  received  y(t)  in  the  considered  circuit  has  the  form 

V  (0 = /Pi  Re  U  (t,  a)  E  (t)  u  (/)  e^+ 1 '* (,,+  /Wt  n  (t), 

where  !.'(t,  a)  is  giver,  by  formula  (10.2,2), arid  the  remaining  parameters  were  introduced 
earlier  [  ,;ee  the  explanation  with  formula  (1.1, 2.1)). 


At  the  output  of  the  circuit,  obvliuvly ,  we  have  signal 


2  (0  =  cos  &  (/)  J  J  fi  (t  -  x)  y  (x)  o  (x)  e'^dx  I*. 


(11. 5.1) 


where  h ( t )  —  complex  pulse  response  envelope  of  the  filter  in  the  circuit; 

v(t)  —  complex  signal  amplitude  envelope  oi  the  heterodyne  oscillator. 


Ideally 


<«,=(  '.°<«n 

to,  or., 


f  see  formula  (11,2.8)],  and  v(t)  should  coincide  with  the  complex  signal  amplitude 
envelope  u(t).  However,  in  order  to  allow  for  possible  imperfectnesses  of  filtration 
and  processing  of  intraperiod  modulation  of  the  signal,  we  shall  consider  h(t)  and 
v(t)  arbitrary,  We  introduce  only  the  assumption  that  the  passband  of  the  filter 


A  I' 


Tjr-i  which  always  occurs  in  Incoherent  goniometers.  We  shall  place  no 
r 


further  limitations  on  characteristics  of  the  filter. 

Let  us  calculate  the  mean  value  z ( t ) ,  necessary  for  calculation  of  the  slope 
of  tlie  discrimination  characteristic  and  systematic  error.  Obviously, 

F(Fj«=cos •(/)  J  J/i  (<-/,)  A* 

—00  —CO 

Xv(l,)e^(l1)e^,i(IA  = 
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—00—00 
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We  use  the  broad-banded  nature  of  the  filter,  so  that  with  reapect  to  functions 

p(t)  and  U ( t ,  a)  pulse  response  h(t)  can  be  considered  a  6-function.  Here  we  have 
(averaging  also  the  rapidly  oscillating  functions  under  the  sign  of  the  integrals) 

— 00— GO 

X  #  (/,)  a*  (/,)  0*  {/,)  0  (<,)  ditdt,  -f 

t  .  ■.  .  ,  . 

+tf,cos»(/)  J  )  k(t  -  %)v(t)  | 'd%,  .  .  .  "  . 

Averaging  now  aft)  in  time  and  reducing  by  usual  methods  the  integrals  over 
time  to  integrals  over  frequency,  we  obtain  •  -  ' 


where 


0  -00 
Tr 

F(1.)=P Lj  U(t)v*(t)eimidt, 


(11.3.5) 


and  H(ico)  —  frequency  response  of  the  filter  (more  exactly,  of  its  low-frequency 
equivalent) . 


It  follows  from  this  that  systematic  error  in  the  considered  circuit  is  absent. 


since 


lira  i-  [z(t)dt  I  =0. 

T-*oo 1  J  {■-<) 

a 

The  slope  of  the  discrimination  characteristic  turns  out.  to  be  equal  to 


T  00 

X***rJL ^ ^  I 


(11. 3.  <0 


For  equivalent  spectral  density  It  is  easy  to  analogously  obtain  the  following: 

.  T  oo 


— -j-  lira  f-  [dt  f  z  (/)  z  (t)  dt  I 

0  -oo 
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“Jr Jfjj.rj' J (Ocosd(-t)x 
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(11.3.1!') 
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Producing  simple,  but  rather  bulky  calculations  and  limiting  ourselves  for 


simplicity  to  the  case  of  uniform  conical  scanning,  we  finally  can  obtain 


where 


I’X 

—00  -oo 

X  |2  Re  qF  («.,)  F*  (i«t)  V*  (to.,  +  /•,)  + 

+ 1 V  (*•»  +  *®«)  1*1  [  J  |//(i»)|'|F(tV ‘’rfuj"*, 
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5.(0)-  Jp(/)'e-*'dt; 


(11. 3.  S') 


(11. 3. 0) 


p(t)  —  correlation  function  of  fluctuations  cf  the  signal,  normalised  ?o  that  = 

=  1; 

q  —  ratio  of  energy  of  the  signal  for  the  period  of  repetition  and  the  spectral 
density  of  noise; 


0.  —  angular  frequency  of  scanning; 


When  p(t)  -  e 


-2Af  c  | t | 


V{/«)=  J  |  v  (/)  |*  elmtdt. 


S  /nt _ 1'Jds— 

5.  (Q)  j  /  0  .»  ’ 


(11.3.7) 


(ii. 3. e) 


Let  us  study  the  found  results  In  more  detail.  The  simplest  formulas  are 
obtained  in  the  case  of  a  rather  narrow-band  filter  whose  passband  satisfies 
relationship  (11.2.9).  In  this  case  under  the  sign  of  integrals  in  (11.2.9)  H  is 

O 

possible  to  set  |H(ia>)|  =  2v5(a')Af  ^  ,  where  Af  ^  —  effective  -width  of  the  passband 

of  the  filter  (gain  of  the  filter  is  assumed  to  be  one).  Here  we  easily  obtain  the 


following  results.  The  slope  of  the  discrimination  characteristic  is  equal  to 


^•R  — 


(11. 5.9i 


wnere 

r, 

X.  =  |£  f u(t)v*(t)dt 

0 

This  coefficient  was  introduced  already  in  Chapter  X  [see  formula  (10.5.9)].  It 
allows  for  imperfectness  of  processing  of  modulation  of  the  signal.  For  equivalent, 
spectral  density  we  obtain  the  very  simple  formula 


e  _  J_S  Rg 2y I ^ (0) \'V (Q)  +  1V<0) l» 

•K*  rju.8  4*(f(0)j‘  “ 


.  _J_e  /Q\  |  T,  2/  -f  I 
V'1 
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f  2^7  *,  ~  2AT.  *,• 

y*r  J  I  e  (0 1*  d< 
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Ratio  n^/wg*  as  we  saw  in  the  preceding  chapter,  is  always  smaller  than  one  ana 
equal  to  1  only  with  ideal  processing  of  modulation  of  the  signal.  Thus,  imperfect- 
ness  of  processing  of  modulation  with  a  narrow-band  filter  is  equivalent  to  decrease 
of  the  signal-to-nolse  ratio. 

From  formula  (11.3.10)  it  is  clear  that  even  with  total  elimination  of  noises 


there  exists  a  residual  value  of  equivalent  spectral  density 


(11.3.12) 


caused  by  fluctuations  of  the  signal.  With  increase  of  the  frequency  of  scanning 


the  error  caused  by  this  factor  disappears,  and  we  obtain 

(?+?>)• 


(11.3.13) 


Let  us  consider  asymptotic  cases  o.  high  and  low  noise  levels.  With  high  noise 


levels 


C  _  Tr 

•3»a»  —  r-jrtr 


(11.3.14) 


With  ideal  processing  of  signal  modulation,  when  q  =  q,  this  formula  gives, 

obviously,  the  potential  value  of  equivalent  spectral  density  for  a  small  signal-to- 

nolse  ratio,  since  the  analyzed  circuit  is  optimum  for  this  case.  It  is  therefore 

of  interest  to  compare  (11.3.14)  with  the  equivalent  spectral  density  of  an  optimum 

coherent  circuit  with  a  small  signs l.-to-noise  ratio.  With  approximation  of  the 

spectrum  of  the  signal  by  formula  (10.3.26)  and  for  the  case  of  uniform  conical 

scanning  it  in  easy  to  find  that  the  equivalent,  spectral  density  of  error  in  the 

optimum  coherent  circuit  [formula  (10.4.10)]  Is  Less  than  the  equivalent  spectral 

density  in  the  incoherent  circuit  by  a  factor  of  1/4T  Af,  .  Let  us  emphasize  once 

r  v_> 
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again  that  this  occurs  only  for  small  signal-to-noise  ratios. 

Consider  now  the  case  of  large  signal-to-noise  ratios.  In  this  case 


Let  us  compare  the  equivalent  spectral  density  for  the  given  case  with  the 

optimum  spectral  density  of  a  coherent  circuit. 

For  large  signal-to-noise  ratios  S  for  the  coherent  circuit  we  take  from 

onT 

formula  (10.4.11).  Here  it  is  easy  to  find  that  the  ratio  of  the  equivalent  spectral 
density  of  the  considered  incoherent  circuit  and  the  optimum  spectral  density  of  the 
coherent  circuit  (in  the  case  of  high  frequencies  of  scanning)  is ‘equal  to 


M/e  =  1 . 


Thus,  for  large  values  of  the  signal-to-noise  ratio  the  considered  incoherent 
circuit  (with  Ideal  processing  of  signal  modulation)  ensures  the  same  accuracy  as 
an  optimum  coherent  circuit.  From  this  we  can  conclude  that. the  circuit  of  Fig.  11.2 
realizes  the  potential  accuracy  of  the  method  of  pattern  scanning  also  for  a  large 
signal-to-noise  ratio,  i.e.,  is  a  good  approximation  of  the  optimum  circuit  in  the 
whole  range  of  changes  of  the  signal-to-noise  ratio. 

We  repeat  that  everythin^:  said  pertains  to  the  case  when  the  frequencies  of 
scanning  are  sufficiently  great  as  compared  to  the  width  of  the  spectrum  of  signal 
fluctuations.  With  low  frequencies  of  scanning  this  circuit  gives  a  component  of 
error  (11.3.12)  which  does  not  depend  on  the  signal-to-noise  ratio,  and  for  a 
sufficiently  large  value  of  the  signal-to-noise  ratio,  apparently,  differing  from 
the  optimum. 

Investigation  of  formula  (11.3.5)  with  an  arbitrary  width  of  the  filter  passband 
is  better  produced  for  some  concrete  approximation  of  the  form  of  modulation  of  the 
sounding  and  heterodyne  signals  and  of  the  frequency  response  of  the  filter.  Let 
us  consider,  for  instance,  the  case  of  a  pulse  signal  without  phase  modulation 
with  pulses  of  Gaussian  form: 


«.(/)= l.:5|/*Zr 


(11.3.15) 


where  —  duration  of  the  pulse  at  level  0.5  [the  coefficient  Is  selected  from 

condition  of  normalization  (10,3.4)]. 

» 

Gate  pulses  we  consider  to  have,  the  same  form,  but  with  different  duration: 


i_r.  (*u  ,.1,'  ii 
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(11.3.16) 


**(*)■ 


We  approximate  the  frequency  response  of  the  filter  by  function 


(11.3.17) 


We  designate 


A/. 


ora  ■ 


2*  ’t, 


0.9 


A  filter  with  bandwidth  Af^  =  AfcorjI  frequently  is  called  matched.  We  assume. 


further,  that 


y=s5- 


(11.3.18) 


Calculation  by  formula  (11.3.4)  with  such  approximations  gives  the  following 
result: 

c  _  «  c  /rw  /  Tr  f(I  +  **)<l +**+#•)  . 

1— + 

_i  »  (1+V)  (!+*«  +  »»)  ) 

*  *'{**  +  2(1  +  *’)j [x*  +  2j,‘(1  +  (11.3.19) 

With  high  frequencies  of  scanning  the  first  term  can  be  disregarded.  Here  S.„_ 
attains  if  minimum  value  SMKH  st  x  =  0,  y  »  1,  This  value  coincides  with  (11.3.13), 
where  it  is  necessary  to  set  q  =  q.  However,  already  with  small  deviation  of  y  from 
1  the  picture  changes  rather  sharply:  the  minimum  of  Sg^  starts  to  be  reached  at 
x  «  1.  This  one  may  see  well  from  graphs  of  the  dependence  of  Sg^/S umi  on  q,  shown 
for  different  values  of  y  and  x  (Fig.  11.4). 

Thus,  with  nonideal  gating  the  optimum  filter  is  a  filter,  close  to  the  matched 
one.  With  ideal  gating  the  optimum  is  a  narrow-band  filter,  integrating  the  signal 
in  the  period  of  repetition.  However,  all  optima  here  lie  rather-  closely  to  one 
another. 

Let  us  note  the  very  simple  formulas  obtained  from  (11. 3. 19)  in  limiting  cases. 
For  sufficiently  wide  gate  pulses,  when  y  «  1,  we  have 


(11.3.20) 


This  formula  with  considerable  widening  of  the  band  of  the  filter,  i.e.,  when  x  >  1, 
takes  the  following  very  simple  form 


(11.3.21) 
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He  shall  new  discuss  the  question  of  parametric  fluctuations.  The  spectral 
density  of  parametric  fluctuations  in  general  is  difficult  to  calculate,  in  view  of 
the  very  great  cumbersomeness  of  computations.  We  will  give  results  of  calculation 
of  the  spectral  density  of  parametric  fluctuations  for  the  case  of  high  frequencies 
of  scanning.,  when  the  component  of  error  caused  by  equivalent  spectral  density  is 
rather  small.  In  this  case  we  have  the  very  simple  relationship 

Sjup=3?,(0),  (11.3.22) 

where  ^(ft)  *s  determined  by  formula  (11.3-6).  In  particular,  with  approximation 
-2Af  c  |t| 

p(t)  =  e  we  obtain 

Snap  ==  Vi^/c  • 

Thus,  the  spectral  density  of  parametric  fluctuations  does  not  depend  on  the 
form  of  modulation  of  the  sounding  signal  and  is  inversely  proportional  to  the 
width  of  the  spectrum  of  signal  fluctuations. 


9 

t  A _ 

\ 

!\, 

\ 

e _ 

\ 

\ 

5  - 

\ 

A _ 

i 

1 

■ 

n 

i 

H 

1 

■ 

^1 

g 

g 

— 

>» — 

i ;/  (l 

t 

f 

\ 

to 

_ 9-43 

r-V  " 

f 

Fig.  11.4.  Gi  ••  ph  of  the  dependence  of 
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for  the  circuit  of  the  method  of  pattern 

scanning:  -  x=  0.1; - x  =  0.3; 

- x  =  1. 
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§  11,4.  Methods  of  Scanning  with  Compensation  and  IAC 


11.4.1  Optimum  Circuits  and  Their  Characteristics 
Optimum  circuits  for  the  method  of  scanning  with  compensation  are  easily  ob¬ 
tained  from  the  general  circuit  of  Pig.  11.1,  where  n  »  2  (two  directional  patterns) 

and  ^(t,  a)  «=  0  (their  phase 
centers  are  fixed  and  coincide). 
Function  Ua^(t,  a)  must  here  be 
expressed  by  formula  (10.2.5)  for 
the  method  of  scanning  with  compen¬ 
sation  or  by  formula  (10.2.8)  for 
IAC  [the  latter  one  coincides  with 
(10.2.5),  if  there  we  set  ^(t)  = 

=  0,  $2(t)  °  1r3*  If  we  consider 
the  amplifications  and  gain  factors  of  the  directional  patterns,  and  also  noises  in 
channels  identical,  and  consider  the  laws  of  scanning  connected  by  relationship 
(10.6.2)  ($^(t)  =  $(t)  =»  $g(t)  +  7r)>  we  can  Present  the  optimum  circuit  for  the 
method  of  scanning  with  compensation  in  one  of  two  forms,  depicted  in  Figs.  11.5 
and  11.6.  By  analogy  with  the  terminology  of  Chapter  X  the  circuit  of  Fig.  11.5 
we  shall  subsequently  call  a  circuit  with  subtraction,  and  the  circuit  of  Fig.  11.6  — 
a  circuit  with  multiplication  of  signals.  Circuits  for  IAC  have,  obviously,  pre¬ 
cisely  the  same  form,  only  It  is  necessary  to  set  $(t)  =  0,  i.e.,  multiplication 
by  cos  $(t)  at  the  output  of  the  circuits  will  be  absent.  The  obtained  circuits 
are  very  similar  to  the  corresponding  coherent  circuits,  synthesized  in  Chapter  X. 


Fig.  11.5.  Variant  of  the  optimum  circuit  of 
the  radio  channel  of  an  incoherent  goniometer 
for  the  method  of  scanning  with  compensation: 
1  —  optimum  filters  with  pulse  response 
(11.2.8);  2—  square -law  detectors. 


goniometer  for  the  method  of  scanning  with 
compensation.  1  —  optimum  filters  with 
pulse  response  (11.2.8). 

n 
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11.4.2.  Investigation  of  Circuits  with  Multiplication  of  Signal- 

Let  us  investigate  characteristics  of  synthesized  circuits.  It  is  obvious  that 
both  considered  variants  of  circuits  (with  multiplication  and  subtraction  of  signals) 
with  ideal  construction  give  identical  accuracy.  The  difference  between  these 
circuits  will  appear  only  in  their  unequal  criticality  with  respect  to  nonidentity 
of  channels.  Investigation  of  this  question  is  very  interesting  from  the  practical 
point  of  view. 

In  view  of  cumbersomeneos  of  calculations  we  shall  produce  a  simplified  allowance 
for  nonidentity  of  channels  of  the  circuits,  seeking  basically  to  find  the  physics  of 
the  Influence  of  nonidentity  of  different  parameters  and  obtain  simple  calculating 
formulas. 

Let  us  consider  first  the  circuit  with  multiplication  of  signals.  The  output 
signal  of  the  circuit  of  Fig.  11.6  has,  obviously,  form  (10.7.1)  or  (10.7.2)  (the 
latter  when  $(t)  =*  0).  The  received  signals  are  equal  to 

»t = Ut  (t,  a)  E  (t)  (,)  4* / (0.  ( li .  4 .  i ) 

where  U1(t,  a)  are  expressed  by  formulas  (10.2.5)  or  (10.2.8). 

We  assume  that  the  width  of  the  bands  of  the  filters  in  the  circuit  satisfies 
relationship  (11.2.9).  We  assume  that  the  frequency  responses  of  the  filters  are 
identical;  however  between  che  channels  there  is  a  certain  constant  phase  shift  Acp. 
Obviously,  this  type  of  nonidentity  is  the  most  essential  for  circuits  with  multipli¬ 
cation  of  signals. 

Omitting  intermediate  computations,  we  give  the  final  results,  identical  for 
circuits  of  the  method  of  scanning  with  compensation  and  IAC.  The  slope  of  the 
discrimination  characteristic  turns  out  to  be  equal  to 

A'*  =  cosAyAfc,  (il.4.2) 

where  P0  2  —  total  power  of  signals;  the  remaining  designations  are  the  same  as  in 
formula  (11.5.9). 

From  this  it  is  clear  tnat  in  the  presence  of  phase  shift  between  channels  the 
slope  of  the  discrimination  characteristic  decreases.  With  very  great  nonidentity 
of  channels  slope  Kjj  can  fall  to  zero  or  even  become  negative.  The  circuit  in  this 
case,  obviously,  will  not  work. 

Systematic  error  in  the  considered  circuit  will  always  be  absent.  This  is 
also  understandable  from  very  simple  reasonings:  if  the  target  is  in  the  equisignal 
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direction,  the  signal  In  the  difference  channel  will  be  equal  to  zero.  Consequently, 
the  plena]  of  error  also  will  be  equal  to  zero,  regarulesc  of  identity  or-  nonldentlty 
of  the  channels. 

For  the  equivalent  spectral  density  01  error  in  the  circuit  with  mul tiplrcation 
of  signals  we  obtain 


T. 


7-V+4Y 

V’t  H  ) 


(ai.4.3) 


where  q'  la  determined  by  formula  (11.5.11)  (with  replacement  Of  Pc  by  Fc  Z;) . 

From  this  we  see  that  with  nonidentlty  of  channel r  there  also  occurs  Increase 
of  u,e  equivalent  spectral  density  of  error.  This  formula  differs  somewhat  from  the 
analogous  formula  (11,5.13)  for  the  me'. nod  oi  pail urn  scanning. 

Let  us  as sum j  now  that  the  filter  has  o  very  wide  band,  so  that  there  does  not 
occur  pure  Integration  of  the  signal.  Here  vie  shall  limit  ourselves  to  the  case  oi 
ldtai*  leal  channel."..  Results  will  be  analogous  to  tiucc  which  we  had  for  the  method 
of  pattern  scanning!  the  slope  of  the  nirorlmlnutlon  characteristic  is  determined 
by  formula  (11,3.3)  (with  rep  t.uo  -tm-u.t  o;  \Q  by  I'c  ...) ,  end  equivalent  spectral  density 
a  ■■  cc  termin'!'!  by  on  expand  ion  norm-wne  t.  .11  fi'erl  up  fr.,r„  (11.3.4  )s 


T, 

•3* 


1 


H  fj[  J 


X  J  J  I H  ((*,'  H  (/•*,)  r  I  Rb  qJF  («“*,)  F* (<“,)  V*  <<•.  + + 

— «•  -All 

+|V(K+K)l*|<Mv 


(31,4,4) 


iniipn  jr,  i,o  tci'm  ouuceu  by  x,ot,l  1  ueu r  i  mi . ;> forma 1 1  on  of  the  useful  nigtiol, 
Ui;-  to  ccimpvnnaU.,!,  <•*  the  1  n '' l .•  ••n-.-  o:  ampl  I  tu-je  i  luc  tucUun,  <<!  U 
•  1  t ,  Vurthci'dior",  tin1  term  pro|n  rt,J..|,iil  <o  l/q  .,  Is  Umjre&ima  by  o  t  o  tot  oi 
/il  cert lgtv* 3 or,:i  It,  formula  (11.4,4)  etc  '1,0  •■•tun'*  or,  1  n  formula  (11,5,4  ),  It 
|il(l,)|:'  m  i;n/,i  ^  b('u),  tojmuJa  (11.4.4)  pos.-nr  (11.4,3),  vhere  tVP  -  u. 

With  «i|i|iroxt''i«t  |,,r,n  (Ji.MM,  '3i, *.!’),  ur‘d  (11.3.1H)  for  iiBKB 

>»i  'uli.  e/.Jj I’M' 1  °l» 


MU 


(11,4,') 


i»  (J  U  (  •• 


insignificantly  differing  from  (11.3.19)*  All  qualitative  conclusions  with  respect 
to  the  influence  on  of  various  factors  remain  the  same  as  before. 


11.4.3.  Investigation  of  Circuits  with  Subtraction  of  Signals 


In  circuits  with  subtraction  of  signals  there  already  is  a  certain  difference 


between  the  method  of  scanning  with  compensation  and  IAC. 


The  signal  of  error  at  the  output  of  the  circuit  of  Fig.  11.5  has  the  form 


(10.7.6)  in  the  case  of  scanning  with  compensation  (where  x3  =  0  in  view  of  the 
broad-band  nature  of  the  filters)  or  form  (10. 7. 12)  in  the  case  of  IAC.  The  received 
signals,  as  before,  are  expressed  by  formula  (11.4.1).  For  these  circuits  the  most 


essential  type  of  nonidentity  is  nonidentity  of  gain  factors  of  the  channels. 


Let  us  consider  the  case  of  a  rather  narrow-banded  filter.  Proceeding  from  the 


expression  for  the  output  signal,  after  simple  transformations  we  obtain  for  the 


method  of  scanning  with  compensation  the  following  results. 


The  slope  of  the  discrimination  characteristic 


(11.4.6) 


where  and  Kg  —  gain  factors  of  the  channels. 

Equivalent  spectral  density  (in  the  case  of  uniform  conical  scanning) 


V=ik(^s.<°>+£(i4+4i) 


(11.4.7) 


where  k  =  K^/Kg  —  ratio  of  squares  of  gain  factors  of  the  channels;  the  remaining 


designations  are  the  same  as  before. 


Systematic  error  in  the  considered  case  is  absent. 


From  formula  (11.4.7)  it  is  clear  that  in  the  case  of  nonidentity  of  channels 


there  exists  a  component  of  error  caused  by  nonlinear  transformation  of  the  signal 


and  not  canceled  even  with  complete  elimination  of  noises.  We  had  an  analogous 


component  of  error  in  the  case  of  the  method  of  pattern  scanning  (11. 3.5).  With 


growth  of  the  frequency  of  scanning  this  component  of  error  disappears.  With 


identical  channels,  when  k  =  1,  this  component  of  error  is  absent. 


For  the  IAC  method  calculations  do  not  differ  at  all  from  calculations  for  the 


method  of  scanning  with  compensation.  Results  are  somewhat  different.  Gain  factor 


is  a /.pressed  by  the  same  formula  (11.4.6).  However,  now  there  will  exist 


systematic  error  equal  to 


A=Ilz*fl4-  ±-\ 
M  +  q’ty 


(31. 4. «) 


«s*ft&*4**<  * .  t,  dcsi 


Systematic  error  monotonically  grows  with  growth  of  nonidentity  of  gain  of  the 
channels.  The  signal-to-noise  ratio  also  affects  systematic  error. 

For  equivalent  spectral  density  in  the  case  of  IAC  we  obtain  the  following 
expression: 

e  _  fy  f  (I  -'*)»  .  l  |  n 

*"•  “  j)>  1 4  (i  -f  *  v ^  9;2]  *  (h.4.9) 


Thus,  here  there  also  exists  a  residual  value  of  error,  caused  by  amplitude 
fluctuations  of  the  signal.  In  the  case  of  identical  channels,  as  one  should  have 
expected,  formulas  (11.4.9)  and  (11.4.7)  coincide,  i.e.,  the  methods  of  scanning  with 
compensation  and  IAC  give  identical  accuracy,  regardless  of  the  circuit  of  the 
radio  channel,  if  the  channels  of  the  latter  are  completely  identical.  This  occurs, 
naturally,  also  for  arbitrary  frequency  responses  of  the  filters;  then  for  circuits 
’with  subtraction  accuracy  will  be  characterized  already  by  the  known  formula  (11.4.4). 

Comparing  circuits  of  the  method  of  scanning  with  compensation  and  with  IAC,  we 
note  that  any  of  the  circuits  with  compensation  with  two  channels  can  provide 
measurement  of  angular  coordinates  in  two  planes.  Circuits  with  IAC  for  measuring 
two  angular  coordinates  with  switching  will  contain  three  channels  (one  with  the  sum 
signal  and  two  with  different  signals).  The  IAC  circuit  with  subtraction  should 
already  contain  4  channels  (two  channels  for  measurement  of  the  angle  In  one  plane 
and  two  for  the  other).  Thus,  simplest  are  circuits  of  the  method  of  scanning  with 
compensation,  then  follows  the  IAC  circuit  with  multiplication  of  signals  and, 
finally,  the  IAC  circuit  with  subtraction  of  signals. 

From  the  point  of  view  of  criticality  of  the  circuits  to  various  nonidentities 
it  is  possible  to  note  the  following.  Circuits  with  multiplication  are  critical 
basically  to  nonidentity  of  phase-frequency  responses,  where  circuits  of  the  method 
of  scanning  with  compensation  and  IAC  are  equivalent.  Circuits  with  subtraction 
are  basically  critical  to  nonidentity  of  gain  of  the  channels.  Here  the  circuit  of 
the  method  of  scanning  with  compensation  has  an  obvious  advantage  over  the  IAC  circuit 
especially  In  the  case  of  high  frequencies  of  scanning:  at  high  frequencies  of 
scanning  non i  'entity  of  gain  in  the  circuit  of  the  method  of  scanning  with  compensa¬ 
tion  does  not  affect  accuracy;  in  the  IAC  circuit  it  always  leads  to  the  appearance 
of  a  component  of  equivalent  spectral  density,  not  depending  on  the  signal-to-noise 
ratio,  and  also  appearance  of  systematic  error. 


§  11.5.  Method  of  Instantaneous  Phase  Comparison  of  Signals 

Of  phase  methods  of  direction  finding  with  an  incoherent  signal  we  can  use  only 
the  method  of  instantaneous  phase  comparison  of  signals  (IPC).  The  method  of  scanning 
the  phase  center  with  an  incoherent  signal  is  not  useful  for  measurement  of  angular 
coordinates.  The  IPC  method  can  be  used  with  an  incoherent  signal  and  will  give 
accuracy  of  the  same  order  as,  for  example,  IAC. 

The  optimum  circuit  for  IPC  can  be  obtained  from  the  general  circuit  of  Fig.  11.1, 
if  in  it  we  set  n  =  2,  Ual(t,  a)  =  1,  and  introduce  ^(t,  a)  according  to  formula 
(10.2.9). 

It  is  easy  to  see  that  there  are  two  identical  variants  of  IPC  circuits,  depicted 
in  Figs.  11.7  and  11.8:  a  circuit  with  formation  of  sum  and  difference  signals  and 
a  circuit  without  formation  of  these.  In  structure  these  circuits  are  the  same 
as  for  a  coherent  signal;  however  characteristic  of  the  filters  already  are  substan¬ 
tially  different. 


Fig.  11.7-  1 ariant  of  the  optimum 
circuit  of  the  radio  channel  of  an 
incoherent  goniometer  with  IPC. 

1  —  optimum  filters  with  pulse 
response  (11.2.8). 


Fig.  11.8.  Variant  of  the 
optimum  circuit  of  the  radio 
channel  of  an  incoherent 
goniometer  with  IPC.  1  — 
optimum  filters  with  pulse 
response  (11.2.8). 


Let  us  investigate  the  synthesized  circuits.  We  consider  first  the  case  of 
sufficiently  narrow-banded  filters,  carrying  out  exact  integration  of  every  period 

of  the  signal.  We  consider  that  channels  of  the  circuits  are  nonidentical:  between 

♦ 

channeLs  there  is  a  constant  phase  shift  Acp .  Nonidentity  of  gains  also  can  be 
considered:  however,  it  does  not  influence  accuracy  of  the  considered  circuits. 

As  also  Lri  the  case  of  a  coherent  signal,  the  circuit  of  Fig.  11.8  for  IPC  Is 

V 

completely  equivalent  to  the  circuit  with  multiplication  for  IAC  in  the  sense  that 


accuracy  of  the  circuits  are  expressed  by  absolutely  identical  formulas;  only  the 
role  of  the  gain  factor  of  the  directional  pattern  in  the  case  of  IPC  is  played  by 
ird/X.  This  is  eady  to  prove  by  calculating  the  signal  of  error  at  the  output  of  the 
circuit  of  Fig.  11.8  and  finding  the  characteristic  of  accuracy  of  the  circuit. 
Calculation  shows  that  the  slope  of  the  discrimination  characteristic  will  be  expressed 
by  the  known  formula  (11.4.4),  and  S3KB  is  expressed  by  formula  (10.4.5)*  where  u0 
must  be  replaced  by  md/X.  Systematic  error  is  equal  to  zero. 

For  a  circuit  without  formation  of  a  sum  and  difference  signal  results  are 
substantially  different.  Although  the  slope  of  the  discrimination  characteristic  . 
in  this  case  is  expressed  by  formula  (11.4.4)  with  replacement  of  ua  by  md/X,  here 
there  will  already  exist  systematic  error 

^  ^  (11.5.1) 

Equivalent  spectral  density,  as  calculation  shows,  is  expressed  in  the  following 

way: 

= -7S0  *«’ 1  ■ + jsb-  cos‘ 

*W  (t) 

From  (11.5.2)  it  is  clear  that  with  nonidentical  channels  there  exists  a  compo¬ 
nent  of  error  which  is  not  canceled  with  total  elimination  of  noises,  i.e.,  caused 
exclusively  by  fluctuations  of  the  signal.  From  this  we  see  that  the  circuit  with 
IPC  without  formation  of  the  sum  and  difference  signals  is  considerably  more  critical 
to  nonidentity  of  channels  than  a  circuit  with  formation  of  the  sum  and  difference 
signals,  so  that  the  latter  circuit  Is  preferable.  With  identical  channels,  when 
A^  =  0,  both  circuits  are  identical.  Without  dwelling  on  the  calculation,  we  note 
that  in  the  case  of  filters  whose  bandwidth  is  comparable  with  the  broadened  spectrum 
of  modulation  of  the  signal  accuracies  of  both  circuits  are  identical  and  are 
expressed  by  formula  (11. 4. 4),  in  which  it  is  necessary  to  replace  u  by  vd/X. 

We  shall  now  stop  to  compare  the  considered  methods  of  direction  finding.  It 
is  easy  to  see  that  with  a  large  signal-to-noise  ratio  and  high  frequencies  of 
scanning  (for  the  method  of  pattern  scanning)  accuracies  of  the  considered  methods 
of  direction  finding  with  ideal  construction  of  the  radio  channel  are  expressed  by 
the  same  formula 

<5*^==,  T  r/c'q, 

where  c2  =  u2  (for  methods  of  scanning  th&  directional  pattern,  scanning  with 
compensation  and  IAC)  and  c2  -  (W  (for  the  IPC  method).  Comparison  of  methods 


(11.5.2) 
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in  particular,  for  a  square 


here  is  very  easy  to  carry  out,  and  results  are  the  same  as  in  the  coherent  case: 
the  method  of  pattern  scanning  is  inferior  to  methods  of  IAC  and  scanning  with 
compensation  in  view  of  a  worse  signal-to-noise  ratio;  with  decrease  of  the  frequency 
of  scanning  accuracy  of  the  method  of  pattern  scanning  becomes  still  lower.  Methods 
of  IAC  and  scanning  with  compensation  are  equivalent  in  accuracy.  For  comparison 
of  IPC  and  IAC  it  is  necessary  to  compare  and ^  ;  in  particular,  for  a  square 

aperture  of  an  antenna  system  of  assigned  dimensions  use  of  the  methods  of  IAC  and 
IPC  is  equivalent. 

§  11.6.  Method  of  Flat  Scanning  of  the  Directional  Pattern 
We  shall  Investigate  incoherent  circuits  of  the  method  of  flat  scanning  of  the 
directional  pattern  (method  of  tracking  by  pulse  packs).  For  this  method  the  incoher¬ 
ent  circuit  will  essentially  differ  from  the  coherent.  From  general  expression 
(11.2.6)  it  is  easy  to  obtain  the  optimum  operation  for  the  pack  method  in  the 
following  form: 

f  u  (l)y  (/) e*s'  dt\ ’(/. (kTfl  i) £/.  (kTr,  *). 

<*->)  Tr 

Substituting  for  modulation  Ua(kTr,  a)  its  value  from  (10.2.6)  for  the  method 
of  flat  scanning,  we  obtain 


Z(*7V)=|  f  u (/) 0 (0 efcs' dif 1 1 V  £ {Q ( *7\  —  **,+  nTJ]  j (Q (kTr  —  *.  + nTa)\, 

W,  1  -  (11. 

A  A 

where  t 0  -  a/ft  —  measured  value  of  delay  of  packs  of  the  signal; 

g(cp)  —  form  of  the  directional  pattern  (for  power); 

ft  —  angular  velocity  of  motion  of  the  pattern  over  the  sector; 

Tp  —  period  of  the  sector  scan. 

Note  that  for  every  k  in  formula  (11.6.1)  there  is  only  one  term  of  the  sum 


(11.6.1) 


standing  there  with  number 


*  'I  T *  r 


where  [x]  signifies  the  integer  nearest  to  x. 

The  block  diagram  of  the  device  realizing  operation  (11.6.1)  is  presented  in 
Fig.  11.5.  Here,  after  heterodyning,  filtration  and  square  detection,  the  signal 
Is  multiplied  by  gate  pulses  having  form'g(ftt)  g'(ftt),  delay  of  which  is  controlled. 
These  gate  pulses  are  bipolar,  which  is  equivalent  to  multiplication  by  single-pole 


gate  pulses  and  further  subtraction.  The  circuit  or  Fig.  11. 9  Is  well-known.  Our 
analysis  will  help  one  to  establish  optimum  values  of  parameters  of  this  circuit. 

Let  us  turn  to  investigation  of  characteristics  of  th'JT  synthesized  circuit.  We 
assume,  as  before,  that  there  is  used  a  filter  with  possband  Af ^  1/T„  and 

arbitrary  frequency  response,  and  that  the  neterouyne  signal  is  not  matched  with  the 
_  received  signal.  Furthermore,  we 


Fig.  11.9.  Optimum  circuit  of  the  radio 
channel  of  a  goniometer  using  the  method 
of  flat  scanning.  1  —  optimum  filter 
with  pulse  response  (11,2,8). 


consider  that  the  strobes  by  which 
the  output  signal  is  multiplied  have 
a  certain  derivative  form  f(t).  We 
introduce  the  hypothesis  that  the 
packs  fluctuate  harmoniously.  Allow*  . 
for  distortion  of  packs  resulting  from 


fluctuations  of  the  signal  is  an  extraordinarily  difficult  and  cumbersome  problem. 


The  signal  of  error  at  the  output  of  the  circuit  of  Fig.  11.9  has  the  form 


*(Q=|  j  h(t  —  x)y (t) 0 (t) <**  |*  £/(<-**.  +  nTu), 


(11.6.2) 


where  the  received  signal  y(t.)  is  equal  to 


y  (0  *7=  V  Pc  £  e  in  (<  - *. +«wx 

A 

X  Re  E  (0  « (0  ew +iM<)+/AT#tt(/). 

Here  t  -  a/ft 5  a  —  angular  coordinate  01  the  target.  The  remaining  designations 
are  the  same  ns  before. 

To  ease  calculations  we.  asoUiuw  that  Cvn:!  :oti  f(t)  i:;  odd.  Otherwise  calculation 
and  resul1'.-  become  ve^y  cumbersome. 

Averaging  expression  (31.6.2)  over  llu  ensemble  end  o  >er  time,  we  obtain 

r  qq  f 

JS.T  =  J  \H (/.)|> |X(/»n- x 


f  1 H  (/•)!’  I F  (i*)\'d» .  j  g  (City  f  (/  -  At,)  dt . 


/here  A:  3  -  t  s 

From  this  It  Is  easy  to  find  the  expression  ;  ,r  i.h'-  slope  of  the  discrimination 
oharac t  e  ri s tic : 


-0^2  - 


0 

*  r, 

*£r  j  g(atrf'(QM=* 


00 

J  |// (/»)|*  (««)|*  d«, 


(11.6.3) 


where 


■  ■ 

C.-JT-J  g<Qtrrvw- 


(11.6.4) 


For  the  equivalent  spectral  density  of  error  we  obtain  the  following  expression; 


w  w 

5  J  |«  (I«t)|‘  |//  {/«,)!*  tc.  |V  (<«,+/«*, )|»+ 

—00  —CO 

C  _  +  2  R*  (to,)  f*  (to,)  V*  (f w,  +  to,))  , 

*"*  ao  t 

,«C2[  J  |W(to)|*|f(to)|*<toj 


(11.6.6) 


c«=Jtj 'fVYdt, 


•  ■ 

jr- j  eWfvydt. 


Formula  (11.6.5)  is  very  general  and  from  it  it  is  difficult  to  perceive  t»v= 

1  a v of  change  of  Sgf!B  depending  on  different  factors.  We  expand  formula  (11.6.5), 
introducing  suitable  approximation.,  for  parameters  in  it.  Considering  the  filter 
sufficiently  narrow-banded  so  that  relationship  (11.2.9)  is  carried  out,  vie  n*>'-r. 


s  _ t  C\  +  ty'Ci 

— 7r  —gr^Ti - , 


(11,-..'  ) 


v/i.i-i-‘  'j  is  expressed  by  formula  (11.5.11). 


’in-  ii. -e  now  a  Galician  approximation  for  the  n  i  rcetional  attorn  (1  0.  ] ft) .  Her'' 

r~  \* 

£(0/)  —  1,15  Ts  e 


there  x  ■  Acp/O,  —  duration  of  a  pack  of  the  signal  at  level  0,5.  Vie  shall 


approximate  gate  pulse  f(t)  by  function 


/(<) 


-u(±y 


i.e.,  gate  pulses  of  form  f(t)  are  obtained  by  differentiation  of  Gaussian  gate 
pulses  having  duration  xc  at -level  0.5.  With  these  assumptions  it  is  easy  to 
-calculate  that 


C,= 


(1+0, fix*)'/*  ’ 


C,  0,07  jr  , 


C,  =  0,09 


(!+•*’)' 


where  x  *  x  n  /x  . 


Substituting  these  results  in  formula  (11.6.6),  vie  obtain 

Sm=0.°7^£[  £  +  *  (I  +o.s*y 


where  -y  =  — 

1  r 

pulses  in  a  pack), 


(11. 6, 7) 

number  of  periods  of  repetition  of  the  signal  in  a  pock  (number  of 


<fn  =  q'- 


P*Tu 


T,  ~  2  iV, 

is  the  ratio  of  energy  of  the  signal  for  the  period  of  repetition  of  packs  to  the 
spectral  density  of  noise. 

In  formula  (11,6.7)  factor  J/fl'  is  taken  for  laiojlafion  of  the  spectral  density 
and  error  of  measurement  of  delay  of  the  signal.  To  determine  error  of  measurement 
of  ,~n  angle  vie  need  to  drop  factor  I/O'  ,  which  vie  shall  do  subsequently. 

Let  us  study  the  formula  for  s  in  greater  cieta.il. 

For  small  signal- to-noise  ratios 

The  minimum  value  of  S„_  in  this  case  occurs,  obviously,  at  x  =  »  1,4,  nnd 


is  equal 

Su,m^0,2^p.  (11.6.8) 

t 

If  we  also  consider  processing  of  signal  modulation  Ideal,  co  that  q  n  = 

=  q  n  >  then  SyHH  will  coincide  with  the  minimum  possible  value  of  equivalent  spectral 


-654- 


density  for  high  noise  levels,  since  with  the  given  assumptions  the  analyzed  circuit 
Is  optimum.  It  is  curious  to  compare,  therefore,  formula  (11,6,8)  with  formula 
(10.10,28),  giving  the  minimum  possible  value  of  equivalent  spectral  density  SoriT 
for  the  method  of  flat  scanning  with  a  small  signol-to-noise  ratio  and  a  coherent 

signal.  This  comparison  gives  the  following: 

_  0.2 _ 

"""*  ~  40 

c***r,A/«  (  V  ?  ,7T,)»)  T.A t  (  £  ?  (*Jr.)‘) 

kJZio  km-CO 

Hence,  i.:  the  case  of  rigidly  correlated  packs,  when  T  At'c  <£  1,  we  have  (v/ith 
a  Gaussian  approximation  of  the  directional  pattern  and  exponential  approximation 
of  the  correlation  function  of  fluctuation) 

i>n  0,3r,Af. 

Prom  this  formula  it  is  clear  that  for  small  values  of  the  signal-to-noise  ratio 
an  incoherent,  goniometer  gives  considerable  worsening  of  accuracy  as  compared  to  a 
coherent  one.  The  worsening  is  inversely  proportional  to  the  number  of  packs  in  the 
interval  or  correlation  of  the  signal,  and  proportional  to  the  number  of  pulses  in 
a  pack.  Physically,  both  circumstances  are  understandable. 

In  the  case  of  independently  fluctuating  packs,  when  Tn  Af  c  »  1,  we  have 

Sm,  0J7 

!.p,,  here  there  naturally  occurs  lowering  of  accuracy,  proportional  to  the  number  of 
pulses  of  the  signal  in  a  pack. 

Let  ur;  consider  the  case  of  large  values  of  the  signal-to-noise  ratio.  Here, 
from  formula  (11.6.7)  we  obtain 


1  +  0,5jc»  y 


Tt  is  easy  to  cop  that  the  obtained  value  of  S3ra  monoton teal ly  drops  with 
decrease  of  x,  reaching  Its  minimum  at  x  -  0.  Thus,  for  low  noise  levels  gate 
pulses  must  be  taken  an  wide  as  possible. 

For  an  arbitrary  signol-to-noloe  ratio  there  will  exist  n  certain  optimum  value 

2  i 

of  /.  The  green  of  the  dependence  of  optimum  values  of  x  0[r„  on  (or 

ri I  ft nl.  ,  ! shown  In  Fig.  11.10,  From  thin  graph  one  may  graphically  nee  what. 

Mi"  optimum  re  Inf ' onshlp  of  durations  of  pfickn  and  gate  pulses  x  should  be  for 
Itffer'f  ’  /'  lues  of  the  s (gne I -l.o*no  1  so  ratio. 
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In  Fig. 

noi se  ratio  q  n  , 

From  Fig.  11.11  it  If 


of  ra>io  %kb/Smmh  on  the  slgnal-to- 
spectre.l  density  at  optimum  x. 
equivalent  spectrax  density  S3Iffii3 
very  eLose  to  its  minimum  value  in 
the  wnole  range  of  signal-to-noise 
ratios.  At  x  =  0.5  or  x  =  4  quantity 
3_._  is  considerably  increased. 

On  this  y.e  complete  our  study 
of  the  radio  channel  of  incoherent 
goniometers.,  which  together  with 
antennas  comprise  the  discriminator 
of  the  goniometer  system,  and  we 
turn  to  investigation  of  accuracy 
of  tracking  goniometers, 


11.11  there,  is,  shown  the  dependence 
where  ^KH  *-s  ttie  equivalent- 
lear  that  when  x  -  1.4  the 


scanning:  -  *>  =  100; - y  =  io. 


-65  b- 


§  11.7.  Analysis  of  Accuracy  of  Incoherent  Goniometers 

Let  us  calculate  errors  of  measurement  of  angular  coordinates  of  a  target  by 
tr.'t  ■r.ing  radar  goniometers  using  an  incoherent  signal.  These  calculations  contain 
> i . i ■  ng  i.cw  in  principle  as  compared  with  the  coherent  case:  it  is  necessary  only 
in  lev  \iias  §  10.12  to  replace  the  characteristics  of  the  radio  channel  for  the 
coherent  case  by  characteristics  for  the  incoherent  case.  In  view  of  this  all  laws 
relating  to  accuracy  of  measurement  of  angles  fixed  in  §  10.12  are  preserved  and  oo 
not  need  repeated  discussion.  Therefore,  we  shall  limit  ourselves  in  the  present 
chapter  basically  to  consideration  of  illustrative  examples. 

First  of  all  we  must  consider  the  influence  of  an  AGO  system.  As  we  know, 
under  the  influence  of  an  AGC  system  there  is  established  a  certain  transmission 
factor  of  the  radio  channel,  depending  on  the  signal-to-noise  ratio.  There  are  no 
peculiarities  here  as  compared  to  coherent  goniometers.  The  system  of  suborn-- 1 1u 
gain  control  In  single-channel  incoherent  circuits  is  closed  from  the  output  of  the 
filter  of  the  radio  channel.  In  the  case  of  multichannel  radio  channels  tim  f.ysi cm  o: 
automatic  gain  control  is  closed  either  from  the  output  or’  one  of  the  filters,  ti¬ 
the  input  voltage  of  the  AGC  will  bo  formed  by  means  of  summation  of  the  output 
voltages  of  the  filters.  In  all  cases,  as  it  is  easy  to  see,  the  transmission 
factor  of  the  radio  channel  will  be  expressed  by  formula  (10.13.1),  which  no.,  is 
best  reduced  to  form 


1  + 


Af»  Tr' 


(11.7.1) 


where  q  —  ratio  of  energy  of  the  signal  for  the  period  of  repetition  to  the  spectral 
density  of  noise  at  the  input  of  the  AGC  system; 

l',1'  y  —  effective  bandwidth  of  the  amplifier  covered  by  the  AGC  loop. 

Let  us  turn  to  consideration  of  examples  of  calculation  of  errors  of  measurerm: - 
in  trucking  incoherent  goniometers.  Let  us  stop  on  calculation  of  fluctuating  error. 
Assume  we  have  a  goniometer  with  IAC,  whose  radio  channel  is  constructed  according 
to  the  circuit  of  Fig.  11.6.  (circuit  with  multiplication  of  signals)  with  identical 
channels.  We  assume  that  smoothing  circuits  are  linear  with  constant  parameter.- 
and  have  transfer  function  Hj(p)  (10.12.3). 

Fluctuating  error  in  such  goniometer  will  be  expressed,  obviously,  by  formula 

I  .  t 


in&5nn:**3&E&ai  ^ 
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The  graph  of  the 


We  use  here  formula  (11.4.7)  for  5^  and  (10.12.1.8)  “or  .*f  D*  . 

p  i 

tiepe fuienee  of  on  q  for  different  values  ol'  y  is  shown  its  Fig.  1  :■..!?  (for 

V  =  30°).  As  can  be  seen  from  this  figure,  o^j,  rather  sharply  drops  wlfcn  growth  of 
the  signal-to-noi.se  ratio.  Here  the  best  result:,  are  ...f.tined  for  large  y,  i.e.  , 
for  a  wide  passband  of  the  filter.  However,  the  dependence  on  y  is  very  weak, 
especially  for  large  slgnal-to-noise  ratios. 

Dynamic  errors  during  processing  of  random  or  nonrandom  inputs  are  expressed, 
obviously,  by  the  same  formulas  as  in  the  coherent  cave  (see  formulas  (10.12.21)  and 
(10,12.25)].  Inasmuch  as  the  slope  of  the  discrimination  characteristic  Kr.  in 
incoherent  circuits  depends  on  the  slgnul-to-nni:.e  ratio  q  exactly  as  it  depended 
on  h  in  coherent  circuits,  dynamic  error?  will  be  the  same,  only  in  che  cor respond ng 
rvmv'jxons  it  is  necessary  instead  of  h  to  place  q. 

Thus,  all  the  results  of  the  preceding  chapter  with  respect  to  dynamic  errors 

are  identically  transferable  to  t'"' 
conoid  'red  ease,  so  that  «  ..'rtiopnl 
cor.  elder'  •  •.  ......  :ed. 

....  '.so  .nut  an  incoherent 

goniometer  is  completely  like  the 
coherent  one  with  respect  to  nonlinear 
phenomena  occurring  during  tracking 
of  targets,  inasmuch  as  the  given 
discrimination  characteristics  of 
incoherent  goniometers  simply 
coincide  with  discrimination  character¬ 
istics  of  coherent  goniometers, 

§  11.8.  Influence  of  Interferences  on  Incoherent  Goniometers 
V.’e  turn  to  a  study  of  the  influence  of  interferences  on  incoherent  goniometers 
[70],  As  compared  with  the  coherent  case  there  are  no  essential  peculiarities  here. 
True,  the  passbands  of  filters  in  the  radio  channels  of  incoherent  goniometers  are 
considerably  wider  than  in  coherent  goniometers.  Therefore,  equivalence  of  certain 
interferences  tu  unite  nuise,  fixe^.  id  oonorcuf  ciders,  here  occurs  with 

greater  strains.  We  shall  consider  these  questions  In  greater  detail. 


11.8.1.  Influence  of  Broad-Band  Interferences  on  Side  Lobes 

Active  interferences  usually  have  a  spectrum  width  considerably  exceeding  the 

spectrum  width  of  the  sounding  signal.  Consequently,  even  for  radio  channels  of 

incoherent  goniometers  such  interferences  can  be  considered  equivalent  to  white 

noise.  if  a  broad-band  Interference  influences  a  side  lobe,  it  does  not  carry 

information  and  is  equivalent  simply  to  natural  noises  of  the  receiver.  Therefore, 

the  presence  of  such  interference  can  be  sufficiently  accurately  accounted  for  by 

means  of  introduction  of  a  new  spectral  density  of  noise,  equal  to  N,^  +  Nn  ,  where 

'N  —  spectral  density  of  interference  at  the  input  of  the  radar  receiver.  It  is 

easy  to  see  that  the  spectral  density  of  interference  K  will  be  expressed  by 

absolutely  the  same  formulas  as  for  the  coherent  case:  for  noise  interference  we 

have  formula  (10.13.1);  for  pulse  chaotic,  formula  (10,13.2). 

Accuracy  of  incoherent  goniometers  is  given  here  by  formulas  derived  in  the 

P01V 

preceding  sections  with  replacement  of  signal-to-noise  ratio  q  =  ■  —  by 

a  -  f*'T, 

¥b~2  (v.+Af.r 

Hence  for  weak  interferences  (and  weak  natural  noises),  when  qn  »  1,  noise 

immunity  of  coherent  and  incoherent  goniometers  against  the  considered  interference. 

is  identical.  For  strong  Interferences,  when  qn  «  1,  incoherent  goniometers  will 

have  an  equivalent  spectral  density  of  error,  larger  than  the  coherent  by  a  factor 

of  approximately  j,--  i.e.,  losses  here  may  be  very  considerable. 

irA1  c 

11.8.2,  Influence  of  Broad-Band  Interferences  From  the  Target 
Broad-band  interference  radiated  from  a  target  also  is  equivalent  to  white 
noise.  However  this  interference  carries  in  Itself  angular  information,  by  which  it 
essentially  differs  from  interference  having  effect  on  side  lobes.  In  view  of  the 
considerable  excess  of  interference  from  the  target  over  the  signal,  the  latter  is 
usually  suppressed  through  the  AGC  system,  and  tracking  is  conducted  only  by  t-he 
interference.  Let  us  calculate  the  accuracy  of  incoherent  goniometers  during  work 
on  broad-band  Interference  fiom  the  target.  We  must  not  directly  use  formula.-  of 
the  preceulng  sections  giving  accuracy  of  measurement  by  a  fluctuating  signal  here, 
since  in  -»r1.vinfc  these;  formulas  the  width  u.  the  spectrum  of  f  l uc i  i >'.r.„  w:r 
assumed  ■  ■  siderably  narrower  than  the  p.assband  of  the  filters.  For  broad-band 
inter i.-.ence  we  leave  the  reverse  case,  so  that  calculation  here  should  be  performed 
anew. 


Let  us  consider  first  the  method  of  pattern  scanning.  Calculation  of  accuracy 
here  can  be  produced  proceeding  from  formulas  (11.3.4)  and  (11. 3.4*),  if  we  replace 
the  correlation  function  of  signal  fluctuations  Pep(t.  -  s)  by  N  n  5(t  -  s),  and  also 
set  u(t)  =1,  Nq  =  0  (i.e.,  natural  noises  are  absent,  and  instead  of  the  signal 
there  acts  white  noise).  With  these  replacements  calculations  are  essentially 
simplified,  and  it  is  easy  to  obtain  the  following: 


VjA/JV(0)»  (2«)‘  j"  j  ^  (tmJ  H  X 


X  |v  (imi + 

where  V(ia>)  is  given  by  formula  (11,3.7); 

H(lu')  is  frequency  response  of  the  filter; 

Af^  is  its  effective  pas stand ; 

Tr  is  period  of  repetition  of  the  signal. 

If  the  filter  band  is  so  narrow  that  it  integrates  gate  pulses  proceeding  to 


Li,  then,  considering  |H(l(r>)|  =  PirAf fi('i').,  w 


e  obtain 


(11.8.1) 

This  formula  coincides  with  formula  (10.13.4),  occurring  for  the  coherent 

l 

circuit,  if  we  set  Af  .  =  =-.  If  the  filter  is  so  broad-banded  that  it  passes 

•  ir 

gate  pulses  with  minute  distortion,  then  instead  of  (11.8.1)  we  have  an  essentially 
aifierent  result.  Considering  in  this  case 


|V(i«)|,=2«8(.)||0(/)|*</<, 


wo  obtain 


•C  _  Tr 

OlKI  -  o  . : 


j  WTM-i 


With  a  square  approximation  of  gate  pulses  and  the  frequency  response  of  the 
filter  we  have 


c  _ 

—  „  j,i  » 


(11,8.2) 


wnere  t_  —  duration  of  a  gate  pulse, 
u 

The  absolute  value  of  error  when  tracking  a  target  by  broad-band  interference 
radiated  from  it  can  easily  be  found  from  the  derived  formulas.  For  instance,  at 


t  iii ar5*f  •  •*£r=tr Bf-'*  rC.  '  tSV~ r, 
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T  =  10“ J  sec,  uD  =  0.2  1/deg  by  (11.8,1)  we  find  SQt_  »  0.01  deg2/cps. 

i  cl  ox\15 

Let  us  consider  now  the  influence  of  broad-band  interference  from  the  target, 
on  goniometers  using  methods  of  scanning  with  compensation,  1AG  and  IPC.  The  rules 
here  are  the  same  as  for  coherent  goniometers.  When  radio  channels  have  identical 
channel.-,  tracking  by  interference  occurs  without  fluctuating  error  (if  we  do  not 
consider  parametric  fluctuations).  With  nonidentical  channels  In  circuits  with 
subtraction  of  signals  there  appear  fluctuating  and  sometimes  systematic  errors.  If 
we  assume  the  filters  in  the  circuits  have  a  sufficiently  narrow  band  so  that  gate 
pulses  proceeding  to  them  are  integrated,  the  formula  for  equivalent,  spectral 
densities  of  errors  can  be  obtained  from  the  corresponding  formulas  for  the  coherent 
case  (see  §  10.13)  by  replacement  of  Af ^  by  1/Tf.  Systematic  errors  have  absolutely 
identical  form  for  coherent  and  Incoherent  circuits. 

Thus,  lor  circuits  of  the  method  of  scanning  with  compensation  and  IAC  with 
subtraction  of  signals  we  have 


where  k  —  ratio  of  squares  of  gain  factors  in  the  channels. 

Systematic  error  exists  only  for  IAC  and  is  expressed  by  formula  (10,13.18). 
Analogously  for  an  IPC  circuit  without  formation  of  sum  and  difference  signals, 
with  nonide.ntical  channels  we  have  equivalent  spectral  density 


•S.k.  =  -/&TT  's'*?. 


where  Aep  —  difference  of  phases  of  signals  at  the  output  of  the  channels,  caused  by 
nonidentity  of  channels. 

Systematic  error,  as  before,  is  expressed  by  formula  (10.13.21),  Absolute 
values  of  errors  here  are  of  the  same  order  as  errors  during  worn  on  a  fluctuating 
signal  with  considerable  excess  of  signal  ever  noise.  Prom  what  has  beevi  said  w<-. 
can  conclude  that  interference  radiated  from  a  target  for  goniometer  channels  of 
radars  does  not  present  danger,  and  tracking  by  such  interference  aeon's  v.i.h 
fully  permi  s Lble  errors.  It  is  necessary,  of  course,  to  mention  that  for  more  cure 
tracking  of  interference  in  a  number  of  cases  we  should  take  certain  special 


a.'.ures.:  widening  of  the  gate  pulses  (with  broad-band  filters)  and  "utof*  of  tvi 


automatic  gain  control  (ShARU),  if  we  have  it  (since  ShARU  would  reduce  the  level  of 
interferen-e  to.  the  level  of  natural  noises).  These  measures  f-nd  on  ->oricr«tc- 

jond i i i  ,rs . 
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11,8,5.  Influence  of  Active  Interference.;  witn  Narrow-Band 

Amplitude  Modulation 

Let  us  consider  the  question  of  the  Influence  of  active  'interferences  with 
L  pivilsl  narrow-band  amplitude  modulation,  having  a  ope 't rum  near  the  frequency  of 
scanning,  on  goniometers  using  methods  of  pattern  scanning.  The  calculations  and 
results  here  absolutely  do  not  differ  from  what,  we  had  for  coherent  goniometers,  and 
equivalent  spectral  density  is  expreseed  by  the  known  formula  (10.15. 2(3),  Errors 
i, ere,  as  shown  in  ?  10.15,  may  be  very  considerable. 

Analogously  for  the  method  of  scanning  with  compensation  vie  can  obtain  results 
completely  coinciding  with  results  for  coherent  goniometers;  in  a  circuit  with 
multiplication  of  signals  fluctuating  error  during  tracking  by  amplitude-modulated 
interference  is  equal  to  zero  if  we  disregard  parametric  fluctuations;  the  spectral 
density  of  parametric  fluctuations  with  identical  channels  is  given  by  formula 
(10,5.1??).  The  same  thing  takes  place  in  e  'ircuit  with  subtraction  of  signals  with 
identical  channels.  With  nonidentical  channels  in  a  circuit  with  subtraction  S3KB 
is  different  from  zero  and  is  expressed  by  formula  (10.5.26).  Error  here  depends 
on  the  degree  of  r.onidentity  of  channels  and  usually  is  rather  small.  Consequently, 
.interference  with  narrow-band  amplitude  modulation  is  very  dangerous  for  radars 
using  the  method  of  pattern  scanning  and  practically  does  not  affect  radars  using 
the  method  of  scanning  with  compensation. 

The  Influence  of  powerful  intermit t.t;.  interferences,  exciting  in  the  radar 

} 

receiver  prolonged  transients,  w.v;  qua).-.  *  a  lively  stuoied  for  the  coherent  case  in 
■"  10.1.5,4,  Everything  presented  there  is  completely  transferable  to  incoherent 
circuits.  Quantitatively,  of  course,  there  will  be  certain  differ enaes,  due  to 
i  !  I ; fe renoe  of  the  parameters  of  coherent  and  incoherent  circuits;  however,  the 
influence  of  intermittent  interferences  on  goniometer-  devices  practically  does  not 
yield  to  theoretical  analysis,  and  the  problem  of  obtaining  quantitative  charset or- 
1  sties  of  the  influence  of  such  interferences,  as  aiso  in  the  coherent  case,  lias  not 
been  studied. 

With  respect  to  passive  interference  i1  is  possible  to  say  the  following.  It 
i:;  known  that  noise  immunity  of  incoherent  radars,  with  respect  to  passive  interference- 
i .-  very  low  if  there  is  not.  provided  special  measures  of  protection  from  this 
interference  (see,  for  instance,  Chapters  V,  VII  and  Paragraph  8,10.4).  Incoherent, 
radar  goniometers  are  not  an  exception  in  this  respect..  The  influence  of  passive 
Interference  on  incoherent  goniometers  practically  always  lead  to  sharp  increase 
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of  errors  of  measurement  and  breakoff  of  tracking. 

Theoretical  analysis  of  the  influence  of  passive  interferences  on  incoherent 
goniometers  therefore  is  deprived  of  practical  interest,  and  v/e  shall  not  study  it. 

§  11.9-  Conclusion 

In  the  two  preceding  chapters  we  studied  radar  goniometers  using  coherent  and 
incoherent  signals.  What  conclusions  can  be  drawn  with  respect  to  comparison  of 
these  two  cases?  Comparison  of  circuits  of  optimum  radio  channels  of  coherent,  and 
incoherent  goniometers  shows  that  these  circuits  are  similar  in  general.  Their 
structure  in  both  cases  is  identical,  and  the  whole  difference  reduces  only  to 
difference  of  the  characteristics  of  the  filters.  Filters  of  coherent  circuits  are 
comparatively  narrow-banded  and  ensure  integration  of  the  signal  during  the  time  of 
its  correlation;  filters  of  incoherent  circuits  usually  are  considerably  fcror-der- 
bande.l  and  ensure  integration  of  signal  only  for  the  period  of  its  repetition. 

We  stop  now  to  discuss  the  relationship  of  accuracy  of  coherent  and  incoherent 

goniometers.  The  preceding  analysis  showed  that  with  large  signal-to-noise  ratios 

accuracies  of  incoherent  and  coherent  goniometers  completely  coincide,  i.e.,  with  a 

large  signal-to-noise  ratio  the  form  of  the  signal  does  not  affect  accuracy  of 

goniometer.  With  small  signal-to-noise  ratios  incoherent  goniometers  have  considerate 

losses  of  accuracy  as  compared  to  coherent.  The  ratio  of  the  equivalent  spectral 

densities  of  coherent  and  incoherent  circuits  for  small  slgnal-to-noise  ratios  has 

the  order  T  if. ,  i.e.,  lowering  of  accuracy  due  to  incoherence  of  the  signal  is 

x  o 

approximately  proportional  to  the  number  of  periods,  of  repetition  of  the  signal  In 
the  interval  of  its  correlation.  From  tills  there  ensures  lower  noise  immunity 
.incoherent  goniometers  as  compared  to  coherent  against  interferences  similar  ft; 
natural  noises  of  receivers  (broad-band  interferences  in  side  lobes  of  the  direct 1  ' 
pattern  of  the  antenna).  The  influence  of  such  interference  is  equivalent,  to 
decrease  of  the  signal-to-noise  ratio  in  the  goniometer,  which  will  lead  in  Incoherei. 
goniometers  to  greater  decrease  of  accuracy  than  in  coherent  goniometers. 

A  very  great  deficiency  of  incoherent  goniometers,  greatly  narrowing  the 
domain  of  their  application,  is  their  very  low  immunity  against  passive  interfere:  tc 
Here  oonerent  goniometers  nave  a  decisive  advantage  uVcf  Incoherent  ones. 

We  shall  now  discuss  certain  questions  concerning  incoherent  gonios^reiv.  v.i  ?r. 
require  further  investigation.  In  the  first  place  here  one  should  place  ihc 
problem  of  exact  synthesis  of  optimum  goniometers  u;  ing  incoherent  radiation. 
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Exact 


Thi:'.  problem  was  solved  by  us  only  with  certain  ratner  limiting  assumptions, 
solution  of  this  problem  is  of  considerable  interest.  The  remaining  unsolved 
questions  concerning  incoherent  goniometers  are  basically  the  same  as  were  formulated 
in  the  concluding  section  of  the  preceding  chapter:  synthesis  of  goniometers  without 
preliminary  assignment  of  the  method  of  direction  finding,  synthesis  of  goniometers 
with  comparable  times  of  correlation  of  angular  shifts  of  the  target  and  of  the 
reflected  signal,  study  of  statistical  regularities  of  angular  shifts  of  the  target 
and  synthesis  of  optimum  smoothing  circuits.  Investigation  of  nonlinear  phenomena 
in  tracking  Incoherent  goniometers. 


CHAPTER  XII 


JOINT  ME/JUREMENT  OF  SEVERAL  COORDINATES 
§  12.1  Introduction 

In  Chapters  VI-XI  we  considered  separately  measurement  of  each  radar  coordinate. 
Theoretically  this  is  permissible  either  when  finding:  approximate  solutions  or  when 
all  remaining  coordinates  besides  the  measured  one  are  constant  or  change  in  a  cer¬ 
tain  way.  Therefore,  of  simultaneously  great  practical  and  theoretical  interest  are 
questions  of  analysis  and  synthesis  of  .joint  meters  of  several  coordinates.  Only 
complicated  theoretical  consideration  can  show  how  exact  methods  of  analysis  and 
synthesis  developed  in  idealised  premises  of  one  measured  coordinate  are. 

With  development  of  radar  technology  questions  of  multi-dimensional  measurement 
become  more  and  more  urgent.  Thus,  in  early  surveillance  radars  they  usually  measured 
two  parameters,  corresponding  to  bearing  a.nd  range.  For  a  long  period  they  used 
incoherent  radars  of  varying  assignment,  measuring  range,  bearing  and  elevation. 

With  the  appearance  of  coherent  techniques  as  a  fourth  parameter  there  began  re¬ 
appear  radial  speed.  Finally,  at  present  they  predict  the  appearance  of  n- 'Liner.;.,,  -.el 
radar  installations  in  which  among  the  measured  quantities  there  are  included  angn.ii  r 
velocities,  radial  acceleration,  characteristics  of'  the  form  and  fluctuations  of 
the  signal,  and  so  forth. 

Inasmuch  as  joint  meters  are  known  in  radar  practice,  the  theory  of  ji’in; 
measurement,  as  in  Chapter  VI,  Is  reasonably  started  from  analysis  of  joint  n.o'eru 
of  assigned  structure.  This  in  brief  is  done  in  §  12.2.  However,  a  whole  series 
of  questions,  for  Instance,  concerning  interconnections  of  codings  of  measured 
coordinates  in  the  signal,  can  be  comprehended  with  difficulty  mV  the  basis  of 
analysis  atone,  without,  finding  adequate  potential  characteristics  of  this 
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Interconnection.  Therefore  basic  attention  in  this  chapter  is  paid  to  questions  of 
synthesis  of  joint  meters,  to  wnich  we  devote  §§  IT. 5-12.6,  We  synthesize  complete 
circuits  of  optimum  joint,  meters  (§  IS. 3).  First  wo  take  Gaussian  distribution  of 
all  parameters,  but  make  no  concrete  assumptions  about  the  structure  of  input  signals 
and  correlation  properties  of  the  parameter.'.  Wo  consider  also  the  method  of 
synthesis  with  Markovian  parameters.  We  separately  study  questions  of  synthesis  of 
optimum  discriminators  (§  12.4)  and  smoothing  circuits  (§  12.5).  We  give  several- 
examples  of  construction  of  joint  meters  (§  12.6).  During  selection  of  these 
examples  the  auttiors  were  guided  by  considerations  of  their  applied  interest  and 
maximum  detection  of  the  specifics  of  joint  measurement. 

Theoretical  propositions  mentioned  below  are  far  from  complete  and  can  be  cor 
sidered  the  direction  for  new  investigations.  However,  for  instance,  measurement 
of  several  coordinates  of  a  single  target  can  be  considered  on  the  basis  of  the 
theory  mentioned  below  fairly  rigorously  and  in  detailed  form. 

§  12.2.  Analysis  of  Multi-Dimensional  Tracking  Meters 

Multi-dimensional  meters  known  in  practice  usually  are  constructed  in  the  form 
of  multi-uimeusional  tracking  systems.  In  the  literature  there  exists  a  whole 
series  of  works  on  tracking  systems  with  a  great  number  of  tracked  quantities  (e.g., 
[54]),  However,  the  specific  character  of  radar  meters,  of  which  we  talked  in 
Chapter  VI,  forces  us  to  examine  from  a  new  point  of  view  questions  of  analysis  of 
tracking  systems  in  application  to  met-rs,  a  number  of  results  of  analysis  con¬ 
sidering  the  appearing  peculiarities  are  given  below. 

12,2.1,  Basic  Features  of  Construction  of  Circuits 
and  Components  of  Measuring  Errors 

Generally,  a  multi-dimensional  tracking  meter  for  l  parameters  can  be  presented 
by  the  block  diagram  of  Fig.  12.1.  In  It.  there  are  marked  two  basic  types  of  ele¬ 
ments  —  discriminators  and  smoothing  circuits  with  drives.  Discriminators  whose 
outputs  are  numbered  from  1  to  l  detect  mismatch  between  the  input  and  output  values 
of  some  parameters  and  are  nonlinear  radio  devices  for  processing  one  or  several 
Input,  signals.  A  peculiarity  of  the  partial  discriminators  in  a  multi-dimensional 
meter  Is  the  fact  that  to  each  of  them  there  proceed  measured  values  of  all  l  coor¬ 
dinates,  and  not  only  that  by  which  the  error  signal  is  detected.  This  is  explained 

v 

by  the  fact  that  radar  coordinates  are  coded  in  the  useful  component  of  the  input 
mixture  in  such  a  connected  form  that  during  processing  of  the  signal  by  narrowly- 
selec'ive  devices,  close  to  optimum,  disturbance  of  selection  with  respect  to  any 
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parameter  makes  it  impossible  to  detect,  information  immediately  on  all  parameters. 


Kip.  12,1.  Multi-dimensional  meter:  1  —  partial 
discriminators;  -  linear  smoothing  circuits; 

3  —  adders. 


*1.."  ■thing  circuits  carrying  cut  accumulation  of  primary  data  are  usually  built. 

X  i  ■  iii  lii.i-cir  elements  aepa rat c ly  for  all  l  coordinates.  However,  we  also  meet  smooth¬ 
ing  circuits  with  cross  ccuj. lings.  Most  frequently  these  couplings  are  realized  in 
tru  I'-'rm  of  inert  la  loss  devices  of  recalculation  of  coordinates  immediately  at  the 
cut  put  of  the  discriminator,  but  we  can  meet  more  complicated  cases.  In  the  general 
plan  we  have  the  matrix  of  smoothing  circuits  depicted  in  Fig.  12.1.  The  matrix  has 
i  Inputs  and  1  outputs,  and  coupling  between  any  input  and  output  is  possible. 

'.'.■•■lUliy  the  matrix  is  linear,  but  it  can  also  consist  of  inertial  nonlinear  elements. 
Non!  in*  ar  circuits  have  not  yet.  received  wide  use  in  practice,  and  subsequently  will 
be  studied. 

besides  discriminators  and  smoothing  circuits  in  meters  there  sometimes  is 
i  r  v  i  del  introduction  through  adders  of  additional  quantities,  intended  to  compeusa •  ■ 
be  'iiii  "mipuneiit  r,  of  the  measured  parameters.  In  order  to  have  before  oneself  grapiu;- 
«  /.an, pics  of  practical,  realization  of  .joint  meters  on  the  part  of  the  discriminators, 
1'  ;  r-  ruffle  i  ent  to  combine  a  set.  of  circuits  similar  to  those  studied  In.  Chapters 

Vtl-'.ii  and  j"  rtainl.ig  to  measurement  of  various  coordinates.  Here  it  is  necessary 
fit  ’Icipa-'  selection  in  all  circuits  with  respect  to  all  coordinates,  and  tech- 
■  ,  ■  1 1  ’  y  >  ,  < ;  I’blne  Identical  elements  which  appear. 

;  f'-d.ci'  a  system  of  designations  similar  to  tiial  adopted  in  the  otn-il  i  men  - 
J  no  i  aiiHiysis,  starting  with  tun  coco  of  one  Input  mixture: 

*'»(') . *'>(/)]-</[/;  X (01. 
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wnere  {AO  (/),.. AO  (f)}  =  ).  (/)  —  set  of  measured  parameters  (coordinates). 

At  i.lie  output  of  each  discriminator  there  will  be  formed  a  function  of  time 
(uoualLy  in  the  form  of  voltage) 

•Wl(«  =  l . 0. 

whore  .(/)={«<«»(/) . .<«>(/)}-  current  mismatches  between  X(t)  and  measured  values  of 

parameters  X(/)~{AO(<) . &*>'(/)},  so  that  * 

«<•> (0 = aw (/)- *w (0  (*=1,.,.,/). 

The  dependence  in  general  of  each  of  the  output,  voltages  of  the  discriminator 
on  mLsmatch  with  respect  to  all  parameters  i3  a  purely  multi -dimensional  effect.  It 
is  not,  worth  explaining  that,  as  In  the  one -dimensional  case,  values  of  X(t)  and 
e(1. )  determine  input  and  output,  voltage  of  discriminators  only  in  the  statist  ical 
censes  concrete  realizations  of  y[tj  X(t)J  anu  ySa)[t}  e(t)j  arc  determ l.ried  by 
input  fluctuating  disturbances.  . 

i 

The  number  of  input  mixtures  m  1’.  general  car.  be  arbitrary,  It  usually  in  not 
connected  with  the  number  of  measured  qc..,'  !  th  ,  In  conditions  of  several  mixtures 
recording  of  discriminator  inputs  alone-  is  complicated,  i.e.,  wo  consider  set  y(t)  « 
=  { ^y(t),  ,,,,  ^IR^y(t)).  nevertheless,  tne  remaining  designations  as  well  as  the 
method  of  analysis  of  motors  ere  kept  •'•oi  'Ant. 

Lot  us  stop  to  classify  dl  ''f  roi t  compor-m  s  of  errors  of  measurement,.  The- do 
components  are  basically  the  same  an  in  tin:.-  ono-dlmensl onal  case.  One  of  the  com¬ 
ponents  i  ■?.  fluctuating  errors  due  to  internal  nolens  of  the  receiver,  natural  and 
■  >rp,&[,  i  znd  interferences,  and  fluctuations  of  the  reflected  radar  signal.  A  pecu¬ 
liarity  of  the  multi-dimensional  case  is  that  similar  errors  detected  at  tne  output 
of  different  partial  discriminators  sometimes  turn  out  to  be  correlated,  The  reason 
for  tills  is  not  so  much  the  common  source  of  disturbances  for  the  diecri mlnators 
(corresponding  component  of  the  input  mixture)  as  the  similar  method  of  encoding 
certain  coordinates  in  the  signal  observed  sometimes.  A  thorough  understanding  of 
tins  effect  will  be  possible  only  on  the  basin  of  the  findings  of  §  12, J, 

In  mull i -dimensional,  meters  there  arc.-  also  dynamic  errors  due  to  change  of  the 
measured  quantities  themselves  and  fluctuating  and  systematic  errors  introduced  by 
equipment  for  processing  of  signals.  However  wo  shall  consider  only  fluctuating 
and  dynamic  errors,  With  respect  to  the  character  of  fluctuating  disturbances, 
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which  sometimes  are  conveniently  related  to  immaterial  randomly  varying  parameters 
of  the  signal,  we  shall  limit  ourselves  to  the  assumption  that  all  of  them  vary  con¬ 
siderably  faster  than  the  measured  variables. 


12,2.2,  Characteristic  of  Discriminators 
In  conditions  of  rapid  random  disturbances  the  output  voltage,  of  every  dis¬ 
criminator  e(t)]  can  be  presented  in  the  form  of  two  parts:  the  mean 


a'>,  0=zu>(/,  *) 

and  white  noise  with  (two-way)  spectral  density 


-  J  «)-z(a,(/-K  «))  d%. 


(12.2,1) 


(12.2.2) 


equal  to  the  spectral  density  at  low  frequenci.es  of  the  fluctuating  component  of 
function  z  'a ^ ( t ,  e) .  Averaging  in  (12,2,1)  and  (12,2.2)  is  produced  over  the  com¬ 
plete  ensemble  of  fluctuations,  and  quantities  e  here  are  considered  "frozen"  in 
accordance  with  the  assumption  of  slowness  of  their  variation,  The  first  peculiarity 
of  the  multi -dimensional  case  Is  the  presence  of  functional  dependence  of  a^a-*(e,  t) 
and  fj(aa)(e,  t)  on  all  mismatches.  We  return  to  this  circumstance  below.  A  second 
peculiarity  is  the  necessity  of  Introduction  besides  (12.2.2)  of  characteristics  of 
crossrorrelation  coupling  of  fluctuating  components  at  the  output  of  different 
partial  discriminators.  Coupling  between  the  a-th  and  P-th  output  voltages  is 
characterized  by  mutual  spectral  density 


fm  i\  —  Im  i\—  f  _ *<•>/>  all  f 


which,  depending  upon  character  of  the  coupling,  can  be  positive,  negative  or  /ri-n. 
Tne  last  case  is  observed  in  the  absence  of  correlation  coupling  of  the  considered 
disturbances,  by  no  means  signifying  their  complete  independence . 

Thus,  we  have  a  square  symmetric  matrix  (7.  x  l)  of  characteristics  of  fluctu¬ 
ating  disturbances,  i.n  which  in  all  there  are  l  (l  +  l)/2  independent  elements.  The 
statistically  equivalent  form  of  recording  output  voltages  of  the  discriminator  Is 


In -l>-  '  ■ a ) ( t)  -  white  nclr.cs  with  unit  spectral  density,  the 


(12..  . <) 


o  in  ?  rc  oi!  n ?  n.  ^  i f  >n  '  *  r 


whL<’h  Jr,  eetobliBhed  by  relationship 


f  Q)  0  -f  t)  d%  =  -7=^=*” <e'  0  — 
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Functions  a'-  '(e,  t)  we  shall  call  discrlml  -r-tion  characteristics,  and 
g(CIf’)(e,  t.)  —  fluctuation  characteristics.  We  shall  find  them  by  means  of  analysis 
of  passage  of  the  signal  and  noises  through  a  discriminator  with  fixed  mismatches  e. 

The  form  of  discrimination  and  fluctuation  characteristics  in  an  l -dimensional 
parameter  space  Is  very  complicated.  We  shall  first  of  all  give  a  quail tat ive 
description  of  these  dependences  in  that  particular  case  when  each  a-th  output  of 
the  discriminator  on  the  average  is  determined  by  mismatch  with  respect  to  the  a-t'n 
parameter,  and  all  other  mismatches  have  an  effect  only  if  their  magnitude  is  groat, 
determining  several  scale  factors.  Simultaneously  we  snail  consider  absent  cor¬ 
relation  couplings  between  noises  at  the  output  of  the  discriminators,  i..e.,  matrix 
||s(a^(e,  t)||  is  diagonal.  In  these  conditions  the  a-th  discrimination  character¬ 
istic  for  fixed  /  a)  is  described  by  an  odd  function  of  of  the  same 

form  as  in  the  one-dimensional  case.  Values  of  all  other  mismatches  basically 
affect  the  scale  of  the  curve.  The  scale  is  maximum  at  =  0  (P  /  °)  an<i  varies 

little  for  small  |e^|.  For  large  values  of  a^a^(e,  t)  asymptotically  seeks 

zero  independently  of  the  value  of  .  For  the  case  of  two  parameters  the  first 
discrimination  characteristic  in  plane  )  Is  graphically  presented  in 


Fig.  12.2. 


/M  -  it!  fit. 


Fig.  12.2.  Discrimination  characteristic  of  a  two- 
dimensional  meter. 

Fluctuation  characteristic  S^aa^(e,  t)  in  the  same  conditions  with  fixed 
t([3)  (p  /  ci)  is  described  by  a  symmetric  curve  of  a  form  which  is  known  from  the 
one -dimensional  case,  With  growth  of  other  mismatches  the  double-humped  structure 
of  the  considered  sections  is  smoothed  and  s(aa)(e,  t)  for  any  values  of  '  change 
into  a  hyperplane,  parallel  to  the  coordinate  hyperplane  e.  Fluctuation  character¬ 
istic.  on  plane  (e^,  is  shown  in  Fig.  12, J. 


Pig.  12.3.  Fluctuation  characteristic  of  a  two- 
dimensional  meter. 


The  illustration  helps  us  to  comprehend  the  law  that  increa.se  of  mismatch 
(P  ^  ct)  leads  to  the  same  change  of  the  discrimination  a/a^(e)  and  fluctuation 
g(aa)(e)  characteristics,  constructed  as  a  function  of  as  decrease  of  the 

signal-to-noise  ratio,  This  is  understandable  Inasmuch  as  increase  of  mismatch  for 
other  coordinates  xeads  to  power  losses,  fully  equivalent,  to  decrease  of  the  moan 
input  signal  level. 

V«nen  all  mismatches  in  the  considered  particular  case  are  small,  instead  of 
general  dependences  (12.2.4)  it  is  permissible  to  use  expansions  of  characteristics 


of  discriminators 


a(m)  (t)  =  -J- -f .... 

-  s<;a) + s<“  V“> + s™  («<0V + . . ., 


where 


aM  =  a'*>  /Oh  =  da<"W  .  AW  _  ±  ^*>(0)  . 

0  '  ”  d«‘*>  ’  V  2  ’ 

0  (Uj’  “T"  jjwi1-”* 

In  conditions  of  symmetry  of  the  circuit  a^w),  E^aa^  are  usually  equal  to  zero. 
Quantities  are  called  gain  factors  of  the  discriminators.  Coefficients  1 1 

show  the  influence  of  other  mismatches,  In  certain  approximation  leading  to  decrease 
of  the  scale  factor.  During  investigation  of  accuracy  of  measurements  by  virtue  of 
i-he  smallness  of  mismatches  it  is  often  sufficient  to  use  formulas 


ow(«)«#£,«w, 

s,~,(.)«s<“,+s<“V‘,2t 

which  are  a  simple  repetition  of  one-dimei.nl onal  (b.2.9). 


(12. 2D,) 
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Thus,  in  the  case  of  small  errors,  when  linear  approximations  are  valid,  the 
separate  analysis  of  meters  of  separate  parameters  given  in  preceding  chapters  is 
fully  permissible. 

An  example  of  a  multi-dimensional  meter  which  satisfies  the  formulated  condi¬ 
tions  is  a  joint  meter  of  range  and  speed,  in  a  coherent  radar.  If,  for  instance, 
we  are  interested  in  the  range  discriminator,  it  contains  narrow-band  filters 
(Pigs.  7.7,  7.12)  which  are  tuned  from  the  output  of  the  speed  channel.  With  small 
errors  of  measurement  of  speed  the  signal  frequency  is  within  the  limits  of  the 
frequency  response  of  the  filter. 

In  a  number  of  cases  the  described  dependences  of  a^a^(e)  and  S(ap)(e)  on  e  ar> 
invalid.  Roughly  speaking,  this  distinction  consists  of  zero  shift  of  uhe  a-th 
discriminator  in  the  presence  of  mismatch  for  the  p-th  parameter  (P  /  a).  Changes 
of  dependences  appear  also  with  large  mismatches.  Inasmuch  as  genf”--l  description, 
even  qualitative,  is  hampered  here,  we  shall  only  discuss  the  case  of  small  mis¬ 


matches.  The  generalization  of  formulas  (12.2.5)  then  will  be 

1=1 

£sfVT,+  2  syw. 

7«=l 


(12.2.6) 


(12.2.7) 


flo  ~a  W* 

c<«» _ C<M)/nv  ds(mf)  (?)  1  0). 


(12.2.8) 


i.n  conditions  of  symmetry  of  circuits  of  the  partial  discriminators,  a 


and 


disappear,  and  there  remain  these  simpler  dependences; 

#ti 


(12.2.9) 


i.  »=i 


(12.2.10) 


Coefficient  we  call  the  gain  factor  of  the  a-th  discriminator  for  the  P-th 

parameter.  Quantities  characterize  fluctuating  components  not  depending  on 

mismatch,  and  —  components  proportional  to  (7=1,  ...,  l).  Formulas 

(12.2.9)  and  (12.2.10)  correspond  to  the  following  presentation  of  output  voltage 
of  discriminators: 


-672- 


(12.2.11) 


*(»‘V.  .) = V  #£»,*»  (t)  -f  £  [K™  +  *(a?)  (01  *(P)(0. 

f=i 

where  and  H^a^^(t)  (a,  3  =  1,  ...,  1)  —  random,  uncorrelated,  functions ; 


(t)  —  white  noises  having  the  dimensionality  of  the  measured  parameters  with  a 


matrix  of  spectral  densities  S  determined  by  recalculation  of  matrix  8n  =  ||s£a^| 


with  the  help  of  the  matrix  of  gain  factors  of  discriminators  -  ||K^a^^||  by  the 
formula 


S,K,  =  II  sj*  II  =  K  ;’S0Ka  -  • + . 


(12. 2. 1Z 


For  proof  of  formula  (12.2.12)  it  is  sufficient  to  multiply  vector  K.jH,  repre¬ 
senting  noises  at  the  discriminator  output,  by  row  (K  tj)+,  average,  and,  passing  to 
spectra,  use  the  designation  for  the  spectral  matrix  of  vector  q: 

s«=  J  K*«|(/)(Kjit|(f-h'c))+  dx ~  Kx  J  n(t)i\+(t-fx)dxK+  -=  K«S#MKa+. 

From  this  (12.2,12)  Is  obtained  by  two  matrix  multiplications.  Subsequently  we  shall, 
call  S^g  the  matrix  of  equivalent  spectral  densities  of  a  multi-dimensional  dis¬ 
criminator. 

Functions  M^a^^(t)  in  (12.2.11)  are  white  noises  with  mutual  spectral  densities 


II  +  dx  ||. 


(12.2.15) 


Subsequently  we  will  not  consider  the  influence  of  parametric  fluctuation 
x,(>6)( t)  on  accuracy  of  measurement,  concentrating  our  attention  on  noises  q^Q^(t). 
Their  level,  naturall.y,  is  determined  by  the  intensity  of  interfering  signs, Is  at  the 
input,  not  carrying  Information  about  the  measured  quantities.  Basically,  for  ’,(J'(l.) 
there  are  observed  the  same  laws  as  in  the  one-dimens.i  onal  case. 

For  illustration  of  the  method  of  using  the  obtained  relationships  we  shall 
consider  the  fairly  simple  example*  of  a  discriminator  for  two  parameters  with  inter¬ 
connected  encoding  in  the  signal. 

Let  us  assume  that  the  signal  has  a  pulse  structure  with  fluctuations:  o'  ampi ; • 
tude  E  and  phase  q>,  independent  between  periods.  It  Is  received  against  a  baiv.gr our,’ 
of  white  noise  n(t).  Pulses  ha.ve  intrapulse  linear  frequency  modulation  (LChM). 

The  realization  of  the  received  mixture  of  the  signal  with  noise  in  one  period  lias 
the  form 


*Examp.ic  belongs  to  0.  F,  Bugachev. 
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y  (i t )  =  Re  I B  e**  u.  (/  - 1)  etv  <“°+ V '  J  +  n  (<), 


where  V  —  slope  of  LChM; 

i  —  delay  of  regular  modulation; 


—  Doppler  frequency  shift. 

The  last  two  quantities  are  al3o  the  measured  parameters. 

The  circuit  of  a  joint  discriminator  of  quantities  i  and  aifl  is  depicted  in 
Fig.  12.4.  Signal  y(t)  is  fed  to  mixer  1,  where  convolution  of  spectrum  LChM  is 


Fig.  12.4.  Discriminator  of 

and  t:  1  —  mixer;  2  —  controlled 
heterodyne  oscillator;  3>  4  — 
bandpass  filters  tuned  to  fre¬ 
quencies  oi^  ±  5;  5  —  bandpass 

filter  tuned  to  frequency  ux^; 

6  —  amplitude  detectors;  7  — 
gated  amplifiers;  8  —  time  dis¬ 
criminator;  9  —  comparison  cir¬ 
cuit;  10  —  generator  of  gate 
pu 1 ses . 


effected  by  means  of  mult j plication  by  the  vol¬ 
tage  of  heterodyne  2 

Re  [e'v  I'-’V/H'  («••+“, +»a) 

where  i ,  ui  —  measured  values  of  parameters. 

Simultaneously  there  is  produced  transfer 
of  oscillations  to  a  frequency  close  to  inter¬ 
mediate  oxj  .  Then  there  is  produced  bandpass  fil¬ 
tration  in  filters  3,  4,  5,  of  which  filter  9 
Is  exactly  tuned  to  u>^,  and  filters  3,  4  have 
detuning  of  .  Results  of  filtration  are 
detected  in  detectors  6 .  In  the  upper  two 
channels  of  Fig.  12,4  in  elements  J  there  is 
produced  gating;  the  middle  of  the  gate  pulse 

A 

O'- 5.i... ides  with  t.  The  difference  of  the  two 


formed  voltages,  formed  in  element  9.  is  the  first  output  voltage  of  the  joint  dis¬ 
criminator  7,(XK  This  voltage  is  sensitive  to  frequency  shift,  of  voltage  at  the 
output  of  tiie  mixer. 

In  the  lower  channel  of  Fig.  12,4  after  the  detector  there  is  time  discriminate-' 
■i.  Its  action  reduces  to  multiplication  by  odd  function  l(t),  whose  zero  also  coin- 

A 

cldcs  with  t,  and  subsequent  accumulation  (integration)  of  signals, 

(?) 

Consequently,  there  will  be  formed  the  second  output  voltage  zv  sensitive 
primarily  to  time  delay  t.' 

‘  According  to  the  above  results  for  determination  of  matrix  2^  of  errors  of 
measurement  of  t  and  with  respect  to  a  unit  pulse  iqput  it  is  necessary  to  cal¬ 
culate  the  matrix  of  gain  factors  of  the  discriminator 
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where  A„  =  u>  -  o>fl,  A^  =  x 
ponenta  of  outputs  is 


Analogously  to  (12.2.12)  matrix  2  is  equal  to 

Z*B>  «■  (12.2.16) 

Passing  to  calculation,  for  simplicity  we  assume  that  the  bandpass  filters  are 
matched  with  amplitude  modulation,  i.e.,  their  pulse  response  envelope  is  the  inver¬ 
sion  in  time  of  function  ua(t),  that  amplitude  detectors  6  are  square-law,  and  that 
amplifiers  7  carry  out  ultranarrow  gating.  With  some  selection  of  overall  gain 
factors  in  channels,  which  do  not  affect  final  results,  wo  have: 

- o  =  «  Re  {<  J  <i“l  (<«>  dlt  J  u\  </,)  e“,M*  dtt  }  , 
l.-o 

-§7  «=o  -  &  R«  {[  J  <  (0  «)  e_n/  dl  +  *  $  <«*  (0  dt  ]  $  ui  (x)  e'*’  dx  } , 

d*?*) 

dA.  *t=o=0' 

__  *.-0 

dWi 

where  6  —  mean  energy  nf  a  sending. 

From  formula  (12,2.17)  it  is  clear  that  the  matrix  of  gain  factors  is  nondiagonal.; 
mismatcti  for  x  causes  the  appearance  of  a  constant  component  of  both  output  voltage 
of  the  discriminator.  This  circumstance  is  easily  explained.  In  fact,  the  hetero¬ 
dyned  oscillation  carries  lnfc/rmation  about  time  shift  of  regular  modulation  both 
in  the  amplitude  envelope  and  also  in  the  frequency. 

It  is  interesting  that  matrix  2  turns  out  to  be  diagonal: 

W  -  Hi  {  q  [  J  u\  dt\'  [l  -  Re  J  u\  (t)  e2'*'  dt  ] +  y  {»  -  [  u\  }  }  . 

i3FJF-^  {q  jj  I  (/,)  t  (it)  [  j«.  (*-<!>  «*  (*-<•)  H  dl'dt *  + 

+T  J«»  (*-<•>«•  (*-<•>*]'  dt>dt'  }•  , 

iPBPJ-0, 


«'»  (xi)  «.  (x,  —  /)d  x(  X  J  «•  ('*»)  u»  (*»  —  0  *»  ] 


diC) 

dA. 
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whe  re 


N0  —  spectral  density  of  noise; 


—  slgnal-to-noise  ratio  in  one  period  (set:  Chapter  VI). 

Now  1st  us  take  Gaussian  approximations  for  u&(t)  and  l(t): 

■»  (0  —  C,  exp  {  —  4jr  (</»*)*}. 

where  c^,  Cg  —  constants; 

—  pulse  duration; 

t  _  equivalent  duration  of  gates  of  the  time  discriminator. 

c 

After  we  integrate  according  to  formulas  (12.2.17)  and  (12.2.18)  and  carry 
out  operations  (12.2.16)  on  relationships  (12.2.14)  and  (12.2.16)  elements  of 
matrix  2gKBwill  be  quantities: 


«J=-lSS-nSS. 


(12.2.1 o) 


where 

m*  «*  n‘=~(t«»)‘/2*. 

Note  that  matrix  X  in  distinction  from  X  is  not  diagonal,  which  is  a  const- 

3KB 

quence  of  the  interconnection  of  encoding  of  parameters. 

Elements  (12,2,19)  depend  on  the  slgnal-W-noise  ratio  q,  pulse  duration 
the-  slope  of  LCiiM  V  and  two  parameters  of  l no  discriminator,  m  and  n.  It  is  easy  to 
prove  that  XgKBbee:  mes  diagonal  only  in  the  absence  of  frequency  modulation.  Remem¬ 
ber  that  according  to  Chapter  I  the  principal  axes  of  the  ellipsoid,  which  is  the 
section  of  the  autocorrelation  function  of  signal,  as  V  -*  0  are  oriented  along  axes 
of  coordinates  t  and  oi.  This  is  a  graphic  expression  of  the  absence  of  inter¬ 
dependence  between  the  parameters  of  time  delay  and  frequency  shift  of  the  input 
signal'. 


12.2,3,  Accuracy  of  Measurement 

During  the  analysis  of  the  work  of  multi-dimensional  tracking  meters  there  arise 
the  same  problems  as  in  the  one -dimen s 1 nnai  case.  In  general  it  is  necessary  to 
consider  a  nonlinear  problem.  This,  in  principle,  is  possible  on  the  basis  of  the 
technique  of  the  Fokker-Planck  equation,  the  multi-dimensional  generalisation  of 
which  is  known  in  the  literature  [20],  If,  however,  the  level  of  input  noises  is 


J 


i 

:j 


-676- 


low,  during  analysis  of  accuracy  linearization  of  the  meter  is  permissible,  which 
we  shall  realize  assuming  smallness  of  parametric  fluctuations.  We  assume  that  the 
matrix  of  smoothing  circuits  is  linear,  but  not  necessarily  with  constant  parameters, 
so  that  its  input  and  output  quantities  are  connected  by  matrix  relationship 

M0  =  Jh(/,  t)z(t) + V(0.  (12.2.20) 

t* 

where  h(t,  t)  =  ||h^a^^(t,  x)||  —matrix  of  pulse  responses  of  smoothing  circuits; 

X  (t)  —  column  vector  of  function-  introduced  for  compensa- 
B  tions  of  known  components  of  X(t). 

Substituting  in  (12.2.20)  according  to  (12.2,11)  for  a(t)  the  column  vector 

Z(0  =  KA.(/)+Kflt|(0  (12.2.2.) 

/s 

and  considering  that  X(t)  =  X(t)  -  e(t),  we  have  equation 

t  t 

•W+Jh('.  X) KA« (*) dx  =  *(*)- >•. (0  —  C h (/,  t) KAT) (t) dx.  (12.2.22) 

u  1, 

If  we  Introduce  the  matrix  of  pulse  responses  g(t,  t)  of  the  closed  system, 

A 

considering  the  output  quantity  vector  X(t),  it  is  determined  by  integral  equation 

t 

*(*.<)+  J  h  (/.  s)  Kflg  (s,  x)  ds  =  h  (r,  x)  KA.  (12.2.23) 


We  introduce  additionally  the  pulse  response  of  the  system  r(t,  x),  considering 
mismatches  the  output  quantities.  It  satisfies  equation 

A  ■ 

v(/,  *)  +  $h</,  s)  Kav(s,  =  18  (t-x).  (12. 2. 2d) 

It  Is  easy  to  prove  that  the  solution  of  equation  (12.2.22)  will  be  expressed 
in  the  form 

•  (0  =  —  J  t  (*•  *) 1 W  *+  J  V  (/,  x)  [k{x)  —  X(x)l  dx -f 

f*  u 

+  j  V  {/.  t)  [l  (X)-  K  (*)]  dx  =  .*4  (1 1 )  +  •»..  (0 +  i1H|  (0.  ( 1 2  • 2  • 2  1  ) 

According  to  (12,2.25)  current  error  Is  determined  by  the  joint  action  of  Inter¬ 
ferences  n(t)  passed  through  matrix  of  fillers  R(t,  x)  and  of  random  variation  of 
parameters  X(t)  -  X(t )  and  uncompensated  regular  measurements  *1^7  -  *  B  (f')  Pas;setl 
through  the  matrix  of  filters  T(t,  t).  The  first  component  in  (12.2.25)  naturally 
is  called  the  set  (vector)  cf  fluctuating  errors,  and  to  components  e  (  i(i )  and 

2(t)  we  give  the  name  vectors  of  dynamic  errors. 
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fne  matrix  of  second  moments  of  total  errors  of  measurement  is  equal  to 

_  t  t  i 

S«u*(0=»(0«+(0=; $g(f.  s)S,K,g+(f,  s)ds  +  jjv(/,  s,)Rx (s,,  s,)v'  (/,  + 

it  >•  i, 

-f  j  J  v  {/,  sj  &  (st)  A+  (s,)  v+  (/,  s.)  dstds„ 

t,  u 

where  we  use  the  property  of  6-correlation  of  interferences  T|(t),  .ela¬ 
tion  matrix  R^t^,  t g)  of  the  random  part  of  the  parameters  and  des^  v  ■> )  = 

=  X(t. )  -  X  (t).  Certain  simplifications  of  expression  (12.2.26)  are  possible  upon 
concretizatlcn  of  the  form  of  smoothing  circuits  and  the  nature  of  change  of  X(t), 

Let  us  assume,  for  instance,  that  random  components  of  parameters  are  stationary 
[R^(t, ,  tg)  =  R^ ( 1 ,  -  tg)],  regular  components  are  completely  compensated,  and 
smoothing  circuits  have  constant  parameters,  i.e,,  h(t,  t)  =  H(t  -  t).  The  Fourier 
transforms  from  functions  g(t  -  t)  and  v(t  -  t)  by  (12.2.23)  and  (12.2.24)  are 
easily  expressed  in  this  case  through  matrices  of  gain  factors  of  the  discriminator 
K  and  frequency  responses  of  the  smoothing  circuits 

H(/®)=?hC0e-'w?  dt 

in  the  form 

G  (»•)  =  (l  -f- H  (/»)  Ka] " 1  H  (/•)  K«, 

V  (!•)  =  [I  +  H  («•)  Ka]  -  *.  (12.2.27) 

Thus,  instead  of  (12.2.26)  we  can  ob  ...  in 

+  00 

=  i  j  [1  +  H* (/•) Kr]"‘ H*(i®)KrS9I!1,K;h («») [1+ 

-AO 

400 

.-i-H(HKA]-‘+d®  +  ~  l  lI  +  H*(«®)Ka]-sSx(®)X  [I  +  H(te)K,l-*+rf«, 

jJ*  (12.2.28) 


+oo 

Where  Sv  (■)  =  J  Rx(/)e-,"<<i/  —  spectral  matrix  of  the  parameters. 

-00 


Studying  the  first  component 
of  fluctuating  errors,  in  general, 
matrix  of  spectral  densities  and  a 
oral i.zed  effective  passband  of  the 
vie  are  interested  only  in  the  sum 


In  (12.2.28),  we  prove  that  the  matrix  of  moments 
cannot  be  expressed  through  the  product  of  the 
certain  constant  matrix  characterizing  the  gen- 
system.  However,  we  may  encounter  a  case  when 

if  this  matrix,  i.e.,  its  trace.' 


♦For  this  errors  of  measurement  of  parameters  reduce  to  a  certain  unit  measure, 
expressed  in  linear  units  of  dispersion  of  the  measured  position  of  the  object  near 
the  tru,  position. 
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(12.2.29) 


Then  according  to  (12.2,28) 

i  +® 

8pur23iWx=spurS#K»A4-spur  J  Sk  («>)  M  (»)  rf®, 

—  J 

where 

mw={1i+H(«<o)Ka|V. 

and 

+00 

A  =  i  J  KjH+(fa){|I  +  H(/.)KA|t}-1H*(i«)KArf«  (12. 2. 3^) 

—oo 

is  a  constant  matrix  which  is  the  multi-dimensional  generalization  of  the  effective 
passband  of  the  system. 

Certain  more  complicated  forms  of  smoothing  circuits  will  be  studied  in 
subsequent  sections,  devoted  to  questions  of  synthesis. 

§  12.3.  Synthesis  of  Multi-Dimensional  Meters  of  Several  Parameters 
In  Chapters  VI-XI  we  considered  questions  of  synthesis  of  meters  of  only  one 
parameter  Inasmuch  as  radars  usually  measure  a  whole  set  of  coordinates  (or 
parameter!  cf  motion)  of  the  target,  there  arises  the  question  to  what  degree 
resui.tr,  obtained  on  trie  assumption  that  all  other  parameters  besides  the  measured 
one  are  known  can  be  transferred  to  the  case  of  simultaneous  measurement  of  several 
unknown  quantities.  In  order  to  answer  this  question  it  is  necessary  to  solve 
the  more  complicated  problem  of  simultaneous  filtration  of  several  process- 
parameters,  randomly  varying  in  time,  from  their  nonadditive  mixture  with  inter¬ 
ferences  and  noises.  If  Life  conceptual  side,  concerning  selection  of  the  method 
of  synthesis,  remains  the  same  hero  as  in  the  one-dimensional  case  (see  §  6.5), 
concrete  methods  of  discovering  the  form  of  the  optimum  operator  of  filtration 
require  additional  study,  since  they  are  not  a  simple  repetition  of  one-c!  linens  lorn  i 
methods.  < 


12.3.1.  Method  of  Synthesis  of  an  Optimum  Meter 
First  of  all  we  shall  del'initize  the  formulation  of  the  problem  of  optimum 


filtration  cf  several  parameters.  Consider  a  set  of  rr,  random  signals 


(nv 


(■;, 


'nly  ( > )  >  aH  or  part,  of  which  depend  on  i  generally  interconnected,  and  rar.do.; 
varying  in  time,  parameters  X^^(t,)t  x(l)(t).  We  assume  that,  a'  moments 

«  1  .  '  f  . 

ill  U:i  veil  ^  1 


wl  -  x  •  •  •  L),  “•  - . —  '  ”1 

paramo  i.e  rs  take  valuer, 

{(l)yt,  •  ■  • .  •  • ;  {l)yn,  (J)//n.  •  •  ■  ,{m)yn)  y, 

/id)  id)  ill).  .id)  i(2)  a(/)i .  i 

•  I  I  *  •  *  I  A,n  i  A#  1  *  ‘  *  "n  I  ’ 


u ) t  accessible 


uG  G!;:,crv 
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where  by  y  and  X  we  understand  block  column  vee te± s . 


The  joint  density  of  distribution  of  y  utul  X  has  the  form  P  (X)  P(y  jX) ,  where 
i  ,((X)  -  multi-dimensional  (for  moments  of  observation  and  ^-parameters)  a  priori 
distribution,  and  p(y  |X)  --multi-dimensional  (for  moments  of  observation,  s initials 
aim  oaramete rs)  likelihood  function,  which  we  ctiiii  1  discuss  .later ,  'iho  task  o. 
optimum  filtration  is  construction  of  the  column  vector  of  estimate  X,  in  sense 

the  closest  to  the  combination  of  true  values  of  the  parameters.  As  the  loss 
function,  characterizing  the  degree  of  this  .pr  n: .imi  ty,  v.e  first  consider  the 
quadratic  form  of 


/(X,  x)=(x -i)+B(x-i)=  J^-x^b^-x^ 

j./=i 

-2  5; 


!./=!  «,£=! 


(12.3.1) 


where  the  order  of  co-factors  in  the-  second  and  third  elements  of  the  chain  of 
equalities  corresponds  to  operations  of  matrix  multiplication}  sign  +  (raised) 
signifies  transposition;  B  --  ||B.  . |!  —  block  matrix  with  submatrix  elements 
B,  .  =  determining  the  value  of  errors  of  the  a-th  and  b-th  parameters, 

allowed  in  the  i-th  and  j-th  moments,  respectively.  Mean  risk 

R(Pt,  X)=JJ(X-X)+B(X-X)P(y|X)>0(X)dydX  (If. 3.1) 

here  is  a  linear  combination  of  second  moments  of  errors  of  measurement  of  ail 

A  A 

parameters  in  all  moments  of  time.  Va'.v  u,:  K(:  ,  X)  for  estimates  X,  we  can  prove 

that  f,or  any  non- a  Ingala  r  matrices  £1  the  optimum  estimate,  as  in  the  one -dimensional 
case,  is  the  conditional  mathematical  expectation 


4  jXP{y|X)P,(X)d).  _ 
}p(y|X)p.(X)dX  * 


(IS. 3.3) 


]iy  a  method  analogous  to  §  6.3,  it  is  possible  to  prove  that  with  symmetry  oi 
the  a  posteriori,  distribution  conditional  mathematical  expectation  is  a  universal, 
optimum  estimate,  vai  Id  for  a  broader  class  of  loss  functions  (namely,  for  functions 
posse  suing  the  property  of  symmetry).  Inasmuch  as  direct  integration  of  (12.3.3) 
in  the  most  interesting  cases  cannot  oe  aecompi ishod,  it  is  again  necessary  tv 
solve  approximately  the  system  of  equations 

J(X--X)/5(y|X)P#(X)dX-,0,  (12.  3. -D 

Which  is  another  notation  for  (12.3.3).  In  order  to  prepare  conditions  for  solution 
of  this  system,  it  is  necessary  to  turn  to  study  of  the-  structure  of  the  likelihood 


fund  '•  i  eti . 
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12.3.2.  Likelihood  Function  and  Its  Approximations 

As  also  in  the  one-dimensional  problem,  for  the  purpose  of  studying  the 
likelihood  function  P(y|X)  one  should  turn  for  analogies  to  the  case  of  several 
constant  parameters.  Then,  upon  the  expiration  of  a  certain  interval  of 
observation  in  a  parameter  space,  whose  dimensionality  is  equal  to  the  number  of 
mna.*  ;»i  quantifies  l,  P(y|X)  with  Gaussian  noises  at  the  input  can  be  connected  by 
ci  monotonia  relationship  with  a  multi-dimensional  autocorrelation  function  of  the 
useful. component,  of  the  input  fixture  (mixtures)  and  a  certain  multi-dimensionaJ 
random  function  whose  arguments  are  the  measured  quantities. 

A  multi -dimensional  autocorrelation  function  can  be  introduced  not  only  for 
parameters  in  the  form  of  time  delays  and  frequency  shifts,  as  this  is  usually 
done  in  the  literature  (see  Chapter  I),  but  in  a  number  case  for  the  angular 
coordinate:’..  This •  function  in  general  is  not  equal  to  the  product  of  one- 
aimm. clonal  autocorrelation  functions  for  all  l  coordinates  obtained  on  the  assump¬ 
tion  of  knowing  the  other  l  -  1  coordinates.  This  is  explained  by  a  certain 
1  n  tv  [-connect  i  on  of  codings  of  different  parameters,  which  we  shall  discuss  further 
belov/.  Therefore,  the  multi-dimensional  peak  of  P(y jX)  will  bo  flattened  in 
cei-Uiin  directions,  determined  by  the  nature  of  the  interconnection;. 

If  the  vertex  of  the  multi-dimensional  autocorrelation  function  I :  smooth, 
j.c,,  tills  '’unction  has  tne  necessary  derivatives  with  respect  to  X,  likelihood 
fiii t ' *•  i  :n  l>(y  |x;  for  a  low  level  of  lateral  peaks  of  autocorrelation  functions 
and  a  low  level  of  interferences  will  he  an  l -dimensional  peak  of  approximately 
Gaussian  form  near  the  true  combination  of  values  of  the  parameters.  Flatness  of 
the  peak  will  be  expressed  in  the  fact  that  sections  of  constant  level  will  oe 
;  in  the  form  of  hyperellipsoids  whose  principal  axes  do  not  coincide  with 

the  coordinate  axes.  As  also  in  the  one-dimensional  case,  increase  of  the  time  o'' 
rvbs  'j'vakion  leads  to  gradual  narrowing  of  the  peak  of  r (y  | X)  and  decrease,  of 
dispersion  of  the  position  of  its  vertex  near  the  combination  of  true  values  of 
parameters.  Here  matrix  I  of  moments  of  minimum  errors  of  measurement  of  v  mutant 
warn i.  '-ler:;  i expressed  through  matrix  A  of  mean  values  of  second  derivati  eu  of 


li.  i'(yjA)  in  tip'  form 


1=  A 


-i. 


A  - 


3* In  P  (y  1  X)  I 


(12. 5. b) 


*'r  *  'isi  ■. ;  on  to  e'lariF  i  ,.g  parameters  in  general  Leads  to  t  hr-  r.air.o  me  thematic  no. 
i  i  fi-:  '"il »  as  in  tin:  une -dimensional  problem.  Let  us  assume,  n.-w-ver,  that,  ‘..no 


rate  of  variation  of  all  measured  parameters  Is  small  as  compared  to  the  rate  of 
variation  of  parameters  belonging  to  the  class  of  immaterial  ones,  and  tnat  the 
level  of  interferences  is  small.  Then  it  is  again  possible  to  separate  sub intervals 
of  observation  in  which  the  measured  quantity  can  be  considered  "frozen/'  and 
immaterial  parameters  can  be  considered  to  vary  so  that,  for  them  the  statistical 
relationship  between  values  in  the  beginnings  and  ends  of  intervals  is  negligible. 

As  a  supplement  to  the  shown  '■ondltions  we  assume  that  the  measured  quantities 
differ  in  their  physical  nature  and  a.re  coded  dissimilar  1;.  .  To  clearly  formulate 
the  i.uea  of  "dissimilarity"  is  fairly  difficult,  so  that  we  shall  try  to  illustrate 
it  by  radar  examples.  Like  coordinates  of  various  targets  (i.e.,  time  delays  and 
shifts  of  frequencies  of  signals  close  in  form,  and  so  forth)  are  coded  similarly 
in  the  sense  that  transposition  of  parameters  in  the  likelihood  function  loads  tc 
a  situation,  differing  little  in  "likelihood"  from  the  true  situation.  Unlike, 
coordinates  of  one  or  various  targets  are  coded  dissimilarly;  their  transposition  in 
the  livelihood  function  is  impermissible .  ( Dissimilarity ,  however,  still  does  not 

signify  disconnectedness  with  small  deviations.) 

With  the  initial  encoding  of  parameters  the  likelihood  function  obtains  a 
multipeak  structure,  These  cases  are  excluded  1  rom  consideration  henceforth, 

In  the  shown  simplified  conditions,  fully  sufficient,  for  Instance,  for 
consideration  of ' simultaneous  measurement  of  several  coordinates  of  a  single  target, 
the  likelihood  function  in  the  shown  sub  '•  ru.crvai  of  observation  in  an  l -dimensional 
paramo  tor  space  turns  out  to  be  a  ning  .a  ' sol  a ted  peak.  In  the  whole  interval  of 
observation  it  will  be  expressed  approximately  through  the  product  of  the  likelihood 
functions  in  the.  sub  intervals .  Its  logaritiirn,  analogously  to  tne  one-dimensional 
ce can  be  approximated  by  a  quadratic  form  which  is  a  truncated  multi-dimensional 
Taylor  series,  ;:o  that 


n  / 


P  (y  I V =  p  (y  I  ».)  exp  { Jj  J  <j«  - 1“>  — ^ 


1=1  a=l 


+  ■ 


(12. 3. D) 


where  X0  =  ■<<>  x|o^ 


K 


(1) 


—  column  vector,  coordinate!;  oi' 

rt  i  ’ 


nO  '  *  • 

which  are  assumed  close  to  the  true  values  of  the  measured  parameters. 

As  in  the  one-d imansional  case,  two  concrete  expansions  of  type  (12.3.0)  are 
useful.  The  first  is  produced  at  the  point  of  the  multi-dimensional  optimum 
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A  A 

estimate  of  parameters  XQ  =>  X  (X  —  complex  column  vector  of  the  considered  type)  . 
Designating 


j'm  .»»> 


(12,3.7) 


and  introducing  matrix  notation  with  block  column  vectors  e  =  (z^, 


tn), 


fX 


Xn)  and  block  square  matrix  A 


‘U1 


where  a  submatrix  element  is 


to  A^j  •  ll*jf  >  ||,  we  have  instead  of  (12.3.6)  the  relationship 


P  (y  |  X)  *  />  (y  |  X)  exp  (X  —  X)  - 1  (X  -  X) + A(X  -  X)| ,  (12.3.6) 


formally  coinciding  with  the  one-dimensional  (6.6.3). 

A  A 

The  second  type  of  expansion  corresponds  to  X&  =  X,  where  X  —  the  point  of 
maximum  value  of  P(yjX),  and  has  the  form 

/5(y|X)=/>(y|X)exp[—  i(X— X)+A(X-X)}.  (12.3.9) 

V  v 

Here  matrix  A  is  determined  through  second  derivatives  at  point  X  and  practically 
coincides  with  matrix  A. 

Relationships  (12.3.8)  and  (12.3.9)  will  be  used  for  synthesis  of  a  multi¬ 
dimensional  optimum  meter. 


12.3.3.  Optimum  Tracking  Multi-Dimensional  Meter 
Let  us  assume  that  the  a  priori  distribution  of  parameters  is  Gaussian, 

P,  (X)  =  (2 *f  2  (det  R)-/,exp  [-  \  (X  -X)+ V(X  -X")j ,  (12.3.10) 

where  X  —  block  column  vector  of  mean  values; 

R  -  llR^jll  —  block  (nl  x  nl)  square  matrix  with  submatrices  (l  x  l)  .  = 

-  ||R^a^^(t,,  t.)||,  elements  of  which  R^a''^(t,,  t.)  show 

crosscorrelation  of  the  a-th  parameter  at  time  t^  and  of  the 

6-th  parameter  at  time  t.; 

3 

.1 

V  =  R  —  block  square  matrix,  the  inverse  of  R. 

During  synthesis  of  an  optimum  meter  we  first  use  an  approximation  of  the 
likelihood  function  in  the  form  (12.3.8).  Crossmultiplying  this  relationship 
with  (12,3.10),  reducing  the  logarithm  of  the  resulting  expression  to  form 

'c,-l(X-Xt)+C'‘(X-X,), 

where  C{J,  and  C  do  not  depend  on  X,  and  equating  X^  to  the  optimum  estimate, 
analogously  to  §  6.6  we  obtain  expression 
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M — ^  Cnn  A*j(A.j  -_M)1  “hMi 

£S|  L  |  =  |  J 


(12.3.11) 


where  the  quantities  and  the  order  of  their  location  have  matrix  meaning,  and 
1 


l!ClkH  =  C  =  [A  +  V] 

After  transition  to  continuous  functions  at  t 


matrix  (in  X  in),  determined  in  the  interval  of  observation. 

i+1  -  t±  =  A  -»  0,  n  -*  a>  (i  =1,  . . 


nj  nA  =  t 


tg)  relationship  (12.3.11)  takes  form 


MO  =  f  c  ((,  s)  \z  (s)  +  J  A  (s,  %)  [i.(0  -  X (%)1  tfcl  ds+J.(0.  (12.3.12) 

It  (l 


where 


tt+A/3 

c((n,  t„)  —  C„*,  zk—  f  z(t)dzi 
f  d\  J  d$  s }. 

tt~Ai2 


(12.3.13) 


As  above,  in  passages  to  the  limit  of  (12.3.13)  quantity  A  is  considered 
limited  from  below  by  intervals  exceeding  the  interval  of  correlation  of  the 
immaterial  parameters  of  mixtures  (iV(t)>  and  vector  function  z(t)  is  determined 
with  accuracy  to  statistical  equivalence.  We  also  indicate  that  after  transition 
to  continuous  time  arguments  matrices  and  columns  in  (12.3.12)  and  below  have 
dimensionality  (l  x  l)  and  (l  x  1),  respec tively . 

For  the  same  reason  of  slowness  o:7  eriation  of  the  measured  parameters 
function  A(t,  t)  has  filtering  proper  .let;  with  respect  to  time: 

A(/,  — ■»),  (12.3.14) 


where  K(t)  —  (l  x  l)  matrix 

Taking  into  account  (12.3.14)  we  have  the  final  expression  for  the  optimum 
me  te  r : 

s) {z (s)  +  K (s)  (1  (S)  -  A (i)]} ds 4-  W), 

which  in  expanded  form  should  be  understood  as 

*)p’w+2  ^7,(s) 

A  block  diagram  illustrating  an  optLmum  Joint  filter-meter  is  given  in 
Fig,  12, h.  The  whole  set  of  input  mixtures  proceeds  to  nonlinear  units  1  and  2. 
We  indicate  that  unit  1  issues  l  voltages,  on  the  average  proportional  to  current 


(12.3.15) 


(12.3.15) 
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, Pig.  12.5.  Two-loop  variant  of  an  optimum  muiti-dimen- 
sional  meter:  1)  multi-dimensional  discriminator;  2) 
multi-dimensional  accuracy  unit;  5,  h,  7,  8)  adders;  5) 

linear  filters  with  pulse  responses  K^a^^(t,  t);  6)  linear 
filters  with  pulse  responses  c^a^(t,  t)  . 

mismatches  between  the  true  and  measured  values  of  parameters  x(a)(t).  Unit  2 
issues  Z (l  +  l)/2  voltages  [according  to  the  number  of  independent  coefficients  of 
symmetric  matrix  K(t)],  characterizing  the  current  instantaneous  accuracy  of 
measurements.  Therefore  unit  1  Is  reasonably  named  a  multi-dimensional  (or  Joint) 
discriminator,  and  unit  2  —  a  rnulti-dimensional  (or  joint)  accuracy  unit.  Output, 
voltages  of  discriminators  through  adders  J>  are  fed  to  a  (  Z  x  l)  matrix  of 
smoothing  filters  6,  output  quantities  of  which  are  combined  by  adders  again  Into 
Z  groups.  Thereby  smoothing  circuits  turn  out  to  be  interconnected.  After  addition 
in  8  of  output  voltages  of  unit  6  with  a  priori  mean  values  of  parameters  there 
are  formed  estimates  of  the  measured  parameters,  which  proceed  to  the  discriminator 
and  accuracy  unit  for  maintaining  selection.  Furthermore,  grouped  output  foliages 
6  are  fed  to  a  matrix  of  Inertialess  variable-gain  amplifiers  5  from  whose  jjtput 
they  proceed  to  adders  of  internal  fc  dback  3.  Consequently,  there  arc  formed, 
as  It  were,  two  basic  multi-dlmenslonal  control  loops:  one  using  a  discriminator 
and  a.n  accuracy  unit,  the  other  using  adders  at  the  output  of  the  discriminators. 

As  also  Ln  the  one-dimensional  case,  we  shall  call  this  variant,  of  meter  double- 
loop.  Pulse  responses  of  filters  b  and  5  are  controlled  by  output  voltages  of  the 
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accuracy  unit  for  compensation  of  unequal  accuracy  of  separate  measurements  (or, 
which  is  the  same,  parametric  fluctuations) . 

The  other,  single-loop  variant  of  the  meter  corresponds  to  formula 

+  (12.3.17) 


or  in  expanded  form 


}<•>(*)  =  V  J  C <*»(/,  x)2w(x)rfx+I(*>(/) 

«•=!/. 

(*  —  1*  2,...,/). 


(12,3.18) 


These  relationships  are  obtained  from  (12.3.15)  and  (12.3.16),  if  we  solve 
them  for  the  estimates.  The  new  variant  of  circuit  is  illustrated  in  Pig.  12,6. 
It  is  simpler  than  the  two-loop  variant  inasmuch  as  instead  of  two  matrices  of 
smoothing  circuits  it  requires  only  one  matrix  of  elements  3.  Discriminator  1 
and  accuracy  unit  2  are  kept  in  constant  form. 

For  matrices  of  pulse  responses  c(t,  t)  and  g(t,  t)  it  is  easy  to  obtain 
integral  matrix  equations 


c(f.  +  s)K(s)R(s,  x)cfs=R(/,  x), 


C(*.  s)K(s)g(s,  t )<fs=g(/,  x),  (12.3.20) 

completely  analogous  to  the  one-dimens.lorial  case. 

Thus,  the  optimum  system  of  measu  -oment  of  several  parameters  is  a  multi¬ 
dimensional  self-tuning  tracking  system  with  two  nonlinear  multi-dimensional  units, 
issuing  signals  of  errors  for  separate  parameters,  and  indicators  of  current 
accuracy  of  measurement .  The  system  is  cl  ed  by  a  matrix  (or  two  matrices)  of 
linear  smoothing  circuits,  determined  by  the  correlation  matrix  of  parameters  and 
matrix  Kft).  Furthermore,  in  the  system  there  is  provided  input  of  a  priori  mean 
values  of  parameters. 

Correlation  matrix  R(t,  t )  characterizes  the  interconnection  of  the  measured 
parameters,  i.e.,  describes  trajectory  properties  of  the  target,  forming  the  set 
of  measured  quantities.  Matrix  lC(t)  determines  the  interconnection  of  codings  of 
parameters  in  the  signals,  i.e.,  characterizes  the  process  of  encoding  parameters 
of  the  trajectory  in  parameters  of  the  signal.  To  the  latter  during  reception 
there  are  added  noises  and  interferences.  With  diagonalness  of  R  and  K,  when 
parameters  and  their  codings  are  not  connected,  matrices  c  and  g  also  are  diagonal, 
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Fig.  12.6.  Single-loop  variant  of  an  optimum  multi¬ 
dimensional  meter:  1)  multi-dimensional  discriminator; 
2)  multi-dimensional  accuracy  unit;  5)  linear  filters 

with  pulse  responses  g(a^(t,  t);  4)  adders. 


and  smoothing  circuits  are 
of  measurement  of  separate 
and  an  accuracy  unit. 


considerably  simplified.  Common  elements  for  subsystem: 
parameters  remain  only  a  multi-dimensional  discriminator 


Finally ,  it  the  set  of  mixtures  ^  ^  y ( l )  is  divided  into  l  independent  groups, 
depending  cacii  on  only  one  parameter,  and  R  and  K  are  diagonal,  the  multi-u  i.mori- 
uionai  measuring  system  is  divided  into  a  set  of  l  of  the  independent  one-dimen- 
pio.inj  tract  ing  meters  investigated  above.  Guch  a  completely  degenerate  case  in 
radar  is  a  rare  exconlLcii.  Usually  in  the  discriminator  and  in  smoothing  circuits 
inert;  a>T;  circuit  couplings  which  complicate  consideration  as  compared  to  the 
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one -dimensional  case.  However,  if  matrix  K  it-  diagonal  (e>rer.  on  average),  then 
l  outputs  of  the  discriminator  and  the  l  outputs  of  the  accuracy  unit  are  a  simple 
set  of  outputs  of  one -dimensional  discriminators  and  accuracy  unite,  synthesised 
for  each  parameter  separately,  with  the  distinction  that  derivatives  of  the 
logarithm  of  the  likelihood  function  are  taken  at  a  point  corresponding  to  the  set 
of  measured  values  of  all  l  measured  parameters. 

Remember  that  in  the  one -dimensional  case  derivatives  with  respect  to  the 
parameter  were  taken  at  the  measured  value  of  the  measured  quantity,  and  all  the 
other  coordinates  were  considered  accurately  known .  The  shown  circumstance  is 
fundamental,  and  absence  of  selection  for  even  one  coordinate  leads  to  power  losses 
for  all  the  others.  In  radar  practice  such  a  law  is  well-known  (see  §  12.2).  I!', 

however,  matrix  K  is  nondiagonal,  then  it  is  necessary  additionally  to  21  quantities 
to  l'orm  in  general  l (l  -  l)/2  more  quantities,  showing  the  current  interconnection 
of  errors  of  separate  measurements  (and  of  the  very  signals  of  mismatches,  see 
below;  for  all  coordinates  with  connected  coding.  It  is  natural  that  such 
compll cation  leads  to  more  complicated  technical  solutions. 

/s 

The  dependence  of  s(t)  on  mismatches  X  -  X  in  general  is  nonlinear  and  very 
complicated .  However,  at  a  low  level  of  noises  this  linear  expansion  is  permissible 

*«=*<0+K(01M0-M0).  .  (12.2.21) 

wij*jre  < 


. 


ana  2L(  t.)  is  again  expressed  through  second  derivatives  with  respect  to  xi'1) ,  Xy  )  , 

In  viev;  of  the  speed  of  change  of  immaterial  parameters,  noises  t(  t)  according  to 
relationship  (lfe.J.l1!)  are  white  with  correlation  matrix  K(t)b(t  -  t) ,  Thereby 
K( t)  in  its  physical  meaning  is  the  average  gain  factor  of  the  a-th  (P-th)  output 
of  the  discriminator  with  respect  to  mismatch  of  the  P-th  (a-th)  parameter  and 
.-.linuX taueously  is  the  mutual  spectral  density  of  white  noises  of  the  a-th  and  P-th 
output.  If  we  recalculate  |(t)  to  the  input  of  the  discriminator,  we  shalL  have  a 

_  _A 

..ict,  of  quantities  H(t)  =  IftT  i{  t)  of  the  dimensionality  of  the  measured  parameters 
It  is  easy  to  prove  that  the  matrix  of  spectral  densities  H(l)  has  the  form 

A 

ieTt,  6(t  -  T),  i.e.,  Ryt)  ,  analogously  to  the  ..-alar  case,  lias  the  meaning  of 
tiie  matrix  of  equivalent,  spectral  densities  of  noises,  This  interpretation  of 
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—  1 

matrix  t( t)  is  the  most  important,  inasmuch  as  arbitrary  inertialess  matrix 
transformation  of  output  voltages  of  the  discriminator  changes  the  gain  factor 
with  respect  to  separate  parameters  and  the  level  of  output  noises,  but  does  not 
change  the  matrix  of  equivalent  noises  recalculated  to  the  input.  One  should 
compare  namely  this  matrix  with  the  matrix  of  spectral  densities  obtained  m  the 
practical  circuit  performing  the  same  function. 


Fig.  12.7.  Block  diagram  of  an  equivalent  linear 
tracking  system:  i)  subtractorj  2)  linear  filters 

l 

with  pulse  responses  £  «<•»<<.  5)  aiders  . 

Ml 

In  F.i'g,  12.7  is  the  block  diagram  of  a  linear  tracking  system,  in  its 
characteristics  absolutely  equivalent  to  the  optimum  meter  of  Fig.  12.6  with  small 
errors  of  reproduction  of  all  l  parameters,  when  approximation  (12. >,21)  is  valid, 

To  the  input  of  the  equivalent  system  there  are  fed  mixtures  of  "signals"  X(t.)  -  *rry 
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and  "interferences  "  T|(t).  The  matrix  of  pulse  responses  of  smoothing  circuits  is 


equal  to  c(/,  *)K0)=V  c™(t,  x)K?%)  I. 

'»=i  1 

Resultant  accuracy  of  measurement  for  any  variant  of  the  circuit  is  determined, 
analogously  to  Paragraph  6,6.2,  by  relationships 


M0=M0,  R,wr(<.  *)=c(i,  t), 
(0  —  c  (t,  t,  —g  (/,  t), 


(12.3.23) 


where  averaging  of  c(t,  t)  is  over  the  ensemble  of  input  mixtures. 

In  the  particular  case  when  the  random  component  of  elements  of  matrix  K(t) 
can  be  ignored,  accuracy  units  and  control  units  for  smoothing  circuits  disappear, 
nonrandom  pulse  responses  are  determined  by  equations  (1,2,3.19)  and  (12,3.20), 
where  K(t)  is  replaced  by  its  mean,  and  during  the  analysis  of  accuracy  properties 
of  the  meters  there  is  no  need  for  additional  averaging  of  c(t,  t) . 

We  shall  also  discuss  the  method  of  obtaining  functions  *(t)  and  K(t)  from  the 
form  of  the  likelihood  functional  of  al.l  the  input  signals.  As  also  in  the  one- 
dimensional  case,  the  likelihood  functional,  completely  accounting  for  properties 
of  the  whole  set  ^y(t),  can  usually  be  expressed  in  the  form 


*(y  (01  *<*))- 


—  exp  j/(x, 


X,  y )dx, 


■  (12.3.24) 


where  y(s),  M  s)  —  vector  functions,  considered  in  interval  s  £  (tQ,  r) . 
Then,  analogously  to  §  6.6 


y). 

^<,>=-s43*r,(,'V(ay)- 


(12.3.29) 


(12.3.26) 


If'  all  useful  components  of  input  mixtures  are  incoherent  pulse  .signals,  it  is 
necessary  to  produce  modification  of  the  method  of  synthesis,  analogously  to  §  6.6. 
The  optimum  meter  executes  operations  according  to  discrete  expression 


(12.3.27) 


Into  which  (12.3.11)  passes,  taking  into  account  the  diagonal  nature  of  complex 
matrix  A  with  respect  to  discrete  time  arguments.  By  and  one  should 
understand  quantities  grouped  in  a  period  of  repetition 


***  f  y)*. 

<*-Vr 


(12.3.28) 
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a* 

dh!*Wn 


(12,3.29) 


k(;9)= 


*r r 

f  /*(* t 

<*-i)  r. 


y)* 


(12. 3. 30) 


where  l  —  functions  in  the  expression  for  the  likelihood  functional 

kTr 

/>(y(0l>-(0)=exp  V  f  /*( t,  X,  y)<ft. 

*  (*-i)  t. 

Matrices  of  discrete  smoothing  circuits  are  determined  by  equations  analogous 
to  (6,6.20)  and  (6,6.22): 

C  +  CKR  — R,  \ 

C+CKG  =  G  )  (12. 3. 3i) 


or  in  expanded  form 


C+2  I  C*!"C=C 

c+i  £ 

/j»*  ■J,  1st 


(12.3.32) 


Further  concretization  of  the  problem  of  optimum  measurement  consists  in 
finding  the  concrete  form  of  the  operation  of  formation  of  z(t)  and  K(t),  the 
equipment  realization  of  these  operations,  and  establishment  of  the  algorithm  of 
smoothing  in  the  linear  filters. 

V/e  discuss  these  questions  in  subsequent  paragraphs. 


12.3.4,  Optimum  Nontracking  Multi-Dimensional  Meter 
Lot  us  consider  now  an  optimum  nontracking  meter  of  several  parameters.  The 
nontracking  variant  of  the  meter  is  synthesized  analogously  to  §  6.6,  Multiplying 
(12,3.10)  by  another  approximation  of  likelihood  function  (12.3.9)  and  transfoimin.;' 
the  logarithm  of  the  formed  expression,  we  have 

i»=V;  cn*Ahj(^-Xi)+x„.  (12.3.33) 

Si  I 

After  transition  to  continuous  observation  and  allowing  for  the  diagonal  nature 
of  matrix  A  for  time  arguments,  we  have  finally 


*  •  .  _  _ 

k(/)  =  jc((,  +  (12.3.34 ) 


or  in  expanded  form 

I  t  ,  l 


*<•>(/)  =  £  |j{£  «!•»(/,  X)^>(t)}x  +  («=  1 . i).  (12.3.39) 
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A  circuit  executing  operations  (I2.3.3A)  is  given  in  Pig.  12. B.  As  also  in 
the  one-dimensional  case,  here  there  an  set  off  a  multi-dimensional  estimator 
unit  1  which  gives  the  set  of  functions  \(a)(t)  and  K(a^(t)  and  a  matrix  of  linear 

t 

filters  3<  with  pulse  responses  We  indicate  that  the  estimator 

P»l 

unit  here  is  a  very  complicated  device  which  analizes  the  likelihood  function  for  all 
measured  parameters  in  the  whole  a  priori  domain  of  their  determination.  As  also 
in  the.  one-dimensional  case,  the  nontracking  circuit  somewhat  weakens  the  requirement 
on  the  magnitude  of  variance  of  the  initial  distribution  of  error  of  measurement, 
expanding  as  it  were  the  linear  section  of  the  characteristics  of  accuracy  of 
measurement  (12.3.23).  This  circumstance  is  very  important  in  the  stage  of  lock-on 
and  transition  to  precision  tracking.  In  a  number  of  cases  it  will  De  convenient 
to  combine  tracking  and  nontracking  circuits  for  separate  parameters. 
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12. 3. 9.  Optimum  Meter  of  Linear  Functionals  of  Parameters 

Very  often  in  radar  along  with  measurement  of  parameters  of  input  signals 

there  must  be  formed  several  linear  functionals  of  them  (derivatives,  expected 

values  of  parameters,  integrals,  and  so  forth) ,  Sometimes  meB.surement  of  linear 

functionals  is  the  basic  function  of  devices.  Therefore  the  problem  of  optimum 

me  as  .uvment  of  an  arbitrary  number  q  of  linear  functionals  <p(^(t)  of  1  parameters 
( n  \ 

> v  '(t)  coded  in  input  signals  is  important. 

The  consideration  below  in  many  respects  is  analogous  to  material  of  Paragraph 
6.6,8  describing  the  case  of  one  parameter  and  one  functional.  As  before  we 
assume  Gaussian  distribution  of  parameters  X^a^(t)  -nd  consequently,  also  of  ^^'-(t) 
The  relationship  between  column  vectors  of  functionals  qi(t)  arid  parameters 
A(t)  is  established  by  a  linear  matrix  integral  relationship 

T. 

f  (D  =  J  F  (T,  s)i.(s)ds  (12.3.36) 

and  is  wholly  determined  by  square  (q  x  l)  matrix  function  F(t,  s) , 

After  quantization  in  time  by  intervals  A  relationship  (12.3.30;  takes  form 


?  =  FJl, 


(1; 


3.37) 


or  in  expanded  form 


I  N. 


£’■=££  r=«A+i.), 

»=<  /*JV, 


(12.3.38) 


where  (p,  X  and  F  in  (12.3.37)  are  understood  as  complex  columns  and  the  matrix. 

Let  us  assume  that  the  input  signal  (signals)  y(t)  is  accessible  to  observation 
at  moments  t^,  tg,  . ..,  t-n  from  interval  (tQ,  t),  in  no  way  attached  to  moment 
T  =  tm,  the  argument  of  the  functional  cp^.  Then  mean  risk  in  the  quadratic  loss 
function  with  respect  to  errors  of  measurement  of  functionals  in  the  m-th  moment 
of  time  is  recorded  in  the  form 

R(P»  . yn\i\'\ .  Ox 

«.  mi 

XP,*..,? . O. . 

✓S  /N 

Varying  R(p^,  <p)  for  estimates  9,  we  have  the  system  of  equations 

5  (Tm  -  Tm)  P( ,  (ylM  P0  ,v„  Vi)(l)dk^0,  ( 1  -  ? .  '  ■ ) 

where  subscripts  in  the  likelihood  function  and  the  a  priori  distribution  signify 
the  number  of  moments  of  reading.  As  also  for  the  one -dimensional  case,  it  if: 
easy  to  prove  that  direct  formal  solution  of  (12. 3. 39), 
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!  : 
I  -i 


r»g 

^  f  &kP[l.«)(y|X)  P[ Q(Nt.N,)(ty  dl. 

4m  =»  _ 

J  ^>(l.«)(j|^)  ^0(A',.N,)(^')  ^ 


(12.3.40) 


in  general  is  unacceptable  in  view  of  disturbance  of  the  principle  of  physical 
realizability  of  the  optimum  operator.  In  other  words,  the  linear  functional  l1' 
of  the  optimum  estimate  of  the  parameters,  in  general,  is  not  the  optimum  estimate 
of  linear  functional  P. 

To  find  a  physically  realizable  solution  of  equation  (12.3.40)  we  again  assume 
that  for  f(y |X)  approximation  (12.3,8)  is  permissible.  Expansion  of  In  P(y  |X)  wo 
produce  at  the  point  of  the  current  physically  realizable  estimate  of  parameters, 
which  it  is  possible  to  demand  beforenand.  Permissibility  of  formation  and  use  in 
a  meter  of  functionals  as  auxiliary  functions  of  optimum  estimates  of  coded 
parameters  does  not  rai.se  doubts  either  theoretically  or  practically.  Substituting 
(12.3.3)  and  (12, 3, 1C)  in  (12.3.39)  and  integrating,  taking  into  account  the 
diagonal  nature  of  the  matrix  of  second  derivatives,  we  have 


£  f„,  {i. + £  e.,  (*■ + k,  (i,  -  Ml}= 

Af|  !=!  ^ 

=V  Bm»  Kk  (^>fc  —  +  £  Fro***- 


(12.3.41) 


Here  o  =  [V  +  Q]'1  -  inverse  matrix;  0  -  matrix  of  order  fi  x  (N?  -  N^)  ] ,  determined 


by  relationship 


__  f  1  <ik<n, 

<h  \  0  i,k  >  n\  i,  £<1. 


(12.3.42) 


Complex  matrix  B  is  determined  in  expanded  form  by  relationship 


V  FaiCn  1  <k<n, 


(12.3.43) 


A>/»;  A<  1. 


Prom  (12.3.43),  taking  into  account  values  of  0^  and  V^,  we  can  obtain 


equation 


Bwk+^  BmiKiRjk —  V  F 

1=1  (=.V, 


(12.3.44) 


relating  matrix  B, ^  with  the  correlation  matrix  of  parameters  R^  and  the  matrix 
function  of  +  ho  linear  functional  . 

Another  presentation  of  solution  (12.3.41)  lias  the  form 
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k~t  kxNi 


(12.3.4b) 


where  H^,.  is  connected  with  Bmk  by  relationship 

=  BraiKiGa, 


(12.3.46) 


v,i  0,,,  in 


turn  is  determined  through  R1W.  according  to  equations  (12.3.32), 


describing  the  optimum  meter  of  parameters  X(t)  themselves.  As  we  see,  the  ease  of 
many  functionals  and  parameters  formally  has  great  s'  iarity  with,  tne  one-aim-na loual 


Transition  to  continuous  observation  gives  reiatior.ship 


*  »  _  r, 

=  (  b  (T,  s)  {z ( s ) K (s) [X («)  —  *■(«)!} ds  +.J  F (T,  s)i (s) ds,  ( 12 . 3 . ^  7) 


where  transition  from  V  Kk,  and  P±k  to  z(t) ,  K(t),  b(T,  s)  and  F(t,  c)  in  tne 

light  o:'  results  of  Paragraph  12.3.3  does  not  require  explanation;  T  mA,  +  t.,, 
t  hi,  ■  t  ;  and  b(t.,  t.)  B.  .  -  matrix  function,  connected  with  R(t,  t)  by  an 
integral  equation  analogous  to  (12,3.44) : 


'  *> 

|(7\  x)+ £b (7\  s) K (s) R (s,  x)ds=j  F (7\  s)R(s,  x)ds. 


(12.3.40) 


In  order  not  to  encumber  our  account,  we  shall  not  give  the  expanded  circuit 
of  the  optimum  meter  of  functionals,  constructed  on  the  basis  of  relationship 
(12.3.47),  and  we  only  give  its  description.  It  contains  the  complete  block 
diagram  of  the  two-loop  variant  of  an  outimum  meter  of  X(t)  (see  Fig.  12.4).  From 
adders  of  internal  coupling  in. smoothing  circuits  there  are  made  l  taps  to  a 
square  matrix  of  (i  x  q)  special  smoothing  filters  with  pulse  responses 
bfap)(t,  -r )  (a  =  1,  ...,  q;  P  =  1,  1).  Output  signals  are  combined  in  q 

groups  according  to  the  number  of  measured  functionals,  after  which  they  ai  e  ado'. 


lo  ■  functions  V  f  *”’(/,  x)  rft.wh 

t. 


hic.n  are  results  ol  processing  a  priori  meet 


values  of  parameters  X(t)  by  matrix  function  P(t,  t) .  As  a  result  there  a.  formed 
optimum  estimates  of  functionals.  As  we  see,  as  compared  t„  the  case  of  measur' me,.; 

only  of  A(  t)  there  are  required  oompaia«/Av»xjf  >c*  . 

/win the r  modification  of  the  optimum  circuit  is  obtained  by  means  of  transit. on 

to  -on i nuous  observation  in  relatLonsliip  (12.3.4o): 
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»  '  r»  _ 

V  (T)  =  ji  h  (r,  s)  z  (s)  ds  -I-  jj  F  (T,  s)  X  (s)  ds. 


(12.3 .4y) 


It,  is  conveniently  comb  L  tie  cl  with  the  single -loop  variant  of  an  optimum  motor 
of  parameters  X(t)  (Fig.  12,5).  Output  voltages  of  discriminators  are  fed  to  a 
matrix  (L  X  q)  of  smoothing  circuits  with  pulse  response  h(T,  s),  satisfying  a 
relationship  analogous  to  (12.3.46): 


h(7\  x)  =  b(T,  t)+$b(7\  i)K(s)g(s.  t) ds, 


(12.3.60) 


where  g(t,  t)  is  determined  by  the  correlation  function  of  the  parameter  according 
to  equation  (12.3.32) . 

For  accuracy  of  measurement  of  the  set  of  linear  functionals  we  can  obtain 


the  following  formulas : 


«*Jb(/„  S)  F+  (/„  S)«fe. 

*9 

i)F +(r,  s)ds. 


(12.3.51) 


Thus,  for  optimum  measurement  of  linear  functionals  of  parameters  it  is 
necessary  to  Introduce  in  the  optimum  meter  directly  coded  parameters  of  two 
matrices  of  linear  filters:  one,  the  basic  one,  for  smoothing  of  data,  the  other 
for  transformation  of  a  priori  mean  value"..  Matrices  have  l  inputs  (from  the  number 
of  parameters)  and  q  outputs  (from  thv:  number  of  functionals).  Adding  output 
quantities  of  tnese  two  matrices,  we  have  optimum  estimates  of  the  functionals. 
Finding  the  first  of  these  matrices  from  the  concrete  correlation  matrix  of 
parameters  and  accuracy  properties  of  discriminator  is  a  separate  problem. 


12,3.6.  Optimum  Meter  of  Markovian  Parameters 
During  construction  of  a  meter  of  several  Markovian  parameters  we  use  the 
methods  offered  in  §  6.9.  We  start  from  the  case  of  discrete  observation  (a  pulse 
signal),  when  it  is  possible  to  use  the  relationship  for  final  a  posteriori 
probabilities 

^(^  +  J  =  ClP(yi>  +  ^„  +  1)Jp(Xn)W'(X„  +  I|M^n.  (12.3.52) 

generalizing  (6,5.24)  to  the  vector  ease.  Here  X ^  =  (x(^),  ,,,,  x.(1)}  ■-  column 
vector  of  the  measured  parameters  in  the  k-th  moment  of'  time;  P(X^)  —  it."  a  i  osier  i  or  i. 
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probability;  p(yn+1IVi)  —  the  likelihood  function  of  the  input  mixture  at  the 
(n  +  i)-th  moment  (period)  of  observation;  W(Xfi+^ |X^)  —  multi-dimensiona] 
probability  density  of  transition. 

Assuming  small  a  posteriori  inaccuracy,  vie  introduce  the  Gaussian  app  oximation 
of  P(Xk)  in  the  form 

P  (Xk)  =  [det  S,U1  k\~'h  X 

Xej^p^  — (i-fc  —  »  (12.3.53) 

where  SBHX  ^  —  matrix  of  second  moments  of  output  errors  in  the  k-th  moment; 

4>k  —  its  inverse  matrix; 

A 

Xk  —  column  vector  of  estimates  of  parameters. 

Approximation  of  the  likelihood  function  we  take  in  one  of  two  forms 

P( y*|X*)  «  P(y*|».*)  exp  5  (X„- X*)+  K* (Xk-  X*)},  (12 . 5 . w ) 


P(y*|M^P(y*|e  (X*_,))exp{z+  (XA  — e  (X*.,))  — 
-jftk  -  e  (£*.,))+  K,  (X*  -  c  (U-,))}.  ■ 


(12. 3. ’■5) 


In  the  first  case  the  expansion  of  In  is  conducted  near  the  maximum 

likelihood  estimate  \k,  and  in  the  second  it  is  at  point  e(X^_1),  determined  by- 
extrapolation  of  the  estimate  vector  from  the  preceding  moment  (e(X)  —  column 
vector  which  depends  on  column  vector  X  with  the  same  number  of  components) . 

It  is  necessary  to  further  definitize  the  form  of  the  multi-dimensional 
transition  function.  For  a  diffusion  vector  process  on  small  intervals  of  time 
this  Gaussian  approximation  is  permissible: 


V (Xn+l|Xn)  =  (2*r"2|det  2x(Xn)]-,/*  X 
Xexp[-~ i  e(Xn))+  E;’  (K)  <*.»+4-e  (Xn))j , 


(12.3, 


where  Z-,  (X)  =  ( X)  ||a  —  matrix  of  correlation  moments  of  random  variations  o: 

parameters  for  Interval  A,  in  the  first  approximation  of  proportional  multi¬ 
dimensional  coefficients  of  diffusion  B^a^(X);  2~^(X)  —  its  inverse  matrix. 

The  result  of  extrapolation  to  the  following  moment  in  tne  condition  an.au  l 
h  can  be  expressed  through  multi-dimensional  coefficients  of  drift  A 
roelves  to  terms  linear  in  time: 


.(«) 


(A 


e(X„)— Xn-f  a(X„),  a(X)={4<')(X) A . /4<1,(X)A}. 


(l'r'.t.ty) 
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We  expand  »(X)  at  the  estimate  point 

a(X)=a(i)  +  U(i)(>.  -X)A, 

where  U(fc)= 

We  substitute  (12.3.53) ,  (12.3.5*0  and  (12.3.56)  taking  into  account  (12.3  .37) 
and  (12.3.58)  in  (12.3.52).  Then  after  integration  and  equating  of  logarithms  of 
both  parts  of  the  resulting  expression  we  obtain  matrix  formulae. 

®,t^+,=[Q+(y  ®,-'  QW+^iy-1  [i»-f-«(U+  K»+1iH..  (12. 3. 59) 

<&»+,= (Q+  (K)  Q<X„)-h  (iB)l  -  ‘  +  K„+„  (12.3.80) 

where  Q(X)  =  I  +  U(X)A  —  extrapolation  matrix  of  partial  derivatives  of  the  new 
[  ()>  +  l)-st]  with  respect  to  the  old  (n-th)  values  of  parameters,  analogous  to  the 
scalar  factor  Q  in  (6.9.6)  and  (6.9.7). 

Relationships  (12,3.59)  and  (12.3.60)  are  completely  similar  to  (6.9.6)  and 
(O/'.y).  Thus  by  (12.3.59)  the  vector  of  the  (n  +  l)-st  estimates  will  be  formed 
by  weighted  addition  of  the  column  of  n-th  estimates,  anticipated  a  step,  and  the 
column  vector  of  the  new  measurements  X  The  matrix  weight  of  the  first  term 

is  determined  by  the  sum  of  the  extrapolated  matrix  of  output  errors  in  the 
preceding  moment  and  the  matrix  of  variances  of  expected  variations  of  the  parameter: 
The  weight  of  the  second  term  is  equal  to  matrix  Kn,  the  physical  meaning  of  which 
was  explained  in  detail  above,  "Information”  matrix  (the  inverse  of  correlation 
matrix  ZBHXii)  according  to  (12.3.60)  ,  n  every  step  changes  due  to  th  action  of 
three  factors  —  extrapolation,  random  changes  of  the  parameter  arid  new  incoming 
information  about  t be  parameters . 

W non  approximation  of  the  iikexinooa  function  is  conducted  according  to 
(11.3,9b),  relationship  (12,3.39)  is  replaced  by 

i<n+t  —  (kn)-t"  ^iux  (nf  1)  zn  +  t»  (12.3 .ml) 

where  J'Bllx(n+i)  “  ^n+q  is  calculated  again  by  (12.3.60).  Relationship  (12,3.61) 
is  the  vector  gene rail tat  ion  of  formulas  of  Chapter  VI  and  is  interpreted  the  same 
way . 

It  is  comparatively  simple  to  obtain  from  (12 ,3 . 59) -(12 . 3 .61)  differential 
equations  for  continuous  observation.  They  have  matrix  form: 

w  i  (t) = a  (£  (/)) + £,UI  < t )  K  (0  [i  (0  ~  X(01. 


square  matrix  depending  on  X. 


(12.3.62) 


(12.3.63) 

(12.3.64) 


4t  E.w  (0 = B  (£  (0)  -  S.HX  (0  K  (t)  s.«x  (0 + 

-fu  (£(<))!,«(/)+  •mi  (0U+(X(0). 
■£i(0=A(£(0)+W0*(0. 

but  physical  interpretation  of  them  practically  does  not  differ  from  the  scalar 
case.  Here  z(t),  K(t)  —  set  of  output  quantities  of  an  optimum  multi-dimensional 
discriminator  and  an  estimator  unit. 

Above  we'  nowhere  said  that  all  l  measured  parameters  have  to  be  coded  in  the 
received  signal  (signals);  there  should  only  be  sufficient  coordinates  of  the  set 
of  measured  quantities.  Parameters  x(^)(t),  . X^^(t)  can,  for  instance,  be 
broken  up  into  d  groups,  each  of  which  characterizes  one  parameter  actually  coded 
in  the  signal  p^^(t)  (i  =  1,  ...,  p).  In  a  particular  case  a.ll  Xix)(t)  .,,, 
x(l^(t)  may  be  sufficient  coordinates  of  one  parameter.  Thus,  if  distance  of  tne 
target  is  a  Markovian  process  of  the  third  order,  as  sufficient  (and  necessary  in 
the  process  of  smoothing)  coordinates  of  it  X^^(t),  x(^)(r,)  and  X^)(t)  there  can 
serve  distance,  speed  and  acceleration  at  a  certain  moment  of  the  value  of 
distance  in  three  different  moments  of  time  (for  instance,  the  current  signal 
period,  the  preceding  period,  and  the  one  preceding  it) .  In  such  cases  column 

A 

Zn  (or  Xn)  and  matrix  Kn  are  divided  into  p  blocks,  inside  which  only  one  element 
is  different  from  zero,  corresponding  practically  to  the  quantity  coded  in  the 
signal,  and  all  others  are  equal  to  zero.  This  does  not  lead  to  any  theoretical 
or  technical  difficulties' during  realization  of  the  meter. 

We  also  note  that  when  it  is  permissible  to  replace  K(t)  by  K,  and  matrices 
B(  X)  and  U(X)  do  not  depend  on  parameters,  behavior  of  the  output  correlation 
matrix  ^bux^^  ceases  to  depend  on  the  realization,  and  equation  (12.3.63)  can  bo 
solved  beforehand  in  principle.  As  a  result  the  operations  of  smoothing  reduce  t, 
(12.3.62)  or  (12,3.64),  where  ZBt;x(t)  —  a  certain  known  matrix  function.  This, 
naturally,  greatly  simplifies  the  technical  problem  of  construction  of  the  rtel.er. 

The  structure  of  the  closed  variant  of  a  multi-dimensional  meter  in  ap:  rox.i.ma 
tion  K(t)  «  K  is  shown  in  Fig.  12.9.  The  meter  consists  of  a  multi-dimens ioriai 
uiccv’im.i nator  1,  controlled  amplifiers  2  coefficients  of  which  2a^(t)  arc  issued 
by  the  unit  of  determination  of  errors  3,  adders  4,  integrators  3  and  a  unit  of  no 
linear  converters  C  Introducing  the  mean  value  of  drift  depending  upon  the  measure 
parameters.  As  we  see,  non]! inear ity  in  smoothing  circuits  remains  even  in  tide, 
simple  case. 
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Thus,  for  Markovian  parameters 
smoothing  circuits  of  the  meter  become 


in  general  nonlinear.  At  the  same 
time  elements  of  the  first  processing 
-multi-dimensional  discriminator  and 
accuracy  unit  —  remain  the  same  as 
for  Gaussian  parameters. 

The  statistical  synthesis  con¬ 
ducted  above  shows  that  a  meter  of 
several  parameters  (or  linear  func¬ 
tionals  of  them)  is  not  a  single  set 
of  independent  meters  of  separate 
parameters  ( functional)  .  Even  if 
it  is  possible  to  detect  in  the  joint 
discriminator  and  smoothing  circuits 
separate  elements  relating  to  mea¬ 
surement  of  only  one  parameter  there 


Fig,  l:-'!.9.  Optimum  multi-dimensional 

meter  of  Markovian  parameters:  1)  multi-  usually  remain  a  whole  series  of 
dimensional  discriminators;  2)  controlled 

amplifiers;  3)  units  of  determination  of  elements  necessary  lor  the  meter  as 

resultant  errors;  4)  adders;  3)  inte¬ 
grators;  6)  nonlinear  converters.  a  whole.  Internal  causes  of  the 

appearing  couplings  are  the  dependence  of  input  signals  immediately  on  several 

parameters,  interconnection  of  codings  of  parameters  in  signals  arid 

statistical  couplings  b..  Wji.n  the  parameters,  thcmsc  Lveo .  Equipment  couplings  are 

realized,  first,  in  the  multi-dimensional  d Lserlminator  (in  tne  form  of  common 

it  pit  terminals,  grouping  of  output  quantities  if  the  parameter  coded  in 


various  signals  differently,  arid  food  of  the  measured  values  of  parameters 
immediately  to  all  partial  discriminators)  and,  secondly,  in  smoothing  circuits 
(in  the  form  of  common  input  and  output  quantities),  Concretlration  of  tne  appearing 
couplings  is  given  in  subsequent  paragraphs,  where  {.here  in  conducted  particular 
synthesis  of  discriminators  and  smoothing  circuits  for  signals  and  parameters  with 
various  properties. 


§  12 .h  .  Synthesis  of  Mulll-hlmenslonai  Discriminators 
As  It.  vr  as  shown  in  §  12.3,  as  one  of  their  basic  elements  multi. -di  mens  tonal 
meters  contain  a  mui.  1 1  -d  linens  lone  l  (.joint,)  discriminator.  Mow  it  is  necessary  to 
detenu  i  no  general  rules  for  finding  operations  of  this  dl.vriin!nat.or  ( L,  n  i,d 


its  characteristics  K^a|3^  for  different  forms  of  input  signals.  As  also  for  one¬ 
dimensional  meters,  in  general  consideration  of  discriminators  at  the  base  of  our 
classification  we  place  statistical  properties  of  the  signal;  examples  of  measure- 
ment  of  concrete  parameters  will  be  studied  later. 

12.4.1.  Regular  Signals  in  White  Noises 
Let  us  assume  we  have  m  input  mixtures 

M0)  +  w*(0-(<-l,  2, . . . m), 

consisting  of  useful  signals  (^v(t-),  whose  form  for  fixed  X(t)  completely  is 
assigned,  and  noises  ^^n(t) .  Signals  depend  on  l  parameters  (X^(t), 
x(l)(t)]  =  X(t). 


Properties  of  noises  are  assigned  by  the  correlation  matrix 


(12.4 .1) 


Following  the  method  of  §  12. 3,  it  is  necessary  to  separate  from  the 
logarithm  of  the  likelihood  function,  during  Gaussian  noises  equal  to 

L(y(t),  M0)=~4  (V  Iy(<»)— V(/It  MWXWb(/1(  yi. y(U-y{tv 

I— i/3 

[¥„(<■.  tp)  -  function,  the  inverse  of  Roi(  t^,  tg)],  the  integrand 

.  *+t12 

/(y,  *;  0  =  — -jly (0  — V(/,X(0)]+  j  WB(/,  x)XlyW-v(^,  X(x))]dt.  (12.4.2) 

1-Nl 

After  differentiation  of  (12,4,2)  with  respect  to  X^a^  we  obtain  two  statistically 
equivalent  notations  of  the  a-th  operation  of  the  discriminator: 


J'\t) = _  |  Wm  (/,  x)  [y  (x)  -  V  (x.  i  (/))!  dx, 


(12.' .3) 


^(0  =  —  |y  (/)  —  V  (/,  X  (/))1+  j  Ww(/,x)  ^£—dx 


(12.4.4) 


which  can  be  interpreted  in  the  form  of  the  block  diagrams  of  Pigs.  12. in  and  12,11 . 
According  to  (12. 4, 3)  and  Fi".  12.:l<>  from  the  input  mixtures  there  are  subtract. eel 
known  forms  of  signals  with  the  value  of  parameters  equal  to  tho  measured  ones; 
then  UV'  differences  arc  passed  through  a  matrix  of  linear  filters  possessing 
m.hu! tor  properties  with  respect  to  interference.  Finally,  grouped  outputs  of  the 
matrix  of  filters  are  multiplied  by  the  derivatives  of  expected  forms  of  the  signal 
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I 


which  is  absolutely  equivalent  in  the  final  result. 

Elements  of  the  matrix  reflecting  accuracy  properties  of  the  discriminator 
are  expressed  through  second  derivatives  of  (12.4,2): 

TT 

lim  r  jj-£» V+  (*«• k)  Wm(t"  Q  v  *•)  dt'dt'  ( 12  • 4  -  ^ ) 

and  are  determined  by  properties  of  the  interference  and  the  signals.  Due  to 
possible  crosscorrelatedness  of  interferences  in  various  mixtures*  expressed 
in  the  nondiagonalness  of  matrices  V  t^,  tp)  and  Wm(t^,  t2),  for  diagonalness  of 
matrix  K  it  is  still  insufficient  that  each  signal  depends  on  only  one  parameter. 

/ 1  1  'l  (  ) 

Only  if  the  signals  are  broken  up  into  l  groups  '  ’  'v(t),  . ..,  v(t),  . 


v(t),  .... 


v(t)  (where  m^  +  +  ...  +  m^  =  m),  depending  each  on  its 


own  parameter,  and  noises  between  channels  are  not  correlated,  do  we  have 

Kw=rliraf  J^(a)v+(<„  (tv  ytldtv  (12.' "  .6) 

where  (°^v(t)  =  ((a,1)v(t),  a^v(t)}  —  signals  of  the  a-th  group. 

.  With  a  pulse  signal  with  period  Tr  only  the  form  of  operation  of  the  discrim¬ 
inator  changes: 


mTr 

■p-  if 

<*-f>rr 


-  wm(g  g  iy  (g  -  v  (tt\  (/*))]  at„ 


(12.4.7) 


which  includes  additionally  accumulation  inside  the  k-th  period.  Accuracy 
characteristic  (12.4.5)  remains  the  same  (for  T  =  T,). 

In  the  case  of  stationary  interferences,  by  introducing  their  spectral  matrix 
S,,(cn)  it  is  easy  to  obtain 


**  =  R-  j  ^rV(«; i)S-'(*)[\(»)-V{»;i)\d',r 


(12.4.3) 


where  V(o>),  Y(m)  -  columns  of  spectra  of  signals  v(t)  and  input  realizations  y(t) 
in  the  k-t.h  period. 

Formula  (12.4,8)  graphically  illustrates  rejector  properties  of  the  matrix  of 
filters. 


12.4.2.  Gaussian  Coherent  Signals 

As  also  in  §  f. 7,  for  generality  we  consider  the  case  when  each  of  the  input 
voltages  has  the  form 
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(12.4.9) 


U)y  <0=S k  W>(/)£*  (0«»  IV  +(/)?a  (0 + 

*»i 

+'%(<;  Jt(0)]+<y>«(0(/=l . m), 

i.e.,  consists  of  a  whole  set  of  po.  differently  modulated,  components  with  various 

O 

correlation  properties,  depending  in  this  case  on  several  parameters  X(t)  = 
s  (\(^)(t),  ...,  and  white  noises  (^n(t)  .  The  whole  set  of  functions 

(12.4.9)  can  be  presented  in  the  form 

y(/)  =  Re{U  +  (/;),{f))8(0e^}  +  n(0.  (l2.4.1o) 

•where  U(t)  —  complex  nearly  diagonal  matrix  of  coefficients  of  modulation  u(t), 
whose  j-th  diagonal  element  is  column 

. <%,,(<)}. 

where  (t)  =  ^^ua^(t)  exp  (i^'^^^(t)  };  0(t)  -  complex  column  vector  whose 

j-th  s ubc oiur.in  element  is  set 

(0  —  {< >'»£, (/) e 

reflecting  random  modulations;  y(t),  n(t)  —  simple  column  vectors  of  order  (m  x  1), 
composed  of  input  realizations  ^^y(t)  and  noises  ^L,ln(t)*  The  correlation  matrix 
of  the  whole  set  of  mixtures  (12.4.9)  is  equal  to 


R  (/„  /,)  =  yftJFfij  -  Re  {u  (<„  X)  r  (h  -  g  X  V*  (/,.  X)  e'*'1  -'•>}  +N5  (*,  -  g,  ( 12 . 4  .  n ) 


wll 


1./ 


ere  r(t^  -  tg)  =  ph  (  L^) 6  '  ( i.  )  —  complex  matrix  function  of  order 


with  .-.ubmatrix  elements  (^^(t^  -  tg)  ••  il  ^ iJ  ^  rpq( ’-q  "  wnero  i'^rpq(ti-  ~  lg) 

is  the  function  of  crosscorrelation  of  random  processes  (t^)  ^^(iq)  a:ui 

^E^(t0)  '^4q(t2)»  considered  stationary.  Matrix  H  in  (12.4.11)  is  the 

matrix  of  spectral  densities  of  white  noises,  as  also  in  Paragraph  12. and  is 
not  necessarily  diagonal. 

Matrix  W(t.,  t,.,),  the  reciprocal  of  (12.4.11),  which  is  necessary  for  con- 
struction  of  the  1 1 reiihood  functional,  as  also  in  §  C.7  is  sought  in  the  form 

W(g  g  —  —  Re  {N-  w  (<„  g  U*  (g  N- +  N~  *8  (/,  -  it),  (-•■'.  i  ) 

from  which  for  auxiliary  matrix  function  w( t^  t?) ,  structurally  similar  to 
r(t„  -  t,,-),  we  have  .integral  equation 

'1  C. 
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J  r  (/,  —  s)  B,  (s)  w  ( s ,  tt)  ds  +  vt  ( tit  tt)  —  r  (f,  —  /,), 


(12.4.13) 


where  Br(s)  =  U  (s)H-1U+(s)  ~  matrix,  determined  by  the  form  of  regular  modulations 
and  power  properties  of  the  signals. 

Assuming  modulation  of  all  separate  components  of  mixtures  to  be  rapidly 
changing,  it  is  possible  to  average  Bq(s)  over  the  time  under  the  sign  of  the 
integral,  introducing  constant  matrix 


r 

C  U#(s)N-‘U+(s)ds. 
T*m>  '  J 


(12.4  ,i'i ; 


The  hi  the  Fourier  transform  from  w(  ,  t,.)  =  *»(t^  -  tg)  will  be  expressed  in  the 


w(«)=[i  +  4sc(®)B.]",So(<»), 


(12,4.15) 


where  3  (v>)  —  spectral  matrix  of  fluctations  of  the  whole;  set  of  useful  signals 

C  1 

(l.o.,  the  Fourier  transform  from  r(t)].  Thus, 

*(y»M)= const  £  £  £  f  (<)«M*>.M*.))X 

J,i=|  *=|<=1  /. 

/ 


X  (t  —  X,)  COS  u>„p  (t  —  x,)  dx,  j  0)Xl  (x„  X  (x,))>< 
X  {<J)h(*l(t  —  x,)  cosu),jp  (t  —  X,)  dxt. 


(12,4 .It) 


Wx*  ( t ,  =  (t,  X)  cos IK+  •.„)/  -f  *  (0)1 

Is  the  result  of  correlation  processing  of  the  i-th  mixture  for  the  j-.urpol«*  of 
sing ling  out  IT' vn  it  the  k-th  component  of  the  signal  and  with  simultaneous 
transfer  of  oscillations  to  Intermediate  frequency  o>  ,  Pulse  response  envelope;: 
^h(|'(t)  and  ^hp£-)(t)  are  selected  physically  realisable  and  such  that  this 
equality  is  satisfied: 


+00 


(1‘-  .4 .17 ) 


1" re  (^w.  (u>)  —  element  of  complex  matrix  w('Jo) ,  determine 


d  by  re  la  t  lonsh.1  p 


(12.4  ,1‘.) 


Operation  of  the  discriminator  when  generalized  signal-to-nol.se  ratios  no  not 
depend  on  X(t)  is  expressed  by  a  formula  obtained  by  differentiation  of  (1',;  .1';; 
with  respect  to 
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m  Pj  t 


*«•»(/)= const  W'{i)Xkb"  *'(x‘)l(,j>A(>-'t.)X 

t 

X  cos  «„  (/  -  X.)  dx,  jmxt  i  K)l< « »h™(i -*,)x 

X  COS  «np  (f  —  xt)  dxv 


(18,4  ,  1 M  ) 


Examples  of  optimum  processing  of  several  input  signals  already  were,  given 
in  the  preceding  chapters;  therefore  in  view  of  the  excessive  generality  of  case 
(I'd. 4. 18)  the  circuit  of-  the  discriminators  is  best,  given  only  in  the  study  of 
concrete  examples. 

For  matrix  element  KTty  =  k  in  the  most  .general  case  of  a  set,  of  normal 
processes  with  correlation  matrix  R(t^,  w,;  X)  and  its  reciprocal  W(t^,  tgj  X)  vr 
have  a  formula,  analogous  to  (6.7.65): 

^’--lira^jjspur  t,;X)  XjjjfiR+Vt'k  = 

0  0 

T  7  (12.4 .19) 

— -  w  J  J sPur w ('•■ •  V  *.?*> ) <M<.- 

0  0 

In  the  considered  case  this  gives 

/C<B”==Hui  Re  dr  J  j  spur  {tf*>(0  w  (tt  ~  tt)  B.r  (tt  -  /,)  + 

0  0 

+  Bf  tyt)  w  (ty  - 1,)  r  (/,  /,)}  dtxdtv 


who  re 


BjM(0  =  -Ji,  V (/,  *)N-  ^  U+(/.  X), 


are  matrices  structurally  similar  to  matrix  EQ, 
If  there  exist  constant  limits 


( 1 2 .  4  .  ?c  ) 


(12,4 . 81 ) 


0 

lim  ^(t)  dt  =  , 


(12.4.82) 


taking  into  account  (12,4,1b)  we  can  simplify  relationship  (12.4.80) 
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tf*,S=3-r  Jspur{[l+4-So(«)B.]  'ScHX  (B0S»Bf»+B^HB<-,]Jd«,.  (12. 4. 25) 

-•0 

For  the  simple  example  when  p^  =  1,  M  =  NQI,  and  power  of  the  i-th  signal  is  P,, 


/  P.P, 


so  tha 


where 


(ilt)s  c  (»)  -^sr^oM  (so(°)  "  i)>  we  have 


K<“p> = ^\U)  /,  (A*,  S,), 

t  _  1  +*  S§(o>)  do> 

*  J  i  +"*,s.(«)' * 

—00 

»«'=Um-L  f  £  «,  [*■'“.  (!) 

4.  <*>as  (t) 

^  « U  dXO 


(12.4.24) 


_  ax<*> 

0*=1 

*kH »</)  <**4(0  1^. 

d&)  \  ' 

T  m 


0  A=l 


fft  m 

a*  =  P*/£  />,;  A,  =  2  P</2N,Af c . 


i=i 


1= 1 


(12.4 ,2'..; 


A  sufficient  (but  not  necessary)  condition  of  diagonalness  of  matrix  K  here 
is  the  presence  in  each  signal  of  only  amplitude  or  only  phase  modulation,  depending 
on  no  more  than  one  parameter.  But  this  diagonalness  can  also  be  observed  on 
average  in  a  number  of  other  cases. 

Absolutely  in  that  same  plan  we  can  consider  the  case  of  weakly  correlated 
sendings  of  a  coherent  pulse  signal  (see  §  6.7).  Subsequently  we  shall  only  discuss 
the  limiting  case  of  incoherent  independently  fluctuating  Gaussian  sendings. 

12.4.5.  Gaussian  Uncorrelated  Sendings 
Let  us  consider  again  the  case  of  many  input  mixtures  (^)y(t)  (1=1,  ...,  m), 

each  of  which  can  contain  a  whole  series  of  useful  components,  possibly,  with 
different,  forms  of  modulation.  In  distinction  from  Paragraph  12.4.2  we  assume  that 
fluctuations  of  useful  components  are  independent  from  period  to  period,  but  inside 
the  period  are  completely  correlated.  Interferences  in  ail  mixtures  we  shall 
considt-  white  noises.  Such  a  model  is  valid  to  equal  measure,  for  coherent  and 
incoherent  signals,  since  additional  phase  shift  from  incoherence  already  "Langes 
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-Li. 


nothing  in  the  case  of  absence  ol'  correlation  of  fluctuations  of  signals  in 
neighboring  periods.  With  these  assumptions  it  is  possible  to  conduct  synthesis 
of  circuits,  considering  separate  periods  of  repetition.  Construction  of  the 
likelihood  function  in  this  case  is  conducted  analogously  to  Paragraph  12,4.2. 
The  column  of  the  set  of  mixtures  in  a  separate  period  will  take  form 


y(0  =  Re{U0+(0  Oe'-'}+n  (/). 


(12.4 ,2b) 


where  Un(t)  —  nearly  diagonal  matrix  of  coefficients  of  regular  modulation  in  one 
period; 

0  —  complex  column- vector  of  their  random  amplitudes  and  phases: 

=  {£^efT  1  , . . (in  distinction  from  Paragraph.  12.4,2  it:- 
is  constant  inside  the  period); 
n(t)  —  column  vector  of  white  noises. 

The  correlation  matrix  of  mixtures  and  its  reciprocal  can  be.  recorded 

R  (t„  /,)  =  Re  {U>.)  rU*  -f  NS  (f,  -  /,), 

W  (/„  /,)  =  -  Re  {N-  >U0f(/t)  [l  + 1  rBt  ]  "'rUj  (tt)  X 

X N  “e**'1  •  /,),  ( 1  2 * 4  • 27 ) 


where  r  —  matrix 


{m  m  \ 

<=i  i-i  j 

B,==-t  jUo  (s)N-‘U#+(s)rfs. 


orrelation  between  all  components  of  mixtures; 

(12.4 .21) 


In  the  correlation  variant  the  operation  of  the  discriminator  according  to 
(12.4.27)  has  form 

m  ft  Pj  f. 


z,m)— const 


2  £  JJ'^r  xj  -sajj^+foK*.^  f  *2p 

/./Si  *=i  f5 f  1  Jo  o  o  o 


)*■ 


dt. 


wne  re 


(<)Sk(t,  y(tyn  «,*(/,  X)sin  [.,<  +  <%<*,  *-)). 

<  *  >Ck  (t,  K)  =  «>y  (()<  * )  uak  (t,  X)  cos  [m,t  +  <>%(/,  X)] 

are  results  of  correlation  processing. 

An  clement  of  matrix  E  by  the  foraula  (12.4 .19)  can  easily  be  reduced  to  a 

form  analogous  to  (12.4.23): 


K(a,)=  spur {[ I  +  {rB0  ]"'r  [B0rB<*»+ Bf»rB{H|  J . 


(12.4.29) 


where 
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r  T 

_ L  f (s) N-,l]*+(s)ds  ff*M. _ —  ■  -—ds 

'<  ”  T,  d\<->  0  ('  ’  '  1  ~~  Tr  j  dk<*>  d\W 


(12.4.30) 


are  matrices,  reflecting  the  coding  of  measured  quantities  in  regular  modulation 
of  components  of  mixtures, 

I  1  that  particular  case  when  the  mixtures  contain  only  one  useful  component 
..  acii,  where  these  components  are  completely  correlated,  and  whi  ‘  e  noises  are 
independent,  K^01^  again  is  expressed  by  formula  (12.4.24),  where  is  replaced  by 


<1+71)7%  * 


(12,4.31) 


and  Qt - 


is  the  ratio  of  total  energy  of  the  useful  signal  In  all  channels 


to  the  inten&ity  of  white  noise  in  one  of  them. 


12.4.4.  Methods  of  Approximation  for  Construction  of  Discriminators 
and  the  Method  of  Comparison  of  performance  of  Circuits 

As  also  In  the  one-dimenslonal  case,  in  engineering  applications  permissible 

and  inevitable  are  certain  deviations  from  optimum  processing  during  realization 

of  discriminators,  hopefully  close  to  optimum.  In  particular,  a  natural  method  of 

forming  a  discriminator  is  replacement  of  the  exact  expression  for  the  derivative  of 

/  3  \ 

P(y |X)  with  respect  to  X'  '  by  a  finite  difference 


>**w  -  s*  ['  ('•  y- ‘  ■ + nr)  ■ - '  ('• *• *■  - T)]  ■ ■ 


(12  -.32; 


where  detuning  Is  Implied  performed  only  with  respect  to  the  a-th  parameter  by  a 

■i  .antity  smaller  than  .he  width  of  the  peak  of  autocorrelation  of  the  signal  with 

respect  to  ,  If  it  is  technically  difficult  to  have  two  channels  at  once,  in 

a  number  of  cases,  it  is  permissible  to  use  one,  alternately  detuning  it  in  difi  tivr.1 

directions  from  the  measured  value  of  some  parameter.  In  principle  during 

realization  of  a  multi -dimensional  discriminator  of  l  parameters  it  is  possible  to 

use  just  one  channel  if  we  select  a  switching  function,  which  as  it  were  "examines" 

f  \ 

j.ui..ts  of  the  likelihood  function  removed  small  magnitudes  of  ±L> '  '  (a  1,  l, 

/\ 

from  '  (f)  (•(■•nsec.utl.vely  for  all  parameters. 

ilontri  vial  in  the  multi-dimensional  case  is  t-qc»  question  of  comparison  of 
different  circuits  of  discriminators,  close  to  optimum  or  far  from  them,  by  U,.'r 
accuracy  characteristics.  As  was  shown  in  Paragraph  12.2.3,  these  characteristics 
are  tie  sc:  rib-  d  by  the  matrix  of  equivalent  sprctral  densities  K  1  in  the  optiimun 
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~'”gp- 


•frpswy-  -  .mf™ 


niayia 


i 

|  _  ^  “1.4* 

{  ’  case  and  matrix  Ss.{B  =  K^  8qK^  in  the  general  case.  The  geometric  Interpretation 

j  of  these  matrices  can  be,  as  it  if  known,  an  ellipsoid  of  dispersion  in  the  param- 

i  star  space  with  the  same  second  r>-  on  all  axes.  The  first  rough  method  of 

comparison  of  geometric  dimensio.  n.e  ellipsoid  Is  comparison  of  morner  on  the 

1  axes  x(°)  (a  =  1,  1)  without  taking  into  account  mixed  moments,  Tn  If  is 

;  sequential  comparison  of  diagonal  elements  of  two  matrices.  If  we  need  more 

i  precise  comparison  it  is  possible  to  compare  volumes  of  the  ellipeoids,  expressed 

through  determinants  of  the  matrices.  If  both  these  methods  indicate  approximate 
coincidence  of  SaKB  with  K  ,  further  attempts  to  improve  processing,  naturally,  arc 
:  unnecessary. 

§  1 2 o •  Synthesis  of  Smoothing  Circuits  and 
Resultant  Accuracy  of  Measurement 

As  also  in  the  one-dimensional  case,  synthesis  of  smoothing  circuits  is  analogous 
I  (for  the  two-loop  variant  of  the  meter)  to  synthesis  of  multi-dimensional  Wiener 

l 

j  filters.  However  the  equivalent  Wiene problem  Is  very  complicated,  inasmuch  as  in  it 

I  it.  is  necessary  to  consider  the  interconnection  not  only  of  measured  parameters, 

f 

i  but,  a, iso  of  interferences  superimposed  on  them.  Such  questions  have  been 

'  insufficiently  studied  in  the  literature.  Therefore,  the  material  below  is 

i 

i  i  arranged  iri  separate  parts  so  that,  it  will  be  useful  to  those  who  are  'Interested 

I  I 

j  |  in  the  purely  Wiener  problem.  Different  classes  of  correlation  matrices  studied 

j  1  below  arc  fully  analogous  to  different  correlation  functions  of  the  measured 

parameters  considered  for  the  one -d iron  .clonal  case  in  §  t  .8. 

:  12.8.1.  Parameters  —  Random  Processes  with  Stationary  Increments 

;  We  start  our  consideration  with  the  case  of  stationary  random  processes, 

;  included  as  a  subclass  in  random  processes  with  stationary  increments.  Equation 

i 

j  ‘  (12.3.19)  for  JfftJ  =  K  here  has  the  form 

c (t,  s)KR(s  —  t)ds  =  R(<  —  t)  (12.3.1) 

*  and  is  an  integral  matrix  equation  (or  system  of  integral  equations)  wltn  a  nucleus 

depending  on  the  difference  of  arguments.  Methods  of  solution::  of  such  equations 

I 

:  were  studied,  for  instance,  in  [93].  Exact  solution  for  an  arbitrary  time  of 

& 

observation  in  principle  can  be  obtained  by  a  method  analogous  to  that  described  in 

l 

j'  §  6,0,  i.e,,  by  transition  to  the  proper  system  of  differential  equations.  However 

i 

5  to  solve  these  equations  is  complicated  even  in  the  case  of  two  parameters. 

|  Therefore,  It  is  useful  to  immediately  pass  to  a  study  of  limiting  operators, 

l 
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corresponding  to  a  time  of  observation  large  as  compared  to  the  interval  of 
correlation  >f  parameters.,  when  equation  (12.5.1)  passes  into  the  matrix  general¬ 
ization  of  the  Wiener-Hopf  equation: 


C(/)  +  Jc(*)KR(<-T)rfx=R(0  </><>).  (12.5-2) 

inasmuch  as  c(t)  'is  sought  as  a  function  of  the  difference  of  its  own  arguments. 
Idrect  application  of  Fourier  transformation  to  (12.5.2)  leads  to  a  solution  in 
the  class  of  physically  unrealizable  filters,  for  which  C(t)  ^  0  when  t  <  0.* 

To  find  a  physically  realizable  solution  in  the  literature  there  have  been 
offered  several  methods.  Below  we  give  them  names,  not  to  any  extent  conventional, 
a.  The  method  of  factoring  a  matrix  [55,  5^ ]>  having  the  most  general 

+00 

significance's  based  on  presentation  I  +  KS(o>)j  where  S(«>)—  ^  R(f)e~**d/  is  the 

—00 

spectral  matrix  of  parameters,  in  the  form  of  the  product 


i  +  ks(®)==v+(«d)»f_(«).  (i2.5.;) 

where  ¥_(aj),  Y+(ui)  —  matrix  functions  with  analytic  elements  and  determinants 
differing  from  zero  correspondingly  in  the  upper  and  lower  naif-planes  of  the 
complex  variable  u>. 

The  fundamental  potential  of  factoring  is  proved  with  very  wide  assumptions 
about  matrix  I  +  KS(m) .  The  physically  realizable  solution  of  (12.5,2)  has  Fourier 
transform 


+  00 

*rlmldt  j  e,«'itos(ii)r,(#)y;,(«)l  (12. 5. *) 

whore  f  J  signifies  the  operation  of  taking  that  part  of  the  expression  in 
parentheses  which  has  poles  only  in  the  upper  half-plane  of  cd.  Analy tically, 
forming  of  C(i'-s)  from  the  factored  matrix  is  presented  in  (12,5,4)  by  two  Integra.; 

Practically,  however,  factoring  of  (12.5.3)  is  a  difficult  problem.  With 
rational  spectral  matrices,  the  most  Important  for  applications, a  series  of  oth'-r 
me ‘hods  turn  out  to  be  more  convenient. 

b.  The  method  of  factoring  the  determinant  [57]  is  based  on  the  expansion 


00 

C  («•«)= [s  H  Hr:'  (•)]+  v;’  («) =-^5 

0 


det  (I  -f  KS  («)]  =  <j>+  (to)  (J».  (»),  (i2.5. 5 ) 


where  ('-n)  —  scalar  factors  with  the  same  properties,  as  ¥  (w)  In 


*  In  principle  operations  of  "physically  unrealizable"  filters  can  be  executes 
by  means  of  recording  the  input  realization  and  subsequent  processing,  but  we  are’ 
interests  1  in  filtration  with  direct  delivery  of  the  result. 


— wiwJ 


(12. 3.5).  The  solution  has  the  form 

C(i«,)  =  [S(o))lI  +  KS(«)l-*K(»)U 


*+(•)+*+<«)  <+(*")' 


(12. 5.6) 


where  Cq(1<u)  —  matrix  with  elements  in  the  form  ; 


»-T< 


yi  “  thr:  Pole  of  matrix  [I  +  KS (u')  ]"1^+(cu)V'_(ui)  in  the  upper  half-plane 

of  CD; 

A^^  -  undetermined  factors,  selected  from  condition 

(C  (h)  [I  -f  KS  HU = (s  H]+.  ( 12 .  b .  7 ) 

c.  The  method  of  undetermined  coefficients  fbdj  consists  of  seeking.  c^a^^(ia) 


in  the  form  of  rational  functions  of 


ri 

/  J  m  • 

*=i  n  (“— 1‘) 


whe  re  7 . 

'  3 


all  zeroes  of  the 


1=1 


numerator  of  ^+(u>)  from  (12. b.5).  Undetermined  factors  will  be  selected 

from  the  condition  of  turning  into  zero  after  reduction  to  common  denominators  of 
all  numerators  of  elements  of  matrix  C(i^)  [I  +  Kfl(a;)  ]  -  S(u>)  at  points  o>  =  y  and 
=  °i>  where  6^  -  pole  of  elements  S(.o)  in  the  upper  half-plane. 

Formulas  (12 .5 .3) - (12. b .7)  are  applicable  also  to  the  general  case  of  param¬ 
eters  with  stationary  increments  of  the  k-th  order  if  we  introduce  their  spectral 
densities  according  to  [59]  and  during  factoring  expand  factors  o2k  in  denominators 
of  elements  and  the  determinant  of  I  +  as  u>2k  -  (io)k(-i«u)k.  it  sometimes  is 

more  convenient  to  consider  pro  coses  with  c  tat  ionary  increments  as  limits  from 
certain  stationary  processes  with  the  same  orders  of  denominators  of  the  spectral 
matrix  and  to  pass  to  the  limit  after  obtaining  the  solution  of  (l 2,5,4)  for 
au  i  1  i  <uy  p  roe  esses. 

As  a  first  example  we  shall  consider  a  joint  meter  of  l  parameters  in  the 
form  of  stationary  processes  of  very  simple  form  with  complete  correlation,  wh<  re 

;:(apj('-ii)  -  °a°p[i  +  u^ur1. 

it  is  easy  to  obtain 


Seeking  our  solution  in  the  form  C(ioi)  =  c(  icu)  ll°aOpl 


WIK«. 


«W-jiTSgfa».  z-dl&l 
tSb&h-  «=1 /  I+M-'S  Av 

f  M-i 


(12.5,8) 


Smoothing  circuits  (Fig.  12.12)  consist  hem  of  l  inertialess  input  amplifiers, 
an  adder,  a  common  first-order  link  (kC-cireuil)  with  time  constant  T,  met  in  the 
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spectral  matrix,  and  l  inertialess 


Pig,  12,12,  Smoothing  circuits  for  sta¬ 
tionary  parameters  with  total  correlation; 
1,  4)  inertialess  amplifiers;  2)  adder; 

3)  inertial  link;  of  the  first  order. 


output  amplifiers.  As  compared  to 
separate  measurement  of  the  a-th 
parameter  in  the  shown  circuit  we  can 
obtain  gain  in  variaroe  of  a  factor 

(1+2T  V  X0+2r*<“>V)-'/2 

•!»=i 

< 

considerable  when  £  > 

£>  1 ,  i.e.,  when  the  a-th 

parameter  has  smaller  Variance,  and 


its  coding  in  the  signal  is  more  strongly  suppressed  by  interferences  than  for 


other  parameters. 

A  second  example  pertains  to  the  analogous  case  of  l  parameters  in  the  form  of 
Wiener  processes  with  total  correlation,  when  .  The  same  method 
we  obtain 


V  K(l,)  VB^  +  IO 

tl*31  „  _ _ 

VB.B. 


}VMl, 

im 


MUZ  ■ 


s  *"Vvr 

i,»«i 


(12.5.9) 


Change  of  structure  of  the  smoothing -circuits  as  compared  to  Fig.  12.12  consists 
only  in  replacement  of  the  common.  RC-circuit  by  an  ideal  integrator.  Great  gain  in 
accuracy  as  compared  to  separate  measurement  of  the  a-th  parameter  is  observed  when 

«.p=i 


A  third  exarriple  pertains  to  simultaneous  measurement  of  a  parameter  in  the  form 
of  a  Wiener  process  and  the  integral  of  it,  when  the  correlation  matrix  has  the  form 


S(®)  = 


B/«* 

«/«#• 

—  iDjtc ’ 

Bj  u4 

(  i  2  .  .  1  > 


By  uiu  method  of  undetermined  coefficients  with  diagonalness  of  matrix  K  wo  .at. 
cbta in 
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C  (M  — - - -  —  — —  X 

y  J  (gi  +  gt)  l«»  +  /gi+gt  i «  +  («»)*1 

gt  4-  Ygx  +  gt  <«  _ 

Vg\ +2gi  +  ‘»  -- -f  iu 

v  _.  A  /  *1  +2fr  1 

“*  *+*»  l  Ygx+lgxtZt  ' 


G  (i»)  K 


g  i  /gi  +  2ft  j»  «L 

ft  +  gt  <«  gi  +  gt  _ 

g,  /g,  -f  2gi  -f  /  a>  _Jj__  gt  +  Vg,+  2e,l<* 
gi  +  gt  0*)‘  gt+gt  (<*»)' 


(12. 'j  .11 ) 

(1?.5.1>) 

.i;} 


where  6j  =  B^,  gp  -  (DK2)1/&. 

According  to  (12.5.13)  smoothing  circuits  of  the  single-loot,  variant.  of  fis- 

meter  have  the  form  of  Pig.  12,13.  The  estimate  of  the  Wiener  proeecfi  Wl.i  I  bo 

formed  by  integration  (with  various 

aitipl  if  icat  ion)  of  both  output  volt  .nic- n  o*‘ 

the  discriminator  and  addition  of  the 

results;  obtaining  of  the  estimate  of  the 

integral  of  tnc  first  param-ter  anticipates 

tranr.iiil i  on  c.f  out], tit  ■''oil, ages  of  Jnfc- 

P li.'. .  12.13.  .Smoothing  circuits  for  graturs  through  additional  Integrator;;  v/ltii 

meter  of  position  and  speed;  1)  iner- 

tialess  amplifiers;  2)  integrators;  correcting  RC-c Lrculti;  with  time  constant!: 

3,  ■>)  add-rr.;  'I)  integrators  with 

correction.  [t*  H  fv.,, '  '  utn  (g.j  -t  ?g,j  ■rit,  anu 

again  addition  of  rorejd r  .  deduction  of 

smoothing  circuits  tor  '■tu.u.,.  of  up],  rear.  ■  on 

by  noises  of  the  coding  of  oik.  of  the 

parameters  (K^  »  0,  K^,  /  u  or 

Pig.  12.1‘i.  simplified  smoothing  K,,  »  u)  is  presented  Jr,  Fig.  12,1.4,  i>..w.v 

c  1.r"uitas  1)  inert  laics  a  amplifier;  c- 

2)  Integrator;  3)  integrator  with  only  when  K.  t>,  Kn  /  o  do  all  error-,  of 

correction,  -1  ' 

measurement  remain  finite;  it.  Uk  oppot 1  :e 

case  (k;L  /  0,  K.,  «  o)  finite  only  in  error  of  measurement  of  the  Wiener  process, 

while  urro"  of  da  termination  of  the  integral  of  it,  ('rows  Irif  ini*  t-J.y  In  t  1:ik  ,  This 

corresponds  to  a  phenomenon  known  Jn  technology,  uonr.i ting  In  the  I'tuti.  ttia' 


ini.e^tat ion  of  speed  for  determination  of  a  coordinal 
increase  of  error. 


IC'&r if;  to  m  » if  r  irrij  ,r -r ,  r  mi, 

I 


In  the  general  case  (K^  /  O,  K.j  /  o)  the  gain  as  "ompared  t.o  ‘.ir  da:.-  <d 
separate  -losing  of  smoothing  oircu.Ha  Is  given  by  I'ormwJar 
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•+S 


(*f)ptai 


,+£ 


(*?)>««*  _ _ _ 

(«|)#»»«  j  <•*)«»•«  ^.^IL 


(12.5.14) 


Depending  upon  ratio  g^/g^  It  is 
ODserved  for  the  first  or  second  parameters, 


and  when  max  Jfi  1  i 

I**  *r 

(Fig.  12.15). 


it  Is  very  marked 


We  shall  also  consider  parameters  in 
the  form  of  correlated  Wiener  processes 
with  spectral  matrix 


S(®)= 


a, 


Kfl.B, 


(12.5.15) 


Fig.  12.1Q,  Oaln  in  variance  during 
Joint  meanurement, 


yiffit  h~ 

•  «» 

with  arbitrary  interconnection  of  codings 


R_  X,  *YKxKt 

IvVXtfi  x, 


Coefflcicnti)  of  matrices  C(l<e),  £By^  anfl  ®Oa))  we  find  hy  the  method  of 
undetermined  cocf f'lolents; 

1 


£  Om)  —  (4  4, 1*)  (b+U)X 

fl' MJ.  [-!*?+ 

b,  [/£>+— 


(12.5.1 I  ) 


S*m  -- 


i+? 


/roc— rf) 

^575;  (H  —  |a?)  fl,(l 


k^s;(h-hp)  5,(1  +/£p) 


( 1 .  .1 ) 


(12.-..1  ) 
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Pig.  12.16.  Smoothing  circuits  for  two  cor¬ 
related  Wiener  processes:  1,  *1 )  inertialess 
amplifiers;  2,  5)  adders;  5)  integrators. 


where  f)  =  1  (i  =  1,  2),  and  -a2,  -b2  are  roots  of  equation 

W  1  “  I* 

jc*+te.+«,+2»4,‘  y&Sij-K+iiff.fi  —  ^(i — jt*)=o. 

Smoothing  circuits  of  the  single-loop  variant  according  to  (12.5.18)  consist 
of  two  integrals  [sic],  to  each  of  which  there  are  fed  through  inertialess  amplifiers 
,  output  voltages  of  the  discriminator  z^ft) 

,  iiilesd  ( ^ 

5  I  and  2 '  '  ( t )  (Pig.  12.16). 

I  According  to  (12.5.17)  the  gain  provided 

*  '  I  bj  allowance  for  interconnection  of  parameters 

and  their  codings  with  respect  to  mean 

J  -  square  error  of  measurement  of  the  first 

ymfij  .  parameter  comprises 


M, 1 


(Ji)pHA 


-[*  +  4?  +  ™  +  ^  -^(l  -x’)]V*X 

x{l  +  *Vr {-=■£]  '  • 


/  where  it  is  considered  that  gg/g^  = 

If  the  influence  of  the  interconnection 

I _  ,  of  coding  here  is  nonessential  when  m  <  0.1, 

9  OJ  hO 

strong  correlation  of  parameters  (h  >  0.5) 

Fig.  12,17.  Gain  in  mean  square 

error  during  joint  measurement.  ensures  noticeable  gains  (Fig.  12.17), 

especially  with  great  strength  of  the  second  parameter  ( v  >  i).  This  also  proves 


the  advantage  of  joint  measurement, 
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12.5.2.  Parameters  —  Linear  Combinations  of  Known 
Functions  with  Random  Factors 

In  a  number  of  cases,  especially  during  measurement  of  coordinates  of  bodies 
travelling  by  determined  laws,  presentation  of  measured  parameters  in  the  form  of 
quasiregular  (degenerate)  random  processes  is  permissible: 

»W(0~V  C /!.■'«> +i™(0.  (12.5.19) 

is  I 

where  f^a)(t),  ( t)  —  known  functions;  - 

p.^.a^  —  random  normally  distributed  quantities  =  0, 

=  Mkj^’  a,  P  =  1’  *  •  **  l;  k  =  1'  ■  •  qa5  J  =  lj  •  •  " 
The  correlation  matrix  for  such  parameters  in  general  can  be  expressed  in 


the  form 


R  (0  *)=f+(<)Mf(*) 


(12.5.20) 


where  F(t)  —  complex  nearly  diagonal  matrix  with  elements  in  the  form  of  columns 
?(ap)(t)  =  F<a)6op,  F^a^  ( t)  =  (f<»(t),  ...,  f(3)(t)], 

i  l 

N  —  complex  matrix  Q>.  XS<?»)  with  submatrices  M(«h)  m 
Then  from  (12.3.19)j  (12.3.20)  and  (12.5.20)  we  can  obtain 


C  (^)= F+ (0 IM"  +  U  (/)]  - 1 F  (*), 

g(/,t)  =  F+(0{M-‘  +  U(x)l-F(t), 
S.™  (0  =  F+  <0  [M- ' 1  +  U  (01 '  «F  (/), 


,9.21) 


where  'J(t)  =  J  F(s)KF+(s)ds  -  block  matrix  ^ 


If  between  coefficients  \x £  ' ,  pertaining  to  different  parameters,  there 

XV  * 

I  -1 

complete  correlational  coupling,  matrix  M  turns  out  to  be  singular,  M  does 
exist,  and  to  find  e(tr  t),  SBHX(t)  and  g(t,  i)  another  method  ip  more  convf. 
It  is  based  on  presentation  of  the  column  vector  of  parameters  in  the  form 


oxiu ts 


nier.t  . 


X  (0=0(0  |i  4-  MO. 


where  •(t)  -  matrix  (l  X  q); 


q  -  total  number  or  coefficients  p.,  through  which  all  parameters  arc 
expressed . 


Tills  leads  to  the  correlation  matrix  of  parameters 


R(/,  •*)  =  <!»  (/)Me<l>+  (t),  M#  =  (nn+), 


(12. ‘-.2  i; 
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Vv(t) 


P%) 


Fig.  12. IB.  Smoothing  circuits  for  quasiregular 
processes  depending  on  one  coefficient:  1,  4) 
variab.le-gain  amplifiers;  2)  adder;  3)  integrators; 
3)  adders. 


and  the  solution  of  the  problem  is  sought  by  a  method  analogous  to  the  presented 
one,  and  gives  instead  of  (12.5.21): 


C  (t,  *) =<x>  (/)  [m;' + v  (/)]  -  >a>+  (t). 

g (/,  t)  =  <D (/) (M“ '  +  V  (*)]-'<!>+  (t), 

(0  =  0> (/) (M”‘  -I-  V  (0] -(DUO,  < 1  *  •  ‘ ^  ) 

I 

V  (0=jJ<D+  (s)  K<D  (s)h'5. 

Let  us  consider  the  particular  case  when  all  qa  =  1,  and  coefficients';!,^  are- 
equal  to  one  another  (p(°^  =  p,  =  a2)  .  Using  (12.5.2*1),  it  1c  easy  to  obtain 


**■»(*.*) : 


•(“'(Opw. 


!  +  ••  j  J  f*1*  («)  /***  (*)rf* 

1.u=l  r. 

s'-’1  (/)  =  «Vw(Of(>)(0 _ 

i  +*•  y  ic,,*>  f  f<i,(»)/(i,w* 

T>  *»•  4 


(12  .  5,1", ; 


Smoothing  circuits  (Fig.  12. IB)  consist  of  l  multipliers  of  output  voPagec;  of 

1  l 

the  discriminator  by  function  o'/***  C*)  fl  -f-  ^  tf1**  »*f  /^*  (-*) /<#>  (®)  <^s] ,  a"  dddor  and 

1  t.»»i  r. 

an  integrator.  At  Die  output  of  the  1  ntegrabor  there  will  be  formed  the  c-st  (mat" 
of  the  unknown  coefficient  P.  After  multi plie-at.ioti  of  tills  estimate  by  known  laws 
of  variation  of  pa  rain'  tors  f^a^(t,)  and  addtti'.i,  with  mean  values  there  arc  formed 
estimates  x(a)(t; .  According  to  (12.5.2'.)  errors  of  measurement,  of  all.  parameters 
approach  zero  with  lir-rease-  of  the  time  of  ohaorvatlon  t  -  t(  .  In  the  general  ratm 
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i 

smoothing  circuits  contain  input  and  as  many  output  multipliers.  After 

multiplications  of  input  voltages  by  known  functions  there  is  produced  summation 
in  groups  equal  to  the  nu,  r  of  coefficients  p|a^,  from  the  formed  voltages  the 
integrators  form  estimates  of  these  coefficients,  and  from  the  estimates  by 
formulas  (12,15,19)  and  (12,5,22)  there  are  formed  the  measured  parameters, 

§  12,6,  Examples  of  Multi-Dimensional  Meters 

12,6,1,  Measurement  of  Range  and  Speed  by  Coherent  Radar 
Let  us  consider  Joint  measurement  of  range  d(t)  arid  speed  d'(t)  by  a  coherent 
radar,  working  on  carrier  frequency  f  =  (wavelength  \  =  c/f,,)  w^h  square 

width  of  the  spectrum  of  modulation 


.'3igiiaj.-to-noi.se  ratio  h  and  the  width  of  the  spectrum  of  fluctuations  Li  are 
dcUaml.nerl  according  to  Chapters  VII,  IX  and  X.  Piloted  targets  maneuver,  where 
radial  speed  can  he  described  by  a  Wiener  process  with  parameter  B,  expressed  J.n 
n/'/iec''’ ,  Range,  naturally,  lc  the  integral  of  the  Wiener  process  (second  Integra], 
of  white  noise)  with  the  same  parameter  B.  The  influence  of  angular  coordinator, 
of  the  target  on  measurement  of  d(t)  and  d'(t)  we  shall  disregard. 

According  to  results  of  Chapters  VII  and  IX  during  approximation  of  the 
spectrum  of  flue tuatlors;  of  the  signal  by  function 

'  S,(«)==lt-f  («/2A/o),)'‘  (I2.f  .2) 

W:  have  the  following  formulas  for  charaelerise.'.us  of  optimum  discriminators  of  a 
speed  mu- ter  and  a  range  finder; 

K  —  J  **  _ 

A«-  2AT,  FTTa  (1  +  KTpo*’ 

2A«;iA/0  (il. 

who t" ■  s unscrlpts  j,  and  i  indicate  that  parameters  of  the  signal  are  considered  the 
("Ircu  fir)  carrier-  frequency  a,  and  time  delay  i.  ApproxLmat ioti  (12/  ,'c)  gives  (j 
mil. Ifnuiii  value  ol'  K  for  large  h  (with  fixed  band  LV  );  with  respect  to  K  the 
form  of  u,"  approximation  ol'  s  (<j>)  makes  practically  no  difference, 

As  It  was  shown  above,  in  mul  1,1-d  I  mens  tonal  meters  It  is  necessary  to 
cr'uract'.T!  the  quality  of  a  Joint  discriminator  also  by  tb<-  ml  xed  derival  1 v-  of 
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the  logarithm  of  the  likelihood  function  with  respect  to  d  and  d  .  This  derivative 
for  a  coherent  signal,  as  one  can  prove  by  formula  (12.ii.20),  is  close  to  zero  if 
many  periods  of  repetition  are  correlated  and  the  signal-to-noise  ratio  is  not  too 
great.  Therefore,  matrix  K  is  completely  determined  by  its  diagonal  elements 
(12.0,3),  and  the  circuit  of  the  optimum  joint  discriminator  of  range  and  speed 
consists  of  circuits  of  discriminators  of  parameters  c  and  oj  simultaneously  tuned 
to  t ( t )  and  oj(t)  (Fig.  12.19). 


Henceforth  it  is  convenient  to  consider  as  parameters  d  and  d  directly . 


Inasmuch  as 


Id  o  d' 

X==T’  u»  =  2<d,— , 

elements  of  (diagonal)  matrix  K  in  new  parameters  will  have  the  fc 


(12.6. i|) 


k  —k  /’2“*Y*=/'2“»V  J _ *1 

-  j  )  2A/e)gnrA(i4 


1^1  -h*)*' 


/C--/C,(4/=(4)’24.!„4/. 


Kl+A(l+/J+A) 


(12.6.  f.) 


Let  us  turn  to  smoothing  circuits  and  resultant  accuracy  of  join  measurement 
Inasmuch  as  the  matrix  of  spectral  densities  of  d(t)  and  d'(t)  has  the  form 

(12.9.10),  and  matrix  K  is 


-HHj" 


t'futt.r  l,  -  he  "““'•‘“'"‘J 


i'ig.  12,1.'./.  Joint  discriminator  of  range  and 
speed  for  a  coherent  signal:  1)  multipliers 
(mixers  and  gated  amplifiers);  2)  unit  of  for¬ 
mation  of  reference  signals;  3)  i-f  amplifiers 
with  detuning;  i-f  amplifiers;  5)  square- 
law  detectors;  C)  subtracter;  7)  phase  detec¬ 
tor  , 


diagonal,  it  is  possible  to  di¬ 
rectly  use  the  solution  of  Para¬ 
graph  12.9.1,  substituting  in 

( 1 2 . 9 . 11 ) - ( 1 2 . 9 . 1 3 )  g  ,  =  g,  and 

d 

®d  "  t>2  “  coefficients  of  the 
dimensionality  of  the  square  of 
frequency.  Due  to  the  corre- 
latedness  of  parameters  smeothin  / 
circuits  of  the  joint  meter  (sec 
Fig.  12.1J)  are  tightly  entwined. 
The  measured  value  of  speed  of  a 
piloted  object  will  be  formed  by 


integration  (with  various  weights)  of  both  output  voltages  of  the  joint  disc riminator 
and  addition  of  results.  This  processing  is  hardly  obvious,  out  it  leads  lu 
minimum  mean  square  error  of  measurement  of  speed. 

The  measured  value  of  range  will  be  formed  by  separate  transmission  of  output. 


voltages  of  the  two  mentioned  integrators  through  additional  integrators,  equipped 
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with  different  correcting  RC-circuits,  and  addition  of  results.  * 

The  influence  of  one  or  another  of  the  output  voltages  of  the  joint  discrim¬ 
inator  is  determined  by  the  relationship  between  coefficients  g  and  g  ,  .  If 

d 

Si  >  gj)  the  basic  role  is  played  by  the  speed  discriminator,  and,  conversely,  when 
d  a 

gd  >  ix  ,  the  basic  role  is  played  by  the  range  discriminator. 

In  particular  cases  when  6d  «  S  ,  »  or  g  ,  «  gd,  smoothing  circuits  could 

d  d 

have  been  simplified  (Fig.  12.14).  However,  with  inaccurate  measurements  of  the 
range  finder  such  simplification  is  technically  and  theoretically  unjustified, 
inasmuch  as  resultant  error  for  range  grows  without  limit  in  time.  A  multi¬ 
dimensional  meter,  losing  selection  for  range,  also  loses  it  for  speed,  as  a  result 
of  which  all  measurement  ceases.  In  other  words,  inaccurate  measurement  of  range 
is  better  than  failure  of  this  measurement. 

Otherwise,  with  very  rough  primary  measurements  of  speed  (wide  spectrum  of 
fluctuations,  large  wavelength,  and  so  forth)  tracking  by  both  coordinates  can  be 
performed  from  readings  of  the  range  finder  with  finite  quantities  of  errors  of 
selection,  if  the  signal-to-noise  ratio  h  is  sufficiently  great. 

Variances  of  errors  for  speed  and  range  in  steady-state  operating  conditions 
according  to  (12.5.12)  are  equal  to 


/"  L 


V I  +  2 /» 

1  +  1/* 


1  +*/ 2 


+  * 


(12.6.6) 


where  n  =  Vg'  ,/gd". 

d 

Comparison  of  (12.6.6)  with  results  of  Chapter  VI  shows  that  as  compared  to 
separate  closing  of  loops  of  range  and  speed  tracking  there  is  observed  gain  in 
mean  square  error  of  speed  and  range  by  factors  of  (1  +  2/n)"/  (1  +  1/Vi)  '  and 
(1  4  m/2)^^(1  respectively.  To  find  conditions  of  increase  of  accuracy 

i 

for  d  or  d  we  investigate  quantity  n  as  a  function  of  tactical  and  technical  prram- 
eters  of ’the  radar.  Using  (12.6.5)  it  is  easy  to  prove  that 

(12.6.7) 


y  2  No  Nho 


where 


bfaon  —  j/" 


<B 

xW7 


is  root  mean  square  magnitude  of  drift  of  Doppler  frequency  due  to  maneuver  of  the 
target  during  the  interval  of  correlation  of  fluctuations  of  the  signal; 
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h 


?(*)  = 


(I  -  A),/4(!  +  v  1  +itfn 


is  a  function  of  the  signal-to-noise  ratio  h,  asymptotically  changing  with  growth 
and  decrease  of  n,  as 

f  (A)  -  2~5,2k, 

h-*0 

and  reaching  a  maximum  equal  to  0.146  when  h  **  6.2  (Fig.  12.20),  The  influence  of 

measurements  of  speed  is  seen  to  the  maximum  degree  for  mean  values  of  the  si.gnai- 

* 

to-noise  (h  =  0.1  to  10  ) ,  which  usually  are  operating  values.  This  influence  1." 
Stronger,  the  faster  the  target  is  piioteu,  the  more  it  maneuvers,  tnc  shorter  the 
effective  wavelength  X  and  the  narrower  the  width  of  the  spectra  of  fluctuations 
C-T.  and  of  regular  modulation  if  ,  Concrete  values  of  x/qi(h)  we  shall  estimate 
for  two  examples. 

1  p  T 

Thus,  when  X  =  3  cm  (fQ  =  10  cps),  af  e  =30  cps,  B  =  30  m  /sec-',  AfHE  = 

=  10"’  cps  we  have  x/cp(h)  =  4.9-10  !. 

In  the  other  case,  when  X  =  10  cm,  Af  „  =  in  cue,  B  =  It.  ir.tysec'>,  = 

L» 

=  t  •10t>  cps,  x/q.(h)  ~  2.2*l--i3. 


f0l 


Fig.  12.20.  Dependence  of  9(h)  on  the  signal- 
to-noise  ratio. 


For  radars  of  various  types  and  in  various  conditions  of  application  w/9( h) 

-7  r 

varies  from  ICk  and  Iff .  Therefore,  with  h  =  (1-00),  when  %(h'  >  o.l  coeff lc  ient 


..-A 
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2  4 

x  is  not  less  than  10  -10  ,  which  gives  a  gain  in  mean  square  error  of  mea¬ 
surement  of  range  of  (2n)^^  -  (4-12)  times.  In  these  conditions  instead  of 
(12.6.6;  one  should  use  formulas 

„2  _ .  /  J[ _ x ,  /  WL  (i  +  /ol/-|(i  +  /rH)3'2 

*  V  K*~2V  *  A 

2  _  1 _ Xc  1  (l+A)l'-(l  +  yTT'A)»  (12.6.0) 

“  (4b)>  A/k*  A*  • 

Vihen  h  »  1,  as  long  as  condition  x  »  1  is  preserved,  these  approximate 
formulas  are  valid 


2  Xc  1  1  no  , . 

ai— (4 

; aradoxically,  error  for  range  does  not  depend  in  the  formulated  conditions  on 
average  maneuverability,  determined  by  parameter  B.  The  fact  is  that  with  growth 
of  maneuverability  (i.c-.,  of  the  magnitude  of  bursts  of  speed)  the  speed  discrim¬ 
inator,  basically  determining  accuracy  of  measurement,  works  ever  more  efficiently. 
We  also  notice  that  change  of  trie  width  of  trie  spectrum  of  fluctuations  IS  leads 
to  growth  of  noises  at  the  output  of  the  speed  discriminator  and  decrease  of  them 
at  tin:  output  of  the  range  discriminator,  so  that  in  a  joint  meter  there  occurs 
compensation  of  two  factors,  and  aR  turns  out  to  depend  on  Afc  only  implicitly, 
through  magnitudes  h.  Considering  for  example  X  =  5  cm,  Lt  =  10  ^  ups,  h  =  loo, 
v/e  have  a  minute  noise  component  of  error  for  range 

oaf»0,08  m , 

whien  is  hundredths  of  the  interval  of  range  resolution.  If,  however,  vie  seek 
Ur-  same  quality  of  measurement  of  range  with  separate  construction  of  the  range 
r J 1  id  ; r  and  speed  meter,  it  is  necessary  to  expand  by  many  times  the  spectrum  of 
I’f.Tn  ar  modulation, 

T.ius,  during  joint  measurement  of  range  and  speed  of  a  maneuvering  target  by 
a  'onnrent  r tgnal  Jt  turns  out.  to  be  possible-  to  sharply  increase  accuracy  r  f  m  .a- 
.•.ui’--.'ii'-:.i  of  range  uue  to  the-  high  accuracy  of  primary  measurements  of  .„pi  <•  u . 

11’. 6. f  Measurement  of  Kangc  and  Speed  t-y  Incoherent  Radar" 
i.  ■  <.  -1:,  cun.,  1  ilc r  now  iii'-asurciii-uit  of  five  same  parameters  c4  mot  lot.  d  (4)  nuu  u(  t. 
by  an  !  nounc  f  nt  single-channel  radar-.  We  keep  the  former  designations  for 


if  -  i.v  onn  rniuakmsssK-^mest^Kit;ms'riias!.vmmB.-m 


wavelength,  carrier  frequency  and  mean  square  width  of  the  spectrum  of  modulation. 
The  pulse  signal  of  the  radar  we  shall  consider  fluctuating  independently  of  the 
period  to  a  period  of  duration  T  .  In  distinction  from  Paragraph  12.6.1  we  shall 
consider  a  nonmaneuvering  target,  flying  at  the  radar  with  constant,  but  unknown 
speed  and  undetermined  position  at  the  initial  moment.  Influence  of  measurement, 
of  angular  coordinates,  as  also  in  Paragraph  12.6.1,  we  shall  disregard. 

In  examining  properties  of  an  optimum  joint  discriminator  in  accordance  with, 
.the  character  of  the  signal  It  is  permissible  to  consider  one  period  of  repetition. 
By  formula  (12.4 .29)  in  conditions  of  a  symmetric  form  of  tnc  sending  we  have  matrix 
K  (with  parameters  cu,  t)  in  the  form 


whore 


V 


u(t.) 


regular  modulation; 
signal-to-noiso  ratio; 


(12.6.10) 


•  r  +• 


-  mean  square  duration  of  the  sending; 


Jfe  =  ~Re- 


a® 


(t)u*(t)iidl 


(12.6.1.1  J 


—  d  Linens ionless  coefficient  of  interconnect  ion  of  codings  of  the  two  parameters  of 


mob u  La t  .l  or , 

It  also  is  possible  to  express  matrix  K  very  graphically  through  the  derivative 

of  the  autocorrelation  function  of  the  pulse  sending,  (see  Chapter  I), 

+  00 

C(t,u>)  =  =r-^  u{t  —  z) u* (t) eT1"1  dt  (C(0,0)  =  1),  (1P.I-.12) 

1  9  J 

—00 

*,ak.'.-n  for  zero  arguments 


K 


•f 


a?1 

Mi  +  ?) 


Re 


d'CtQ.O) 

O’C  (0,0) 

<)«' 

dvH o 

d'C  (0,0) 

0*C(0.0) 

(12.6.15) 


In  other  words,  with  an  accuracy  of  a  coefficient  mono tonic ally  depending  on 
the  signaL-to-nolse  ratio  q  matrix  K  consists  of  quantities  eharaet'-r icing 
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sharpness  of  the  peak  of  the  autocorrelation  function  in  various  sections.  If  line:: 
of  constant  level  c(t,  cu)  for  small  arguments  are  ellipses  whose  axes  are  oriented 
along  axes  co,  t,  the  mixed  derivative  turns  into  zero,  which  bears  witness  to  the 
absence  of  interconnection  of  codings  of  range  and  speed  in  the  signal.  Such  a 
situation  occurs,  for  Instance,  for  simple  pulse  modulation,  intrapulse  triangular1 

+  00 

frequency  modulation  and  phase-code  manipulation,  when  integral  turns 

—oo 

out  to  be  a  pure  imaginary  quantity  or  zero.  In  the  general  case  the  interconnec¬ 
tion  of  two  parameters  exists,  which  is  easy  to  prove  by  the  example  of  linear 


int.rapulse  frequency  modulation  (PM) 


« (')  =  «•  (Oe  2  , 

whore  V  —  rate  of  rise  (decrease)  of  the  frequency  of  the  filling. 
Here  coefficient  k  is  proportional  to  t!  i  steepness  of  FM 

»«» 


(12.6  ,1't) 


(12.fc.lv) 


We  shall  study  resultant,  errors  for  d  and  d  for  fixed  duration  of  the  sending 
h.  and  width  of  its  spectrum  «o  .  Transition  in  matrix  K  „  to  parameters  d’  and 

KB  A  KB  COT 

d,  in  accordance  with  (12. 6. ft)  and  (12.6.10),  gives 


^■d'd  — 


*d>  k/K^Kd 
Kd 


(12.6.1b) 


where 


^  =  7+7  *<  =  TT7  and  the  value  of  k  is  kept  !'Ci! 


(-2.6.11). 

Let  us  turn  to  synthesis  of  smoothing  circuits,  iiere  it  is  convenient,  to  u::<. 
the  method  described  by  relationships  (12.6.22)-(12.5.2i4)  .  Actually, 

d’(t)  =  d'9-t-d'(t). 

"  r  i 

where  d  (t),  d(t)  are  a  priori  mean  values  of  range  and  radial  speed,  and  d  ,  i. 
arc  unknown  deviations  of  the  initial  (l  ,e ,,  moment  t(  )  speed  and  position  wi tn 


zero  meai 


,  values  and  the  matrix  of  moments 


It  L.  1 


ossicle  to  present.  X(t.)  =  (d  (tj,  d(t)}  in  the  form  (12.6  ,  wh>--,-.- 
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v/ 


anti,  directly  using  (12.5.24),  to  record  the  solution 


Kd(t-t,)+ At 

f0 


■*' ~k  VKXvQ-U- l- 
-4-  J-A. 


Kd(*-g+ 


/c,  (/  _  /,)  (,  -  u— fr-iffiE.- 

*0 

/Cd(<-<.)»(x-M  K„  (i-t,y 

2  6 

-*,)(*- <04* 

+  /(*'('— 0  +  02  +  ,2 

(12.0.1,:) 

-  WkjQ,  (t  -  /,)  +  |! 


fi^t)  =  asb)  ^(t-go-g--4Lyo- 

-kVTQT^^-U)^^ 


2  6 

-  ft /Tc^,(/-g  (■!-■/,)+ 

•+*„,  +~r. 

«0  ®! 

(12.6.19) 


del  (0=-~V*--  +  *d,  *  d  (1  -  A*)  ((  -  tj\+ 

-^4^+ -U*.  (<-'.) + *  /^T^-w 

i  I _ i 


The  algorithm  of  joint  processing  of  .data  from  the  output  of  the  discriminator 
in  the  single-loop  variant  of  meter  is  presented  in  fig.  12.21,  where  the  meaning  of 
operations  is  intelligible  in  light  of  the  descriptions  of  §  12.5. 

From  the  matrix  of  resultant  errors  ZBH,.(t)  we  extract  elements  on  the  main 
diagonal,  again  obtained  after  transition  to  continuous  time: 

4  t- 3*6(0 +  36,(0  +  36*(0  +  3fr?(0 


K*  «-'•>■  1+126* (0  (i-*«)+4(l+3*6  (/)+36’(0)  6g(0+126?(0+  lZ6^/)6*  (/) 


•5.(0= 


t*  V 
Kd  (<-/,)'  A 


X 


1  +  <>1(0 


l+!2*‘(0  (I— *«)-t-4<M-3 kb  (0+3WS(0+126i(0+l26*(<)&?(0  ’ 


(12.6.20) 


vihe  re 


6<»=/-£-<rV; 

h  (0==- 


l 


0,  (/-/,)  VKi  (t  -  i„) 


(12. 6. SI) 


are  coefficients  depending  on  the  time  of  .observation  and  approaching  zero  with 
increase  of  it.  The  first  of  them  b(t)  is  actually  proportional  to  the  ratio  of 
unit  (i.e.,  in  a  period)  error  of  the  range  discriminator  7t to  the  advance  of 
en  jr  in  range  during  the  time  of  observation  t  -  tr)  due  to  unit  error  for  spec  a 
,  with  independent  codings  of  o' (t)  and  d(t)  in  the  signal: 


b(t): 


I  —  ‘ 


J-C.t  .  C.  c.  I 


Fig.  12.21.  Smoothing  circuits  for  a  meter  of  range 
and  radial  speed:  1)  integrators;  2,  lj,  fc)  variable- 
gain  amplifiers;  2)  .inertia less  amplifiers;  4,  7) 
adders . 


The  second  and  third  coefficients  b^(t)  and  b^(t)  in  (12.6.21)  arc  determined 
oy  accuracy  of  a  priori  data  and  may  be  mcgl  XT,  j  f  in  ai iy  CuoC  j  v*.-.. it  a  i.y 

largo  time  of  observation.  We  shall  investigate  name!;/  the  last  case  when, 
ap; roximately ,  wo  have 


5 


i  I 

M 
!  ‘ 


1 


» 

I 

i 
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J  m  _  _J _ 1  -  3*6  (0  4-  W  (t) 

V**  1+  I26‘(i)(| -**)* 

«*//)« _ 12 _ ! _  ‘  (12.C.S 

+'J  X*  (/-<,)•  l  +  1»’(0U --*')■ 


As  relationships  (IP. 6. 23)  show,  for.  resultant  emrr.  not  indifferent  arc  the 
absolute  value  arid  sign  of  the  coefficient.  K  of  interconnection  of  codings  of 
parameters  In  the  signal,  Let  us  discuss  the  dependence  oi  rang!,  c^gor  j  ( ♦ )  on  k 
For  the  two  extreme  and  the  intermediate  cases  ( k  «.  -i;  Cj  1}  w<  have: 


3-  (0 1*- -«~*3r=TT) 1 1  +  3**  (O' +  36  (01, 

<  w  l*».  *,(<  _/t)  (  +  l W  (0  •  ( /  2 , t, ,  ;g. ) 

9l  <0  U«»  —  1 1  +  361  (0  ~  36  (01. 


with  increase  of  k  from  -1  to  4l  ern-.r  dci-reancm,  The  I'viH;  o*  uf  lend'/  cur 


of  ratio  a = 


on  k  for  several  values  of  b  1  r,  shown  in  Fig,  12,22. 


the  Interconnection  of  coding  of  range  and  speed. 


For  typical,  values  of  widtii  of  the  upectriun  u]'  inodulatlon  and  duration  of  I  no 
sending  (of  the  order  of  1  Me  arid  1  millisecond),  wave]*  ugth  o.b-l  m  and  small 
times  of  obr-ervati  on  (of  1  he  order  oi  JO  cec)  vr  j  have  s 
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(  — i-i!— — =1,5  —  1,8. 

(0  U«« 

Howiv  -,  with  Increase  of  the  time  of  observation  in  any  case  error  of  range 
asymptotically  seeks  U/K  (t  -  t^),  i.e.,  is  determined  only  by  primary  measurements 

...  K.(  t  -  t  ) 

wf  !.l,o  range  finder.  In  Fig.  12.23  la  tho  family  of  curves  <J*(t)  - jj - .  Here 

■  2 
!«  *  :i  a  fixed  par  am-.-  ter,  Ki/K,  =  1  sec  , 

u  e 

Those  results  siiow  that  the  dependence  of  error  of  measurement  of  range  on 
coM'flejont  k  appears,  only  with  a  comparatively  small  time  of  smoothing. 


C  J£J tljM 


On  the  piper  hand,  with  Increase  of  the  time  of  observation  anruravy  of 
measurl in'  njiac d  ie  increased.  Indeed,  if  wo  use  only  readings  of  the  speed  :--io 
v/"  have 

l«2r.  "*  7^7 

ami  wll.ii  Joint  measurement,  we  nave,  uncord  1  ng  to  (1  2. (-.23;, 

2  |2 
I V  (OlcOM  -*• 

ij  :  !•  l  eiu.i.  t  el  wh  I  e)i 

l*ip(0]p«**  ^  ,  ,  . 

-  Kind) 

Th  when  K  i/K  w  1  observation  for  i  f-  gives  a  ra  in  In  i..»  an  atp-ftr*. 

■  1  ■' 

i  j  i'  r  ■]'  u  pr-iK  Lmn  l.ejy  a  Cue  ter  of  I  !,  'fills  gain  is  explain  1  by  i.v  fact  bn'",  ii. 
a  ian".r  finder  for  d>- ni>  Inal,  1 1  -n  of  ,<  '  d  there  is  t,h*  pnnsin  1 ... ,  t.y  el  n.  ,  ee  1 1  Ve  1 ./ 
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using  the  time  base  of  the  extended  Interval  of  measurement.  The  speed  discrim¬ 
inator  after  expiration  of  the  period  of  rough  measurement  of  frequency  uue  to 
noises  ceases  to  feel  the  small  remainder  of  the  unmeasured  difference  of  the 
Doppler  frequency  and  practical. .ly  does  not  participate  in  the  process  of  further 
dc;f initizirig  of  data. 

A  similar  effect  of  gradual  decrease  of  the  influence  of  measurements  of 
speed  is  also  observed  with  coherent  radiation,  for  which  the  above  mentioned 
results  preserve  their  force,  if  in  (12.6.5)  as  b(t)  we  substitute 


b  (0  —  2  (i,o_( A.)  i  +  v  f+a  0)‘ 


(12.6.26) 


With  growth  of  h  and  t  function  b(t)  decreases,  although  for  average  times  o' 
observation  (Af  t  =  2-30  and  h  “  100)  i  may  reach  15-25.  This,  according  to  the 
middle  formula  of  (12.6.23)  gives  a  gai*  in  mean  square  error  of  range  of  a  factor 
of  approximately  2,  inasmuch  as 

(12.6.27) 

Formula  (12,6,2?)  is  intelligible  inasmuch  as  the  range  finder  must  definitive 
only  the  initial  position  of  the  target,  and  its  speed  in  the  first  moments  turns 
out  to  be  known  with  sufficient  accuracy. 

Returning  to  the  case  of  an  incoherent  pulse  signal,  we  shall  discuss  in  ::omc. - 


what,  greater  detail  the  case  of  deep  linear  frequency  modulation  (|k|  ~  1) 


Here 


r-1 


matrix  K  ,  becomes  singular,  and  elemnu.c  of  matrices  K  increase  infinitely, 
d  d 

The  latter,  at  first  sight,  near;.;  wiw.uss  to  huge  unit  errors  (in  recalculation  of 
parameters  to  tr,«  discriminator  input)  .  In  fact  the  case  of  deep  FM  does  not  give 
any  ;,i  ac  tiuai  inconveniences.  It  is  possible  not  always  to  recalculate  tilt:  output 

vui'rtgu  of  the  discriminator  of  range  and  speed  to  the  input,  i.e.,  to  reduce  then, 

1 

to  quantities  of  the  dimensionality  of  d  and  d  in  such  a  manner  that  in  one- 
quantity  there  is  not  contained  range,  and  in  other  there  is  not  contained  speed. 
VJ'j  encounter  this  case  with  deep  FM.  With  increase  of  V  outputs  aar.tLti.es  of  tire 

I 

discriminator  and  7.^  become  all  the  more  similar.  The  fact  is  that  here  speed 
is  coded  in  frequency  shift,  arid  range  is  coded  in  frequency  shift  and  delay  of 
amp .11  ,ude  modulation  of  the  sending: 

—  x)e  ~ 

ivt •  .  iVi ■ 

..  ,  -r-twA}i  — 

=  «,(/  —  z)eJ  e  . 
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With  increase  of  the  gain  factor  V  the  channel  of  the  range  discriminator, 
separating  mismatch  in  amplitude  modulation,  takes  an  ever  smaller  weight,  so  that 
already  with  a  width  of  the  PM  spectrum  exceeding  the  width  of  the  spectrum  of  the 
sending  envelope  by  'p-lO  times  the  additional  channel  can  be  disregarded.  Then 

I 

zf  and  zf  turn  out  to  be  identical  accurate  to  a  proportionality  factor w^/V,  and 

t\.  r  further  processing  it  is  sufficient  to  take  only  one  output  quantity,  as  a  result 

of  which  the  smoothing  circuits  are  simplified  somewhat. 

Transition  to  a  smaller  number  of  output  voltages  of  the  discriminator  is  also 
useful  in  all  cases  when  matrix  K  turns  out  to  be  singular,  inasmuch  as  singuliarity 
appoaiv  due  to  the  presence  of  linear  interconnection  between  output  voltages  of  the 
discriminator.  The  number  of  output  quantities  not  accounted  for  is  equal  to  t i . 
number  of  linear  couplings  superimposed  on  the  measured  quantities.  Here  there 
remain  in  force  all  the  above  mentioned  formulas;  it  is  necessary  only  to  manifest 
caution  during  inversion  of  matrix  K.  Inasmuch  as  this  inversion  is  nevertheless 
necessary  during  comparison  of  optimum,  circuits  with  real  ones,  it  is  necessary  t.o 
pass  to  a  smaller  number  of  unknown  parameters.  In  particular,  in  the  considered 
example  as  X(t)  it  is  possible  to  consider 

or 

whien  formally  reduces  the  problem  to  a  one-dimensional  one. 

From  the  practical  side  investigation  of  accuracy  of  measurement  of  range  and 
speed  in  incoherent  radars  showed  the  necessity  of  allowance  for  Interconnec t  !.er,  of 
those  parameters  in  trajectory  and  in  coding  in  the  common  signal,  During  mol.i o; 
by  a  definite  (linear)  law  the  role  of  primary  measurements  cf  speed  wLth  respect  : 
resultant  accuracy  decreases  in  time.  Acer, racy  for  range  and  speed  is  basically 
determined  by  the  range  finder,  where  in  speed  there  is  observed  great  gaii.  pi. 
compared  to  the'  case  of  its  independent  measurement  or,  the  basis  of  ftm  loop  lor 
effect.  For  small  times  of  observation  (10-2u  sec)  measurement:;  of  speed  Wi'-ron.v: 
accuracy,  where:  the  concrete  gain  depends  on  the  form  of  modulation .  Mon  u  •  a  1 1  n, 
wii.i  a  coefficient  of  interconnection  of  errors  k  —►  il  (for  instance,  linear  FK 
with  increase  of  frequency)  has  the  best  qualities;  modulation  will,  k  -*  -1  (l!  -  ■  ar 
in  decrease  of  frequency)  has  the  worst  qualities.  All  mriulationu  will,  V.  -  f 
( .  Li;,  in  i  else  modulation,  triangular  I’M  and  phase-code  iritranu  i.sn  m-.jdula  i,  ion)  r  '■  . 
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intermediate  reflultJ .  Linear  FM  with  variable  slope  giver.  approx  Imat.t  ly  in*.  .  & i>. ■ 
reu'.il  t . 

5  12.7.  Conclusion 

During  the  analysis  of  tracking  mu  1  ti -c'limenc lonai  met...  r."  Kr.ovai  in  -era"  t i  .e ,  as 
in  the  one-dimensional  case,  it  is  convenient  to  divide  Interconnected  dir. -rlml  nat  .rs 
and  smoothing  circuits.  Discrimination  and  fluctuation  character!  ail'd’,  of  multl- 
dli  mens  lonai  discriminators,  which  for  i  measured  quantities  am*  determined  In  the 
nunb.r  l  and  l  (l  4-  l)/2,  re  spec  lively,  turn  out  to  cepenh  In  general  sn  Si  i.  2  t'u'am- 
oters.  With  unconnected  codings  of  parameter.:  and  aiisencc  of  coup  Ling  in  smoothing 
circuit;}  during  the  analysis  of  accuracy  fully  permissible  la  reduction  of  th* 
mul.'.  i-dlmenslonal  problem  to  l  one -dimensional  problems,  which  Is  the  basis  fur 
results  of  Chapters  VII-XI .  Tn  the  general  naan  with  known  character  In  tic.;  of  the 
dir.'*  rimtna  tor  aria  an  assigned  oe.ieme  of  smoothing  circuits  resultant  err  -,rs  pi"- 
l'C'Uni  by  solving  integral  matrix  equations.  In  Ur  case  of  smoothing  circuits  wUn 
constant  parameters  and  stationary  mouxurod  parameters  calculation  of  error;-  Is 
comparatively  simple  and  .Includes  algebra  1/'.  operations  on  matrices  of  equivalent 
spectral  densities  of  the  multl-dlmen;; l.ona J,  d  r1  ml  na  tor  e^ic0)  of  spectral  jl-v; 11.1  i 

of  parameters  QA('») ,  the  matrix  of  gain  factor..;  of  *.!■••  *il  crlminalor  end  the 
transmission  matrix  of  smoothing  circuits, 

/is  also  in  one-dimensional  theory,  bx  most  suitable  apparatus  of  synthesi...  of 
>p'  In. urn  multi  -dim'.-:  i  atonal  meters  is  ti  ••  ;i  .•or;'  of  r.tai  1st  icaJ  s-oHiti-m,*. ,  Vm-r.  1.; 
performed  '■ynthosi of  An  op 1 1  mu.,'  of  any  set  of  a n  1  trarlly  connected  param- 

itorx  with  ilaus.J  cm  and  Markovian  statist leu  v/lt'n  Oaust; i an  approximation  of  the  mall  !■ 
■  ; n.ce;; on  a )  likelihood  function.  There  are  given  motor  circuits  equivalent  in 
quality;  s ingle -loop  and  two- loop  tracking  circuits  and  a  noriira.-lilng  circuit. 

Tracking  variants,  practically  the  most  convenient,  Contain  as  basic  e  :ci  .-e  ,,, 
mu  i.  1 1  -ri  1  mendo'ift]  nonlinear'  units  —  discriminators  and  accuracy  units  --  arid  a 
matrix  (or  two  matrices)  of  smoothing  circuit;!  which  for  Gaussian  sta  M  ."tier  of 
parameters  are  linear,  Output  quant  1  tier,  of  tne  discriminator  eharn-tcrj  so  current 
mismatch  for  ail  parameters,  and  output  quantities,  of  the  accuracy  unit  character !  ?<■ 
current  accuracy  of  separate  measurements.  With  Iniorewmootcd  codings  of  param¬ 
eters  in  signals  there*  u imul t aneous ly  appears  dependence  of  separate  output 
quantities  of  the  discriminator  directly  on  sever;:  I  mismatches,  and  1  ntureuiineo  t  ion 
of  errors  of  measurements  of  the  r.hov/n  parameters.  The  latter  leans  to  tin 
i icc ess  ‘  ty  of  creating,  a  special  accuracy  unit  cuorn'-lerlxing  the  "uremi,  measure  of 
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interconnection  of  errors.  In  a  number  of  cases,  however,  the  unit  of  accuracy 
and  control  of  smoothing  circuits  from  the  realization  of  the  signal  may  bo  rejected, 
which  leads  to  circuit  simplifications. 

Without  concretization  of  the  nature  of  the  parameters  it  is  possible  to 
note  a  re rift a  of  laws  governing  synthesis  of  di scriminators  for  different  statistical 
pro;,-:  rtl.es  of  input  signals  and  synthesis  of  smoothing  circuits  for  different 
correlation  properties  of  the  parameters. 

The  given  examples  of  synthesis  of  joint  meters  show  large  gains  in  accuracy  of 
measurement  of  one  or  another  of  the  measured  interconnected  quantities .  In  par¬ 
ticular,  during  joint  measurement  of  speed  and  range  of  a  body  with  determined 
character  of  motion  there  is  noted  considerable  gain  in  spaed,  growing  in  time ; 
during  measurement  of  the  speed  and  range  of  a  maneuvering  tar-re*-  with  a  coherent 
signal  tbor-  is  the  possibility  of  obtaining  great  gain  in  range. 

However  the  theory  developed  above  cannot  in  any  measure  be  called  exhaustive. 

In  t, articular,  analysis  of  multi-dimensional  meters  is  conducted  on  the  assumption 
of  the  absence  of  a.  number  of  important  components  of  errors,  Absolutely  ignored  arc 
questions  of  breakoff  of  tracking  in  multi-dimensional  circuits,  although  In 
principle  l no  device  of  investigation  of  nonlinear  random  phenomena  in  similar 
systems  can  be  offered  (Fokker-Planck  equations). 

If  we  pass  to  questions  of  synthesis,  then  it  is  immediately  necessary  to 
s  1,  i pulato  that  the  theory  given  in  Chapter  XII  with  full  success  can  be  used  during 
synthesis  of  meters  of  coord  ino,tes  of  single  signals,  and  also  signals  against  a 
background  of  interferences  of  arbitrary  (including,  similar)  structure  with  known 
parameters , 

If,  however,  vie  are  interested  in  the  problem  of  multipurpose  radar  (resolution 
end  Identification  of  similar  signals  in  the  course  of  measurement),  the  abov-  - 
mentioned  devl.ce,  strictly  speaking,  can  be  used  only  partially.  As  before 
indisputable  is  the  necessity  of  application  of  the  theory  of  statistical,  solution.' 

( filtration)  j  however,  during  synthesis  it  is  necessary  to  consider  the  multi  pouK 
structure  of  the  likelihood  function.  The  latter  appears  in  view  of  the  r.lmi  i  v  r  i  ty 
of  signals,  so  that  transposition  of  like  parameters  of  them  leads  to  a  s.i  tua  t  i  on, 

" likely1’  almost  to  me  same  degree  as  the  true  one.  Different  peaks  correspond 
l-i  ;>  j.l  possible  transpositions  of  parameters .  Ac  the  signals  draw  close  ,  w;  on  '.'nor- 
appear;-,  thu  problem  of  resolution,  separate  peaks  merge,  no  that,  a  Gaussian  approx¬ 
imation  of  the  likelihood  function  turns  out  to  bo  inapplicable  in  principle. 


Prom  the  point  of  view  of  broadening  the  theory  developed  above  it  is 
necessary  to  continue  consideration  of  functionals  of  parameters  (including,  non¬ 
linear),  to  construct  other  different  forms  of  smoothing  circuits  for  cases  of 
interest  for  practice,  and  so  forth. 

In  conclusion  we  indicare  that  results  of  analysis  and  synihtsis  of  multi¬ 
dimensional  radar  meters,  as  also  results  of  Chapter  VI,  can  be  used  with  success  in 
diverse  fields  of  technology:  optics,  infrared  and  ultrasonic  technology,  communica¬ 
tions,  broadcasting,  television;  everywhere  where  they  use  signals  carrying 
information . 
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CHAPTER  XIII 


RESOLVING  POWER 
§  13.1.  Introductory  Remarks 

In  connection  with  the  expansion  cf  the  area  of  use  of  radar  and  tne  increasing 
complexity  of  problems  solved  by  it  in  recent  years  there  has  arisen  interest,  in 
problems  connected  with  simultaneous  separate  observation  (resolution)  of  many 
targets.  Inasmuch  as  development  of  a  theory  for  this  problem  is  far  from  complete, 
there  naturally  exists  quite  a  lot  of  different  approaches  to  the  problem  of 
resolution  of  targets,  in  part  concerning  quantitative  appraisal  of  resolving 
power  of  various  instruments,  and  also  in  part  concerning  formulation  of  the 
proDiem  o.t"  synthesis  of  systems  optimum  with  respect  to  resolving  power. 

As  it  is  known,  the  concept  of  resolving  power  was  first  used  by  Rayleigh 
in  the  theory  of  optical  instruments.  There,  by  resolving  power  there  was  under¬ 
stood  the  ability  of  an  instrument  to  a  sufficient  degree  to  separately  reproduce 
at  Its  exit  images  of  observed  sources  of  light.  As  the  quantitative  characteristic 
of  resolving  power  of  an  instrument  Rayleigh  proposed  using  the  minimum  distance 
A  ,  between  identical  point  sources  starting  from  which  the  total  response  ol'  the 
instrument,  considered  as  a  function  of  a  given  coordinate,  has  two  maxima. 

Obviously,  A,  coincides  with  the  width  of  the  instrument  response,  proper iy  defined. 

The  characteristic  of  resolving  power  of  optical  Instruments  Introduced  by 
Rayleigh  found  application  in  other  areas,  too,  including  radar.  Initially  this 
characteristic  was  used  for  appraisal  of  the  performance  c:  systems,  principles  nf 
whose  construction  were  selected,  basically,  empirical  ly.  Aider  H.  Woodward  and 
,r.  Tvivis  developed  the  theory  of  optimum  reception  i.f  radar  signals  in  noise,  !  here 
were  conducted  more  general  investigations  of  the  resolving  power  of  suer  a  leciver. 
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Inasmuch  as  in  a  receiver  which  Is  optimum  with  respect  to  noises  there  is  producer 
multiplication  cf  the  received  signal  by  the  expected  and  Integration,  the  intensity 
or  the  response  to  the  useful  signal  is  proportional  to  the  square  of  the  modulus 
of  the  autocorrelation  function  of  modulation  |C(t,  Q) ! 2  (function  ol  uncer"  air- y , 
considered  in  Chapter  I,  Vol.  I):  In  accordance  with  this  Rayleigh  characteristics 
of  resolving  power  of  such  a  receiver  with  respect  to  delay  and  Doppler  frequency 
coincide  with  the  width  of  the  principal  maximum  of  the  function  of  uncertainly 
with  respect,  to  t  and  Cl,  respectively. 

Investigation  of  properties  of  the  function  of  uncertainty  (see  Chap ‘  c-r  T, 


Vol.  I)  showed  that  the  width  of  the  maximum  on  the  x-axis  is  Inversely  piopoi  '-ict.'  - 
to  tiie  width  cf  the  spectrum  of  modulation,  and  on  the  fj-axis  it  i.s  inversely 
proportional  to  the  duration  of  the  signal.  From  this  there  arose  the  common  iota 
tho.i  range  resolving  power  is  determined  by  the  width,  ol  the  spectrum,  and  speed 
resolving  power  i.s  determined  by  the  duration  of  the  sounding  signal. 

The  Rayleigh  characteristic  of  resolving  power  is  Introduced  very  conditionally 
and  has  meaning  only  in  reference  to  resolved  signals  identical  in  strength.  During 


detection  of  a  weak  signal  against  the  background  a  strong  signa 
of  trie  response  of  the  instrument  (of  the  function  oi  uncertain  y  i 
correlation  reception)  for  all  values  ol  mlstunlng  between  signals, 
within  the  limits  of  the  principal  maxii.  of  the  response,  becomes 
Inasmuch  as  the  response  may  not  decrease  i:,o..«rtcnically  with  increa 
,'U.u  if, ay  have  spurious  maxima,  for  the  case  of  targets  oi  arbitrary 
if  if;  not  possible  to  introduce  in  general  the  idea  of  an  interval 
iving  power  is  characterized  by  the  magnitude  of  response  as  a 


1  the  behavior 
n  '.he  case  of 
and  not  only 
cf  tnteres' . 

.r.r-  of  detuning, 
differing  strong 
of  resolution, 
function  of 


M 


detuning. 

Is  connection  with  the  problem  of  resolution  of  targets  of  different  streng'h 


trie  function  of  uncertainty  over  the  whole  plane  x,  fi  was  subjected  to  thorough 
investigation  [1,  36],  and  there  were  formulated  requirements  on  modulation  from 
the  point  of  view  of  resolving  power.  These  requirements,  naturally,  reduced  to 
decrease  of  the  values  of  |C(x,  outside  tne  principal  maximum  (x  -  ■■,  il  -  •') 

and  narrowing  of  this  maximum.  Increase  of  resolving  pow  r  by  selection  of 
inndnl at i on  during  correlation  reception  is  limited  by  integral  properties  oi  the 
function  of  uncertainty  (see  Chapter  I).  Nonethele's  in  this  direction  there  were 
obtained  a  series  of  results  very  useful  for  practice  (for  instance,  the  creation 
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of  phase-code  manipulation). 

L! kewlce  it  is  possible  to  considtr  the  problem  of  resolution  of  angular 
cocrdin  >.'■  i:? .  Increase  of  angle  resolving  power  is  provided  by  decrease  of  the  level 
of  side  lobes  of  directional  patterns  on  reception  and  transmission  and  increase 
of  ’  r  )  iiliierislons  of  antennas  During  consideration  of  these  quest  ions  it  is 
l oi.ulble,  by  virtue  of  the  Known  theorem  of  mutuality  [67],  to  limit  oneself  tc 
con;:  1  deration  of  the  receiving  pattern.  Here  there  becomes  clear  the  analogy 
between  problems  of  resolution  for  angles,  range  and  speed. 

expected  signal  in  the  problem  of  processing  the  field  in  the  aperture 
constitutes  a  plane  wave  E0&^  JjL-^r,  ’■l.re  fc  _  wave  vector;  r  —  raciltis  vector  of 
llv  point  of  observation.  As  a  result  of  multiplication  of  the  field  In  the  aperture 
y  (r,  t)  1  > y  he  expected  si&.Vi'i  ai.d  integration  over  the  aperture  a,  we  obtain 

Z{k,/)  =  J  y(r,t)e~‘kr dr .  (13.1.1) 

0 

If  the  loading  edge  of  the  e/pou'.oj  wave  is  para1  lei  1.0  the  aperture  (kr  =  <:•  in  the 
aper  ture) ,  ti-anr.fi/nnat.lon  of  (13,1.1)  corresponds  to  cophasal.  surriiriat ion  of  the 

tre  field.  Obvious  l.y,  'hi::  op-ration  ensures  obtaining  of  maximum  energy  of 
th-  useful  n'gnal  for  given  dimensions  of  the  aperture  and,  consequently,  is 
op'  1  tUfi  v;l.!h  respect  to  natural  noises  of  the  receiver.  For  dimensions  of  th» 
uper' ur"  whl c’i  are  largo  as  compared  to  wavelength  operation  (11.1.1)  Is  optimum 
u!.:i>  wl'ti  reeped  to  a  background  of  the  typo  of  white  noise  (components  of  the 
1  •ickground  arriving  from  different  directions  are  identical  on  average  in  ini  end  1  7 
and  are  statistically  Independent)  \-  '  },  Correctness  of  this  in",  affirmation  5r 
L’iciw1  I’ri'iii  tli—  spuee -t Ime  analogy, 

/.n  analog  <_> ) '  '..he  function  of  uir'-rtainty  In,  oi,  /i'.us  I;/,  the  ile.ienuoncf  c."  ti 
1  qua  "C  ol  the  11.1  duluo  of  r  00  pons-  nf  a  system  with  cophasal  1 1  in.rna  >  i  <  ,n  in  a  plane 
Vic  Vi*  lh  the  direction  of  arrival  of  the  wave,  1,-,,  function 

|C<k)  !•=  |jje'kr</if'  c-.'.ro 

» 

1.0 1  n  i  d  1  ng  vi  I'd,  i.iie  1  roc  1  if  I  pa' i'-rn  of  the  ard  cm, a  with  to  power  wl  '  n 

ci.pi.a.ua 1  pujM.iati on  of  ’i,"  field  in  the  apertur  *, 

lu  piaM.lcc  Uc"  i'i.a:i"  o:  c,  id-  l  oi  ij!i  1  .  pre  /'  lea  r.y  sei-cti'.n  01  a  jn-’i'.'i  •  f 
pi  •  ::  i  nr.  '  ii"  !l-!d,  u  t  ri  ng  from  -ophana  I  uoiiiina  '  i  on,  IP  i-  (  of  rru  ,  '  h>  r  -  in 


loss  In  power  oi'  the  received  signal  and,  consequently,  in  the  signal-to-ncl.se 
ratio.  Making  an  analogy  between  space  and  time  processing  of  a  signal,  it  is 
possible  to  say  that  this  method  of  increasing  resolving  power  corresponds  to 
selection  of  processing  of  the  time  signal  in  the  receiver,  and  to  selection  of  the 
form  of  the  time  signal  there  corresponds,  although  not  e.acUy,  to  aei-  ct.ion  of  the 
shape  and  dimensions  of  the  aperture. 

In  theoretical  consideration  of  the  question  of  possible  means  and  limits  of 
-Increase  of  resolving  power  it  is  natural  to  use  both  selection  of  the  method  of 
pr  ocessing,  and  also  selection  of  the  form  of  the  signal .  Complete  solution  01  thl 
problem  should  Include  synthesis  of  the  system  of  processing,  the  received  signal , 
optimum  in  resolving  power,  and  finding  the  form  of  signal  which  under  the  imposts 
limitations  during  optimum  processing  provides  the  best  performance  Indicts  of  the 
system.  Of  great  interest  also  is  investigation  of  the  criticality  of  optimum 
proo lacing  and  of  the  form  of  the  signal.  Two  approaches  to  solution  of  ‘ ho  pro;  ter. 
at  iiand  are  possible,  differing  in  the  cri to. la  of  optimality  utilised: 

3.  The  criterion  of  optimality  can  bo  formulated  directly  for  the  response  of 
hie  Inc  rument,  n».u  connecting  it  directly  v.-i.lh  fun-:  bans  of  the  racial-  (detection, 
measurement  of  coordinates  and  so  forth).  he solving  power  hero  ic  undent hood  in 
th"  cl tpaical  sense  as  the  ability  of  an  instrument  to  separate  signals  frt.t  observed 
target  s.  JubsequenL  ly  we  shall  call  sys '  •■r,o  synthes 1  with  this  approach  sys '  <y. :: 
nf  < .p -.I mum  separation  of  signals. 

An  opt  Imun  ay:;',  or,  cai.,  as  his  Is  don- •  l»,  •  t.c  r;,  i  :  i'.r.j‘  r,  b>-  sou  d  ‘ 

i  ,v  ns.- thud.-;  i,f  he  * uoory  ■  f  statistical  solutions,  pv<  seeding  fry-,  t,,e  qua  1 1  ty  <  ! 

'  •>>  ut-n  by  the  j,..<  :e.r  :,-f  various  fun? it  nr.  in  ‘ :  e  presence  of  man.,  urge's  |  ■'*  /'■ , 

A--',  A).  Tne  pj'i.ib  i  on  of  separa.ion  of  c  J  piaL  In  1  1/ a  care  is  iv  '  posed  be  I.V- 

ii.i  racer  wbl<ii  i/j  very  best  manner  produces  detection  or  rx-ururomon t  of 

Co-  r  j  I  n>t  too  ("f  execute  a  aori.C  other  function)  In  the  pr'-ceir'C  «.  f  se/er-1 1  cUr'-;;,- 

I  <•<  •  :  >;d  targets  1:,  cons  i.dervd  optimum  Jn  Its  resolving  i.uv/er,  host  ; vi  nr  power  in 
'll;:  approach  !s  un  i--)-.;  tood  as  the  -,.i.  1:1* ;/  to  r.  ,•  e  :uii--'.1<ri  in  ’be  ■ .  re,",< i 

i  i'  i- a.  i.v  '  urge',:, ,  Ti.l  t  condep1  thus  turn  <ut  tt.  be  very  1  ia  an  . 

bach  of  tue  shown  appro  aches  has  It:  ad  V'-ii’ ager:  and  d>-:  j  J  J  •  s  .  '!>  i  ;  1  i  s  1 

i-i  l:i  p  re  feral  1  e  v/hon  there  Is  no  e  r/rii  el  1  • .  *  or-":*;  ’.1  oh  a!  ■•■u:  ■  i,  nv.  !  ■  t  u  u 

1.  c.a-  Ion  of  -ee.o  l  /ml  «  arye',5 .  T'.:.  a.  /an'age  | .:  sl/i.iiil  ■  i  y  of  i  r,  .■  |.  •.  ,  • 

!.<■  re.1.)  ci-,  aj„|  ,,r  ..  ..  btaliioij  i  ,-s  i  ’  r. .  ■■■>  ,  ■  f  ••  j.j'  f*  I.  I  .  tv 


,,j 


i 

Tj 

\ 

J 

:S 

•'1 


difficulty  of  correct  selection  of  a  criterion  of  optimality  having  meaning  for  a 
bread  class  of  multitarget  problems. 

The  second  approach  is  more  rigorous;  howev:r,  consistent  use  of  it  requires 
assignment  of  a  priori  information  about  the  number  i  nd  position  of  targets.  Such 
an  p roach  may  be  preferable,  e.g.,  in  the  case  of  simultaneous  measurement  of 

Coordinates  of  all  detected  targets.  It  has  also  great  value  for-  finding  the  limits 
of  increase  of  quality  of  multitarget  systems. 

below  we  shall  give  examples  of  use  of  both  approaches  and  show  cases  when  they 
lead  i.o  close  results. 


13 • 2 .  Synthesis  cf  a  System  of  Optimum 
.'Jeparal.lon  of  Signals 


13-2.1 .  Solving  the  Problem  in  .a  Uenerai  Form 
In  .v-ordunce  with  the  classification  introduced  a cove  dur’ng  synthesis  of  a 
system  m.'  optimum  s  pa  oat  ion  of  signals  the  criterion  of  o»> 5  J-.  tl  s  h..-  is  .''or;:  u  .  a'  o<i 
d ' re  :  11;/  for  the  response  of  the  system,  which  should  be  small  for  signals 
1 n1  «•  i"'»r i.ng  with  respect  to  a  given  channel  and  large  for  the  useful  (detected) 
signal.  The  optimum  in  obtained  us  a  result  of  a  compromise  between  these  two 
requirements .  A.s  examples  of  criteria  of  optimality  of  systems  of  separation  ' f 
signals  it  in  possible  to  In  ilcai.e  the  criterion  of  a  maximum  ratio  of  the  ou'ptt 
tower  o''  the  useful  signal  to  the  total  power  of  Interference  and  the  interfering 
si  Inal. c;  the  criterion  of  minima x  cf  t t>e  response  for  Interfering  s'(1n:ilc  with  an 
assigned  v.a  1  ue  of  re  cp  on  Be  to  the  separated  signal;  the  criterion  of  ma/.  Itnui;  <  f 
fiio  a l;  ii'i.1  -it'-lntarforenco  ratio  with  complete  suppress j on  of  1  ro.eri'oring  sign  i  • , 
'he  nreser.  :c:  of  which  is  assumed  possible,  etc, 

shall  firs'  syn'hesize  .an  optimum  system  in  ae<  i banco  wl-i,  the  las*  <  . 
enumerated  criteria,  A  bad  I  c  advantage  of  this  -H  •  cr!<  i.  1."  1  ivvperidei.ee 
■lie  syV  h'cs !  zed  open 1  nns  c.n  the  received  signal  from  'he  r<  '  i.'.loiiHtil  p  oi 
:: '  j  ■  i .  ■  '  hs  of  the  useful  atul  Interfering  signals,  which  In  rua  i  conal 1  Itna  is  •.  r.-  u  •  1 3  i,y 
.1  in  W'i,  . '  A  •.  ■/  vi  i :  shaii  ci  n:  J  ■  ‘•■r  *.l I  t;;  of  r,./:  '  h<s  1  based  it,  ‘  i.o  oft.. 

ill.  if  r.r  :  '  g:i.i  •  —  (  'id  :'f .  i  t  In'  p:, 

i 

r  '  i  and  v/c  ".i.i  w  'o'.'  for  igna  I i  ~|  i.'.r.i'fi  fr.,,  ..  f  ■  •  1 ,  l  u  a.s  c(.ii:pa  n  d 
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«  If/ 


very  large  overlaps  of  the  resolved  signals,  where  for  receiving  any  reliable  solu¬ 
tions  for  separate  targets  from  tne  observed  set  there  is  required  such  an  increase 
of  power  of  the  useful  signal  as  compared  to  the  case  of  absence  of  interfering 
signals  that  for  many  typical  radar  problems  this  is  equivalent  to  the  impossibility 
of  resolution  with  the  given  signal  prrameters  (width  of  the  spectrum  of  modulation, 
dimensions  of  the  aperture,  time  of  observation). 

During  solution  of  the  problem  of  synthesis  we  shall  consider  the  system  of 
separation  of  signals  linear  (which  is  very  natural,  inasmuch  as  we  want  to  suppress 
the  sum  of  interfering  signals  with  unknown  coefficients),  and  we  shall  limit  our 
consideration  to  such  times  of  separation  of  signals  in  which  fluctuating  changes 
of  these  signals  are  negligible. 

This  limitation  is  not  essential,  Inasmuch  as  separation  of  signals  by 
parameters  of  modulation  depending  on  range  and  angular  coordinates  is  beat  realized 
in  each  period  of  modulation,  which  is  usually  small  as  compared  to  the  time  of 
correlation  of  fluctuations. 

Let  us  turn  to  solution  i  ■'  the  problem  at  hand  with  the  imposed  limitations. 
Mathematically  this  problem  can  be  formulated  in  following  way.  Let  us  assume 
that  in  multi-dimensional*  domain  SQ  there  is  assign ed  a  system  of  random  signals 
of  form  Re  Axq>(c,  l),  where  >•  —  parameter  taking  values  in  domain  Aq,  A>  —  indepeii.j- 
1 1  .  random  complex  coefficients  not  depending  on  s.  For  each  of  the  signals  we 
introduce  a  correlation  function 

Rx  {st,  s,)  =  Ex  Re  ?  (j„  A)  (s,,  l).  (13.2.1) 

I. motions  v(c,  1)  are  assumed  complex  and  such  that 

|  ds~  0 

for  all  ,  X0.  Let  ur,  separate  from  the  introduced  signals  useful  signal  o(s,  X0) 
and  signals  «p(s,  X^ ) ,  o(s,  x^),  ...,  to  be  suppressed  (interfering  slgnt.’r-), 

Le 1  ur.  assume  that  in  that  some  domain  B(J  there  Is  assigned  interference  with 
correlation  fund  ion  k(n^,  3,^),  It  lr.  necessary  to  find  r.uch  a  reference  signal 
V<(s,  \  ) ,  that  '.lie  signal -to-lnter ference  ratio 

*  Consider at  1  on  i.-r  the  multi-dlmenslonal  case  Is  not  connected  with  any 
difficulties  and  at  the  came  time  permits  us  to  cover  the  problem  of  angle  resolution. 


*•=4 


I  *■ 


SJ‘(s  i.A,)K(s,,s,Vp*  (s*.  K)ds,  dst 


(13.2.2) 


is  mar  'mum  on  the  condition 


^l}»  (s,  A#)  y*  (s,  J.)  </s - 0  when  i€Aj, 


(13.2.3) 


where  —  domain  of  variation  of  parameters  of  interfering  targets,  signals  of 
which  it  is  necessary  to  suppress. 

Obviously ,  without  disturbing  generality  it  is  possible  to  consider 


j<M*.  W(M.)<fr=  i. 


(13.2.4) 


Fulfillment  of  this  condition  is  ensured  by  selection  of  a  constant  factor  for 
■ip(v-  ■  a.).  Here  the  problem  is  reduced  to  minimize  tion  of  the  q-  atic  functional 


JJt  (*».  V)  *  (si>  s>) 'J»*  (*..  K)  dstdst 


(13.2.5) 


under  conditions  (13.2  and  (13.2,1)).  In  order  to  solve  this  problem  without 
passing  to  consideration  ,  real  and  imaginary  parts  of  ^(e,  >.  ) ,  one  should  add 
to  (13.2.3)  and  (13.2.4)  complex  conjugate  condltloas. 

I, ft  us  consider  the  case  when  A,,  const  its  ol'  discrete  points  X^,  ...,  \n>  In 
accordance  with  the  Known  Lagrange  met  hod  the  problem  of  minimization  of  the 
functional  with  the  considered  additional  conditions  lo  equivalent  to  the  problem 
of  finding  the  absolute  minimum  of  the  functional 

S  J'l»  («,.  Wi,,  *,)  Y  (*..  l,)dskds  — 

n 

— ^[»0*  (s,  Xh)  ds  -f  (s,  X„)  <f  (s,  lh),  ds  j ,  (13.C..  ) 

where  wQk  and  arc  determined  from  conditions  (13.2.3)  and  (13.2,4)  and  thfir 
c  or  i,)  u  i r,a  f e  p. ,  respectively. 

r  1  l  nr,  iu  ■.’.•cm.  fno  first,  var  i  a*.  1  one  «.f  (13.2,')  wi.t'r  reBpec1  '  i.  •,(;:,  X,  ’)  aril 

*  I  * 

p  (u,  X,.),  we  firm  w|ijr  w,  y  arm 


I  ♦  K  *.)  R  (*,.  s,'  dst  £  u»*f  (*„  i„). 

■’«  t  ^0 


(-  M'.'O 


“  /  a  1- 


tagamitimgaMiEH ; 


..I ,  uui^UijiuidilLiL;i^-l;. .  .  tii  Akui 


Multiplying  both  parts  of  (15,2,7)  by  function  VJ  ( s  0 ,  3),  determined  by  equation 


fV(st,sr)R(s'tS')ds'  =  i(si-st), 


0-3.2.-J) 


and  integrating  ever  Dg,  we  obtain 


•  * 

<M*,  *»)*=£“'•*  (*,$,)  9  **)<*$, 

*=o  s. 


Substituting  this  expression  in  (15.2.3)  and  (13.2,4),  It  is  easy  to  see  that 
coefficients  vr0k  are  elements  of  the  first  line  (with  zero  index)  of  a  matrix,  the 
reciprocal  of  matrix  ||c(\j,  X^)  II  (j,  k  *-■  0,  1,  n) ,  where 


C  (*, .  [f  (s„  h)  w  (Slt  *,)  9*  (St.  *»)  dstdst. 

•s 


(13.2,10) 


Obviously  C  ( X , ,  X.  )  constitutes  the  generalized  analog  of  the  autocorrelation 
function  of  the  sounding  signal,  bub ctJ tv ting  (13-2.9)  in  (13-2,2),  we  obtain  the 


slgnai-to-interference  ratio  with  optimum  separation  of  signals: 

a  =  ~*u. 
q*  2wm  ' 


(13.2.11) 


If  the  useful  and  interfering  signals  differ  so  strongly  that  0(*t)I  X^)  «  0 
when  k  /  0,  wQk  =  C"1(X(),  X0)bQk  and  qfj  -  r,  ’§€(>■  0>  \>)  •  fcatio 


r  ~~  (A0,  i,) 


(3  3-2.12) 


characterizes  the  loss  in  the  slgnal-to-interference  ratio  which  is  the  cost  of 
separation,  I1  Is  possible  in  principle  to  separate  signals  as  close  as  one  wisher., 
If  only  there  is  a  sufficient  reserve  of  power  of  the  useful  signal. 

It  Is  easy  to  prove  that  loss  F  increases  with  Increase  of  the  number  of 
signals  which  11  is  necessary  to  suppress.  Let  us  assume  that  to  the  cons dered 
set  there  1b  addea  one  signal.  In  accordance  with  '.he  property  of  elements  of 
inverse  mutricjc,  already  used  in  Chapter  IV  Vol ,  I  [ree  (4,9.20)],  we  have'1 


,  .  w  <«  h)„,p h  n 

+  Wt  *  +  [“bn-l  k 

/»  i»  u  (n  -HI  » 

w  <»+l  <i  +  l 


(13.2, 13) 


•formula  (13.2.13)  la  derived  In  tne  following  way .  Mul  Up  l  ying  t-oln  parts  of 


~  !  ,(2- 


•where  the  upper  index  signifies  the  order  of  the  matrix. 


From  (12.8.13)  we  obtain 


,  „!.*  +2)  2! 
j^(rt+2) _  g/',  +  l>—  “i)  n  +  i  *"  +  2  0 


,(n  +  2)  I* 


&(n+*1  „ 


_  I  wbn+j 


u/rt  +  21 

“Vi+i/i+2 


■>0, 


(13.2.14) 


i  noe 


,1K 


||C(X  ,  >  )  || ,  is  a  Hermitiun  matrix.  From  (11.8,1.4)  It  follows  that 
(n+2) 


i  (n  +  1)  2.  ^  (n)  >  since  >  0  by  virtue  of  the  positive  definitiveness  of 

functions  C(X,  X  ). 


Above  we  did  not  touch  on  the  question  of  selection  of  parameters  of  the 
suppressed  signals.  In  those  eases  when  parameters  of  the  available  targets  are 
Known  exactly,  or  there  is  assigned  an  a  priori  distribution  for  these  parameters, 
we  naturally  equate  X^ ,  X  to  parameters  of  the  interfering  targets  or  use 

the  principle  of  least  rich  In  some  form.  In  tne  absence  of  a  priori  data, 
encountered  moot  frequently,  we  naturally  use  the  minim.ax  principle,  giving  to 
parameters  of  the  suppressed  signals  those  values  at  which  these  signals  present  the 
greatest  danger  for  execution  by  the  radar  of  its  functions. 

In  particular  it  is  possible  to  combine  suppressed  signals  with  coordinates 
of  spurious  maxima  X^  ,  X  p,  ...  of  the  function  of  uncertainty  jC(Xf),  X^ )  |  .  Here, 
due  to  the  fact  that  in  the  reference  signal  f(a,  X^)  there  are  present  signals 
wi 1 h  parameters  \  .,  X  ,  ,,,,  there  appear  additional  spurious  maxima  near  each 
poLnt  a^.  These  maxima  of  the  response  will  have  a  magnitude  of  the  order  of  the 
square  of  the  initial  maxima.  If  the  resulting  attenuation  of  spurious  maxima  is 
recognised  as  insufficient,  it  is  possible  to  repeat  the  whole  procedure,  combining 
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equal  ion 


S  “'w  Ch  -  f. 

/  \ 


b.y  arid  summing  for  v  from  i  to  n,  we  od  aln 

W"-  w\V  <i  -«*  <‘t:i  t  w»Ci  «+<  • 


1-1 


C  1  in.:  K  •-»  n  +  1  ,  we  fine 

<c—.- 

i  i’i.  :■  •  *.i  1  if  two  fon.  i  la"  wh"ii  ,  *  n  there  lm.wd  La*  cly  it-!  1-  ws  (13. 8,  13). 
Is  ci  i  i  eo  Mia*  coiid  1  ‘i  i.  ns  if  ex  Isl  oir'c  of  *  he  correspond  i  ny  Inverse  matrl- 

J  '.'ill  !  , 


It 

s  are 


X  ....  Xn  both  with  the  principal  and  with  additional  maxima,  etc. 

jn  certain  cases  the  described  procedure  leads  to  complete  elimination  of 
spurious  maxima  of  the  response.  Thus  are  matters,  in  particular,  for  phase-code 
manipulation  [see  Paragraph  13.2.2]. 

For  a  number  of  problems  more  Justified  is  consideration  of  the  continuum  of 
parameters  of  suppressed  signals,  i.e.,  the  case  wnen  domain  A^,  introduced  in 
connection  with  formula  (13,2.3),  is  not  assumed  to  consist  of  discrete  points. 

This  case  is  obtained  from  the  considered  one  by  passage  to  the  limit  with  distances 
between  points  approaching  zero,  and  the  number  of  points  approaching  infinity.  As 
a  result  relationship  (13.2,9)  is  replaced  by 


<!■(«,  =  f  lP(s,s,)?(s1,l.)</s1  + 

S. 

+  J  Xi)  dil 

I.  s. 


(13.2.15) 


where  w0  and  w(>0,  )  are  determined  by  equation 


(•  (0  K‘'-n  APA., 

wfi (Xt,  X)  -f  j  w(?,u,  Xt)C(X„  X)dXl  |  J  vi  n  ^  ( 1 3 . 2 •  it ) 

];i.  is  possible  to  simplify  these  'ormuUi.s  conewho t. .  Determining  wQ  from  (13.2. 11')  feu 
\  -  \f),  we  obtain 

1  —  |ui  X,)  C  (a,  ,kt)  dk, 

- - •  (13.2.17) 

flubs*  llutlng  this  expression  in  (13.2. lu)  when  A£A,,  we  have 

J  (*.,  \) [C (K,  C (X„  c (P.0, Z.) c (X„ X)} dXk «  (tVJ. 


(13-2.1  ; 


-~-  C(Xt,  X). 

I ,c in  the  signal -to-lnterference  ratio,  n<$  before,  Is  (jet  ermlr^o  by  formula 
(13.2.12),  where  instead  of  vp  ^  one  should  substitute  w,.,  determined  iron.  (1.3.2.17)i 


As  t  result  we  have 


(13.2.19) 


Thus,  solution  of  the  prohjeii:  oi  mpara'  Ion  of  r.  1  ,'nal  r.  for  the  considered  case 
re'ju  a1;:  to  solution  of  ,a  Iiedluli:.  tii"i;ial  «*quv  ion  <.f  tii*  fi  »T.t  Kind  (13.2.1*'.). 


I 


In  certain  cases  less  in  the  signal -to-interference  ratio,  connected  with 

total  suppression  of  the  selected  interfering  signals,  can  he  impermissibly  large 

and  even  Infinite.  In  these  cases  it  is  expedient  to  use  partial  suppression  of 

signals,  Corresponding  operations  are  most  simply  found  from  the  condition  of  a 

maximum  of  the  ratio  of  the  power  of  the  useful  signal  to  the  sum  of  the  powers 

of  interference  and  the  selected  interfering  signals  with  assigned  strengths  of 

Interfering  signals  at  the  input  of  the  system. 

Vie  will  give  here  only  the  result  of  solution  of  the  problem  in  this  formulation, 

inasmuch  as  the  method  of  solution  does  not  differ  from  the  considered  one.  The 

reference  signal  in  this  case,  as  before,  is  recorded  in  the  form  (12.2.9),  but 

matrix  ||w , ,  i!  is  replaced  by  ||v. 

o K  J 

energy  of  the  k-th  signal. 

The  formula  for  the  signal-to-interference  ratio  taking  into  account  all 
interfering  signals  has  the  form 


the  reciprocal  of  ||c ( x j  »  \)  +  §— 

K 


where  R  - 


£f 


I. 


(15.2.20) 


In  §  j.5.3  it  will  be  shown  that  optimum  processing  of  a  signal  when  using  such 
a  criterion  coincides  with  optimum  processing  in  the  problem  of  detection  of  a 
separated  signal  against  a  background  of  Interference  and  interfering  signals. 

It  Is  easy  to  see  that  for  large  values  of  the  signal-to-interference  ratio 
for  all  the  considered  signals  at  the  input  of  the  system  operations  of  partial 
and  total  suppression  of  signals,  and  also  output  signal -to-interference  ration, 
coi.noi  a  ,  As  a  confirming  example  -ie  shall  consider  the  very  simple  case  of  one 
interfering  target.  In  this  case  from  formula  (13.2.11)  and  (12.12.20)  we  obtain: 
with  total  suppression  of  the  interfering  signal 

9.  =  9'#0  —  If');  (12.2,25  ) 

with  partial  suppression  of  the  Interfering  signal 

~  02-2.21) 


v/l. i,  ir./i  q,  —  slgn'il-tu-lnterfc-ren'e  ratios  for  the  useful  arid  interfering 


1:  ip;vi‘ without  suppression;  v  ~  _ 

C  ('■,  ,  A,) 


-Yus. 


In  Fig.  1J.1  there  is  given  the  dependence  or  tee  ratio  r  of  quantities 

c:  i 

(15,2.22)  and  (13.2.21)  on  •/  for  different  q.,  ,  characterizing  loss  in  the 

sifnal-to-interference  ratio  due  to  use  of 
total  separation  instead  of  partial.  Assigned 
a  permissible  value  of  less  r  we  can  find 
tl.t  7  at  which  loss  starts  to  exceed  the 


permits lb 1 e i 


Fig.  1 3.1.  dependence  of  loss  in 
the  signal -to-i  nteri'erence  rat  it. 
with  replacement  of  partial  separa¬ 
tion  of  signals  by  total. 


V-=l  "tr— t)(H- «?'■)+'' 

Introducing  the  density  of  strength  of 
ths  interfering  signals  and  passing  to  the 
jiii.ii  ••.?  n  —  <ij  and  with  the  interval  between 
signals  approaching  zero,  we  can  obtain 
fj)  t : if:  proper  formulas  for  the  continuum  of 

Intel  lering  targets.  Here  the  problem  coin¬ 
cides  v; l'h  that  which  was  considered  in 
■j  it ,  1 1  Vo!.  I  iii  connection  with  selection 
of  a  ai/yr.  1  against  a  background  of  passive 
3rd  *-rt'.; rences. 


13*2,2,  .'iopurs  of  .  i  grin  i  s  i.y  Mange 

As  a  particular  case  v/o  r.bni1  .. .  i  .  ,ld*  r  1  no  promem  of  separation  of  signals  by 
range  in  the  pretence  of  interference  in  'be  iuxiii  of  white  noise.  Here,  if  the 
signal  is  periodic  Sq  coincides  «iHi  the  period  of  modulation: 

t  (t,  t)  u  (t  -  %)  c"'',  « (/,.  g  =.-  (/,  -  g, 

C(tj,  %!,)•-- jy- 1 w(/ tj) w*  (/ . "*/() dt  C„ (t*  -  -t j),  ^  ? 


r» 

v(*<  g  -jv't-  -  ge' 


(15.2.24) 


1  bus ,  the  reference  signal  In  a  eir.  m  of  Inium  separation  is  a  linear  com- 
blmtlon  of  all  ri  +  1  considered  signals,  or'hi-gonal  to  :i  Interfering  signals. 

Mnl '  ipl  lea'  ion  by  reference  signal  y  ( b ,  \  )  -.mi  1  n1  “gratloi.  can  be  carried  ou' 


a  i  ir  { wwprjiPiTsj&ri't'-sui-sji  'WZtM 


j.n  the  usual  circuit  of  heterodyne  processing,  shown  in  Fig.  13.2.  Under  certain 
conditions  the  same  result  can  be  obtained  in  principle  in  a  circuit  with  filtration. 

Let  us  consider  first  the  case  when  there  is  applied  a  filter  designed  to 
process  the  whole  period  of  modulation.  This  is  inevitable  in  the  case  of  continuous 


radiation  and  can  be  considered  one  of  the 

JL  ■— — — if  . 1  variants  of  processing  periodic  pulse 

v/  m  £  —  modulation.  We  consider  4/(t,  t0)  a  function 

Fig.  13,2.  Block  diagram  of  hetero-  o1  difference  T0  "  t 

dyne  processing:  1  -  mixer;  2  -  i-f  m//  -  \ — «.  /, 

filter;  3  -  detector.  Y «i  t) 

an ^  consider  h. ( -  t)  equal  to  zero  outside 

interval  tq  -  Ty,  tq.  Then  h^(t)  It  can  be  considered  the  pulse  response  of  a 

physically  realizable  filter.  It  is  easy  to  see  that  passage  of  a  signal  through 

such  a  filter  ensures  separation  of  signals  optimum  in  the  considered  meaning,  where 

the  separated  signal  is  obtained  at  the  output  at  a  moment,  equal  to  the  value  of 

delay  of  the  separated  signal.  Really,  if  to  the  filter  input  there  proceeds  signal 

u(t  -  T')eiW°^,  the  output  signal  at  time  L  is  recorded  in  the  form 

l 

<?*  (0  =  f  fl,(t  —  x)  u*  ( x  —  %')  dx  — 

i-Tr 

in  « 

J  J]  “’o (t,  —  **  —  /-f  x)  u*  (x  -  x')  dx—j^Yi  WtkCt  ~  %h  +  V  OJ 

t-T.  k~o 

r  a 

1 

and  at  time  t  =  t  ,  in  the  form 


Fig.  13,2.  Block  diagram  of  hetero¬ 
dyne  p recessing:  1  —  mixer;  2  —  i-f 
filter;  3  —  detector. 


n 

Q$  (x  )  ~  jgr-  ^9*Cf  (xg  —  x*)  =  1 . 


V.  the  same  moment  all  signals  for  which  i  -  t  -  t(.  -  (v  =  i,  2,  ,,,,  n),  -irt 
.■oiiip  1  fete] y  suppressed : 


Q*m  (*')  =  Jj-  wtkC,  (x,  -  xk)  =1 


Mi';:;,  v/e  obtain  a  sye  ’  whose  output  signal  in  eu'-h  moment  if  time  t  coincide; 
wi'n  output  signal,  delayed  this  time,  of  an  opi  l.rin/.i  circuit  v/i  th  total 


tiiii'i't  i  f  ."liUials,  separated  t,  -  i  Tv 

r  f;  i; 
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Somewhat  more  complicated  is  the  mutter  wills  use  of  1’iitration  for  processing 
separate  pulses.  For  physical  realizability  of  the  filter  it  is  necessary  that 
t^)  turn  into  zero  for  t  larger  than  come  value  tQ.  Inasmuch  as  u(t)  has 
limited  duration,  it  is  possible  to  set  u(<  )  ?=  0  when  t  >  0.  Then  by  virtue  of 
(1.5.2,24)  tQ  =  max  x^»  and  it  is  possible  to  consider  y(t,  xQ)  =  h(max  x^  -  t) 

the  pulse  response  of  a  physically  realizable  filter.  If  max  x.  ^  xA  the  result  of 

k  K  u  . 

optimum  processing  of  a  signal  with  x  •-  r(J  is  obtained  with  delay  with  respect  to 

the  moment  of'  termination  of  this  signal  by  time  max  x,  -  t,.  . 

°  ^  k.  u 

In  principle  it  is  possible  to  eliminate  the  delay  in  delivery  of  results  of 
processing  separate  pulses  if  we  beforehand  require  equality  y(t,  ; ,)  =  0  when' 
t  >  Tq.  Here  it  is  possible  to  preserve  the  whole  described  approach  if  vie  consider 
u(;  -  x^)  -  0  when  t  >  x^  for  all  the  considered  signals.  Such  "truncation"  of 
signals  should,  of  course,  be  taken  into  account  during  calculation  of  elements  of 
matrices  C(tj,  t^)  and  w^.  linen  using  fl  i '.ration  with  "truncation"  of  signals 
at  the  output  of  the  filter  at  every  foment  of  time  there  is  separated  a  signal  with 


x  =  t,  and  all  signals  with  x  -  t  -  -,;J  + 

are  suppressed.  From  qualitative  conaidevatloj; 

of  signals  can  lead  to  increase  of  correspond  in 


i." ring  at  the  same  moment,  of  time, 

3  j*  is  quite  clear  that  "truncation" 


of  signals  can  lead  to  increase  of  corresponding  values  of  C(i  ^ ,  i^)  and  that  this 
increase  should  cause  worsening  of  the  .  . rival -i.o-noise  ratio  as  compared  to  the 
"untruncated"  case,  However  there  if  u:  d  cases  where  there  exist  signals 

for  which  ."truncation"  does  not  J  .  ■■■  .-r  it)  ioss-r.  further  investigations 

iii  this  direction  are  of  concideruu _e  inces-. 

T.i  •  i  us  consider  two  example::  of  tign-iis  v/1  i  i.  phase-code  manipulation  (see 
Chapter  I,  Vol ,  I).  In  tills  case,  combining  delays  of  the  suppressed  signals  with 
spurious  maxima  of  the  f  auction  of  unco  it. a  .in'  y ,  i  :  is  possible  to  achieve  complete 
elimination  of  tne  spurious  maxima.  Xu  Is  simple  to  show  thm,  the  response  of  ix 
linear  instrument  with  u  phase-iiianipui  i tod  reference  signal  to  a  phase -manipulated 
sign-:!  with  the  same  code  Interval  A,  tut  delayed  time  t ,  is  determined  by  a 


formula  analogous  to  (1.2.22): 


«W=Q(^)  -  (-J  - »*)  [Q (i*A)  Q lit1 4- 1)  A]}, 


(1 5.2. ?b) 


where  u  —  the  integral  pur*,  of  tViu  ~.  . 


V- 


I 


. 


Seeking  absences  of  response  for  t,  which  are  multiples  of  A,  we  also  provide 


suppression  of  signals  with  intermediate  values  of  t. 

Example  1.  Let  us  consider  as  an  example  a  continuous  signal,  manipulated  in 
phase  by  the  code  of  Hoffman  [?].  As  it  is  known,  for  such  a  code  Cq(pA)  =  -—when 
p.  £  o.  Let  us  find  a  reference  signal  (pulse  response,  of  the  filter)  at  ’-'hich 
response  of  the  instrument  to  signals  t  -  tq  =  uA(u  ^  0)  is  equal  to  aero.  Here 
it  is  sufficient  to  consider  values  |  (x |  <  — ,  where  n  is  the  number  of  elements  of 
the  code,  since  for  larger  |p.|  the  whole  picture  is  repeated  periodically.  It  is 
easy  to  show  that 


■  ft  5T1  <«+*»>• 


(13.2.26) 


<*-t)/2  J 

4-  J  !«(<-%-  t^A)  +  «(*-'*  + 

1 


(13,2.27 ) 


In  different  code  intervals  u(t)  takes  value  l//n  or  -l/-/n  (phase  is  equal  to 
0  ur  it).  In  the  reference  signal  y.(i,  xQ)  at  certain  code  intervals  there  apnour 
zero  values  (signal  gaps) .  Thus,  the  reference  signal  turns  out  to  be  modulated 
in  amplitude.  Tor  instance,  when  n  =  2”*  -  1  =  7  the  sequence  of  values  of  u(t  -  t  ) 
has  the  form  1,  -l,  -1,  -1,  +1,  +1,  -1,  and  for  •;••(!,  tq)  0,  -1,  -1,  -1,  0,  0,  -1 
[for  brevity  of  recording  we  rejected  in  the  expressions  for  u(t)  and  V'(t>  Tq)  the 
normalizing  factors ]. 

By  the  formula  (13.2.12)  it  is  easy  to  calcu.ia.te  the  Joss  in  the  signal  -  to  -iv.  if 
ratio  due  to  separation.  Substituting  (13. 2. 23)  and  ('13. 2. 26)  in  (13. 2. 12) ,  we 
obtain 


r= 


2n 

n+1 


iVr  large  n  loss  is  opproxima*  ely  double. 

Example  2.  I.e'-  tin  asE.ime  we  have  a  pulse  signal,  man  1  pul  ••tad  in  r-i  -re  >  ,y  ' 

code  t  r  Parker  with  n  --  3.  .'.uch  a  code  lias  -.lie  1'orm  1,  1.  -1  , 

!  J.e  ricr  respond  liig  function  oi*  Cr(i<A)  ir.  0;  -y;  ;  • T\ 

snull  lor  ulrnpj it ./  Mi'*  prowlers,  <'i'  ;;up!in‘  ion  'm  Un]  ]  ir.  j  u-d 

'Hi1'  :  or  inversion  ui  matrix  *‘(  ,  ,  ■  )  di::.  rt-vo  iM-uri*  r  ‘  r.ib- : ».  nr.v  ion*  j  f  r 
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rgj};.~T?/is‘.FSias,ML*gaae 


N,  C  cosvXrfl 

wu+—~ir)  7~"2  ““ 

5  |  +  cos  2X. 

jO,  v  =  2A  +  l 
“((-«>* 

Coefficients  w„  rapidly  decrease  with  growth  of  v.  Therefore  in  practice 

i  J 

it  is  possible  to  limit  the  duration  of  the  reference  signal.  Quantity  w, ,  In 
accordance  with  (13.2.12)  determines  loss  in  the  s Lgnal -to-interferenoe  ratio  during 

separation  of  signals:  F  =>  *il  »  Jj.2.  The  considered  method  can  be  used  for  finding 

processing  of  codes  with  a  larger  number  of  elements.  Difficulties  arising  here  are 

\ 

of  a  purely  calculating  character, 

13.2.3.  Separation  of  Signals  in  the  Direction  of  Arrival 

The  described  approach  can  be  used  for  synthesis  of  processing  of  the  field 
\ 

in  the  antenna  aperture,  providing  increase  of  angle  resolving  power.  Here  ’on, a in 

ZQ  is  the  surface  of  the  aperture  of  the  antenna,  and  signal  fp(s,  X)  is  a  plane 
-ikr 

wave  e  ,  where  r  —  raoius  vector  c'  a  pi.-int  in  the  aperture,  which  we  consider 
flat;  k  —  wave  vector  (parameter  of  the  signs').  The  dependence  of  the  signal  on 
time  may  be  ignored  if  we  are  not  concerned  with  joint  separation  with  respect  to 
angles  and  range.* 

Interference  in  the  problem  of  seoc.i  rlu.  ly  ang '-an  be  considered  to  consist, 
of  two  components :  background  rud; i  n  ei.u  va'cral  noises  of  the  recei  ver.  We 
shall  consider  these  components  separately. 

background  radiation  we  shaii  cousidei  supej ;n.>a i  !  ion  of  plane  waves  arriving 
fn.t.  different  directions  with  random  and  Judenei  dent  amplitudes  and  phases.  Here 
the  correlation  function  for  iatkground  In  the  aperiure  has  the  form  {[,'  j 


1  e  e  1 4 ,r«  ~r»' r 
=  N*v  jje  sit 

—  N$  : 

-J-\r,  -  r,l 


sin  ft  cos 


♦  The  probler  of  simultaneous  .. epurn'  ion  w' '  i 
considered  by  Y  1.  .  himrui  \t-'"  ;  for  ‘  he  cav 

infinitely  ■•.mall  slot. 


,;,.t  p0  amMes  and  range  wa; 
an  aperture  In  th*'  form  of  un 


m. 


B**  * 


where  J^(x)  -  Bessel  function  of  the  first  kind; 

—  spectral  current  density  of  power  of  the  background  through  the 
*  aperture  at  the  considered  frequency; 

7~p  =  kQ  —  projection  of  the  wave  vector  on  the  surface  of  the  aperture, 

The  foimula  for  R  ^  (r.^,  r^)  is  derived  in  the  following  way.  Let  us  consider 
o;,  elementary  plane  wave  striking  the  aperture  at  an  angle  of  5-  to  the  normal  and 
angle  <p  with  respect  to  an  arbitrarily  selected  direction  x  in  the  aperture  plane. 

We  consider  that  the  phase  and  amplitude  of  the  wave  i.  •  random,  where  all  values 
of  phase  in  interval  (0,  2tr)  are  equiprobable.  Then,  obviously,  the  correlation 
fur  ■;  cion  of  the  field  of  this  plane  wave  for  any  two  points  of  the  aperture  is 


A  Re  e*  (r‘  ~T*)k  -  T d.  J  "r«) ' 


•ARee 


where  k  —  wave  vector, 

A  —  average  density  of  the  flux  of  power,  corresponding  to  the  given  plane 
wave . 


Inasmuch  as  on  the  receiver  of  radiation  there  usually  acts  part  of  the  power 
flux  passing  through  the  aperture,  we  must  multiply  A  by  cos  Z,  If  waves  arrlvi.1;_' 
from  different  directions  are  net  correlated,  the  correlation  function  for  the!  ’ 
sum  is  obtained  by  summation  of  correlation  functions  of  the  components,  Tbcro.ineing 
the  angular  density  of  the  strength  of  in  accordance  with  formula 

i4==^siti 


we  obtain  as  a  result  of  integration  the  above-mentioned  expression  for  R  (r„  ,  r.,). 
To  correlation  functions  R  ^  (r^ ,  Tp)  there  corresponds  spectral  density 


S*(P)  = 


0  |p|>-f 


Plane  waves  in  the  aperture  of  an  antenna  constitute  space  harmonics  of  form 
e*^r,  ’where  p  ---  k.,  and,  obviously,  |k(,|  <  ~.  Thus,  for  arl  valoc.;  of  p  inter".: ting 
background  radiation  has  uniform  .?[>«<•  trul  density  and  it  can  be  considered  equivalent 
to  space  white  noise  with  correlation  function  N  -  r.-,) .  More  strict, 

•anaiycir,  ct  [M ,  chows  that  this  equivalence  occur::  only  for  dimensions  of 
the  aperture,  large  ar.  comparer!  to  wavelength,  with  disregard  of  boundary  effect;--. 


-Ybl- 


In  examining  natural  noises  one  should  distinguish  noises  added  to  the  signal 


in  the  course  of  space  processing  (output  power  of  these  noises  depends  on  the 
character  of  processing)  (noises  of  the  first  kind),  and  noises  added  to  the  slgnaj 
after  space  processing  (noises  of  the  second  kind).  Nol3es  of  the  first  kind  play 
a  large  role  in  systems  with  a  phased  antenna  arraj- ,  in  which  every  element  of  the 
array  is  connected  to  a  noisy  receiver.  Space  processing  of  a  signal  in  this  case 
consists  in  weighted  summation  of  output  voltages  of  these  receivers.  With  a  large 
number  of  closely  located  elements  summation  can  be  replaced  by  integration,  consid¬ 
ering  noises  6-correlated.  Allowance  for  the  influence  of  noises  of  the  first  kind 
and  of  background  and  synthesis  of  a  system  for  separation  of  signals  are  produced 
in  full  conformity  with  the  general  method  described  in  1/3. 2.1. 

Noises  of  the  second  kind,  added  to  signal,  after  space  processing,  play  a 
basic  role  in  those  cases  when  space  processing  is  produced  without  preliminary 
amplification  of  signals  received  from  separate  elements  of  the  antenna.  The  power 
of  these  noises  does  not  depend  on  the  nature  of  space  processing;  therefore  such  a 
case  requires  special  consideration. 

Taking  into  account  the  presence  of  a  t-eorr-  ’  used  background  with  spectral 
1  ? 

density  pN  ^  X  ,  natural  noises  of  the  first  kind,  also  assumed  b-correlated ,  and 
noises  of  the  second  kind,  we  write  the  sign*  1. -to- interference  ratio,  which  is 
required  to  be  maximized,  in  the  form 


j  7  J<Mr.  Uc)  e<k,,£/r 

q _ _ 

Nt  +  N,  —  j'  |  Hr,  M  Nr 

q 


(0.2. 2c.) 


In  this  formula  a  —  area  ol'  the  aperture ,  N0  —  spectral  density  of  noire?  of 

-t  o 

the  second  kind,  H  =  ^  X  —  sum  of  spectral  densities  of  noises  of  the 

first  kind  (N^)  and  the  background  (we  consider  factor:;  with  s(r,|  -  r^)  in  expression: 

for  correlation  functions].  In  (1J.2 .2ft)  by  means  of  introduction  of  factor 

i — with  ^(r,  k0) ,  it  is  considered  that  in  the  absence  of  amplification  the  energy 
la 

received  from  the  aperture  cannot  be  greater  than  the  incident  energy  (there  occurs 
summation  ol'  tne  field  with  respect  to  power,  and  not,  to  voltage). 

With  maximization  of  expression  (1.3.?. 2ft)  on  function  V'  there  should  be  imposed 


an  additional  condition,  limiting  amplification  of  the  signal  to  addition  of 
noises  of  the  second  kind.  If  this  condition  is  absent,  the  result  is  trivial: 
the  constant  factor  in  |^(r,  k(J) |  should  be  so  large  that  component  Ng  in  the 
denominator  of  (15.2.28)  can  be  ignored. 

If  we  write  the  shown  condition  in  the  form 


vjl-Hr,  k0)|’rfr  =  1, 


i.e.,  assume  that  amplification  at  separate  points  of  the  aperture  is  possible,  but 
on  the  average  over  the  aperture  it  is  absent,  then,  as  it  is  easy  to  see,  the 
expression  for  ip(r,  kn)  with  accuracy  of  a  constant  factor  coincides  with  that 


obtained  for  N0  =  0: 


4>(«\  = 


(15.2.29) 


where  k^(J  =1,  ...,  n)  -  wave  vectors  of  suppressed  signals:  [maximization  of 
(15.2.28)  is  performed  with  the  additional  conditions  (15.2.5)]. 

Coefficient  A  is  determined  from  condition 


«  1. 1 

*=  wajw*„C  (kj(  k,)  =  \  A  |X,=  i , 

i.  1 

q,  =  E.I[2wM(N0~\-N')\. 


so  that 


In  these  formulas  V!jy  ~  elements  of  a  matrix,  the  reciprocal  of  |C(kj,  k^li. 


C(kj,  k/)  =  J  e-’^kj— k,)rdr. 


ir  amplification  and  at  tenuu'  1  on  of  the  signal  are  absent.  at  a  very  point  cf 
the  aperture,  \f(r,  k^) |  =  3,  ana  separation  is  carried  out  only  by  phase  processing. 
Function  #( r,  kn)  in  this  case  can  he  recorded  in  the  form 


f(r,  k,)  =  e'8(r,k#). 
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where  B(t,  kQ)  —  real  function. 

Substituting  (12,2.30)  in  (13. '2. 8)  and  (13,2.3),  we  obtain 


_ _ £.  lf± 


2  (W.+ 


l(^I  C°S  ^ (r'  ^  ^  rfr)J 


J  sin  1°  (r  •  K»>  +  K»rl  rfr)'j  ■ 


(13.2.31) 


The  problem  reduces  to  maximization  of  (13.2.31)  under  condition 


J  cos  (6  (r,  koH-kjfjrfr^  j’sirt  (0(r,  k0)-f  k^rfr  — 0. 


(12.8.3? 


Using  the  method  of  undetermined  Lagrange  factors,  we  obtain 


■Mr.k.)=e,,|r'  ‘•'--tei 


2 


l>-,k'r 

l=o 


(12.2.33) 


where  coefficients  are  determined  from  conditions 

•Vfl >t.)r 


1 1  dr’ 

I 

lls^-*** /==1 . n' 


(13. 2. 34) 


Thus,  the  optimum  weighting  function  -//(r,  ky)  in  the  considered  case  is  a 
linear  combination  of  all  the  considered  signals,  multiplied  by  a  certain  function 
of  the  radius  vector,  ensuring  constancy  of  |t''(r,  k0)|.  The  signal  -to -inter  l'e rcnce 
ratio  with  such  a  reference  signal,  as  it  is  easy  to  prove  by  substitution  of 
(12.2.23)  and  (13.2.34)  in  (13.2.23),  has  the  form 


2(/Vi  +  /V,)  ^'olaol*. 


(12.2.32) 


where  q,..,  —  signal -to-interference  ratio  in  a  system  without  suppression  of  inter¬ 
fering  signals. 
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The  obtained  formulas  show  that  calculation  of  optimum  processing  of  a  signal 
i.i  this  case  is  considerably  more  complicated  than  in  that  considered  earlier.  We 
find  the  gain  in  the  signal-to-noise  ratio  to  which  replacement  of  processing  found 


without  taking  into  account  absence  of  amplification  of  power  in  the  antenna  by 


treatment  of  the  form  Just  now  considered  leads. 

In  the  first  case  there  is  produced  multiplication  of  the  received  signal  by 
a  reference  signal  of  form  (1J. 2. 29) >  normalized,  however,  in  such  a  way  that 


|^/(r,  kQ) |  =  1.  Energy  of  the  signal  and  the  spectral  density  of  nbise  at  the 
output  of  such  a  system  will  be  recorded  in  the  form 


Etl  —  Et 


e<k,rrfr 
max  1  (r.  It,)  | 


J  I +  («■•*«)  I** 

max  |<Hr,lt,)  |r’ 


where  EQ  and  NQ  —  energy  of  the  signal  and  spectral  density  of  the  background  radi¬ 
ation  in  the  absence  of  separation. 

Substituting  these  expressions  in  (13.2.28),  for  the  slgnal-to-interference 
ra.tio  we  obtain 


2Af„—  2 


_ ! _ 

N,  max  |  V  tt>,Je_'k',|,  +  Ntwt, 

) 


(1?.  2.3-0 


The  sought  gain  is  characterized  by  the  ratio  of  (.13.2.35)  and  (13.2,36): 


a. 


1  ^max 


<0*je 


■Jkjr 


Ntwt, 

-V, 


(13.2.37) 


Considering  the  problem  of  separation  of  signals  in  the  direction  of  their 

arrival,  we  considered  that  the  field  in  the  antenna  aperture  is  directly  subjected 

to  processing.  In  antennas  of  the  image  type  accessible  for  processing  usual Jy  is 

V 

the  uil  Acted  field  in  the  focus  of  the  mirror,  equivalent,  as  we  know  [C‘„. ],  to 
the  dl . ;  '  cted  field  at  great  distances  from  the  aperture  in  the  absence  of  a 
focusing  mirror.  For  large  dimensions  of  the  aperture  this  diffracted  field  can 
be  calculated  by  a  simplified  Kirchhoff  formula 

)  tJ*'  W  e'k  F^r.  ( 1  3  •  2  ■  5-' 
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i 

i 

i 

i 


I  m 

where  k  =  — p,  and  p  —  a  unit  vector  characterizing  the  direction  for  which  the 
diffracted  wave  is  considered. 

In  accordance  with  this  formula  the  plane  wave  e  will  be  transformed  with 
accuracy  of  a  factor  Into  function  C(k  -  k  ),  which  in  connection  with  this  can  be 
called  the  response  of  the  aperture  to  the  plane  wave. 

Let  us  establish  conformity  between  processing  of  the  field  in  the  aperture 
of  an  antenna  and  the  diffracted  field.  As  can  be  seen  from  (15.2.38)  as  a  result 
of  multiplication  of  the  field  in  the  aperture  by  a  plane  wave  and  integration 

there  is  obtained  a  diffracted  wave  for  a  certain  direction.  'Thus,  multiplication 

\ 

\ 

by  reference  signal  (13.2.29),  which  is  a  linear  combination  of  plane  waves,  and 
integration  over  the  aperture  can  be  replaced,  in  principle,  by  formation  of  the 
same  linear  combination  composed  of  values  of  the  diffracted  field  for  the 
corresponding  directions.  However,  by  virtue  of  the  inevitable  presence  of  noises 
of  the  second  kind,  such  an  operation  is  unprofitable  in  terms  of  power.  The  fact 
is  that  |y, (k)|  is  proportional  to  the  density  of  the  power  flux  of  the  diffracted 
field.  In  order  to  obtain  a  signal  proportional  to  y^(k)  it  is  necessary  to  take, 
in  general,  an  infinitesimal  elementary  solid  angle  near  the  given  direction  k. 

The  energy  of  such  a  signal,  and  consequently  also  the  ratio  of  this  energy  to 
the  spectral  density  Ng  of  noise  of  second  kind,  will  be  infinitesimal. 

It  is  possible  to  construct  another  operation,  equivalent  to  the  considered 
one  from  the  point  of  view  of  separation  of  .-.ignals  and  allowing  us  to  completely 
use  the  energy  reaching  the  aperture.  Let  us  consider  expression 

Z(k)=  J  «/,(k')C(k'-k)dk'^ljy(r)dre,krX 

|k'|<f 

X  f  C(k'-k)e'(k'~k)rdk'.  ( !  ^ ' 

.  Ik'l<f 

For  dimensions  of  the  aperture,  large  as  compared  with  the  wavelength,  C(k)  rapidly 

decreases  With  growth  of  |k|.  Therefore,  it  is  possible  to  replace  the  limits  of 

1 

Integration  in  the  integral  over  k  by  infinite  limits  and  to  consider  this 
integral  the  two-dimensional  reverse  Fourier  transform.  Inasmuch  as  the  response 
of  the  aperture  C(k)  is  the  Fourier  transform  of  a  function  equal  to  —  in  the 
aperture  and  to  zero  outside  the  aperture,  the  considered  integral  for  all  points 
of  the  aperture  has  a  constant  value.  Thus, 
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^(k)-  7^^e‘krdr 


and  multiplication  of  the  field  in  the  aperture  by  plane  wave  e”  and  integration 
over  r  is  equivalent  to  multiplication  of  the  diffracted  field  y^k')  by  response 
of  the  aperture  C(k'  +  k)  and  integration  in  all  directions  (over  the  whole  focal 

Plane  in  the  case  of  an  image  antenna). 

-ik.r 

To  reference  signal  2a. e  J  in  the  aperture  there  corresponds,  obviously, 

j  J 

1  r  X 

reference  signal  2a  C(k  +  k.)  for  the  diffracted  field  or  2a.C(-^-  +  k.,)  for  the 

j  J  J  J  ^  (J'.  v 

focal  plane  (d  ^  —  focal  length;  —  radius  vector  in  the  focal  plane).  The 

obtained  results  determine  the  structure  of  the  irradiator  of  an  image  (or  lens) 
antenna,  ensuring  the  required  separation  of  signals  with  a  maximum  aignal-to- 
Interference  ratio. 

Example.  Let  us  consider  a  linear  aperture  (an  aperture  with  infinitesimal 
width) ,  for  which 

•in  ^  (sin  9|  —  sin  0|)  (8,  —  9,) 

C(k,  —  k,)  —  ~  -73  — 

X  (*,n  ®« —  *,n  *0  IT  (®i  —  *•) 

=  C(0,-6f), 

where  6  —  angle  between  the  wave  vector  and  the  line  of  the  aperture: 
d  —  length  of  the  aperture; 


X  —  wavelength. 

We  demand  suppressions  of  first  spurious  maxima,  occurring  for  d  = 


where 


c  (8m)  =  T,  =  ~  0,21 7,  C  (2fJm) =Y,  =  0,046. 

With  n  =  2  and  a  symmetric  location  of  interfering  signals  matrices  ||C ( > ^ .  >• ; 


and  have  form 


1  Y  T 

||6’(i(,A*)|[=  T.t  1  y*  , 

r,  r,  1 

,  1 — I r. I*  y*,y,-t.  rf— r. 

I“'i*ll;=-r  YiY**  —  Y*,  1  —  I  Y»r  Y+,T.  —  T 
Yf~Y\  Y,Y*,-T*, 
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where  A  =  1  ~2|  Yl  |> - 1 Y,l*  +  2 ReT?TV 

From  this  it  is  easy  to  find  loss  in  the  signal-to-inr.erference  ratio  and  opti¬ 
mum  processing  for  the  case  when  there  is  allowed  amplification  during  processing 
of  the  field  from  separate  sections  of  the  aperture.  Substituting  w ()  and  C(XQ,  Xq) 
(elements  on  the  intersection  of  diagonals  in  the  above  matrices)  in  (13.2,12),  we 

p 

find  T  -  w00  =  (1  -  ligl  )/A  **  Loss  coirrprises  in  all  10$,.  Optimum  processing 

of  the  field  in  the  aperture  for  the  case  when  the  selected  target  is  on  the  axis 
of  the  antenna  (Gq  =0)  is  recorded  in  the  form 


i¥i. 


=Jj^[(T,T>.-r.)e  *  ■+(1-|T.I*)  + 

+  T  mJ~1+0,415cos?^-x, 


where  x  —  coordinate  of  the  point  in  the  aperture. 

The  field  at  every  i/oint  of  tne  aperture  should  be  multiplied  by  tf/(x,  k„) , 
which  corresponds  to  a  certain  amplification  or  attenuation,  Inasmuch  as  phase 

shift  is  equal  to  sere,  and  is  Integrated 
over  the  aperture. 

Let-  us  consider  the  directional 
pattern  for  power,  obtained  during 
suppression  of  first  side  lobes , by  the 
shown  method!  > 


Fig,  13.5,  Directional  pattern  of  a 
linear  antenna:  ——'with  suppression 

of  the  first  side  lobe; - without 

suppression  of  the  lobe. 


an  t  —  i 

*(*)=  4  J  n*,ue x  dx 

-Hi 

“  |  C  (ft)  +  0,207  [C  (0  -  0m)  +  C  (0  +  U]  I 


Relationship  g(9)  is  shown  in 
Fig.  13.3.  In  the  same  place  for 
comparison  there  is  plotted  the  direc¬ 
tional  pattern  with  an  uncompensated  side 
lobe.  From  comparison  of  patterns  it 
is  clear  that  suppression  of  the  first 
side  lobe  is  accompanied  by  certain 
expansion  of  the  principal  lobe  and 


increase  of  the  second  side  lobe  by  2  db.  As  aiready  noted,  by  the  shown  processing 
it  is  possible  to  synthesize  a  system  with  suppression  of  any  number  of  side  lobes. 

§  l?.?.  Statistical  Synthesis  of  Optimum  Systems  of  Resolution 

We  shall  now  consider  the  second  (of  those  enumerated  in  the  introduction) 

■-.up roach  to  the  problem  of  optimum  resolution  of  targets,  in  which  optimum  from 
the  point  of  view  of  resolving  power  is  considered  that  system  which  best  executes 
some  function  of  the  radar  in  the  presence  of  many  rather  closely  located  targets. 

Let  us  find  general  properties  of  optimum  processing  of  the  received  signal 
in  multitarget  systems  without  specifying  the  solutions,  taken  for  the  set  of 
targets.  This  can  be  done  by  using  the  concept  of  minimum  sufficient  statistics 
and  a  sufficient  receiver  (see  §  5-7,  Vol.  I). 

If  there  is  no  a  priori  information  abbut  the  number  and  position  of  the  targets, 
minimum  sufficient  statistics  for  any  solutions  taken  for  a  set  of  targets  is  the 
set  of  values  of  likelihood  ratios  for  all  possible  situations  A . (y;  X^)  ,  /.0(y;  X„ , 

\g) ,  An(y;  X^,  . ..,  Xn),  ...,  where  n  (number  of  targets)  has  values  from  1  to 

cd,  and  parameters  of  targets  X.,  X  pass  through  all  possible  a  priori  values . 

In  accordance  with  this,  sufficient  is  a  receiver  at  whose  output  there  will  be 
formed  the  shown  set.  Having  output  signals  of  a  sufficient  receiver,  it  is  possible 
to  optimally  find  any  solutions  about  the  set  of  targets.  The  form  of  further 
transformations  of  these  signals  and  what  part  of  them  is  used  depend  on  the 
presence  of  a  priori  information,  the  character  of  the  sought  solution  and  tb" 
rules  utilized  for  solution. 

Each  of  the  likelihood  ratios  is  the  ratio  of  the  probability  of  reception 
of  realization  y  in  the  presence  of  n  signals  with  parameters  X^,  ...,  to  the 
probability  of  reception  of  the  same  realization  without  the  signals.  Instead  of 
the  likelihood  ratios  it  is  possible  to  consider  the  likelihood  function;  however 
in  this  case  there  arise  certain  formal  difficulties  connected  with  transition 
from  discrete  realizations  to  continuous. 

Let  us  consider  operations  connected  with  forming  of  the  likelihood  ratio  for 
rapid  and  slow  fluctuations  of  the  reflected  signal,  considering  signals  and 
interference  statistically  independent  Gaussian  random  processes.  Here,  in  order 
to  have  the  possibility  of  comparing  results  ox’  synthesis  with  results  of  optimum 
separation  of  signals,  we  will  generalize  expressions  for  likelihood  ratios  1  btuinou 
iix  Chapters  I  and  IV  Vol.  I  to  the  multi -dimensional  case. 


n--  xaa 
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Consideration  of  the  multi-dimensional  case  i.r,  produced  exactly  as  for  the 
one -dimensional.  We  assume  that  in  multi-dimensional  domain  SQ  there  are  assigned 
interference  with  correlation  function  R(sj ,  s^)  and  a  signal  with  correlation 
function  R  c  (s^  Sg) ,  where  both  the  signal  and  interference  are  Gaussian  random 
processes.  We  consider  the  set.  of  points  s^,  ...,  3  The  likelihood  ratio  for 
values  yj  =  y(s  )  is  equal  to 

N 

A  (yt,  • .  >  <y^)~  n  r  •  *  (13.2.1) 

J  ^  '‘^c  ik 

1=1 

where  Rjk  =  R(sJJ  sk)5  Rc  Jk  -  RQ(sy  s..),  and  WJR  and  fc'cn  ,R  -  elements  of 

matrices,  the  reciprocals  of  correlation  matrices  of  the  interference  and  the  signal 
with  interference,  respectively. 

Passing  to  processing  as  N  -» co  and  bringing  to  zero  the  distances  between 
points,  it  is  possible  to  replace  the  sum  by  integrals  and,  using  multi-dimensional 
analogs  of  formulas  (1.4.1),  (1.4.2),  (1.4.12),  (.1.12),  (4.2.4)  and  (4.2.5),  write 
the  likelihood  ratio  for  the  realization  in  the  form 


A  (y)  =  exp  )lt(sl)y(st)dsldsl  — 

s, 

1 


—  ^  j  a<z  [  5  a)  , 

0  5, 

(1  3.  3.  2) 

where  V(s^,  Sg)  and  B(s^,  Sg,  a)  are  determined  by  equations 

J  V(*i*  s)  ( R(s ,  st)  +  R0  (s,sj\ds  =  Wt  (Sl,  st), 

(1  3-3o) 

“» 

B(si'  *)  +  *  s;  a)Wt(st,s,)ds=\Pt(s„  s,), 

(13-3.4) 

• 

W7!  («..  s«) =  j  W  (V  s)  (S’SJ  ds > 

A# 

(13.3.3) 

j  87(5,,  s)  R  (s,  S,)rfs  =5(s,-  s,). 

(13.3.6) 

Variables  s  in  these  formulas  are  mui ll-dimensional  vectors. 


We  concretize  the  obtained  relationships  for  the  case  when  the  signal  is  the 


sum  or  n  statistically  independent  signals  with  correlation  functions  of  form 
(15.2.1).  The  radius  of  correlation  of  fluctuations  of  signals  is  considered  large 
as  compared  to  dimensions  of  domain  SQ  (case  of  slow  fluctuations).  When 

(s„  st)  E> Re  9  (s».  h) ?*  (*„  lj). 

i 

solutions  of  equations  (15.5.5)  and  (15.5.4)  are  presented,  as  't  is  simple  tc. 
prove.,  in  the  form 


V(«I,  *»)  =  2  Re  V  (s,)  Xh  (s,), 


l.k 


B  (s„  s,;  a)  =  2  Re  £  bjh  (a)tp*  (st,  lj)  Xh  (sa). 


1.  * 


where 


*)?(*,  h)ds. 


(15.5.7) 

(15.5.0) 

(15.5.5) 


and  matrices  ||Vj^||  and  ||toj,K(a)  ||  are  reciprocals  of  matrices 


aA)  ,  2^-J-aC  (Ai»  *a) 


respectively,  where  C(X^.,  X^) ,  as  before,  is  determined  by  formula  (.15.2.10) 
Substituting  (15-5.7)  and  (15.5.8)  in  (15.5.2),  we  obtain 


\n(y;  . *n)~ exp{£»i*Q*jQ*  — 

/,  * 

where 

Q)  =  \y(s)Xj{s)ds.  ^ 

it 

In  §  1.4  Vol.  I  it  was  shown  that  tor  an  arbitrary  matrix  wc  have  relationship 

dln\Rlh\.___\r\  dRikw 

oi  2j  t  Whl' 

/.* 

w 1 1  1' g  X  —  par arr. c  ter « 

Using  this  formula  and  considering  properties  of  matrix  ! 1 0  . ,  1 1 ,  it  is  possible- 
tc  rewrite  (15.5.10)  in  the  form 
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(5  5.3. 


A n(yi  K . A..)=^exp 

y.  * 

-ln|3^+TC(Aj,  a*)|[. 

Let  us  consider  operations  connected  with  forming  the  logarithm  of  the 
likelihood  ratio.  The  first  component  In  A  (y;  A1 ,  ....  can,  taking  into  account 

(13.3.9)  and  (13.5.1-1)*  t"--'  transformed  In  tnc  following  way: 

Ln  (y)  =  S  vjkQ*)Qn  ~ 

>.* 

—  (13.3. 


The  function  of  s  in  parentheses  under  the  integral  coincides  [see  Paragraph 
13.2.1]  with  the  optimum  reference  signal  b(s,  X.),  ensuring  a  maximum  ratio  of  the 
power  of  the  considered  signal  to  the  stun  of  powers  of  interference  and  all  other 
signals,  considered  as  disturbing,  as  noted  in  §  13.2,.  for  large  signal -to- 
interference  ratios  for  ail  targets  this  reference  signal  coincides  with  that  which 


ensures  total  suppression  of  interfering  signals. 

Thus,  transformations  connected  with  obtaining  the  likelihood  ratio  include 
operations  providing  partial,  and  with  high  energies,  practically  total  separation 


of  signals,  the  hypothesis  of  whose 
presence  is  being  proved,*  Further¬ 
more,  these  transformations  include 

multiplication  by  reference  signals 
# 

X,(s),  optimum  for  separation  of  a 
signal  from  interference,  and 
integration.  Results  of  both  forms 
of  correlation  processing  with 
identical  indices  are  multiplied  and 


Fig.  13.4.  Block  diagram  of  optimum  process-  totaled.  The  corresponding  block¬ 
ing  a  signal  with  slow  fluctuations:  2  — 

multiplier;  2  —  integrator  over  domain  diagram  is  shown  in  Fig.  ly.L 

3  -  adder. 


♦This  is  the  difference  from  the  case  considered  in  §13.2,  where  there  was 
ensured  suppression  of  signals,  the  presence  of  which  was  not  necessarily  assumed, 
but  was  considered  possible. 
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Let  us  consider  analogously  the  case  of  rapid  fluctuations,  where  we  consider 
that  fluctuation  are  fast  with  respect  to  one  variable  —  time.  In  order  to 
separate  this  coordinate,  in  our  examination  we  everywhere  shall  write  instead  of 
one  variable  s  two  variables  s  and  t.  The  correlation  function  of  the  signai  we 
she .  write  in  this  case  in  the  form 

Re($i<  fji  st>  (*i»  ^i»  ^j)‘ 

/ 

We  assume  also  that  the  spectrum  of  fluctuations  of  Interference  is  considerably 
wider  than  the  spectrum  of  fluctuations  of  the  signal,  and  we  replace  interference 
by  white  noise,  i.e.,  we  assume 

R(sx,  (s„  — 

and  that  cp(s,  tj  Xj)  is  a  periodic  function  of  time  for  all  j,  where  we  shall  con¬ 
sider  the  magnitude  of  the  period  Tr,  common  for  all  X^ ,  small  as  comps.red  to  the 
time  of  correlation  of  fluctuations  of  the  signal.  Solutions  of  equations  (13.3.3) 
and  (13.3.4),  as  before,  we  shall  seek  in  the  form  of  (13.3.7)  and  (13.3.8),  but 
Vjt.  and  b^k  we  shall  consider  to  depend  on  t^,  t^.  All  these  assumptions  and  the 
subsequent  derivation  are  completely  analogous  to  those  used  in  Chapter  IV  Vo'L ,  I 
in  examining  signals  depending  only  on  time. 

Substituting  (1.3.3.7)  in  (13.3.3)  and  leveling  term  by  term  components  in  the 
right  and  left  parts  of  the  equation,  with  the  given  assumptions  we  obtain 


where 


-T-P 


(!3.3.i'0 


C  (*,!,  **■)  — 

.  T' 

— J7  f  dt  J  J  ?(*„  t,  ldW(sx,  s,)f*{st,  t, 

?  .s. 


Inasmuch  as  It  is  considered  that  At  ,,  jT  »  1  (Af  r  ^  —  effective  width  of  lie 

spectrum  of  fluctuations)  fer  all  J,  it  is  possible,  disregarding  fringe  offsets, 

to  solve  equation  (13.3.14)  by  Fourier  trans  formal  ion.  The  ma  ti  •  i  7.  of  ;■■■•'.  cr-j 

2  At  f,  „ 

V jj, (a  )  is  the  reciprocal  of  matrix  +  C(X^,  Xfc)  |j,  where  C^('»)  —  spectral 
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density,  corresponding  to  pR(t),  normalized  sc  that  max  SR(cu)  =  3.  Likewise  we  find 

Substituting  results  of  reverse  Fourier  transformation  from  V^o:)  and  Bjk(a,  a') 
in  (13.3.7),  (13.3.8),  and  (13.3.2),  we  obtain 


where 


Ou 

A (y,  ....  *n)  =  exp  j  [ («)Q^ («•>)- 

**>|]**}. 

Qj  (•) = j  dt  t)  Xi  (s,  t)t~M ds . 


(13.3.16) 


(13.3. - •) 


Ac  can  be  seen  from  the  obtained  formulas,  in  the  case  of  rapid  fluctuations 
separate  spectral  components  of  the  signal  obtained  as  a  result  of  correlation 
processing  must  be  subjected  to  operations  of  the  same  form  as  for  slow 
fluctuations.  Optimum  processing  is  more  complicated  here  than  in  the  case  of  one 
target,  because  V^^oi)  cannot,  in  general,  be  presented  in  the  form  of  the  product 
of  certain  frequency  responses  of  filters:  H*  ( i-.. )  and  Tidier). 

With  a  large  si  gnal-to-interference  ratio  we  have  equality  |jv  jk(Jj)  IHlIwj^ll 
in  frequency  band  Af ,  where  the  ratio,  of  spectral  densities  of  the  signal  and 
interference  is  great. 

This  frequency  band  is  br  /veened  ;ltn  ire -ease  of  the  signal -to-interference 
ratio .  By  analogy  with  results  obtained  for  one  signal  (Chapters  17,  VII,  Ik,  X),  it 
is  possible  to  expect  that  expansion  of  band  Af  with  growth  of  the  slgnal-to- 
intorference  ratio,  after  this  band  exceeds  the  width  of  the  spectrum  of  fluctuation.: 
of  the  signal,  and  tho  form  of  the  frequency  responses  do  not  substantially  affect 


the  performance  characteristics  of  the  system.  Therefore  we  replace  V ^ ("  )  !,y 

wJR|H(itt>)  |  d,  where  H(  lxo)  —  frequency  response  of  a  filter  with  a  pass  band,  not 

considerably  exceeding  the  width  of  the  sR.-ctrum  of  fluctuations  max  Af„  , .  Here 

0  J 

it  is  possible,  by  transforming  the  .expression  for  Lp(y)  Just  as  we  did  in  examing 
one  signal,  to  present  a  block  diagram  for  processing  in  the  form  shown  in  Fig.  1.3-i 
Above  we  considered  optimum  transformations  of  a  signal  in  a  sufficient 
receiver,  connected  with  forming  the  likelihood  ratio  for  any  assumed  set  of 
targets.  If  on  the  number  and  position  of  targets  there  are  imposed  limitations, 
optimum  processing  Is  substantially  simplified,  7 he  simplest  example  of  this  kind 
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Fig.  1J.5.  Block,  diagram  of  quasi-optimum  processing 
of  a  signal  with  fast  fluctuations!  1  —  multiplier ; 

2  —  integrator  over  domain  Sq;  3  —  filter  with  fre¬ 
quency  response  H(io));  4  —  adder;  5  —  integrator  dur¬ 
ing  the  time  of  observation. 

is  the  case  when  parameters  of  n  -  1  targets  are  known,  and  a  solution  is  found 
only  for  the  n-th  target.  The  likelihood  ratio  for  this  problem  equals  ratio 

An(y,  ^li  •  •  •<  ^n-l*  ^n)/An-l(j/»  ^1,  .  •  Xn-i)  ==  A(l/) . 

\ 

Using  the  property  (13,2.13)  of  inverse  matrices,  transformations  of  the  signal 
connected  with  forming  In  A (;■/)  can  be  written  in.  the  form  (with  slow  fluctuations 


L^-h  S'**' 


(1  3.3.1c) 


In  this  case  transformations  of  the  signal  enstire  singling  out  of  the  useful 
signal  with  partial  (and  for  large  signal-to-interference  ratios  —  total)  suppression 
of  interfering  signals.  Solution  of  the  problem  of  detection  of  the  n-th  target 
against  a  background  of  n  -  1  targets  and  interferences  was  conducted  in  [43]  for 
finding  potential  possibilities  of  increasing  resolving  power. 

Besides  the  mentioned  work  [43]  there  are  a  number  of  works  in  which  there  is 
posed  and  solved  the  problem  of  statistical  synthesis  of  optimum  resolution  sysi urns. 
In  [44]  by  optimum  resolution  there  is  understood  detection  of  a  sot  of  targets, 
producible  by  means  of  comparison  of  results  of  estimation  for  maximum  11 keu.nood 
of  amplitudes  of  signals  from  these  targets  with  a  threshold.  We  consider  the-  case 
of  regular  signals  and  white  noise.  Operations  connected  with  estimating  amplitudes 
coincide  with  those  obtained  in  the  problem  of  complete  separation  of  signals. 

In  [64]  there  is  offered  another  formulation  of  the  problem,  leading,  however, 
under  certain  conditions  to  the  same  results.  Considered  best  in  resolvj.ng  newer 


!i*  U-L— -  ■.ill*  •  ua.  .  -a.  fn  ifcptjJi  j 


is  the  system  providing  the  best  estimate  of  the  reflecting  surface  (level  of 
reflected  signal)  as  a  function  of  the  coordinates.  As  the  loss  function  there 
is  used* 


?)  =  (*)  —  ? (s) f  ds. 


(13.3.19) 


where  <p(s)  —  signal,  corresponding  to  the  true  relief  of  reflecting  surface; 
$($)  —  signal,  corresponding  to  the  estimated  relief. 


Minimization  of  mean  risk  is  provided  by  selection  of  cp(s)  at  which  l(cp,  <p) 
is  minimum,  where  the  dash  here  signifies  averaging  with  the  help  of  the  a 
posteriori  distribution  of  p(q>|y).  It  is  assumed  that  the  signal  o(s)  is  the  pu' ■  ■ 
position  of  signals  from,  n  point  cargets 

f(s)  =  Re^J?(y,  Xj), 

1 

where  A,  —  amplitude  factors  (signal  <p(o)  is  considered  regular). 

Here  the  problem  reduces  to  finding  A,,  X,(J  «  1,  . . . ,  n) ,  Substituting 

<J  J  - 

A  /s  A 

(13.3.19)  with  Aj  =  aj,  Xj  «•  Xj  in  the  formula  for  I(q>,  <p) ,  differentiating 
respect  to  Aj  and  equating  the  derivative  to  zero,  we  have 


with 


It"2!8!'1' 


t> 


(13-3.20) 


j^i 


where  Bjj  —  element  of  a  matrix,  the  Inverse  o>'  |;b, ^||; 


X,)ds, 

S' 

=  li)v(sjds. 


(^3.3.21) 

(13.3/2?) 


Substituting  (13.3.20)  in  the  original  formula  for  I(<p,  cp),  we  find  that  *.(j  = 


-  1,  . . . ,  n)  must  be  selected  from  condition 


max  £  0 *jbh. 


h  '■  ‘ 


(13.3.23) 


If  there  is  no  a  priori  information  about  the  position  of  the  targets,  cp'(s') 
y(s).  Here  the  considered  method  of  estimating  the  relief  of  the  reflecting 


♦Here  we  do  not  hold  to  the  designations  adopted  in  the  mentioned  article. 
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a  V  , 


surface  coincides  with  the  classical  method  of  least  squares.  It  is  easy  to  see 
that  transformation  of  (13.3.20)  ensures  total  suppression  of  all  signals,  with  the 
exception  of  that  one  whose  amplitude  Is  being  estimated.  It  isv not  difficult  to 
prove  that  this  processing  coincides  with  that  considered  in  §  13*2,  when  R  ( s  ^ ,  s?)  = 
=  N-b(s,  -  Sg) ,  i.e.,  when  interference  constitutes  "white  noise"  with  respect  to 
all  measurements. 

Thus,  the  conducted  consideration  of  transformations  of  the  signal  in  multi - 
taiget  systems  which  are  optimum  from  different  points  of  view  showed  that  these 
transformations  always  include  total  or  partial  separation  of  signals  from  targets 
whose  presence  is  assumed.  In  certain  variants  .of  formulation  of  the  problem  cross- 
processing  of  signals  is  exhausted  by  these  operations  of  separation  end  further 
transformations  of  the  separated  signals  are  such  as  if  each  of  tin-,  signals  was 
unique  (see  Chapter  IV  Vol.  1 ) .  However  in  many  cases  this  is  not  so,  and  for  them 
it  is  interesting  to  compare  characteristics  of  performance  of  an  optimum  system 
and  a  system  in  which  separated  signals  are  processed  independently. 

The  tact  is  that  practical  use  of  optimum  systems,  in  the  which  signal  is 
processed  in  accordance  with  formulas  (13.3.10)  and  (13.3.1c),  is  possible, 
apparently,  only  with  rather  severe  limitations  (assigned  in  the  form  of  a  priori 
distribution)  on  the  number  of  targets  and  their  position.  Thus  are  matters,  e.g., 
during  simultaneous  tracking  of  several  targets,  the  number  and  initial  positions 
of  which  are  sufficiently  accurately  known,  or  during  detection  of  a  group  of  a 
known  number  of  targets,  located  at  assigned  points.  In  the  absence  of  a  priori 
information  the  optimum  system  is  extraordinarily  complicated,  and  it  is  advisable 
to  use  in  this  case  a  system  with  total  suppression  of  assigned  interfering  signals 
and  subsequent  processing  of  trie  same  form  as  for  one  signal. 

In  accordance  with  what  has  been  said  it  is  useful  to  take  the  following  ord.  . 
of  further  consideration.  In  §  13.4  and  §  13.3  we  shall  consider  she  problem  of 
optimum  detection  and  measurement  of  coordinates  of  an  assigned  set  of  Large's, 

In  ■<  13-6  we  shall  consider  and  compare  with  optimum  ones  simplified  systems  ■■■!' 
detection  and  measurement,  using  the  principle  of  total  separation  of  'Ig-vilo . 

v  13.4.  Optimum  Detection  of  an  Assigned  Set  of  Targets 

If  possible  positions  of  targets  are  fixed  and  It  is  required  to  determine  whicr 
of  these  targets  exist  in  fact,  the  optimum  procedure  of  solution  consists  (see 
Chapter  III,  Vol  I)  of  comparing  likoLihood  ratios  corresponding  or,  nil  possible 
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situations  with  thresholds  and  among  themselves.  If  losses  connected  with  all 
possible  errors  in  determination  of  the  number  and  position  of  targets  are  identical, 
we  should  take  such  a  solution  in  which  the  likelihood  ratio  has  a  maximum  magnitude, 
exceeding  the  noise  threshold.  Per  instance,  if  the  number  of  targets  is  not 
greater  than  two,  it  is  necessary  to  compare  with  the  threshold  and  among  themselves 

{y>  \)\  A,(</,  A,);  A ,(y,  A,,  A,). 


In  order  to  completely  characterize  the  procedure  of  finding  a  solution  in 
thi3  case  it  is  necessary  to  calculate  the  probabilities  of  all  possible  errors, 
the  number  of  which,  obviously,  equals  ^ ■,  where  n  is  the  number  of  possible 

solutions.  For  calculation  of  these  probabilities  it  is  necessary  to  find  the 
joint  distribution  of  probabilities  for  likelihood  ratios.  All  ese  calculations 
turn  out  to  be  very  cumbersome.  Therefore  we  here  will  limit  our  consideration  to 
the  case  of  two  targets.  Let  us  calculate  first  the  characteristics  of  detection 
of  one  of  the  targets,  when  the  presence  of  the  second  target  is  exactly  established. 
It  is  clear  that  this  characteristic  has  the  greatest  bearing  on  the  problem  of 
resolution  of  closely  located  targets  in  conditions  of  detection.  Absence  of 
resolution  will  lead  to  detection  of  one  target  instead  of  two;  therefore  the  quality 
of  resolution  can  be  estimated  primarily  by  this . characteristic . 

Furthermore,  we  shall  be  interested  In  characteristics  of  detection  of  both 
targets  when  they  are  either  present  or  Otsent  simul taneously.  Here  we  shall 
consider  fluctuation  of  the  sig’v-V  :>w. 

In  the  first  case  the  solution  is  found  on  the  basis  of  comparision  of  quantity 

ia  ii 


>: 

/~i 


and, 


inasmuch  as  Qj 


is  distributed  by  normal  law, 


the  equation  of 


characteristics  of  detection  has  the  form  (see  Chapter  IV  Vol,  I) 

l 

P=zFl  +  * 


where  qQ  —  the  signal-to-interference  ratio  at  she  output  of  the  system  forming 

i 

This  ratio  already  was  considered  in  §  Ip. 2  in  connection  with  the  problem  of 
separation  of  signals.  Remember  that  the  optimum  system  of  detection  in  this  case 
is  a  system  of  partial  separation  of  signals,  supplemented  with  a  device  comparing 
the  square  of  the  modulus  of  the  output  signal  with  the  threshold. 
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Let  us  consider  the  case  of  a  pair  of  simultaneously  appearing  targets.  The 
solution  Is  found  on  the  basis  of  comparing  with  a  threshold  the  likelihood  ratio 
Ag(yj  A  j  X2)  or  quantity 

/.*= I 

formed  by  the  block  diagram  of  Fig.  13.2.  Writing  the  distribution  for  quantities 
in  the  form  (see  [19J,  and  also  formula  (4.11.2)  in  Volume  I) 

P(Qi,  Qt )  =  |  exP  {—  £ 

'  ;.*= i  ' 

where  IIWj^ll  —  matrix,  the  inverse  of  and 

a 

xt)C(h,  h),  (13.4.1) 

1=1 

it  is  easy  to  calculate  the  characteristic  function  of  quantity  Lg(y)i 


’K14)  =  |8J*  — I  •  (13.4.2) 

Expanding  the  characteristic  function  to  simple  fractions,  it  is  easy  iu  find 
the  corresponding  density  of  distribution.  Assuming  for  simplicity  that  the 
strengths  of  the  signals  are  Identical,  we  obtain  for  the  probabilities  of  correct 
detection  and  false  alarm  the  following  expressions: 


t»)cjid  r  d+/.),-/uV  i 

2r  exp(.  I+T  +  a',u-T*)  c  J 
m  “jQexpf-  '<l+*>,-gfrl  c] , 

XP|  1-T  +  <7,.(I-TTJ 


(C)=L HL±^(Lzi! 


(V5,'i.3) 


(15. h . h 


where  c  —  is  the  magnitude  of  the  threshold,  divided  by  q^;  with  which  we  compare 

V  T  — |C(*i.  i,)\//c(itt  xt)C(Xt,  xt)i 

q,'Q  -  the  signal-to-interference  ratio  in  the  absence  of  separation. 

In  order  to  simplify  calculations  connected  with  determination  of  threshold 
ratio  q0 ,  corresponding  to  the  selected  probabilities  F  and  D,  it  is  possible  to  us 
the  fact  that,  as  one  may  see  from  (13.JI.3)  and  (13.4. 4), 


F{c,  T,  q\)  =  D(cif  T,), 

where 
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l+f'.O-l*)  ’  C'—C\  tY.d-T1)' 


(13.4.6) 


If  F  «  1  and  D  >  0.5>  the  threshold  values  of  turn  out  to  be  so  large 
2  0 

that  7^  «  0  when  7  <  O.o.  One  can  prove  this  by  performing  the  necessary  numeriea 

calculations.  This  circumstance 

.  • 

essentially  simplifies  calculation  of 


dependence  q.0 ( l" ^  D,  y) ,  which  can  be 
produced  by  the  following  scheme.  Flrsf 
we  graphically  find  dependence  c(D,  y) , 
where  D’s  are  given  very  small  values, 
typical  for  the  probability  of  false 
alarm.  Incidentally,  with  these  vaxues 
we  can  disregard  the  second  component 
in  (13.4.3),  if  72  >  0.2.  The  is 
determined  from  the  second  relationship 
of  (13.4.6) 

Fig.  13.6,  Dependence  of  the  threshold  d.  -- — 1 — .  <  1 — v») — 14- 

signal-to-interference  ratio  on  the  1  “  T  {  2c  (O, T)  ' 

degree  of  nonorthogonality  of  the  _ 

detected  signals  during  optimum  process-  ,  /[  c  (F,  0)  n  a,  | 1  ,  ,| 

ing.  ,  *Tj/  [2c(D."T)‘(  “T  I'  7' 


(13.4.7) 


Relationship  qQ(D,  7)  when  is  shown  in  Fig.  13.6.  As  can  be  seen  from 

the  figure,  for  D's  not  very  close  to  unity  q^  weakly  depends  on  parameter  7,  slowly 
increasing  with  Increase  of  the  letter.  When  1  —  D  «  1  this  growth  is  more 
marked.  In  §  13*6  the  obtained  result  will  be  used  for  comparison  of  the  optimum 
system  and  a  system  with  total  separation  of  signals. 


§  13,3.  Synthesis  of  Systems  of  Resolution  In  Conditions  of 
Measurement  of  Coordinates 


13-b.^.  Formulation  of  the  Problem 

During  measurement  by  radar  of  coordinates  of  closely  located  unreGoxveu 
targets  it  turns  out  that  due  to  interaction  of  signal s  reflected  from  these  targets 
the  mean  values  of  the  measured  quantities  do  not  coincide  with  their  true  values. 
With  total  absence  of  resolution  the  radar  measures  the  coordinate  of  every  target, 
At  the  same  time  !■<'  for  an  assigned  sounding  signal  we  introduce  resolution  of 
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targets  with  the  help  of  the  proper  processing  of  signals  in  the  receiver,  in 
general,  the  ratio  of  the  signal  to  noise  decreases  and  fluctuating  error  increases. 

In  connection  with  the  shown  circumstances  it  is  useful  to  consider  as  the 
criterion  of  optimality  of  a  resolution  system  during  measurement  of  coordinates  of 
targets  absence  of  systematic  errors  of  measurement  of  these  coordinates  and  a  minimum 
of  fluctuating  errors.  The  latter,  as  also  earlier,  can  be  estimated  by  their 
variances  at  each  given  moment  of  time. 

If  we  apply  this  criterion  for  synthesis  of  the  system  of  measurement  of 
coordinates  as  a  whole,  then,  as  also  in  the  case  of  one  target,  with  observance 
of  certain  not  too  limiting  conditions  the  system  can  bo  divided  into  two  parts . 

The  first  of  them  is  the  discriminator  in  the  tracking  variant  or  the.  estimator 
unit  in  the  nontraeking  variant  of  the  meter,  i.e.,  a  system  for  processing  the 
r-f  signal,  producing  the  current  estimate  of  the  measured  parameter  (set  cl'  para¬ 
meters)  X.  The  second  part  of  the  system  are  the  smoothing  circuits.* 

In  the  case  of  fast  fluctuations  of  the  signals  the  smoothing  circuits  have  ifcSs 
bearing  on  questions  of  resolution.  At  the  same  time  their  synthesis  in  the  prc-senc,.- 
of  many  targets  and  many  parameters  varying  randomly  in  time,  subject  to  measurement, 
constitutes  a  very  complicated  problem.  In  the  present  book  we  will  not  deal  with 
this  problem;  we  shall  limit  ourselves  to  synthesis  of  the  device  in  which  there 
is  concentrated  the  radio  part  of  the  system.  Hot  making  any  distinctions  between 
tracking  and  nontracking  variants  of  the  system,  v..  shall  call  this  device-  a 
discriminator.  General  properties  of  optimum  discriminators,  corresponding  to 
multi targe l  problems,  will  be  formulated  below. 

Preliminarily  let  us  note  that  in  accordance  with  the  formulat'd  criterion  the 
o'ptimum  discriminator  should  execute  such  operations  on  the  received  signal,  which 
correspond  to  formation  of  the  current  efficient  estimate  of  the  measured  quantity 
since  the  concept  of  efficiency  includes  the  absence  of  bias  anu  a  minimum  va  r  ‘  '.nee 
of  the  estimate.  Practically,  considering  the  approximate  nature  of  fulfi .1. merit  of 
optimum  operations,  it  ir;  sufficient  to  require  asymptoti c-  elTiciori'y  of  t  h*.  fstjm- 
il-rs  it  is  possible  to  pose  two  problems.  The  first,  and  the  simpler  of  them , 
arise::  when  to  measurement  without  systematic,  error  with  minimum  fluctuating  error 

*I-  shou  id  be  no  ten  that  conditions  under  which  an  optimum  meter  indeed  "u  no 
divided  into  the  shown  ports  for  multitarget,  problems  is  for  from  clear. 
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we  subject  one  parameter  X^,  the  carrier  of  which  it  signal  y^(t,  X^  ) ,  but  here  there 
exist  other  signals  y^  (t,  X^),  (p  =  2,  . . . ,  n) ,  not  orthogonal  to  y^t),  parameters 
of  which  ip  are  known.  For  solution  of  this  problem  it  is  necessary  to  find  the 
efficient  (at  least  asymptotically)  estimate  of  parameter  for  known  X  .  Properties 


of  an  optimum  discriminator  are  determined  by  the  known  formula  for  spectral  density. 


corresponding  to  variance  of  the  efficient  estimate 


'S'OItTl  — 


T — _ T _ - _ 

1  d*M*,)  * 


where  T  —  time  during  which  parameter  a.  can  be  considered  constant; 

L(X^)  —  logarithm  of  the  likelihood  function, 

.  A  second,  more  complicated  problem  corresponds  to  the  case  when  n  signals  y  (t, 

K  )  (p  1 ,  ?,  n)  depend  on  n  unknown  parameters  X  .  The  problem  dees  not  chung 

whether  it  is  required  to  measure  with  z.-ro  systematic  and  minimum  fluctuating  errors 
al.l  n  parameters  or  one  of  them  (for  instance.  A.., ) .  In  the  last  case  it  is  necessary 
all  the  same  to  measure  all  n  parameters  for  optimum  r.j*’ ization  of  compensation  for 
ext ranecus  s 1 gnal s . 

For  solution  of  this  problem  it  is  necessary  to  seek  an  asymptotically  joint ly- 
efi’icient  estimate  of  parameters  ;  -.u.d  .-roperties  of  the  optimum  system  obtained 
■it;  a  result  of  the  solution  of  i he  r.-rc  i  cm  art  d r. t >- r;.  i n?  d  by  variances  and  cross- 

correlation  moments  J.  of  the  estimates; 

1  i 


d'KK, 

<?M*« 


(^.b.f) 


where  L(X.,  . x  )  —  logarithm  of  the  likelihood  function  of  the  parameters. 

An  ellipsoid  with  moments  of  inertia  J  a  is  the  minimum  among  possible  ones 
during  measurement  of  parameters  x1 ,  ,,,,  X  of  ellipsoids  of  dispersion  [8,  00 ] . 
f,uc c t. Iona  connected  -with  this  problem  villi  be  considered  in  greater  detail  later. 

There  exist  no  direct  methods  of  finding  efficient  or  Jointly -efficient  estimate 
At  the  same  time  we  know  that  during  measur'-monts  of  one-dimensional  parameters  the 
comparatively  easily  found  maximum  likelihood  estimates  have  the  property  of 
asymptotic  efficiency  with  small  times  of  correlation  of  the  observed  signal  \ ,  lyj. 
There  is  every  basis  to  assume  that  those  estimates  in  the  case  of  measurements  of 
multi  -dimensional  parameters,  too,  will  possess  !.lv>  property  of  joint  asymptotic 


efficiency . 


This  assumption  we  shall  use  as  the  basis  for  our  further  considerations.  Here 
we  shall  find  the  maximum  likelihood  estimates  of  coordinates  of  many  arbitrarily 
(freq -nuly  closely)  located  targets  and  demonstrate  their  joint  asymptotic  efficiency 
a  rapidly  fluctuating  normal  signal.*  The  practical  importance  and  applicability 
of  this  case  was  repeatedly  proven  earlier.  It  should  be  noted  that  solution 
of  the  first  problem  (only  parameter  is  unknown)  will  follow  as  a  particular 
case  from  solution  of  the  second  problem. 

for  clarification  of  general  properties  of  optimum  discriminators  we  shall  turn 
first  of  all  to  maximum  likelihood  estimates  of  multi -dimensional  parameters.  Then 
on  this  base  we  shall  consider  particular  cases  which  it  is  possible  to  investigate 
completely  and  obtain  in  explicit  form  circuits  and  properties  of  optimum  resolution 
systems.  These  are  cases  of  n  targets  with  a  very  large  signal -to -noise  ratio  h 
unci  of  two  targets  (n  --  2)  for  any  h. 


lpO.2,  Maximum  Likelihood  Estimates  of  Multi-Dimensional 
Parameters  and  Their  Asymptotic  Efficiency. 

General  Properties  of  an  Optimum 
Discriminator 

Let  us  assume  that  in  field  of  sight  of  the  radar  there  are  n  targets.  Then 
the  signal  received  by  the  radar  can  be  recorded  in  the  form 


y  (0 — £  yv  (*>  1p) 4- « (0.  (if-bo) 

/»---! 


where 


n(t) 


V-  V 


—  normal  white  noise  with  spectral  density  NQ ; 

—  normal  random  process  with  a  correlation  function  depending  on  the 
unknown  parameter  X^ 


-RePyUj,  (/„ 


Xe 


1>)U* V  Wit 


h)P,Wi-‘i)X 


Here  Pp 

f'p^) 

up(t*  V 


—  mean  power ; 

—  coefficient  of  correlation  of  fluctuations ; 
comple:-'  law  of  modulation  of  the  p-th  signal: 


♦Unfortunately,  witli  a  slowly  fluctuating  signal  asymptotic  efficiency  of  joint 
maxiiruir.  likelihood  estimates  utilized  by  us  does  not  take  pla-'e.  As  a  result, 
although  the  structure  of  the  multitarget  measuring  system  itself  is  found  without 
special  difficulties,  the  question  of  its  optimality  remains  open..  Therefore  here  we 
consider  only  the  case  of  rapid  fluctuations  of  signals  reflect  >d  from  the  targets. 
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UP(i,  *P)  =  «*„(/,  ^)e'V'-V. 

Index  p  in  these  expressions  allows  for  the  possible  deper'  X  ) 

und  Up(t,  Xp)  on  other  parameters  besides  X  .  We  shall  conoid  ,*.p)  are 

periodic  (with  period  T  )  functions  and  that  tho  interval  of  coi  of  fluctua¬ 

tions  x  ,  [effective  vfiath  of  function  p  ft)]  is  much  larger  than  period  T  .  At 
the  same  time  we  shall'- consider  this  interval  much  smaller  than  time  T,  during 
which  parameter  X  is  constant: 

Tr<$*P k<T.  (15.5. f  ) 

Additionally  we  assume  that  different  reflected  signals  are  statistically 
independent;  therefore  functions  of  their  cross-correlation  are: 

t PI  (0. 

where  6  —  Kront-cker  delta. 

The  formulated  assumptions  are  normal  and  natural.  A  new  element  here  is  the 
condition  of  independence  of  fluctuations  of  dlfleront  targets,  which  is  practically 
always  realized. 

We  introduce  designation 

T, 

'it  —  Cpq  (-1  2*5*b) 

where  Cpq('vp»  x-g)  —  correlation  functions  of  modulations  of  signals  reflected  from 
different  targets.  These  functions  with  certain  small  modifications,  determined  by 
■  ho  essence  of  the  question  in  connection  with  which  they  are  introduced  into  con¬ 
sideration,  appeared  earlier.  Thus,  for  instance,  in  Chapter  I  Vol.  I  we  introduceo 
functions  0^(1,  fi),  which  are  a  particular  case  of  functions  (12.5*6)  when  signals 
from  different  targets  differ  in  delays  and  Doppler  frequency  shifts.  Correlation 
functions  of  signals  were  introduced  ulready  in  §  1J.S  of  the  present  chapter  [see 
(12,2,10)],  But  for  our  further  purposes  most  suitable  is  definition  (12*5.6). 

Let  us  note  that,  as  a  rule,  0  _  dots  not  depend  on  the  index  p  and  X  .  We  shall 

PP  p 

consider  functions  Up(t,  x  )  normalized  so  that  C  =  1. 

Let  us  turn  to  calculation  of  maximum  likelihood  estimates  of  parameters  A  and 
study  of  their  properties.  Here  in  the  first  place  we  must  obtain  an  expression  for 
the  likelihood  functional  of  parameters  X  ,  which  for  a  more  general  case  was  found 
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in  §  i  3.3.  We  shall  repeat  briefly  calculations  of  this  paragraph  in  reference  to 
the  considered  case. 


The  correlation  function  of  signal  y(t)  (13.5.5)  is  equal  to 

y  {Qy  (/,)  =  *(/,.  /,)  =  Re  e^*  - '•» X 

■x  *#>«%<*..  (12.5.7) 

#=• 

We  seek  function  W(t;),  tg)  in  the  form 

«?(',.  /i)  =  Ree/“*  £  «*(/,  1.,)  X 

/*=!  (  ;  3.  f  .  7) 

X  W  4  (*i>  ^<r)  (4.  *»)  -f-  8  (*,  —  /,), 

where  vp^(t-|j  tg)  are  unknown  functions  which  we  consider  to  vary  slowly  as  compared 
to  u  (i,  X  ). 

p '  p ; 

.Substituting  expressions  (13.5.7)  and  (13-5.8)  in  the  integral  equation  for 
function  W(t3,  tg) 

tJR(t„  i*)dtt  =  * (/,-/.)  (13.5.  ) 

o 

and  considering  the  rapidly- varying  nature  of  functions  u^(t,  X.  )  as  compared  to 
Pp(t)  and  vpq(t1,  t2),  it  is  possible  for  functions  v  (t^ ,  tg)  to  obtain  the  system 
of  integral  equations 

r  n 

P«  (t,  -  (,)  +  N]vm  (t„  t,) +&•  j  g  Ppfp  (/,  - 

-  /.)  Cpt  (2p,  *,)  (/„  /,)  <tf  ~=  0. 

In  the  case  of  a  rapidly  fluctuating  signal,  when  the  effective  duration  of 

peaks  of  functions  p  (t)  is  considerably  less  than  time  T,  we  may  assume  that 

r,  (  l  ,  ,  t.,''  =  v  ( t.  -  t.7),  and  for  the  Fourier  transforms  of  functions  v  (!.)  we 
pci'  l  pq'  1  3  pq'  ‘ 

can  obtain  system  of  equations 

PpSp  (to)  8^,  -f-  N2  V pq  (<o)  -j- 

n 

~z~  VJ  ‘Sp  i10)  Cp,  (Ip ,  X,)  V tq  (uj)  =  0,  (.13. 2 . 10 

*-i 

where  C.  (oj)  and  V  „(ai)  -ire  Fourier  transforms  of  functions  p  (c)  and  v  ft), 
p'  pq  rpv  '  pq'  ’’ 

respectively. 


This  system  of  equations  is  easily  solved.  Considering, 

S(»)  =  H  PpSf  V(«)  =  ||Vrl,,(«)||, 

c  =  |jCp,(x,M  ^<?)ll» 

we  rewrite  system  (lji.b.iO)  in  the  form 

S  («)  +  S]  V  (.)  +  ^  S  (•)  C V  (•)  =  0, 

from  which 

V (<D) _ _  +2^7 S  («)  C)-‘SW. 

Thus,  basically,  we  find  function  W(t.,  t_) .  True,  matrix  Inversion  in 

'  J  d' 

expression  (ij5.ti.il)  is  a  very  difficult  problem  in  itself. 

Knowing  function  W(t^,  tg),  we  nan  £ tudy  properties  of  maximum  likelihood 

estimates  of  parameters  X  .  The  system  of  maximum  likelihood  equations  has  the 

P 

form 


pL(> . X.) 

dX„ 


(I3.‘x.i2) 


Let  us  designate  by  the  set  of  values  of  the  parameters  which 

we  know  are  close  to -the  true  values  o  '  tnc  v-  u-Hmev^rs .  In  particular,  these  may 
be  true  values  of  the  parameters.  Considerin'  that  with  a  r,  ,  rfl  olenf  ly  large  time 
of  observation  solutions  of  equations  (1.5. b. 12)  will  be  sufficiently  close  to 
>'  •  ,  ...,  ,  we  can  replace  ^qua.-ion  (1  '  2)  by  statistically  equivalent 


. W 

ax. 


XI  <CM»r . Cl  ,,  0 

; - 1  2j  — w,ar, —  (*«-*.)= 


(  i_5.fi. 12'  ) 


for  study  of  properties  of  solutions  of  these  equations  of  paramount  importance 


1  r,  matrix 


*  _  PL  (Xf> . X<»>) 

A  ““  ax, ax. 


We  shall  consider  x(°) ,  ....  values  of  the  parameters .  Wo  find  the 

1  n 

mean  value  and  variance  of  this  matrix  (understanding  by  mean  value  of  &  matrix  a 
matrix  composed  of  mean  values  of  the  elements,  and  by  variance  of  »  matrix  a  matrix 
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.G  ,  ( .  t  and  v  which  rjermitr.ed  us  under  signs  of  integrals  tc  average  fexpres- 

a  ions  with  fur;  aicnc  u  (t,  xp) ;  secor.u,  we  used  the  fact.  tbs  l  functions  v-,ji?{n,  -  1  j,  ’ 
n Tactically  immediately  turn  into  0  when  go^s  beyond  the  limits  oi  interval  ( !j >  1) 
which  permitted  us  to  replace  integrals  over  interval  (o,  T)  frcn;  functions  v  ^(t,,  - 
-  l,  )  by  integrals  over  Interval  ( -tx ,  n?) .  Very  significant  is  asyn.p t o t lc  dependence 

‘lL  '  ' 

d'L  (U°> . m  u  . 

- L  . — 1 —  on  time  T,  having  lorm 

(7  Apt/ A  4  •  > 

d'L  (X<°>. . . .  ~xjf>r 

_____  'V/  / . 


■'or  finding  of  dispersion 


J  #*<#» . o  1 

:,n  Dl — — J 


v/e  use  relationship 


®  -tJ  j  j  j  W 

(a  relationship  of  this  type  we  derived  ana  used  in  Chapter  X  of  this  book.),  f.xaet 
calculation  of  this  integral  in  rather  era.be  v&C3#n.  for  our  problem  exact  knowledge 


...  f  the  iii 


...  „  J  . <0))  1  4 

magnitude  of  - 33^; - J  *•> 


not  v  p.,ired;  i<  i«  necessary  only  to  know 


the  asymptotic  dependence  of  this  magnitude  on  T.  It  in  easy  to  goo  that  the 
rrLeuhutod  integral  is  u  surri  with  finite  •..efficients  of  integrals  of  type 


r  t  r  t 

Ml' 


TIT 

iff 


Vhi  {tf  /,)  um„  {/,  /,)  pr»  {t\  •••  i^)d! 

{  (  °kl  (^i  —  ^»)  ymn  *”  ^|)  dt^lt, 


•,nr’i  their  derivatives  with  respect  to  x  and  Xq  uj>  to  and  including  the  cooor.d  "reel 
ntcients  of  these  in t.ogral a  are  t.1  ine-avoriged  values  ol'  expressions  containing 
)  apii. 1  y  /'trying  fuii'.M  ions  U  (t,  X  ).  further  it  is  possible  to  note  th  t  we  hu 
cdua titles 


r  t  r  r 

m 


Vu  { t ,  -  t.)  0„H  (',  ~  /.)Pr.  ('.  -  't>Pe  A  -  O  X 


X  dtldl,dttdti  ~  7  J  [  5l’<,/(^,>«'mn(/.)Pr.(/,-/»“/.)X 


— « 


X  pi«  (/»)<// Arf/., 


J  5  J  Ohl  (tt  -  /,)  vmn  (t,  -  /,)  pri  (/,  -  f,)  dftdttdit  « 

~  r  J  J  ow  ft) ft)  p"  ft  -  y 

^  —00  -00 

|  j  ®m  ft  -  *.)  ym„  (/,  -  U  dtxdtt  «  7  J  »„  (/)  D,nn  (/)  <f/. 


From  this  It  .follows  that 


D  i  J 

/nf  1 

|~  <?M*.  J 

a‘L(X<,°» . x<“») 

dXpdX, 


'v.  — =-. 

Vt 


d'L  (X«°»  ....  1(.°>) 

The  last  relationship  shows  that  for  large  f  quantity  - .  ^X"dK - in 

probability  seeks  its  own  mean  value  and  may  be  replaced  by  it.  Thus,  for  large  t 
matrix.  A  «  ff.  Now  we  can  solve  equation  (12.5.12').  Using  (13.5.1-2),  we  obtain 


jt. 


M(»P. '•••*?’> 

dx;  ~ 


(13.5,17) 


where  J  —  elements  of  matrix  (12.5*2) 
Hence 


2  =2(0) 


ri  ,  ,  . x<?>>  d£.(x<;>> . x<°>) 

2j  hrh*  JjXl  > 


j.’ron,  these  equalities  there  ensues,  by  definition,  joint  efficiency  of  maxinem 
like  l.ihood  estimator,  taking  place  with  a  rapidly  fluctuating  signal  and  a  r.ufl'ici  unity 
largo  time  of  observation.* 


•  j,.-;.  v.;  note  tin*  time  of  observation  T  at  which  we  already  have  approx  in  a'  • 
efficiency  of  the  cons  id  red  oc  timai.cn  is  greater,  the  less  the  coordinates  of 
larg/fs  differ. 
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\v'e  nste  now  that  all  the  results  presented  are  easily  generalized  in  the  case 
when  we  observe,  not  a  scalar,  hut  a  vector  signal.  We  meet  such  a  case  when  the 
radar  has  a.  multiunit  antenna.  In  this  case  we  observe  several  signals  at  the 
output  of  different  elements  of  the  antenna.  We  shall  enumerate  briefly  the  obvious 
modifications  which  the  above-stated  results  will  obtain  in  examining  this  more 
general  case.  Signals  received  by  different  elements  of  the  antenna  will  be  recorded 
in  the  form 


Vs‘l. 


where  y^(t,  X  )  —  signal  from  the  p-th  target  at  the  output  of  the  i-th  element 
of  the  antenna. 

The  correlation  function  of  signals  y^)(t,  X^)  will  be  recorded  in  the  form 


*,*(*..  *,>= 

«  Re />£>(/„ 

where  uv^(t,  X  )  —  complex  modulation  of  the  signal  reflected  from  the  p-th  target 
P  P 

and  received  by  the  l-th  element  of  the  antenna.  The  correlation  function  of  the 
whole  signal  (13.5. 18)  will  have  form 


,(0„ 


p= i 

■  (,)  <’  <*,.  *„>  «;,k  (t„  *  v) + (tt  -  tt) 


(13.5. 1H«) 


('..•-  consider  noises  n7  (t)  independent).  Function  W(t,  ,  t~)  now  will  be  equal  to 


W,tl,  (<».  ',)  =  Re  eK  (,<  -'•>  £  tr „  (*„  Q  # (/„  X 


p#  =  1 


(13.5.18") 


where  function  v  (t^ ,  t2)  will  be  precisely  the  same  as  in  the  case  of  a  scalar 
signal,  only  by  C  q(>-  ,  X  )  it  is  necessary  now  to  understand 

v 


(13.3.1 5) 


0  1-1 

Further,  relationships  (13.5.14)  and  (13.5.14')  are  replaced  by 


-Y&0- 


'  J 


=  -Same'S 


I  I 


i  ( 


</ 


#  r  r 


dL  <x„ ....  x.)  _  i  nfr  d/?w.  <'« •  *«>  ^ 

^  “  *  LJJ  ■  A 


#,./»=  1  o  0 

NTT 


X9h<thkWdttdtv 

2 


d‘HK\01 >....,  X<0>) 


d\,d\9 


■Sire 

l„  /,=  !(»  0 


X 


(15.fj.20) 


(by  we  again  mean  the  true  values  of  parameters  X  ).  Expressions  (15.5. 19)  and 

(15.5  .20)  are  obtained  by  generalization  of  results  of  Chapter  X.  Those  changes 
which  the  vector  character  of  the  received  signal  will  entail  are  limited  actually 
to  these. 

We  proved  the  asymptotic  efficiency  of  the  maximum  likelihood  estimates.  On  this 
basis  it  is  possible  to  find  a  system  of  optimum  resolution  in  the  case  of  parameters 
of  targets  which  do  not  vary  in  time.  In  the  case  .of  slowly  varying  parameters  Xp, 
when  intervals  of  approximate  constancy  of  these  parameters  are  great  as  compared 
to  times  of  correlation  of  fluctuations  of  the  signals,  the  obtained  results  permit 
us  to  find  the  operations  of  an  optimum  discriminator.  Actually,  let  us  assume  that 

A 

the  output  of  the  p-th  channel  of  a  certain  meter  is  X  (t).  If  this  quantity  is  close 

P 

to  the  true  value  of  the  measured  parameter  in  every  given  moment  of  time,  then, 
considering  in  (1.3. 5. 17)  X^  '  =  X  ,  we  obtain 


A1  —  1  —  1  — .  fl,  dL  <1 . Xn) 

r  *  P~  2j  Pr  dkr - ’ 


(13.U.2:) 


r=l 

where  X  is  the  rnaximuin  likelihood  estimate  obtained  during  time  T. 

Considering  the  unbiased  nature  of  estimate  X^  proved  above,  we  note  that  he 

mean  AX  is  equal  to  mismatch  between  the  true  value  of  the  parameter  and  ti."  output 

A 

quantity  of  the  meter.  If  v/e  now  present  AX  in  the  form 


bip=jzv(t)dt. 


(15.5.22) 


z  (t)  is  a  quantity  which  i>,  on  the  average,  equal  to  the  current  mismatch  between 
tiie  true  and  .measured  vacuus  of  parameter  1^(1).  Considering  the  very  great  Inertia 


-7bl- 

' Ifv nrCiaEfiictt'.- gy  y  Agyffi yj 


a 


!-* 

M 


th-  smoothing  circuits,  for  zp(t)  we  can  write  the  statistically  equivalent 
expression 


arp(0  =  AM/) +5,(0, 


(■>3.5.23) 


where  AXp(t)  —  true  mismatch  with  respect  to  the  measured  coordinate'; 


£  (t)  —  white  noise.  The  circumstance  that  variance  of  quantity  AX  is 
minimum  testifies  to  minimum  spectral  density  of  noise  t,  ( t) . 


Thus,  under  the  above  conditions  for  any  smoothing  circuits  of  a  meter  optimum 
processing  of  the  r-f  signal  is  carried  out  by  a  discriminator  forming  the  set  of 
quantities  2  (t)  (p  =  1,  2,  n).  The  quality  of  its  operation  is  characterize 

x' 

by  the  matrix  of  spectral  densities  SQnT  =  ||s'0Pny!l,  where 

Sobt  =  7M.  (13.5.24) 

In  order  to  relate  with  the  equivalent  presentation  of  (13.5.23)  we  note 

that  noises  ( t )  are  correlated,  in  general,  among  themselves.  Their  functions  of 
cross-correlation  have  form 


(13.5.25) 


The  problem  of  synthesis  of  smoothing  circuits  of  meters  of  coordinates  of 
closely  located  targets  should  be  solved  separately.  In  the  case  of  rapid  fluctuation 
it  has  less  bearing  on  questions  of  rm  oiutlor-,  W"  note  that  difficulties  connected 
with  matrix  inversion  in  expression  ( ' 3, p.  1.j )  permit  us  to  obtain  discernible  results 
only  for  the  ease  of  two  targets,  but  measuring  conditions' of  radar  .devices  usuallty 

l 

o co Vi  v/i Lh  a  large  signal -to -noise  ratio.  Therefore  in  examining  meters  of  coordi- 
nates  of  many  targets  it  is  completely  natural  and  justified  to  assume  a  ^arge  : 

gnai -to-noise  ratio.  This  assumption,  as  we  shai]  see  below,  permits  us  to  obtain 
sufficiently  simple  and  physically  intelligible  results  without  limitation  on  the 
number  of  observed  targets.  The  case  of  an  arbitrary  signal-to-noise  rdtio  we  will 

r 

consider  with  the  example  of  a  two-target  problem. 


Optimum  Discriminator  in  the  Case  of  Many 
Targets  with  a  Large  Signal-To-Wolse  Ratio 

The  above  results  [see  (IJ.b.ll),  (13.5.17)]  in  principle  permit  us  to  determine 
the  general  structure  of  an  optimum  multitarget  discriminator  with  an  arbitrary 
signul-to-noise  ratio.  However  inversion  of  the  corresponding  matrices  of  high  arid 
arbitrary  order  in  this  case  runs  into  considerable  difficulties,  so  that  the 
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structure  of  the  optimum  discriminator  turns  out  not  to  be  completely  discovered.  At 
the  same  time  for  measuring  problems  of  special  interest  is  the  case  of  a  large 
signal-to-noise  ratio,  for  which  these  difficulties  can  be  surmounted. 

With  a  large  signal-to-noise  ratio  elements  of  matrix  with  a  sufficiently 

r-m  i.'l  a>  are  large,  and  it  is  possible  to  expand  (lj.5.11)  for  V(u>)  in  a  scries  of 
negative  powers  of  this  matrix.  Limiting  ourselves  to  the  first  two  terms  of  this 
expansion,  we  have 

v(*)a:-lc-*  +  4(cSHc)-1.  (13.3. ?o) 


From  this  for  V  (oj) 


we  obtain  the  following  expression: 


ztLln 
P,s,  (»)  * 


(13.3.1?) 


fcl 

where  by  we  denote  elements  of  matrix  C-i.  Subsequently, ' we  use  the  first  term 

rH 

of  expansion  (13.3.27).  Obviously,  the  condition  where  it  is  possible  to  use  such 
an  approximation  has  the  form 


2N,  r  l/rWg 
h  PrS,  («: 


cz'c-' 


(») 


1  yi  1 

C~' S„(o) 


(13.3.23) 


where  S  (03)  =  Af  3  (10)  —  normalized  spectrum  of  fluctuations  of  the  signal 
r  r  reflected  from  r-th  target; 

Af  —  effective  width  of  the  spectrum  of  fluctuations  of  this 
cr  signal; 

h  =  P  /2N0Af  —  ratio  of  power  of  the  signal  reflected  from  the  r-th 

target  to  the  power  of  noise  in  the  band  of  fluctuations 
of  the  signal. 

With  a  sufficiently  large  signal-to-noise  ratio  condition  (13,3.23)  will  be 
carried  out.  It  is  necessary,  however,  to  consider  that  condition  (13.5.28)  should 
be  realized  in  an  interval  of  frequencies  sufficiently  exceeding  the  width  of  the 
spectrum  of  fluctuations  of  the  signal. 

Thus,  subsequently  we  use  the  first  term  of  expansion  (13.5.2?).  We  shod  1  firm- 

calculate  matrix  K  (13.5.13).  Differentiating  (13.5.7)  and  (13.5.8)  with  respect 

to  parameters  X  and  a  ,  respectively,  and  substituting  the  obtained  relationships 
P  Q 

in  (:3.r.i4),  we  can  obtain  the  following  very  important  result: 


i 


no? . rp. , 

*4'.”  dlyi).'  iV,  "p  \L«  'A*"  Ad' 

-  2  C<VMC-'c^>  (»,,!,)], 

r,7il  ' 


(■1-5.5.?9) 


where  we  use  designations  (13.5.13). 

Thus,  matrix  A  Is  diagonal,  and  the  jointly-eli'icient  estimates  are  uncorrelatod. 
Matrix  inversion  of  3C  causes  no  difficulties,  and  for  variance  of  the  efficient 
estimate  of  parameter  1  we  obtain 


-5? {  S  c(;r0,(x,A,)c-'c<«;»  (x„x,)J  ( 1  . 

r.  *=l 

This  is  a  very  important  formula,  characterizing  potential  accuracy  of 
measurement  of  coordinates  of  several  targets  with  a  large  signal-lo-nolse  ratio. 

The  equivalent  spectral  density  (for  this  parameter  X.p)  is  determined  from  (l 3.b.3b) 
by  multiplication  by  T. 


Son  u  - ‘ 


■#-{*;?-  j  ci :x'c} 


(13.3.31) 


It  is  important  to  note  that  accura  •  :•  oasuremen".  of  coordinates  ol'  the  p-th 

target  does  not  depend  on  the  power  of  sign a'::  re flee tea  from  the  other  targets. 

Tills  testifies  to  good  compensation  of  the  interfering  signals  in  an  optimum  meter 
of  coordinate::  of  many  targets. 

pass  to  finding  the  optimum  processing  of  a  signal  in  a  meter  of  coordinator 
i.  f  many  targets,  Substituting  expressions  (13. 3.7)  and  (.13 .3.8)  in  (13.3.1-^)  i’  is 
easy  to  prove  that  the  component  not  containing  realizations  of  signals  will  equal 
to  zero.  As  a  result  we  have 

ano..^)  -1  jj.  j C Re x  -0,(1, ),((.)  wgw/,. 

0  0  M*l 


If  the  signal-to-noise  ratio  is  great,  then  within  a  frequency  range  sufficiently 
■/. :  ceding  the  width  of  the  spectrum  of  fluctuations  t,f  the  signal  we  have  V  ,(■>■)  r- 
C~j, ,  i.o,,  function  vr<.(t.|  -  tg)  can  be  considered  b-shupod  with  respect,  to 


si8?  ?.fjy 


i-.y.p  xndln/'  the  lu;:  i.  relationship,  wo  oh  Inin 


«-»-!  dC ij  t i  /-(ins— i 

_x-=-  ^  St  ~sk7c i.~"~  ’>  h  rt  >•  ~ 


-c(£cc)'- 

y=i 

Substituting  this  expression  in  ( 13 * 3 * 753)  and  then  in  ('5.3*32).  for  the 
derivative  of  the  logarithm  of  the  likelihood  functional  we  finally  obtain 


-  If  *  R«  j*  <<  ■ -  t) 

0  0 

WlVC-'C^  ^)lW(x)e'’^X 

I-l 

x[j h  (t  ~ z)  (S  “* (<E’  c.',‘ )  y  w«Kvt]*. 


(13.3.3M 


Omitting  the  proportionality  factor  and  the  integral  over  t  in  expression 
('15.5.31!).  we  have  an  analytic  expression  for  the  operation  of  the  optimum  discrim¬ 


inator  : 


0  |=I 

x[S  cr/C  w  e'-vt  x 

X  { j  h  (/-*)[  V  u,  (  ;,  >.,)  C-;  ]  y  (x)  eKTdx}*  ^  , 


( i 3.3.35) 


The  bio  ik  diagram  of  an  optimum  discriminator  executing  operation  (13.3.35)  is 
"■j; '  i;  ■.  od  in  Fig.  13,7.  If  coincides  in  structure  with  circuits  of  discriminators  of 
ci's  (  coordinates  of  one  targetj  only  the  heterodyne  signals  by  which  we  mu’:  tip. 
signals  in  the  channels  were  changed.  The  physical  meaning  of  introduction  of  namely 
I'ucli  heterodyne  signals  is  rather  easily  perceived  and  is  very  curious. 
f.Jgnal 


(1  3. 5. 3r-) 


1  t  is  easy  to  establish  by  means  of  direct  calculation,  is  orthogonal  to  the 
1  ntor  i'ering  s ignal s  , 


Tigr'..  I 


(15.5.37) 


v  (0  |  — u  ^ — 

i=l  Li=l 


turn;  out  to  be  orthogonal  to  all  signals  without  exception.  Th^  special  form  of 
reference  signals  at  the  output  of  the  circuit  ensures  the  existence  of  a  signal 
only  in  the  presence  of  mismatch  between  the  input  and  heterodyne  signals  with  respect 


ft, >,)!•;; 


Pig.  13.7.  Optimum  discriminator  of  a 
meter  of  coordinates  of  many  targets: 
1)  mixer;  2)  filter;  3)  multiplier. 


to  the  measured  parameter.  The  output 
signal  is  proportional  to  this  mismatch. 

The  presence  of  a  channel  with  heterodyne 
signal  (13.5.37)  is  caused  by  the  essence 
of  the  measuring  problem:  we  must  tune  away 
from  interfering  signals,  even  if  parameters 
corresponding  to  these  signals  are  not 
known  by  us  exactly. 

The  meaning  of  operations  of  the 
synthesized  circuit  can  be  grasped  more 
clearly  if  we  analyze  this  circuit,  i.e,, 


directly  calculate  its  characteristics.  We  shall  calculate  these  characteristics; 
here  we  shall  not  be  limited  only  to  the  case  of  a  large  signal-tc  -noise  ratio,  since 
this  calculation  is  slightly  complicated  if  we  consider  the  signai-to-noise  ratio 
arbitrary. 

Furthermore,  we  consider  that  filters  in  the  analyzed  circuit  have  a  frequency 
band  comparable  with  the  band  of  fluctuations  of  the  signal.  This  also  does  not 
complicate  calculation,  but  the  obtained  results  will  be  more  valuable  from  the 
practical  point  of  view.  The  fact  is  that  for  practical  realization  of  the  con¬ 
sidered  circuit  besides  knowledge  of  its  optimality  for  a  largo  signal-to-noi so  ratio 
iv,  is  very  desirable  also  to  know  its  behavior  in  the  whole  range  of  sign.-.-.  >  -  -  c  -noise 
ratios;  it  is  also  clear  that  for  small  signal-to-noisc  ratios  accuracy  or  the 
analyzed  circuit  will  essentially  depend  on  the  width  of  the  filter  passbands,  ana 
comparative  analysis  of  all  possible  situations  here  is  of  extraordinary  interest. 

Thus,  w-  shall  consider  the  circuit  depicted  in  Pig.  13-7-  We  consider  that 
filters  in  this  circuit  have  frequency  response  H(io>) .  Using  expression  (■3.1.35) 
for  the  output  signal  of  the  considered  circuit  and  Introducing  designations  u(’)  and 


v(  .  )  of  ( IJ. !>.>':•)  and  (13.5.37)  for  modulations  of  the  heterodyne  signal,  we  nun 
obtain  the  following  results: 


where 


n 

50-15)*  MV 

'  Sm\ I 


-£■  ^  |  H  0“»;i*5*(®)du>  J-A^ReCA/*, 


C 


«(/)«•*</,  **)<«; 

0 

77  1 0  (/)«•*(/.  h)dt; 

0 

—  jrjv(/)u*(0  dl; 


6f  ^  —  effective  width  of  the  filter  passband. 

Considering  true  values  of  parameters  X  to  coincide  with  parameters  of  the 
signals  of  the  heterodyne  oscillator  u(t)  (jp.b-*1')  and  v(t)  (13.5.37),  it  is  easy  to 
find  that- A' ^  -  0  and  systematic  error 

*o»ot  — 

With  detuning  AX  between  the  shown  v.iues  of  the  parameters  from  (13.5.3-’)  and 
(13.3.39)  we  obtain 

no=at  7  (C-  £  c7c7,K’)x 

r,  t—\ 

00 

X^r  J I  w  (/•)!»  s,  (-)</•,  (:..'. 

—00 


t.e.,  the  mean  value  of  the  signal  at  the  output  of  the  circuit  is  proportional  only 
to  mismatch  with  respect  to  the  measured  parameter  and  does  not  depend  on  interfering 
signals  even  in  the  presence  of  mis  tuning  (of  course,  small)  between  true  values  of 
their  parameters  and  the  values  introduced  in  the  heterodyne  signals.  Herein  lies  the 
meaning  of  the  special  and  complicated  form  of  these  signals.  From  expression 
(13.5.40)  we  find  the  slope  of  the  discrimination  characteristic  of  the  analyzed 
circuit : 


*«=?  (C-  £  Cc:'C)  v  J  i"  w 

f,  fail  -00 


(13-3.41) 


i-  ■  . 
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Spectral  density  at  zero  frequency  of  signal  z(t)  in  the  absence  of  mis tuning  for 
all  parameters  is  also  easily  calculated  and  turns  out  to  be  equal  to 


J  2  ((>  *  ('+')*=  j  l»  (<)[■<«  i  x 

-OO  0 

■  x  j  i//  (/«)r  (^+77  f  i « <or  dt) 

— oo  0 


From  this  we  obtain  the  following  final  expression  for  equivalent  spectral  density 
with  respect  to  parameter  X  s 


S„«u  = 


oo 

-4jV  <;«)i4  (h*s>p  <•> + cjp) 

_ _ — oo  _ _ _ 

K  (<%>- 1  <3!W,")  (i  |  !««»»■  s.,  o  ■<»)’ 


(13.S42) 


where  h  =  P  /2NQAfc  —  ratio  of  power  of  the  signal  reflected  from  the  p-th  target 
to  the  power  of  noise  in  the  band  of  fluctuations  of  this  signal,  and 

Stp((o)  =  Afe»Sl,(m) 

is  the  normalized  spectrum  of  fluctuations  of  the  signal  from  this  target.  It  is 
easy  to  see  that  for  a  large  signal -to-noise  ratio  and  widening  of  the  passband  of 
the  filter  expression  (13.5.42)  coincides  with  (13.5.31),  i.e..  accuracy  of  the 
analyzed  circuit  in  these  conditions,  naturally,  coincides  with  the  potential,  accuracy. 
From  3.3.42)  it  is  easy  to  establish  the  conditions  in  which  this  takes  place: 

kp&f ot  ^ 

•4/$  ^  A/ojv 

Practically,  it  is  sufficient  to  have 


If 4  ^(2  + 3 )A/„, 
15)  c;;. 


( 1 1  •  3  • 4 ) 


To  produce  calculation  of  accuracies  by  formulas  (.1 3. 5.31)  and  (13-3.42)  is  falriy 
difficult  In  view  of  the  complexity  of  calculation  of  elements  of  matrix  C~  .  Fimpl? 
forma. las  are  obtained  for  two  targets.  Here 
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iih'.L  e jv.i-/ui'?nt  spectral  density  can  be  i  itenleu  in  the  form 


9.P  L„n  -  2Re  C^>«>C<»«)C,. 

JV.  \CII  --  --  I  —  |C„1» 


The  optimum  discriminator  for  the  care  of  two  targets  wii.i  j»-  .j i:\idied  in  more 
detail.  in  the  next  paragraph.  In  coriclu.  ion  we  shall  briefly  consider  the  case  when 


i'ly.  Il.o.  Optimum  discriminator  of  a  meter 
if  .m  rdinat.es  of  two  targets:  1)  mixer j 
;■)  filter;  i> )  mu  it  iplier. 


substitute  expression  (15.1.18')  for 


tile  signal  has  a  vector  charnc  tor. 

In  this  C3C0,  as  we  have  seen, 
matrix  V(cj),  characterizing  the 
joint  functional  of  the  prohub i  1 1  ly 
density  of  the  observed  signals,  i  r; 
expressed  by  the  former  fon.-iu 1  a 
(ly.h.  11);  only  matrix  C  i:!  moat  ''i  i 
its  elements  are  determined  now 
by  formula  (IJ.b.'lO).  Consequently, 
with  a  large  signal -bo-noise  ratio 
V(a>) ,  us  before,  is  found  in  the 
form  of  ( .i  i> .  h .  £<  >)  or  ( 1  > .  .  V( )  . 

:orrel alien  functions  of  the  reec.-i  vecl 


igiials  and  expression  (IJ.h.-U'")  for  functions  \i  (t,  ,  t  )  in  formula  (.;'■•  /.?';). 

L  i  <■  f.  -  cL 

.1  (. 

lire  it  i easy  to  find  that 


-TyO- 


Vi £,s  the 


<>*L(X\0‘ . w 

d^r% 

former  form  (13. 5.16),  only  functions  C^j  are  expressed  by  formulas  (13.5.19) 


c‘i-77j‘F2j — wt — ",  dt - 

0  “ 1 

/S«')_  1  (*'  I  du*<11  (i,  X<)  dufft,  X,)  j__ 

— tt  J  'r2i — as - 51; — 


(13.9.44) 


Consequently,  cr  ^  ^  and  S  Qn  will  also  be  expressed  by  the  former  formulas 
(13.U.30)  and  (13.5.31).  Then,  formula  (13.5.20),  we  can  obtain  ior  the  optimum 
operation  in  the  considered  case  us.mg  tu  following  expression: 

2(o=Refft(f--,)V#(..w[-^3i]_ 

i  t 1 

*«1  X/=l  /J 

Xf/» <<-’>£ (li.i.K) 

'0  ial  e=|  '  I 


*■>  - 

w 


^ - 


£•1 


The  block  diagram  of  the 
device  executing  operation 
(13.5.45)  is  depicted  in. 

Fig.  13.5.  This  circuit 


coincides  in  structure  v,5 


analogous  circuits  oi  meti  r. 
of  coordinates  of  one  trut'C 
(see,  for  instance,  !r,.f , 
10.3,  i'-i.j 3);  however .  the 
form  of  the  heterodyne  signal 


Fig.  13.1.  Optimum  dir  elim¬ 
inator  cf  a  meter  of  !mr:ut.:v 
coordln-:  tea  if  many  target;' : 
1)  mixers;  2)  udderr. ;  3) 
filter..;  <1 )  multiplier. 
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-.bunged,  Their  structure,  a?,  it  lc  poeeible  to  see  an  a  result  of  anulyeiv  j.f 
(.I. ^ration  (lj}.5,45)  ,  obeys  again  the  same  principle:  xo  nr  iiudlly  tune  uwa  from 
in'  erfering  signals,  even  if  their  parameters  are  not  Known  exact].-  by  uc. 

13.8.4.  Optimum  Discriminate  in  the  Jane  of  Twc  ’'argots 
Let  us  consider  the  case  of  two  targets  (n  «  2) ,  located  so  close  tp  on- 
another  that  their  signals  are  not  orthogonal.  The  signal -to-no  3e  ratio  h  wo  shall 
consider  arbitrary.  Let  us  assume  that  parameter  >-j ,  whose  carrier  is  signal 
y^  (' ,  ) ,  is  to  be  measured.  Signal  y2(t,  X?)  plays  here  the  role  of  interference. 

V!e  first  consider  that  the  coordinate  of  interference  \r  is  known  (is  measured 

with  great  accuracy),  Subsequently  we  shall  reject  this  assumption.  Considering 

coefficients  of  correlation  of  tno  useful  and  interfering  signals  Identical 

(p..(t)  -  p,.(t)  =  p(t))  and  expressing  function  W(%„,  x) ,  the  inverse  of  the  correlation 

fui on ,  In  the  form 

W  ( t ,  x)  —  Re  V  ( t ,  X)  8  (t  -  ( 15 .  ■ , .  46 ) 


than,  substituting  (13.5,46)  in  equation  (1  3.5.5) ,  wo  arrive  at  th-  fo3  lowing 
equation  for  v(t,  x): 


P0tt»  (0  j  P  (f  -  !)u*,{s)v(s,  x)  ds  + 
+  ^n«.  (0  |  P  (*  —  s>  “*»  (s)  v  <s-  ,)  ds  + 

— t)  ut  ( t )  «*,  (t);+.2w,a  (t,  x) =;o, 


1  Pr,  P,,  =  Pg  —  mean  powers  of  the  useful  and  interfering  signals. 

.'Solution  of  equation  (13.5.4?)  is  sought  in  the  form 


kt  /*  1 


(13.5.48) 


,iub:-,f i luting  (13.5.48)  in  (13.5.47)  and  producing  approximate  calculations  allowing 
for  observance  of  condition  T  ■■'<  xk  «  T,  for  the  Fourier  transforms  of  functions 
Vj,  j  ( t  -  t),  we  obtain 
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where 


1 1  2V,+  PnS(«)  ci...\ 

vn  W= - -p~;c/-\ — (•). 


v,,(®)= 


P.S(-) 


P,S(») 

V„(»)=T e"^(«), 

V««=W», 


(15.5.49) 


^  (a)  ~  ^  P  (■*) 

—00 

/?  (to)=^-c  —  _  ■S*  (“) _  I 

4#J  +  a/v.(p.  +  p,)S(®)  +  />e/>,s‘(<8)(i-T*)  ’  I 

and  -y  and  q>  are  determined  by  function  C21  (13.5.6): 


(3  5.5.'jO) 


C,  =  C>„,=?e'’=J- 


(«)*. 


(19.5.51  ) 


We  substitute  (12,5.46)  and  (12.5.48)  in  the  likelihood  equations  (13. 5. 12) ,  (15.5.14) 
Here,  considering  that  this  equality  is  valid, 

r  r 

“  J  j!  ®W  V  —  x)  e'**('~%(/)u*J  (x)  y  (t)y(i)dtd%= 

T  i 

=  a*i^dt  —  s,)  tt*  (s,)  e^V  (5i)  X 

/ 

S,)  U*iist)e~,m‘uy{st)dstt  (15.5. 52 ) 

the  term  ol‘  the  likelihood  equation  containing  the  received  signal  can  be  reduced 
to  the  form 

r  r 


W(t,x)y(t)y(x)dtdx-. 


+j  j  hn  V  —  ■*}  «.  (’)  e'"*V  («)  d* 


hn  ({ —  V  ut  (*)  c'-V  CO  dz  2+ 


—  2r  Re  J  Alt  (/  —  zj  a,  (x.)  e'^'y  (x,)  dx,  X 
X  j  hlt  (t  -  X,)  U\ (X.)  e-  ,(v*+,,/y  (x^fifx.J .. 
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where  h.  —  pulse  responses  of  filters,  squares  of  moduli  of  frequency  responses 

^  J 

which  are  defined  as 


I# „(«'«)!‘= VM(«);  \HU  (itn)l’ =  —  ~  Vlt  (<o), 

\H  N»  v»  ''*i  (*>) 


(15.505) 


The  term  of  the  likelihood  equation  not  containing  y(f)  after  substitution  of 
the  value  of  w(t,  x)  and  necessary  transformations  takes  the  form 


r  r 

W 


i- = -  f  ( r  is. ,)  d,d,^  4rr  £  4-x 


2k 


y  f  _ _ ^cPnS» 

J  4^  +  2/y,(Pe+/>a)S(«) 


(“>) 


+  Pc^aSttwHI  -t') 


(13.?. 54) 


i-’ith  small  signal-to-noise  ratios 


-  —  OO 

*  ?sTr&;Ti]s° (<o) rf<“’ 

—  00 

where  h  -  Pc/2AfcN0  —  the  signal-to-noise  ratio; 

q  -  1’0/Pn  —  the  signal-!,  e-i.  her '  ■  rcnco  ratio; 

Af  —  effective  width  of  the  spectrum  of  fluctuations  of  the 
signal; 

■  -  Afc3((s)  —normalized  spectral  density  or  fluctuations, 

j.’ur  Large  h,  considering  S('.:>)  a  square  function,  we  obtain 


(13.?. 54') 


/ssz^Wt^cT^ t*‘ 


p2.!,.54") 


being  the  preceding  equalities,  we  can  write  the  likelihood  equation  in  the  form 

r .  /  .  - 


4k 


1 


dt  {|  j  ’>u.  <‘t>e 

o 


ha  (1  —  *0  «*  (*)  (x)  d  x 


—  t  * 

•2TReJ  hu(i-^uM^y(\)d^  Xj  *»(<  -  -,) «*. (*,) e  -  '  (x.) <fx,}-f-  /  =  0. 


(it.b.ht) 
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It'  we  approximately  replace  the  operation  of  differentiation  by  calculation  of 
a  finite  difference,  the  optimum  circuit,  corresponding  to  (13. 5. 55) >  takes  the  font, 
of  Fig.  13.10.*  With  small  detuning  of  channels  AX^  and  not  too  large  7  character- 
Mffat+ftjtj)  istics  of  filters  depend 

*•  *  1  ___  .  little  on  detuning.  Disre- 

"i *qd  •  ~"*CfL3  i  ■ 

-I  |  »■  'i  JL  garding  this  dependence,  the 

L*j  |  I  |  f2 

1 •  . *-T’J  ■  >j/  I  circuit  can  be  simplified  and 

afcffjit  pS  “CD  (+W-S  rea',oe<1  t0  fom  u:  ' 

0  JL  X  -CD — —CD — — 1  Y  13.11.  The  circuit  contains 

<  j-^-j  two  discriminator  channels, 

_ _  y  j~  intended  for  working  out 

'  «— f  7 1  -fftH 

l  I  I  mismatch  with  respect  to  X,  . 

ttfatupjtj  ryn  m-nTL/+\J 

I  1— r-i  L~rJ  1 - 1  VI/  These  channels  of  an  optimum 

K^y-Co — Him — -s - J ,  discriminator  when  there  is 

Fig.  13.IO.  Optimum  discriminator  for  measure-  no  interfering  signal  y,,(t) 

ment  of  parameter  X.  when  n  =  2;  1)  mixer;  2) 

x  .  , ,  only  by  characteristics  of  the 

amplifier  with  gain  varying  according  to  the  law 

of  amplitude  modulation;  3,  4,  5,  7j  3)  filters  filters.  'Both  forms  of  char- 
wJJ  h  pulse  responses  hll-  (t)  COS 

h12_(l,)  cos  'JD  t,  h22_(t)  cos  conpt,  h22+(t)  cos  u>npt,  acteristics  of  filters  coin- 

005  “np1''  llll+^t^  cos  “rip1’’  respectively;  cide  when  7  -  0.  Furthermore , 

9,  10)  phase  shifters  with  phase  shift  cp  and  q>  , 

_  .  ,  the  circuit  contains  channels 

respectively;  111  square -law  detector;  12)  phase 

detector;  13,  l1*)  amplifiers  wiln  gain  -27_  and  0f  Comnensatlon  of  the  intor- 


coskvtdpjfl 


A 

1 _ 1 

JL, 

Jj 

L 

■71 

DTI _ ! 

C'J 

H 

1 - 1 

jj 

JJ 

-27+,  respectively. 


the  circuit  contains  channel:-, 

i-ospec lively ;  111  square -law  detector;  12)  phase 

le  tec  tor ;  13,  f1()  amplifiers  witu  gain  -27_  and  0f  compensation  of  the  intor- 

-27  ,  respectively. 

+  fering  signal,  and  in  it  there 

:l.j.  provided  Insertion  of  correction  I  for  compensation  of  systematic  error. 

It  is  possible  to  imagine  other  circuits  corresponding  to  operations  (13. ‘,.93) 
produced  on  signal  y(t).  In  particular,  it  is  possible  to  create  u  discriminator 
circuit  with  only  two  channels,  occurring  in  the  absence  of  Interfering  signals  but 
with  reference  signals  properly  modified.  The  circuit  of  Fig.  .13.11  is  expedient  foi 
tracking  radar  meters  of  coordinates  of  two  targets.  In  this  case  as  the  channe  ■_  of 
compensation  we  can  use  the  channel  of  measurement  of  parameter  X2>  Pioperiy  t re r in¬ 
forming  the  output  of  this  channel,  we  realize  the  required  compensation,  Thi  ; 
simpler  than  change  of  the  complicated  reference  signals  necessary  upon  change  of 
distances  between  targets  in  the  other  variant  of  optimum  discriminator  mentioned. 

*;h.b script  "-"  in  the  figure  corresponds  to  channels  delurr-d  -AX,;  and  subscript 
"+"  corre. -ponds  to  detuning  +AXj  relative  to  the  measured  value  of  . 
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u,Jt) 


Fit;.  11.  Simplified  circuit  of  an  optimum  discrim¬ 
inator:  1)  mixer;  ?)  amplifier  with  Gain  varying  accord¬ 
ing  to  the  law  of  amplitude  modu.l  anion;  3,  4)  filters 
with  pulse  responses  h.^t)  cos  t  and  hip(t)  cos  conpt, 

respectively;  !j,  6)  phase  shifters  with  phase  shift 
<p_  and  cp+,  respectively;  7,  B)  amplifiers  with  gain  2-,_ 

and  2y+,  respectively;  9)  square-law  detector;  .10)  phase 
detector. 


Iri  connection  with  the  fact  that  measuring  systems  frequently  work  with  a  very 
>,r;.;u  signal-to-noise  ratio,  it  is  interesting  to  discuss  further  simplifications 
l‘  the  considered  circuit  for  large  h. 

From  (13. 5-49)>  and  (13.5.5?)  it  follows  that  for  large  h  the  square; 

moduli  of  frequency  responses  of  all  filters  become  identical  and  equal  in 
xnd  of  fluctuations  of  the  signal: 

|//„ (/«)!•  =  \HU  (/u>)|3  =  \H „ (i.)|*  —  (|®|<2*Afe)  (13.5.: 


the  same  time,  in  accordance  with  tne  hypotheses  made  in  deriving  the  basic 
cial i unships,  these  filters  are  integrating  fur  the  period  of  modulation  of  the 
ignal  T  .  Tt  is  easy  to  see  that  equation  (1 3.  r>.  VI)  here  fakes  t,he  form 


r 

nr,  J  w,  {r=7  IW  • +  l«.l'  -  21  Re  q,q  >-'•]} u + 1 = 0. 


tt 


where 


Qt.*=r  [  «...  OO (*) dx. 

*-Tt 

Equation  (15.5*57)  will  be  transformed  to 


(130.53) 


r  10. — i 

1  L  »-T*  J 

!N±_ 
-  2r 


0. 


(1 


"2 


59) 


With  replacement  of  differentiation  by  calculation  of  a  finite  difference 
operations  of  the  discriminator  are  executed  by  the  circuit  of  Fig.  13.1?,  Circuits 


I  ^ 


rr 


'#  r 


Fig.  13.12.  Optimum  discriminator  for  a  large  signal- 
lo-noise  ratio,  i)  mixer;  2)  amplifier  with  gain  vary¬ 
ing  according  to  the  law  of  amplitude  modulation;  3, 
t)  amplifiers  with  gain  y_  and  7  ,  respectively;  5.  6) 

phase  shifters  with  phase  shift  -A<p_  and  +A  respec¬ 
tively;  V)  filter,  integrating  for  period  T  ;  8)  square- 

*■  p  —4 

law  detector;  9»  10)  amplifiers  with  gain  (l  -  y  )  and 
(1  -  y  )  '  respectively. 


of  compensation  in  this 
scheme  correspond  to 
total  suppression  of  the 
interfering  signal  (see 
§  13.2).  This  circuit 
differs  from  the  circuit 
optimum  in  the  absence  of 
y2(t)  and  with  h  ->•  to 
which  there  are  added 
only  channels  of  ortho- 
gonalization  (total 
suppression)  of  interfer¬ 
ence,  by  Lhe  presence  of 
amplifiers  with  gain 


factors 


and 


.1- 


1* 


2 


a  Jr'. 


introduction  of  correction 


IN 

~7pjr.  For  small  7,  very  large  h  and  small  detunings  AX,^  the  shown  differences  of 


circuits  are  absent, 

The  optimum  circuit  ensures  absence  of  systematic  error,  and  the  equivalent 

spectral  density  of  fluctuating  error  of  measurement  of  parameter  X^  is  defined  as 
2  2 

.Ijiit  1  =  tfg£.  ^T,  where  o3(j,  ^  —  variance  of  the  efficient  estimate. 

If  y't)  is  a  normal,  random  process,  3  „  ,  is  found  in  accordance  with  ( 1  3  •  3  •  H  1 ) 

om  1  ’ 

and  (i?.  5. 24)  by  the  formula 
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KL—+jj*&*-*%***.  o:.'.'  : 

Substituting  in  (1. 3. 5.60)  values  of  Ky  and  W  and  producing  approximate 
caic-Jlatirns ,  valid  under  the  assumptions  made  above  (3f  «  t ^  «  T) ,  v/e  obtain 


S:L^-T  {[<*  “  f)  * + B]  C  +  2y*  &AD- 


■D 

-^r  j"  f  («>)  s  (o>)  dv>\ 

*-fl9 

00 

F(»)da; 

-00 

r, 

^-^.i-rr^rwrl  -t»  (1 3.‘,>.{v3) 

e=/c»'>=iri-j,^,l(o<«= 

i 

1  •  / 

For  large  slgnal-to-noJ  se  ratios  ’1  fuiaa) '  a  ( i  .  v.'.'d  )  3s  ::  1n.pl  l  fled ,  taking  linn 


K')C-f  2y,^P—  |^(Te'T)|  —  D'j* 


(1 


Ii  deriving  this  formula  we  assumed  that  (l  -  7&)h  »  1.  It  3s  easy  to  see  tint 
this  formula  3o  obtained  from  when  n  =  ?. 

Fur  sina  11  h 


■S:.'.,=-2V(C-0')-i  J  $>)<*.. 


(1 


.‘So  tint  the  found  optimum  circuit  ensures  ueeiwaey  of  ineuauremeiit  of  pa  rum  ft  or 
ox  responding  to  formulas  (1  J.f’.td  ) -(1 .5,  we  need  exact  tuning  of  compensat ioii 

haniiels,  1  ,e. ,  unerring  knowledge  of  quantity  1  ^  Pructleal ly .  how-ver,  'his  pa  mine  t  ■ 
or ponding  to  the  coordinate  of  interference,  1..  also  mea.uia  d  with  t  rrur,  From 
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results  of  Paragraph  13.5.2  it  follows  that  the  best  case  is  when  there  are  systems 
of  the  considered  form  for  measurement  of  parameters  X^  and  Xg,  acting  jointly. 
Tuning  of  compensation  channels  in  each  of  these  systems  is  produced  in  accordance 
with  ihe  output  quantity  of  the  other  system.  To  find  fluctuating  errors  of  such 
systems  it  is  necessary  to  compose  matrix  of  spectral  densities  (13.5,2*)).  Calcu¬ 
lating  the  clement  of  it  which  corresponds  to  error  of  measurement  of  parameter  X. , 
for  the  equivalent  spectral  density  we  obtain  expression 


( 1 3. 5-  ij5) 


where  ."  r  ~  spectral  density  of  fluctuating  error  of  measurement  of  parameter  x 
0  d  for  knovm  ,  which  is  found  frorri  S  r,nTl  ^  ct'ianSe  the  places  he 

of  P  ^  and  P  n,  and.  also  of  X^  and  X„; 

U.  r  —  mutual  spectral  density,  determined  according  to  (12,5,14')  as 


dRy(t,  r)  d!T(/.  'i) 

dX, 


dtdx, 


(13.5  .''fj) 


f alculating  Integral  (1 3.5.66),  we  have 


(53.i:'.0o« ) 


From  (13.5.O5)  It  is  easy  to  see  that  when  -y  «  0  equality  =  S  onTl  lx  '/all*!, 

which  one  should  have  expected,  since  here  there  are  no  compensation  channels,  .and 

each  parameter  Is  Pleasured  independently  one  from  the  other.  As  h  -»  0,  by  cal  cull  a  tin;, 

1 

we-  prove  that  this  quantity  appi'oaches  a  finite  limit,  while  3  or.11,2  "  t'  h‘‘ 

I  —  ^  ,  and  fluctuating  errors  for  large  signal -to-noiso  ratios  are  determine' 

I i.j  expression  (13.  5.53) . 


For  small  h,  using  (13.5-54)  and  calculating  r;lg,  we  obtain 


S»dTI  _ 

r  ^7y‘Tt1’ 

I  'dT^rzji 


(13. 5.  ■■"() 


there  occurs  Increase  of  fluctuating  ei  ror  of  measurement  of  pa  ram*1 1  er  u*>a 
■  0  errors  of  measurement  of  parameter  Ag, 


§  15.6.  Analysis  of  Systems  of  Detection  and  Measurement 
with  Suppression  of  bistuiuing  Dlgnc 1 s 

15.6.1,  System  of  Detection 

Output  signals  of  the  separation  system  synthesized  in  §15.3  can  be  used  for 
finding  a  decision  about  the  presence  of  targets  and  for  measurement  of  their 

coordinates  exactly  as  output  signals 
of  systems  for  singling  out  a  signal 
against  a  background  of  noises  and 
interferences,  considered  in  precet  i 
chapters.  Such  a  detector  or  meter 
with  suppression  of  disturbing 
signals  differs  from  the  correspond¬ 
ing  devices  calculated  for  the 
presence  of  only  one  target  only 
in  the  form  of  reference  signal  or 
in  the  response  of  the  shortening 
filter  (in  the  case  of  range).  As 
examples,  in  Pig.  15.13  there  are 
given  two  variants  of  a  block 
diagram  a  system  of  defection  of 
targets  in  a  range:  of  distances 
(with  filtration  and  with  multipli¬ 
cation  by  reference  si.  als  shifted 
in  time) . 

We  oh. ail  consider  characteristics  of  detection  foi  such  a  system  and  compare 
nor.  w  1. :  1 1  the  optimum.  First  of  all  one  should  note  that  the  probabilities  of  false 
ii-'.’T  -mu  correct  defection  of  one  target  with  fixed  parameters  for  a  system  with 
::  e-pa  ra  ion  of  signals  are  determined  by  the  very  same  formulas  as  for  a  system  without 
.'epur't,1.  loii  of  signals.  The  difference  consists  only  in  the  powers  of  the  signal 
..ini  nt  !  so  oh',  lined  after  multiplication  of  the  received  signal  by  the  reference 
signal  and  Integration  (see  Chapter  TV,  Vel.  I). 

Thu:;,  ■'ompari  son  of  characteristics  of  detection  of  one  target  in  systems  with 
suppression  and  without  suppression  of  interfering  signals  reduces  to  comparison  of 
Mi"  cor.-  •.•ponding  slgrri  1  -fo-noise  ratios.  i'.uch  comparison  already  was  conducted  in 


«) 


CD— {T 


*  I 


LUtrn,# -*!***■  »&) 

CD— DIH 


• ,  I 
< 

'  ) 


:  M 

■  i,  j  on 
.  r  : 

■  ]  j  oi 
xer, 

I  ‘.or 

! 


5.  Mock  diagram  of  a  system  c.<‘ 
with  supp reunion  of  interfering 
a)  with  multiplied  Ion  by  re  ’  rer 
hlffed  in  time:  b)  wi th  filtration: 
2)  filter:  3)  detector;  •'))  relay; 
match e<i  with  the  lav;  of  modulation; 
ar:  n  li  fier , 
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§  i  ■? . P .  The  same  remark  is  also  valid  for  an  optimum  system  of  detection  of  a  given 
target  against  a  background  of  disturbing  targets,  inasmuch  as  such  a  system  differs 
from  a  system  with  complete  suppression  of  interfering  signals  and  subsequent  pro¬ 
cessing,  of  the  same  form  as  in  the  absence  of  interfering  signals  also  basically 
oi. iy  in  the  form  of  the  reference  signal.  Comparison  of  the  corresponding  signal-to- 
interference  ratios  for  the  case  of  one  interfering  target  was  already  conducted  in 
13.2.1. 

The  difference  between  characteristics  of  detection  in  systems  with  suppression 
and  without  suppression  of  interfering  signals  turns  out  to  be  more  considerable  for 
detection  of  one  or  several  targets  in  a  certain  range  of  values  of  parameters  if 
we  use  a  multichannel  system  of  detection.  This  difference  is  caused  by  the  fact  that 
noises  in  detuned  channels  turn  out  to  be  correlated  due  to  the  presence  iu  the 
reference  signals  of  the  same  components. 

Let  us  consider  characteristics  of  detection  for  a  system  of  channels  in  each  of 
which  there  is  produced  complete  suppressicn  of  the  signals  separated  by  me  remaining 
channels.  Fluctuations  of  all  signals  we  shall  consider  slow. 

Output  voltage  of  each  channel  is  recorded  in  the  form  (see  §13.2) 

//= N*= | jy (*)♦.(*,  (13.6.1) 

If  the  received  signal  y(s)  is  a  normal  random  process,  the  real  and  imaginary 
part  of  complex  quantities  z^(j  =  1,  , . . ,  n)  are  distributed  by  normal  law.  Therefore 
.ioint  distribution  of  these  quantities  can  be  recorded  in  the  form 

p  (z„  . . . ,  z„)  =  exp  |  r  j/kZiZ** j , 

where  )!✓/,.  ||  -  matrix,  the  inverse  of  |!r.,  ||,  and 
J  K  J  K 

Rjh  =  zjz\  =  wnw*km  Q~Q*m  = 

r  J’ m 

~  E  [  c<™ +Sr  c'-c-  r ' »»■ +  t-  ■ 8». 

where  K  —  energy  of  the  signal  to  which  the  v-th  channel  is  tuned .  If  there  1c  nc 
snrh  signal,  =  n . 


(13.'.. 


•  ■<:*  vis  find  ’-.he  joint  dirrr*  button  for  quantities  r  j.  For  this  it  is  necessary 
"  o  pass  to  polar  coordinates,  In  which  2j  —  and  to  integrate  the  obtained 


distribution  over  all  <p,„  Introducing  for  convenience  instead  of  j]R . .  ||  the  matrix 

J  '  J  K 

ol‘  correlation  eoei  l'icients 


fihZ=,vwkK  * 


(13. t . 4 ) 


vie  obtain 


P(r !*•••*  fn)  — <9.  ,  r=  —  X 

(2«)  I  Pi*  I  r  j  ...r„ 


2«  2, 


x -1“' 

o  o  L  j,  k 


dfx...dfn 


( 1  ;• .  t  ,  3 ) 


whore  —matrix,  the  inverse  of  ||pjk||.; 


f  i  —■ !  i*  =  ^jj  +  —  “’j i  (l  +  dj)> 


(12.C.O) 


•did  'ij  -  signal -tc-interference  ratio  at  tne  cutpu-  of  the  system  of  separation  for 
the  ,j -th  signal. 

Vie  cannot  take  integral  (13.6.5)  in  General .  Therefore  w«  assume  that  f  ,  is 

,1 K 

E’ !  1  when  j  ^  k,  i.’e.,  that  llpj^li  —  qi-ar- .  -ciin  onai.  iintr'.ix.  Inasmuch  as 


9)h 


Wj* 


Vxi)jj  Wkh  VT*  +  <h)  (1  +  Qh) ' 


(13.6.4 ’ ) 


:;uruption  about  the  quasi-diagonal  nature  of  llp.^ll  is  satisfied  if  either 
m.'i  •  rices  i!vi,j,ij  and  'Ich^ll  are  quasi-diagonal,  or  the  sigr.ai-to-interference  ratios 
M.”  output  of  the  system  of  separation  for  all  targets  are  great. 

pj*=  (1  —  aijj)  8jk-j-ajfc  and 

'■hen 


Substituting  this  expression  in  (13.6.5),  expanding  the  exponential  function  and 

1  :>.e  determinant  in  powers  of  a^K  with  an  accuracy  of  the  second  order,  after 

integration  over  cp  .  we  obtain 
J 
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. . . 

ra. ....  r«)  =  -r  =  ri  ~  exP/ 

(i+2j  I Pi»l‘ ^  T  1  J 


(13.0.7) 


Uflir.-j  this  distribution  it  is  possible  to  calculate  the  probability  of  any  combi¬ 
nations  of  exceedings  of  thresholds  in  the  channels. 

In  the  case  n  =  2  integration  of  (13.6,5)  is  easily  conducted  for  any  p  =  |pi2l 
During  calculations  it  is  convenient  to  use  the  expansion  of  this  distribution  in 
powers  of  p,  which  has  the  form 


*(£*“")  „  (£***") 


('3.6.  ) 


In  order  to  have  the  possibility  of  comparing  a  system  of  detection  of  the 
considered  form  with  an  optimum  system  of  detection  of  a  group  of  targets,  we 
shall  consider -the  case  of  two  targets  appearing  simultaneously  (see  §  13.4).  Here, 
we  consider  that  in  the  system  with  separation  the  simultaneity  of  appearance  of 
targets  is  used  either  by  means  of  summation  of  the  output,  signals  of  the  correspond! 
two  channels,  or  by  means  of  making  a  decision  about  the  presence  of  both  targets 
when  in  at  least  one  of  these  channels  we  exceed  the  threshold. 

In  the  first  case  with  the  threshold  we  compare  quantity 


where 


/  =**/«  +'Y=  I  wuQi  4-  “'uQ*  I* + 

+K,Q,+«'M<?.r== 

/.»=■*! 

v»  =  I  tf.i  I*  ■ + 1  w„  I*;  = |  «>„  |* + \wH  !*; 

e„  =  p*,,  Wit  (U,u  +  wj. 


(13- ■  -9) 


When  calculating  prcbabiiitie; 


rtf  n  r>-nr*  o-*'  i 


1  detection  il  is  possiVii^  i  .<■»  uhr 


general  formula  (13.6.5).  However,  it  is  simpler  to  start  from  the  expression  for 
characteristic  function  (13.4.?),  taking  into  account  (13.o.9).  Performing  jnieuln- 
'  ions  anal  ••go-,  is  to  those  which  we  made  In  deriving  (13.4.3)  and  (13.4.4)  and  ussumhu 


-803- 


I  !  1 


q .  q,.  =.-  q  (see  §  13.4),  we  obtain 


L+rP  1+T_LzI„  r_1 

2t  2t  e  * 


»  +  <M1  —  Y*)  +  t  ~  1  +4'»(i  -  rt+T  _ 


»  +g'.d  —  Y»)  — V  ~  1  +9'.d-l,)-T 
2T  • 


whete  c  —  the  threshold  quantity,  multiplied  by  (1  +  y‘  )/(  1  -  y‘  )<  with  which  we 


■compare  r,  and 


Y=|C(i„  A.)  | //£(!„  K)C(K,  *,)  ■ 


Calculation  of  relationship  q^(I),  F,  y)  in  this  case  is  conducted  almost  the  same 
as  for  the  optimum  system  in  §  13.3..  Note  that 


D(c,  T.  4u)=F(clt  y,). 


(j 5.6.1^) 


vvIjO  j'ti 


v  _ _ I _ .  c  - _ c_ _ 

U  1+9'«<1-YV  l_  i+?'.(l-Y’r 


(U.C.'?) 


O  1 

Corsidering  that  7^  «  1  when  7  <  ...  it  is  possible  ic  calculate  q  3  by  l’cn.'iijiri 


O’  f  U  tlL  _  j 


(]'•.'  .  1*.) 


If  the  jeoisiun  about  the  presence  of  targets  is  taken  when  at  least  one  i»h«iune 1 
•  •  -j w  the  threshold,  tne  pre babllity  of  making  such  a  decision  is  recorded,  takii, 
ir  A'  ve.'  unt  (l3.h.^),  in  the  form 


r« « 

Pt  —  i—  r,)dr 


€  2 C 


,  drt  =  2e  r*  —  e 


)  .* 

<«— 

*i 


(•:  ••hh.i5) 


:-’ibs t. i luting  in  this  formula  the  corresponding  values  of  p  and  r^  ,  it  is  possible 
'  Cj  calc  u  late  the  probability  oi  ia.se  alarrii  .■  and  c-i  correct  detection  .  or 
comparison  In  Fig.  13.14  we  show  the  dependence  of  the  threshold  si grril-Lo-in' er ferenne 
ratio  qf)  (obtained  in 'the  absence  ox'  separation)  on  ,  and  on  the  probability  of 
a.rc'o  ■'  selection  of  noth  targets  for  F  1  o"^'  for  different  methods  of  process  i  Jig. 


52.34.  Relationship  q^D,  y)  for 

;••  in-0  for  detection  of  a  pair  of 

•nvos  <-f  equal  intensify,  - —  — 

optimum  prone  as  inf?  (12.4. J) ,  (13.4.4); 

- summation  of  signals  at  the 

output  .of  channels  in  a  system  with 

separat  ion  (52.6.54);  —  ■  —  - - 

independent  comparison  with  the  threshold 
In  a  system  with  separation  (12,6.15). 


From  comparison  of  curves  of  this 
figure  one  may  see  that  loss  due  to  use 
of  a  system  with  separation  instead  of 
an  optimum  one  grow1-  with  increase  of 
y  and  with  decrease  of  the  probability 
of-  correct  detection.  For  small  y  and 
fJ  =  1  -  D  separation  of  signals  does 
not  lead  to  essential  losses.  If,  for 
instance,  we  consider  double  loss  in 
the  signal -to -interference  ratio  per¬ 
missible,  it  is  attained  for  ft  0,5  9t 
->2  ~  0,27;  for  p  =  0.9  at  ->2  ~  0.65;  for 
ft  =  0.999  at  yc~  »  0.92-  Vhe  difference 
between  systems  with  summation  and 
independent  comparison  with,  a  threshold 
of  the  output  signals  in  the  case  of 
two  targets  is  immaterial. 


12.6.2,  G.y  stern  of  Measurement  with  Complete  Suppression 
of  Selected  Interfering  Signals 

Let  us  consider  the  discriminator  of  a  tracking  meter  with  total  suppression  of 
selected  interferin'*  signals.  Here,  as  too  in  §  12,5,  we  shall  consider  fluctuation: 
of  the  signal  to  be  fast,  and  noise  to  be  white,  and  we  shall  limit  ourselves  for 
simplicity  to  consideration  of  signals  depending  only  on  time .  Such  consideration 


embraces  problems  of  measurement  of  range 
and  measurement  of  angles  with  scanning . 
Generalization  of  resul ts  to  the  case  o  ' 
space  processing  is  achieved  by  simple 
replacement  of  matrix  elements  ! ,,  . ,  >.. 

.is  '  0  r' 

(for  designations  see  12. 5)  c.b  .airyci  by- 
integration  over  time  by  the  same  elements 
obtained  by  integration  over  time  mo  over 
space . 

<\  block  diagram  i  f  the  an  C.  a.is- 

criminator  is  shown  in  7  i.g.  " 


-b05 


Reference  signals  ^(t,  >  and  *(t,  XQ  -  AX)  are  determined  by  formulas 

(!',2,9),  In  order  to  simpliiy  calculations  we  consider  detuning  AX  very  small, 
so  that 


r 

t 

-00 

I 

~ 2A1  1  j*  h(t  —  %) t (t,  A,)^(t)rfxj  , 


(IJ.d.  I 


We  can  hope  that  the  dependence  of  equivalent  spectral  density  on  detaining  will 
in  the  given  case,  as  for  systems  without  suppression  of  interfering  signals  (rhaptc;/ 
VII  -XI),  bo  sufficiently  weak  so  that  the  riven  assumption  immaterially  limits  -he 
applioab ’ lily  of  the  results. 

Let  us  consider  the  gain  factor  Xp,  the  equivalent  spectral  density  and 
syet email"  error  s  „  fox'  a  system  of  the  considered  form.  Here  we  consider  that 
in' en’ering  signals,  if  there  are  any,  are  completely  suppressed,  ana  we  consider 
only  the  influence  of  noises.  In  general,  complete  suppression  of  Interfering 
..■•I gnul.c  is  obtained  only  for  preselected  < flues  of  their  parameters .  In  certain 
particular  cases  (for  instance,  during  phase-  ode  manipul at ion)  suppression  of 
signals  at  selected  points  ensures  their  suppression  for  all  n.  ies  parameters 
h id  the  limits  of  the  basic  maximum  of  the  function  of  uncertainty.  After  very 
1  ■  jrsome  trans formations ,  analogous  to  thuse  used  in  §  1.5.5,  we  obtain 


«0 

XST  J  \H(H\*S,^)d^(bn-2a\), 


(13.  n,  17) 


A.  J  !«(/») !■[!  +ji *.(.)] 


did 


*u«cr  —  ~ 


h  (b„  -  2al)  J  l  H  (/«)  |*  S,  («)  do 


(1  "5.0.  IK) 
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Sbkm  =  ■ 


00 

2S"  J  i//(i«)lM6"+2an  + 


(&„-2a’)*X 


+  <*■»)  (*»  +  *<»«)  4-  ^T-  So  («)  ^  j  d“ 

x  (s"J  I "  (Ml'S.  (•)</« j 


(lj.t3.is) 


where  h  =  -xy  -Ay - j  H(ico)  —  frequency  response  of  the  filter; 

-  -o*  C 


6.=C<v  y-  s  C<*..  «= 

y.*=o 


( 1 J . 6 . 20 ) 


(15.6.21) 


In  general  a  discriminator  of  the  considered  form  gives  systematic  error  which 
does  not  approach  zero  with  unlimited  increase  of  tie  signal-to-interference  ratio, 
which  it  is  necessary  to  specially  compensate.  This  error  disappears  with  symmetric 
location  of  parameters  of  interfering,  signals  relative  to  the  measured  parameter. 

In  order  to  prove  this  we  snail  consider  the  case  when  Cjj,(X^,  Xv)  depends  oni.v 


on  difference  X,  -  X^(C  j^('^(j  •  \)  =  C(X^  -  ),  and  values  X^,  .  .., 

X  of  the  parameters  of  the  interfering  signals  are  such  that  X.  -  \r  X  -  >  ,  (o  < 

Z  . )  Z  U  *“cj 

* 

<  ,i  s  l).  Here,  as  it  is  easy  to  show,  w..  =  w  .  .  (0  <  j,  k  <  l)  and  a  =  0. 

.'.Systematic  error  e  turns  into  zero,  and  the  expression  for  equivalent  spectral 

OtCT  * 

density  takes  the  following  form; 


s.„,= 


00 

sir  J  i  (i  +  ^s.  («>)<*■* 

«-oo _ 

2«S*-(dr  J  i "  m  i*  5.  m  dc  j 


('  3.'3. 22) 


The  last,  equality  in  (13.6.22)  is  valid  for  a  large  signal-to-noise  ratio  at 
the  output  of  the  system  of  separation  of  signals  (- —  »  1)  and  for  Af,  »  Af 

w00  'i'  ° 

(Af ^  —  width  of  the  passuana  of  the  filter). 

The  obtained  expression  coincides  for  large  ratios  J1-  ■  with  the  equivalent 

w00 

spectral  density  of  the  optimum  discriminator  and  for  arbitrary  h  to  the  cqjj.v-  lent 
.■.peat  ml  uensity  of  the  discriminator  analyzed  in  5  13.3  (  Fig.  13. 7).  This  is 


-B07- 


~  1 0(; 

t'or.-.p  Le  •  *=»  ly  natui'alj  since  with  symmetric  location  of  interfering  signals  ~  -  0,  and 

'  0 

we  have  equality  [see  (13,2,13)] 


&  £  S  <'«’<«*+ 


I.  *-o 
<• 


/.  *=»i 


,  d  ^  *  air  ... 

«£+»  ^  A=^rr,^|  2j  w^\  • 


sc.  i. hat.  l'or  large  signal-to-nolse  ratios  processing  of  a  signal  in  the  considered 
discriminator  coincides  with  the  optimum. 

It  follows  from  this  that  a.  discriminator  of  the  given  form  can  be  used  v/ith 
success  in  systems  of  measurement  if  parameters  of  the  suppressed  signal  are  located 
symmetrically  relative  to  the  measured  parameter  of  the  target  and  vary  together  w i 1  h 
this  parameter  and  Cjk(Xj,  X^)  =  C(Xj  -  x^) .  This  occurs,  for  instance,  if  sign-lr, 
corresponding  to  spurious  maxima  of  the  function  of  uncertainty  are  suppressed. 

Loss  in  accuracy  connected  with  suppression  of  interfering  signals  is  determined 
l'or  large  signal -to -noise  ratios  by  formula 


<&'»  <*.-  K)  -  Yi  ^  w^)’  (*..  **> 

;  *=o 


Wi  th  an  urMi  ra.ry  signal-to-nolse  •  atio  the  loss  in  separation  of  signals  can 
he  accounted  for  by  increasing  the  spectral  density  for  the  system  without  separai ion 
■■■;  J.i  tii'il  s  by  a  factor  of  r/wQ0  and  replacing  the  signal -to-nolse  ratio  h  by  h/wn, . . 

Mute  that  quantity  P  is  equal  to  one  if  C(x)  =  const  outside  the  principal 
maximum  end  c^qq  xq)  ~  I'his  takes  place,  for  instance,  for  measurement 

range  v»lth  a  signal  manipulated  in  phase  by  Hoffman's  code  [see  1J5.2.2]. 

the  same  result  Is  always  obtained  when  values  of  parameters  of  suppressed 

p 

signals  coincide  with  maxima  of  the  function  of  uncertainty  jc(>.  -  XQ)  |  ,  and 
C  ( X  -  \0)  is  a  real  function.  Here  (Xy,  X.)  =-  O'  (a0  -  X.)  •-  0  at  ail  the 

considered  points,  for  the  shown  cases  the  loss  of  accuracy  for  large  signal-to- 
nolse  ratios  is  absent. 
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13.6.3. 


System  of  Measurement  of  Parameters  of 
Motion  of  Two  Targets 

In  the  preceding  paragraph  we  considered  the  case  when  we  exactly  know  parameters 

of  the  interfering  signals.  Such  a  case  occurs,  for  Instance,  during  suppression  of 

signals  corresponding  to  maxima  of  the  function  of  uncertainty.  We  turn  now  to  the 

j.se  of  measurement  of  coordinates  of  several  targets  by  tracking  radar  meters. 

Such  systems  have  a  number  of  outputs  equal  to  the  number  of  measured  quantities. 

Voltages  from  the  outputs  and  also  from  Intermediate  points  of  the  measuring  channels 

can  be  used  for  compensation  of  interfering  signals  in  other  channels  or  for  tuning 

of  compensation  channels. 

Let  us  consider  a  tracking  meter  of  coordinates  of  two  targets,  being  interested 
in  the  meter  of  coordinate  X^  of  one  of  them,  we  assume  that  in  the  channel  of 

measurement  of  quantity  X^ 
there  is  realized  compensation 
of  the  signal  reflected  from 
the  second  target,  ./here  for 
construction  of  the  compen¬ 
sation  channel  to  maximum  extent, 
there  is  used  the  channel  of 
coordinate  Xg  of  the  second 
target.  If  we  apply  here  a 
form  of  compensation  which  wilt 
exact  tuning  corresponds  to 

Fig.  13.16.  Circuit  of  a  discriminator  with  total  suppression  of  the 

suppression  of  an  interfering  signal.  1)  mixer; 

P)  amplifier  with  gain  varying  according  to  the  interfering  signal,  the 

law  of  amplitude  modulation;  3)  amplifier  with 

gain  7;  4)  filter;  5)  square-law  detector.  functional  circuit  of  the 

discriminator  is  represented 
by  Fig.  13.16, 

The  discriminator  contains  two  channels  mutually  detuned  with  respect  Lu  pa ramo ‘ 

X1  (+&•'■•  j)  intended  for  measurement  of  X  in  the  absence  of  an  interfering  signal, 
and  also  a  channel  for  compensation  of  the  latter.  With  proper  selection  of  filters 
of  the  basic  channels  the  discriminator  is  optimum  in  the  absence  of  an  interfering 
signal  or  when  7  -  0.  For  total  suppression  of  the  interfering  signal,  strict!;/ 
speaking,  v/e  would  need  to  select  par",  eterrs  of  the  compensation  channel  7  and  c, 
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uii Terentiy  for  the  two  detuned  channels.  However,  11’  we  are  Interested  in  tracking 
meters  of  both  parameters,  the  channel  of  compensation  is  tuned  with  errors  determined 
by  the  accuracy  of  measurement  of  the  parameter  X0. 

For  small  AX^  errors  of  measurement  of  Xg  (quantities  AXg)  turn  out  to  be  com¬ 
parable  vflth  AX^ .  Here  separate  tuning  of  compensation  cnannels  loses  meaning  and 
tne  simplest  construction  of  the  compensation  channel,  corresponding  to  the  con¬ 
sidered  circuit,  is  desirable.  Let  us  find  systematic  error  and  equJ  valent  spectral 
density  of  fluctuating  error  of  the  circuit  of  rig.  13-16  first  on  the  assumption 
of  absence  of  error  of  measurement  of  X0(A\g  =  o) ,  and  then  taking  Lhis  error  into 
■account. 

The  signal  at  the  discriminator  output  can  be  recorded  in  the  form 

f  h(t  —  s,) h(t  —  st) {«,.  (St) u\.  (s,) — 

~ui+  (s,)«*l+  (s,)-tK«»-  <*»>“«,+  (*,))a\(s.)e~'’  + 

+  («*»  -  (*.)  —  «*1  +  (St))  ttt  (St)  e'T]}  x 

X  «**•  <**-*•>  y  (Si)y  {$t)  dSidSa>  (13.6.24) 


where  h(t)  —  pulse  response  of  the  low-frequency  equivalent  of  the  filter 

u„  (t)  and  u1+(t)  —  reference  lav.  %  i.-f  memlation  In  the  two  detuned  channels. 
With  the  same  simplifying  as su-  p- ionc  a:  in  the  preceding  paragraph  and  with 
coincidence  of  the  true  value  of  X^  v/ith  the  average  value  of  X^  among  points  of  tun- 
in. .  iiie  channels  for  small  detuning©  wg  obtain 

wnere  8A4  =  A,  —  A,; 

t 

/?,==  j  h*(s)ds.  (13.6.26) 

o 


The  gain  factor  of  the  discriminator  can  be  found  as 


(13 
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Alter  calculations  we  have 


K,=-^  [C(l  -  V)  +  t‘w,D~  D'] 


(13.6.28) 


vihere 


>  r 

=  A/o  J  J  a  (s,)  h  (s9)  ft  (s,  —  s,)  cte,efs,. 


(13.6.29) 


Systematic  error  erMCT  is  now  found  as  ratio 


__  ^g«  <tyttt«o _ BlTgt«  _ 

K*  ^[cu-T^  +  T' 


(13.6. 30 ) 


Thus,  when  7^0  due  to  compensation  there  appears  systematic  error,  inversely 
proportional  to  the  signal-to-noise  ratio  h.  The  presence  of  such  error  should  have 
been  expected,  since  in  an  optimum  circuit  for  compensation  of  such  error  there  is 
introduced  the  corresponding  correction,  whereas  in  the  given  circuit  such  a  measure 
is  not  provided.  For  large  h  systematic  error  can  he  disregarded. 

For  allowance  for  error  AXg  of  tuning  of  the  compensation  channel  it  is  necessary 
in  expression  (13.6.24)  to  replace  ug(t)  by  a  certain  ug0(t).  Accordingly  7  and  <p 
should  be  replaced  by  7 q  and  cp^.  Considering  AXg  small  and  limiting  ourselves  to 
the  first  two  terms  cf  the  expansion  of  ugQ(t)  in  a  Tay'lor  series 


(i3.'  -31 


it  is  easy  to  find 


> = - ^/r  [c  (' -• r!) + t’j?-;  d  -  m]  4i. 


( 1  3 . " . 32 ) 


flv  ^ 
B'Yt  AX. 


(if  .13, 
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The  difference  of  y  and  from  7  and  <p,  respectively,  for  small  A-v^  o an 
usually  be  disregarded.  However,  the  presence  of  a  second  term  in  the  numerator  cf 
33)  can  be  accounted  for  since  q  and  h  may  differ  greatly.  For  very  small  q 
(high  power  of  interfering  signals)  this  term  may  cause  substantial  additional 
error.  For  sufficiently  large  q  it  cun  be  disregarded. 

If  is  necessary  to  note  that  for  moments  t,  very  remote  from  the  beginning  of 
the  process,  quantities  A.,  and  Bj  in  (13. (  .  33)  do  not  depend  on  f  and  are  dettsi  mlneo 
ty  L  orn.ulas 


00 

— OCr 

A-'sr  J 


1 


(1 


whore  'tl(i'.s)  --  frequency  response  of  a  filter  whose  pulse  response  is  h(t), 
The  equivalent  spect  ral  density  of  l'J  .actuation  error  ir>  found  as 


at 

*>«•  — J  #»(*)<** 


where 


Rfl.  (■»)  —  Amm  (0  A«;i 11  i  •  Art*  (I)  bln  (I  -f  •  t) 


(13.b.3b) 


C'3.'  ■/") 


is 
1  n‘ 


'  he  C 
. i’MC  I. 

i 

All 

1  13/ 


emulation  function  of  the  output  quant  1  ty  of  the  o  i ,. ;  r  lurln.i  t vr ,  If  we  arc 
ed  In  steady -state  operating  conditions  (largo  f),  then  on  1  ho  made  an pump < loin 
i  )  this  function  does  not  append  on  t,  and  accordingly  l.s  constant, 
st1i.ui.lng.  (xji.b,?A)  in  ( 1 3,h.3t)  and  performing  calculation!;  cuiT'-npond  1  i 
.3*)  and  (I3.n,3',i)  assuming  small  A>  ^  and  /,> ,  *  0,  we  ohtalii 


pr  X 


x{-fs.(i  -iTI^IT'^I'+t  «..0  -T)  [t  -  0'+ 

+ 2f  jf; D + T  |  R". T J  +"r  ,s“  [f<‘  -ft-D,+ 

+2f®o+(^)-)-T-|/r,(i«'t|]}. 
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Toe  expression  for  L‘3KB contains  three  components,  Toe  first  of  them  dues  not 

depend  on  h  and  tc  caused  by  Interaction  of  random  components  of  the  useful  and  ii/er 

faring  algnul u ,  The  second  component,  proportional  to  reflects  teats  of  the 

signal  and  in'  crl'cronce  with  noise,  Finally,  the  third  component,  proportional  to 

~0.  appeared  due  to  nonlinear  transformations  of  noise, 
h" 

Thus,  In  distinction  from  the  optimum  circuit,  in  the  given  case  f luotuatlng 
error  it  different  from  zero  even  with  infinitely  large  signul-to-nclse  ratios  in 
Allowance  i’or  error  In  tuning  of  the  compensation  channel  /  ■>)  leads, 

us  l.t  is  easy  to  see,  to  appearance  of  a  correction  to  formula  (1J,<  ,27),  n report  lorn 

ij  n 

to  (A>0)'  ,  If  vre  consider  &>  r,  u  small  quantity,  correction  of  the  order  of  (A-.,,) f 

!.  C.  ,  C. 

it!  many  ranee  can  be  disregarded, 


l/ntnA.  Motor  of  ttunge  v/lth  Two  Targets  tor  une  particular 
Form  of  Ignul  Modulation 

A.;  m.  example  of  application  of  t.j»o  results  obtained  •■!  ovm  for  systems  of 
i!,ea i.uremont  of  coordinates  we  shall  consider  the  following  particular  cane,  !<•' 

i 

ur.  i  I nd  quantities  characterising  errors  of  a  range  finder  measuring  the  oi  ".a, 
to  utic  of  two  targets,  the  distance  between  which  Is  small,  VP-  ass  sic  •  1.  .  •  t:,c 
sound  Lug  signal  Is  a  pel  f>«  signal  wJ  th  'Jauarlun  pul  no  shape  and,  ( 

pnrrr'sr  In'rapulsc  linear  freq'ieno,/  mono!  if.loii,  ii"  -.e  ■iiiji  1  ox  j  av/  of  mod’.. !  1  I  <  f. 

Ill,,',  '  i  fu  I'll, 


•|i 


T, 

2 


t)- 


f  I 


v.'L'  ff;  |  ~  —  —  rate  of  change  or’  frequency, 

t.  —  effective  duration  of  a  pulse,  equal  to 


2 

j  “1(0  (It  ('«  <  T,). 


7.S1 


We  consider  that  the  correlation  function  of  fluctuations  of  the  reflected  signal 
exponential,  i.e., 

P(0  =  e-|/I, 


S,(<d)  =  -yqp-y. 


(13.  in 'Hi) 


h',:'t.  us  consider  accuracy  of  measurement  of  range  when  using  discriminators  ’ 
(Hii).c  b,y  the  optimum  scheme  (Figs,  13,10  and  13.11),  and  also  by  schemes  of  Fig. 

13,  and  Fig.  13.16,  which  in  c^^'+aln  conditions,  stated  above,  should  give  results 
close  to  the  best  ones,  peculiar  to  the  optimum  c  Lra;  1  t . 

\:-  the  basic  characteristic  we  shall  use  equivalent  spectral  density  Sg®.  In 
the  same  cases,  w hen  there  are  systematic  errors,  we  shall  also  estimate  them. 

Properties  of  the  optimum  discriminator  are  completely  characterized  by  honi  , 
nc tu '  '.’lined  by  expression  (13,  5.02  ) , 

'Talon  la  ting  the  qu'UT1  itio„  in  this  formula,  vie  Irrtw 


c— JL+Q. 

Cr*  ^  2*  ’ 


_  «**  [  K  \ 

r*  V*  “  ) 


T=  * 

T —  9  » 


I— rf-& 
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Qi  4  a>  _ ^ 

Wo  (l''’®1  -h  $  —  )*  K®’  +5  +  t*)’ 


(13.6.41) 
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t  Tg  -  delays  of  modif  .tion  of  signals  reflected  from  the  two  targets, 

e_  (P«  +  P,)« 

*  ~  2  V,  ’ 

2P.P.O* 

..I M P«P.«»  /»  V*v 

^  ]v|  1  T  '• 

* 

‘  5—^ 

a*“rnr‘ 


With  intrapulse  frequency  modulation  deviation  of  frequency  is  usually  selected 

Q 

large,  so  that  »  1.  Fulfillment  of  this  condition  permits  results  of  calculations 
(both  for  the  optimum  and  also  for  other  circuits)  to  approximately  coincide  for 
cases  of  the  presence  and  absence  of  frequency  modulation  if  only  we  introduce  in 
formulas  quantity  x,  determined  as  x  =  tm  without  frequency  modulation  and  x  = 


with  it. 


Designating  y  = 


=  l/|  "  - 

V  2  x 


relative  difference  of  delays  of  signals  reflected 


from  two  targets,*  we  have 


-Z_.  v _ P  2 

2x*  *  '  ■  » 


and  formula  (13.5.61)  takes  form 


r‘-4/rn  — 


r{[(i-7‘M  +  ^£]c  +  n'B’  -  t'm}. 


(u.e.42) 


where  the  stroke  signifies  differentiation  with  respect  to  i. . 

P  1 

Results  of  calculations  of  s  __  for  case  q  =  =  1  (identical  powers  of  the  ut' 


ful  and  interfering  signals)  are  presented  in  Fig.  13.17. 

In  this  same  figure  there  is  depicted  the  asymptotic  dependence  of 


in  r'n  y 


SoOf  — 


_  2jc*  (1  —  e->,tj 


waA(l — e'*  — y*e~*  ) 


aking  pl’-e  lor  very  large  h(l  -  e”^  i. 


*H  i.r  aj.ro  possible  to  call  this  quantity  the  relative  distance  between  targe 
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StmnXxh 

** 


of  an  optimum  discriminator  on  the  relative  distance 
between  targets  y:  -  by  the  formula  (15.6.45). 


'With  decrease  of  quantity  y,  proportional  to  the  distance  between  targets, 
spectral  density  of  fluctuating  error  grows,  which  is  explained  by  two  factors, 
first,  there  take  place  power  losses  connected  with  compensation  of  the  interfering 
signal.  Second,  compensation  of  the  interfering  signal  is  Inaccurate  due  to  errors 
of  measurement.  This  inaccuracy  leads  to  maximum  errors  in  the  region  of'  the  greatest 
slope  of  the  function  of  uncertainty  the  s'  .nal .  '•!!  *  h  greater  near  near.  of  the 

targe  is  the  distance  between  them  corresponds  to  the  flat  pal  t  01-  thr-  curve  of  the 
function  of  ur.-?  certainty,  due  to  which  equivalent,  spectral  density,  due  to  the  second 
■:  'no  shown  factors,  decreases.  With  small  signal-to-noise  ratios  h  quantity 
. '  i  .  depends  little  on  the  distance  between  targets,  which  was  clear  from,  gener  -t 
'o n:..'l:i  (1  5.6.C.4)  . 

■equivalent  spectral  density  for  a  range  discriminator  built  by  the  scheme  of  Fig. 
',5.  '  is  determined  by  formula  (15.6.42),  which  for  the  considered  case  lakes  the 
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Quantity  A^  is  def  ermined  by  expression  (15.Q. 5a ) «  and  quanti  t  -i  t’s  S^., 


(1 5.u.44) 
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and  E  —  by  expressions  (1J.6.J8)  We  consider  that  the  frequency  response  of  the 
filters  in  these  expressions  has  the  form 


\H(im)\*  = 


1+AA',(«)  * 


i.e.,  filters  are  optimum  in  conditions  of  resolved  targets. 
Producing  calculations,  we  obtain 


(15.6.4?) 


A  _ _ L 

■‘‘i  —  o 


2  Y'  +  Ml  +  V 1  +  h)  • 

e  _  **« 

4{l+*  )’/•  ’ 

o  —  *,a(2/l+ft+ 0 

4  (I  +  *)V.(1  T7m*‘ 

£==C  =  ^. 


(13.o.4o) 


Per  large  h  formula  (13.6.44)  after  substitution  of  values  of  coefficients  takes 
the  simple  form 


s 


•KB 


2  (t  _*-»•) +  fL 


(13. 6.^7) 


From  comparison  of  (13.6.43)  and  (13.6.47)  we  see  that  for  large  h  and  not  too 
small  y  the  considered  circuit  possesses  the  same  properties  as  the  optimum.  The 
difference  between  this  circuit  and  the  optimum  appears  at  small  h  and  small  y. 

For  the  discriminator  of  Fig.  13-16  equivalent  spectral  density  is  determined 
by  formula  (13.6.37).  Finding  from  (13.6.3°)  coefficients  and  M  in  this  formula, 

we  obtain 


S  +  Ki-M),  +  ^i  +  *l 

*  m^h^ii+yr+hy  * 


Af -=£  +  C  = 


% 

X*  • 


(13.0  1*6) 


In  Fig.  13.18  are  curves  of  the  dependences  of  SM  on  the  relative  diet.an-:- 
between  targets  y  for  different  values  of  the  signal -to-noise  ratio  h  for  ail  three 
considered  ire .s .  For  large  h  and  relatively  small  y,  at  which  application  of 
circuits  of  compensation  of  signals  still  has  meaning,  the  circuit  of  Fig.  13-"  1  urns 
w'  ' be  close  to  optimum.  For  small  h  its  properties  differ  from  proper' 1  os  of  the 
optimum  circuit  in  a  r,err,ain  range  of  values  of  y  more  than  properties  of  the  circuit 


*C*CT - *0*07  |  •c*Ct  |t 


where 


2  j+/i  +  *  _aC 


(13.6.49) 


„  _  A  y*t~w 

•«c» i —  j  _eTjr» 


4i2  —  error  of  measurement  of  delay  of  the  signal  reflected  from  the  second 


The  curve  of  the  dependence  of  £CMC1  ^  on  y  Is  depicted  In  Pig.  13.19. 
The  ratio  of  the  two  components  of  systematic  error  Is  defined  as 


'  _ *i  «et«  u*  i  +  Y\  +  h _ L_ 

*C««Tt  **  A  i'Atj 


(13.0.50) 


Prom  this  we  can  find  the  limiting  value  of  error  At~  at  which  error  En..~„ 

c  U-.L  i  cl 

: at i  be  disregarded  as  compared  to  eCMCT  *  in  the  range  of  8  Interesting  us. 


Fir.  jJi.  19.  The  dependence  of  systematic  error 
of  the  dl scrimlnator  (Fig  13,16)  on  the  relative 
distance  between  targe ts  y. 

'I  ho  given  r ..  latl  unships  illustrate  application  of  the  general  formulas  obtained 
air’"  and  exp  I  id'  Ly  oh<  w  the  dependence  cf  basic  characteristic.',  of  dl  ser  Lminafor.. 
oji  ul  i'feren  •  physical  parameters. 


( 
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13.7.  Cone  1  us  ion 

1  re  1  e" '  1  on  of  the  f<  nr.  of  !  he  sounding  signal  or  the  form  and  dimensions 
■  1  '.are  u'-'  t  ii<--  i.n'  '  nil'  ef  great  value  for  Inc rwr,..  of  resol  vlur  po/.er  of 


HiCjnUMUl 


1  I 

r:-.i :..v::  ci ;r.  iu  synthesis  of  optimum  methods  of  processing,  signals.  This  syu’-husi:. 

nun  he  conducted  in  two  ways.  The  first  of  their,  consists  in  finding  operations  of 
<  . 

the  receiver  » reduced  on  the  r-f  signal  for  which  U.ere  is  provided  the  best  tove  j 
re  I  'i 1  ion.snips  between  the  separated  signal,  interference:  and  por.siole  inter:"  ring 
signals  at  Ui-t:  output  of  Uie  reo lever.  These  operations  cun  !;e  found  with  variu-ic 
acidi  t  iona  I.  conditions,  connected  with  the  specific  nature  of  resolution.  In 
iru"  teul-.r  they  are  found  on  the  condition  of  Lota"  .suppression  of  inter ring 
si  inaTs .  ..... 

The  second  method  consists  in  statistical  synthesis  of  an  op  t  i  radar, 

In  the  very  best  manner  various  functions  in  the  presence  of  several  closely  Ice*  . - 

r  . 

•  ■a r  ;etc.  J(»re,  as  a  matter  of  fac t ,  it  would  be  possible,  ir.  general,  not  to 

in- I'clr.e  the  oomep'  of  resolution,  since  it  is  not  necessary  •  o  turn  o  :  «.i  s  Id-. a 
fur  .‘elution  of  the  correspond  Ing  problems .  However,  considering,  on  the  one  j.a.v  . 
>he  extent  of  the  .idea  of  resolving  power,  and  on  the  other  hand,  interest  In  atmp.ar- 
i.son  of  these  methods  of  synthesis,  wo  treated  a  series  of  solved  statistical 
pro:  I  ems  as  problems  of  optimum  resolu’  J  c  :  ■ .  t  re::  n-i.-.p*  risen  of  results  obtained  by 
i',.  is  :.  ethof'S  it  is  clear  that  in  most  cases  viltn  no'  :  oo  close  coincidence  of  the 
.  iyn-.'.L;  re  fie"  ‘  ed  frou.  various  targets  and  with  not  too  small  a  signal-tc -noise  i  a  t '  • 
hr  had:;  for  operations  optimum  for  ret  latj.on  of  targets  is  general.  It  consists 
pen.aa t  i  i, n  of  signals  from  Inters'  r„  ,  t:  y  c.  to .  considered  in  r  .  This 

t-c:  .J  t  is  intwres.  ting  in  “onnoc  viol.  v/_  •...  i  t  .  .i::  p'i  i c  i '  y  and  tlv  possli  i  i  i'-y  of 

•  :.pp  I  1  -aclon  ‘i.f  m  ivme  of  resolving  power  of  systems,  optimum  without  in'  erfer  i  n,_ 

•  1  n-  ai  i  ‘o.ir.-a  In  -.he  preceding  chap  ter-. .  \ 

same  time,  by  turning  to  tiic  tiieory  of  statistical  solu*  I  one  we  obtain'. 

•  r  .in  ::y::.  teins ,  i  o'  Lnuii,  in  conditions  of  detection  and  measurement  of  coord  ua:  •  .  . 

■u  iv.t  not  on!.y  processing  of  r-f  signals  in  receivers,  hut  also  subsequent 

:  on',  i  ar  '.runs  forma’  ions.  The  found  solutions,  besides  confirming  'he  correctness 
of  aii''  "  !.v:!i '  tuned  general  basis  of  resolution,  are  air;:,  of  !i  depend*.  n‘  in teres'  . 


no*  j. nonlinear  ‘  rans  formations  of  signals  have  in  the  presence  id'  aist.url.  ing 
•  ar  a-t.'  specific  peculiarities  which  cannot  be  found  by  investigation  of  separate 
in  *1  in.-:  out  *>:  .  'gnais  alone  and  sometimes,  render  subs'  antial  influence  on  resolving 


m  wr.  I’.'iarr  csi.i'i  cf  the  c  or respond  ing  optimum  and  quae  '■  -  d-t  Jr.; 


j  -j  ter;;. 


P 


so  i.u'  Ion  of 


'-JlZJL. 


Mulii-target  problems  are  often  complicated  and  diverse.  The  given  solutions 
are,  obviously,  only  an  insignificant  part  of  the  solutions  of  practical  interest 
in  this  area.  We  shall  show  several  problems  whose  solution.  In  the  opinion  of  the 
authors,  are  necessary  in  connection  with  the  problem  of  resolution  of  targets. 

i'or  meters  of  coordinates  it  would  be  of  interest  to  find  optimum  (in  the  sense 
of  absence  of  systematic  and  a  minimum  of  fluctuating  errors)  systems  in  the  case  of 
slow  fluctuations  of  the  signal,  when  the  maximum  likelihood  estimates  cease  to  be 
eff Icier-,  and  then  it  is  necessary  to  look  for  other  methods  of  construction  of 
efficient  estimates. 

Both  for  problems  of  measurement  and  also  for  problems  of  detection  it  i.s 
expedient  to  find  optimum  systems  for  non-Gaussian  fluctuating  sigrals. 

If  the  form  of  discriminators  of  systems  of  optimum  resolution  is  found  in  a 
number  of  interesting  cases,  the  form  of  smoothing  circuits  was  not  discusseu  in 
general.  This  problem  deserves  serious  attention. 

In  examlng  questions  of  defection  of  targets  we  assumed  that  their  number  and 
possible  location  are  known  to  come  extent.  Very  important  is  solution  of  the 
problems  of  detection  with  an  unknown  number  and  position  of  targets,  furthermore , 
one  should  solve  the  problem  of  optimum  search  in  the  presence  of  many 
unresolved  targets  with  finding  of  the  optimum  law  of  change  of  resolving  power  in 
the  course  of  searching. 

In  connection  with  these  problems  there  is  also  the  question  of  suppression  of 
interfering  signals,  not  at  assigned  points,  but  in  a  certain  range  of  values  of 
pa  raise  f  ers . 

Jimilar  problems  were  solved  for  definite  forms  of  sounding  signals.  The  obtr.ir,  a 
solutions  give  us  the  possibility  of  carrying  out  selection  of  sounding  signals  v/h! 
ensure  the  best  characteristics  with  an  optimum  method  of  their  processing,  f.uch  \ 

selection  of  signals  and  also  solution  on  the  basis  of  the  obtained  genera]  result., 

* 

of  different  particular  problems  are  practically  very  important.  V 
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